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Instructions

1. This exam consists of eight (8) problems all counted equally for a total of100%.

2. You are encouraged to try to solve every problem; there is no penalty for incorrect answers.

3. In order to pass this exam, it is enough that you solve essentially correctly at least five (5) problems
and that you have an overall score of at least65%.

4. State explicitly all results that you use in your proofs and verify that these results apply.

5. Please write your work and answers clearlyin the blank space under each question.

Conventions

1. For a setA, 1A denotes the indicator function or characteristic functionof A.

2. If a measure is not specified, use Lebesgue measure onR. This measure is denoted bym.

3. If a σ-algebra onR is not specified, use the Borelσ-algebra.
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1. Let(X,M, µ) be a measure space.

(a) Let{An,∈ N} be a nondecreasing sequence inM; i.e.,An ⊂ An+1 for all n. Prove that

lim
n→∞

µ(An) = µ(∪n∈NAn).

(b) Let {An,∈ N} be an arbitrary sequence inM. Give the definition of the setlim inf
n→∞

An and

prove that

µ
(

lim inf
n→∞

An

)

≤ lim inf
n→∞

µ(An).
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2. (a) State Fatou’s Lemma.

(b) State the Dominated Convergence Theorem.

(c) Prove the Dominated Convergence Theorem from Fatou’s Lemma. (Hint. Considerg +fn and
g − fn).
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3. (a) Let(X,M, µ) be a measure space,{fn, n ∈ N} a sequence of Borel-measurable functions
mappingX into R, andf a Borel-measurable function mappingX into R. Assume thatfn → f
in measure and that there existsg ∈ L1(µ) such that|fn| ≤ g for all n ∈ N. Prove thatfn → f in
L1(µ); i.e., prove that

lim
n→∞

∫

X
|f − fn| dµ = 0.

(Hint. Work with an arbitrary subsequence of{fn} that converges tof in measure. Alternatively,
consider a proof by contradiction.)

(b) Give an example of a measure space(X,M, µ), a sequence{fn, n ∈ N} of Borel-measurable
functions mappingX into R, and a Borel-measurable functionf mappingX into R with the
following property:fn → f in measure butfn does not converge tof in L1(µ).
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4. Let(X,M) and(Y,N ) be measurable spaces.

(a) State the definition of the productσ-algebraM⊗N onX × Y .

(b) Letµ be a finite measure on(X,M) and letν be a finite measure on(Y,N ). ForE ∈ M⊗N
andx ∈ M, state the definition of thex-sectionEx. Also state the formula expressingµ × ν(E)
as an integral involvingµ, ν, andEx. Only state this formula; do not prove it.

(c) Let µ1 andµ2 be finite measures on(X,M) and letν1 andν2 be finite measures on(Y,N ).
Assume thatµ1 ≪ µ2 andν1 ≪ ν2. Prove thatµ1 × ν1 ≪ µ2 × ν2. (Hint. Use the formula in
part (b).)
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5. Given−∞ < a < b < ∞, let I be the closed, bounded interval[a, b]. Let ϕ be aconvex function
mappingI into R. Fixingx0 ∈ I , define

h(s) =
ϕ(s)− ϕ(x0)

s − x0

.

Prove thath(s) ≤ h(t) for all s ∈ I andt ∈ I satisfyings < t, s 6= x0, andt 6= x0.
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6. Let H be a real, separable Hilbert space with inner product〈·, ·〉 and norm‖ · ‖, {ek, k ∈ N} a
countable orthonormal basis forH , x an element ofH , and{xn, n ∈ N} a bounded sequence in
H . Thus there existsM ∈ (0,∞) such that‖xn‖ ≤ M for all n. Also let H∗ denote the set of
bounded linear functionalsΦ mappingH into R. For anyΦ ∈ H∗, prove that

lim
n→∞

Φ(xn) = Φ(x) if and only if for all k ∈ N, lim
n→∞

〈xn, ek〉 = 〈x, ek〉.

(Hints. In order to prove one direction of the implication, use the Riesz representation theorem,
which states that for anyΦ ∈ H∗, there existsyΦ ∈ H such thatΦ(x) = 〈x, yΦ〉 for all x ∈ H .
Then approximateyΦ by an appropriate partial sum and work with this partial sum.)
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7. LetX be a Banach space with norm‖ · ‖ and letE be a proper, nonempty,closed subspace ofX .
We define the following equivalence relation onX : x ∼ y iff x − y ∈ E. The equivalence class
of x ∈ X is denoted byx + E, and the set of equivalence classes, or quotient space, is denoted by
X/E. With these definitions,X/E is a vector space (do not prove this). Forx ∈ X , define

‖x + E‖ = inf
y∈E

‖x + y‖.

(a) Prove that‖x + E‖ defines a norm onX/E.

(b) Prove thatX/E is complete with respect to the norm‖x + E‖. (Hint. Use without proof the
fact that a normed vector spaceY is complete if and only if every absolutely convergent series in
Y converges to an element inY .)
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8. Given1 ≤ p < ∞, defineℓp to be the set of all real sequencesx = {xn, n ∈ N} satisfying

‖x‖p = (
∑

n∈N
|xn|p)1/p < ∞.

Also defineℓ∞ to be the set of all real sequencesx = {xn, n ∈ N} satisfying

‖x‖∞ = sup
n∈N

|xn| < ∞.

Bothℓp andℓ∞ are normed vector spaces with respect to the norms‖ · ‖p and‖ · ‖∞ (do not prove
this). Recall that a normed vector space is said to be separable if it contains a countable, dense set.

(a) For any1 ≤ p < ∞, prove thatℓp is separable.

(b) Prove thatℓ∞ is not separable. (Hint. Consider a proof by contradiction.)
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