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Do five of the following problems. All problems carry equal weight.
Passing level: 75% with at least three substantially complete solutions.

la) Find an energy function for the system
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and use this to sketch the phase plane of (1).

1b) Show that for sufficiently small € > 0 the system of differential equations
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has a periodic solution (x.(t),y-(t)) with period 27 that remains in a
neighborhood of the origin. (Hint: augment the equations with 7/ = 1, 7(0) =
0 so that 7(¢) = ¢ and rewrite the problem as a fixed point problem for a
map.

2) Assume that w is harmonic in €.

a) Let ¢, be a standard mollifier; show that

u(x) = (" u)(z) = u(z)
for all x € Q. = {z € Q : dist(x,0) > ¢} (Hint: use the mean value
property)

b) Show that u € C>(£2).



3a) Find a function K(x,y) such that the solutions of the inhomogeneous
linear boundary value problem

v = —u+h(z), 0<z<L

are the integrals u(z) = fol K(x,y)h(y) dy.

3b) Using the representation in 3a) and the method of succesive approxima-
tions, show that if L is sufficiently small and f(u) is a given smooth function
of u, the nonlinear boundary value problem

has a continuous solution u(x). Explain why « has two continuous deriva-
tives.

4) Suppose u € S(R"), where u = u(z),z = (y,2) and y € R¥, 2 € R**,
Define the (trace) map

T:SR") — S(RY)
as (Tw)(y) = u(y,0).
Show that 7' can be extended to a bounded linear map 7' : HY(R") —

H*(RF), provided s < t — £,
Hint: First show that for all v € S(R")

| T |

s (RS C(n, k) [l u HHt(R”)

where C'(n, k) is a constant depending only on k,n. Also recall that

H*(R*) = {u € L*(R") : (1+[¢[)*"*a(¢) € L*(R")}



5a) Suppose that ¢ is a positive constant, and that U(z,t) is a smooth,
classical solution of the PDE on [0,1] x [0,T] of

Uy = Up —¥CsinlU, 0<x<1 (2)
Uuo,t) = U1,t)=0, 0<t<T
(U(2,0),U.(0,8)) = (f(x),9(x))

Consider the system of ODE’s

u; = v, (3)

= —Usinu; + N*(ujpq — 2uj +ujq) + Ei(t),
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for 1 < j < N, where u; = v; = 0 for j = 0 and 5 = N + 1, and where
E;(t) are specified functions. Let z; = j/N for 1 < j < N and define
u;(t) = U(z;,t) and v;(t) = U,(x;,t). Show that u;(t),v;(t) satisfy a system
of the form (3) on 0 <t < T for some functions E;(t) that satisfy the esti-
mate: |F;(t)| < K/N? for some constant K > 0 depending only on U and
its derivatives up to fourth order.

5b) Now suppose that u;(t), v;(¢) is the solution of the homogeneous system

= (4)
= —/sin Uj + NQ(’LLJ‘_H - 2Uj + Uj_1>,

u

v
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obtained as a formal approximation to (2) for large N. Calculate the eigen-
values of the linearization of this system at the rest point u; = v; = 0 for all
j. What, if anything, can be concluded from this calculation ?

5c¢) Find an energy function F(u,v) for the homogeneous system in (4), and
use this to show that the rest point in at the origin is stable for all N. (Hint:
what does the energy for the PDE look like?)



6 Suppose u is a smooth solution of

{ut—Au:f in R™x (0,T)
u(z,0) =g(z) in R™ |

Show that if v and all it’s spatial derivatives decay at infinity, then

T T
max |Vu|2dx+/ / (uZ 4| ?ul?)dxdt < C {/ f(z,t)* dedt +
R® 0 Jre o Jrn

0<t<T
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