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Instructions

1.

2.

This exam consists of eight (8) problems all counted equally for a total of 100%.

You are encouraged to try to solve every problem; there is no penalty for incorrect answers.

. In order to pass this exam, it is enough that you solve essentially correctly at least five (5) problems

and that you have an overall score of at least 65%.

. State explicitly all results that you use in your proofs and verify that these results apply.

. Please write your work and answers clearly in the blank space under each question.

Conventions

1.

2.

3.

For a set A, 14 denotes the indicator function or characteristic function of A.
If a measure is not specified, use Lebesgue measure on R. This measure is denoted by m.

If a o-algebra on R is not specified, use the Borel o-algebra.



1. Let (X, M, 1) be a measure space and let { A, },,cn be a sequence of measurable subsets of X.

(a) Define lim sup A,, and lim inf A,, in terms of appropriate unions and intersections.
n—00 n—00

(b) Prove that z € liminf A,, if and only if z lies in all but finitely many A,, and that x € lim sup A4,

n—00 n—0oo
if and only if x lies in infinitely many A,,.

(c) Prove that (liminf A,,) < liminf u(A4,,).
n—o0 n—oo

(d) Prove that if » _ ju(A,,) < oo, then pi(lim sup A,) = 0.

n—00
n=1



2. Let (X, M, u) be a measure space, {f,}nen a sequence of measurable functions taking values
in [0,1], and f a measurable function taking values in [0,1]. We say that f,, converges to f in
distribution if

lim gOfndMZ/gOfdu
X X

n—o0
for all continuous functions ¢ : [0, 1] — R.
(a) State the definition that “f;,, converges to f in measure.”

(b) Show that if f,, converges to f in measure, then f,, converges to f in distribution.



3. Let pur and ug be finite Borel measures on R with the respective distribution functions F' and G;
i.e., they are the unique Borel measures such that for any interval (a, b]

pr((a;b]) = F(b) — F(a),  pe((a,b]) = G(b) — G(a) .

Let pur * g denote the Borel measure with distribution function given by the convolution

FeGle) = [ Flo-y)naldy).

—0o0

(a) Prove that for any Borel set B

pr * pa(B) = /RNF(B —y) ha(dy),

where B —y ={z € R: 2 =b—y forsome b € B} is the translate of the set B.

(b) Prove that if g is a nonnegative Borel measurable function on R, then

/Rg(l‘) uF*uG(dw)Z/R/Rg(Hy) pr(dz) pe(dy).



4. Let [a, b] be a finite interval and F': [a, b] — R a function.
(a) State the definition that “F" is of bounded variation.”
(b) Show that if F' is increasing and bounded, then F' is of bounded variation.

(¢) Show that F' is of bounded variation if and only if ' = G; — G5, where G1 and G4 are
increasing and bounded.



5. Foreach j = 1,2, let (X, M) be a measurable space and let 1i; and v; be o-finite measures on
(X, M;) such that v; < p;.

(a) For E € M ® Mj define
dvy dvs
FE) = — - — d )
a(B) = [ (G G2 din <)oo
Prove that « is a measure on M ® M and that o = 17 X vs.

(b) Prove that 11 X vo < 1 X ug and that

d(V1 X 1/2)
d(p1 % p2)

dvz
dpz

dl/1

dT“(xl)

(z2).

(z1,22) =



6. Let (X, M, i) be a measure space with  a o-finite measure and let f € L' (1) be a nonnegative
function.

(a) Show that
(ux m){(zy) € X xR 0= fla) <y} = [ fan
X
i.e., the integral of f equals the area under the graph of f.

(b) Show that
(0 x m){(z,y) € X xR 5 f(a) =y} = 0

i.e., the measure of the graph of f equals 0.



7. Let (X, M, ) be a measure space and 0 < p < co. Define

LP(u) = {f:X—>(C:fmeasurable ,/ ]f\pdu<oo}
X

and, as usual, identify two functions f and g if f = g p-almost everywhere.

(a) Show that if 1 < p < oo, then || f|l, = ([ |fI? dp)'/P defines a norm on LP(y).
Hint: Use Holder’s inequality.

(b) Show that if 0 < p < 1,thend(f,g) = [ |f — g|P du defines a metric on LP(p).
(c) Show that if 1 < p < oo, then d(f,g) = [y |f — g|P du does not define a metric on L (1).



8. Suppose that H is an infinite-dimensional Hilbert space.

(a) Show that there exists a sequence { fy, }nen With || f,|| = 1 such that { f,,} has no convergent
subsequence.

(b) Show that for any sequence { f;, }nen With || f,|| = 1 there exists a subsequence { fy, }ren and
f € H such that

lim <fnk ) g> = <f7 g)

k—o0
forall g € H.
Hint: Let g run through a basis of 4 and use a diagonalization argument. Express f in terms of
the basis.



10



