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I nstructions

1. This exam consists of eight (8) problems all counted dgiml a total 0f100%.
2. You are encouraged to try to solve every problem; there igamalty for incorrect answers.

3. Inorder to pass this exam, it is enough that you solve ésdlgrcorrectly at least five (5) problems
and that you have an overall score of at |e#H8%.

4. State explicitly all results that you use in your proofd aerify that these results apply.

5. Please write your work and answers cleamlyhe blank space under each question.

Conventions

1. Foraset4, 1,4 denotes the indicator function or characteristic funcobrl.
2. If a measure is not specified, use Lebesgue measuRe dhis measure is denoted by.

3. Ifac-algebra orR is not specified, use the Borelalgebra.



1. Let(X, M, u) be a measure space.
(a) Let{A,,, € N} be a nondecreasing sequenceut i.e., A,, C A, for all n. Prove that

nlggo 1(An) = p(Unendn).
(b) Let{A,,, € N} be an arbitrary sequence . Give the definition of the sétm inf A,, and
prove that
,u(lim inf An> < liminf pu(Ay).

n—oQ n—oQ



2. (a) State Fatou's Lemma.
(b) State the Dominated Convergence Theorem.
(c) Prove the Dominated Convergence Theorem from Fatoutah& {Hint. Considery + f,, and

g— fn)



3. (a) Let(X, M, u) be a measure spacgf,,,n € N} a sequence of Borel-measurable functions
mappingX into R, andf a Borel-measurable function mappiginto R. Assume thaf,, — f
in measure and that there exigts L' (u) suchthat f,,| < g for all n € N. Prove thatf,, — fin
L'(p); i.e., prove that
lim [ [f— faldp=0.
X

n—oQ

(Hint. Work with an arbitrary subsequence{of,,} that converges tg in measure. Alternatively,
consider a proof by contradiction.)

(b) Give an example of a measure spéa&e M, 1), a sequencéf,, n € N} of Borel-measurable
functions mappingX into R, and a Borel-measurable functighmapping X into R with the
following property: f, — f in measure buf,, does not converge t6in L' (y).



4. Let(X, M) and(Y, N) be measurable spaces.
(a) State the definition of the produsetalgebraM @ N on X x Y.

(b) Let i be a finite measure diX, M) and letv be a finite measure oY, ). ForE € M QN
andz € M, state the definition of the-sectionE,,. Also state the formula expressipgx v(E)
as an integral involving, v, andE,.. Only state this formula; do not prove it.

(c) Let 4y and s be finite measures ofiX, M) and letv; andw, be finite measures oft, NV).
Assume thaji; < pe andy; < vo. Prove thaju; x vy < pg X 1. (Hint. Use the formula in

part (b).)



5. Given—oo < a < b < oo, let I be the closed, bounded interVal b]. Let ¢ be aconvex function
mapping/ into R. Fixingxg € I, define

h(s) w(Si - fé%)'

Prove that:(s) < h(t) forall s € I andt € [ satisfyings < ¢, s # x, andt # xg.



6. Let H be a real, separable Hilbert space with inner producj and norm|| - ||, {ex, k € N} a
countable orthonormal basis féf, x an element off, and{z,,,» € N} a bounded sequence in
H. Thus there exist8/ € (0, c0) such that|z,| < M for all n. Also let H* denote the set of

bounded linear functional® mappingH into R. For any® € H*, prove that

lim ®(z,) = ®(x) ifandonlyifforallk € N, lim (z,, ex) = (x, ex).

n—00 n—0o0
(Hints. In order to prove one direction of the implication, use thedirepresentation theorem,
which states that for ang € H*, there existgs € H such thatb(z) = (x,ye) forallz € H.
Then approximatgs by an appropriate partial sum and work with this partial Jum.



7. Let X be a Banach space with noim || and letE' be a proper, nonemptglosed subspace oKX .
We define the following equivalence relation &n = ~ y iff + — y € E. The equivalence class
of x € X is denoted by: + F, and the set of equivalence classes, or quotient spacenaseteby
X/E. With these definitionsX/ E is a vector space (do not prove this). koe X, define

E|| = inf .
lz+ Bl = inf [lz+y]

(a) Prove that|z + E|| defines a norm oX/E.

(b) Prove thatX/E is complete with respect to the norfm + E||. (Hint. Use without proof the
fact that a normed vector spakeis complete if and only if every absolutely convergent seite
Y converges to an elementin)



8. Givenl < p < oo, definef? to be the set of all real sequences- {z,,,n € N} satisfying

l2lly = (X ,en [2alP) /P < oo.
Also define/* to be the set of all real sequences- {z,,n € N} satisfying

|z|loo = sup |zn| < 0.
neN

Both ¢? and¢> are normed vector spaces with respect to the ndrnfig and|| - || (do not prove
this). Recall that a normed vector space is said to be sdpdfdtcontains a countable, dense set.

(a) For anyl < p < oo, prove that® is separable.
(b) Prove that* is not separable Hint. Consider a proof by contradiction.)



