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ELIMINA TION THEOR Y FOR TR OPICAL VARIETIES

Bernd Sturmfels and Jenia Tevelev

Abstra ct. Tropical algebraic geometry o�ers new tools for elimination theory and im-
plicitization. We determine the tropicalization of the image of a subvariet y of an alge-
braic torus under any homomorphism from that torus to another torus.

1. In tro duction

Elimination theory is the art of computing the imageof an algebraicvariety under
a morphism. Our set-up is as follows. Let Tn be the n-dimensional algebraic torus
over an algebraically closed �eld k. Given any closedsubvariety X � Tn and any
homomorphism of tori � : Tn ! Td, our objective is to compute the Zariski closure
of the image of X under � . Abusing notation, we denote this closureby � (X ).

In tropical elimination theory, the varieties X � Tn and � (X ) � Td are replaced
by their tropicalizations. The tropicalization of X is the following subsetof Qn :

(1.1) T (X ) =
�

v 2 Qn j 1 62inv (I X )
	

:

Here I X is the ideal of X in the Laurent polynomial ring k[Tn ], and inv (I X ) � k[Tn ]
is the ideal of all initial forms inv (f ) for f 2 I X . The set T (X ) has the structure
of a tropical variety of dimension dimk (X ). The following de�nition clari�es what
this meansfor us: an (abstract) tropical variety is a pair (T ; m), where T � Qn and
m : T 0 ! Z> 0 is a locally constant function (called multiplicity ) which satis�es:

� There exists a pure-dimensional rational polyhedral fan supported on T .
� T 0 � T is the open subsetof regular points, where v 2 T is called regular if

there exists a vector subspaceL v � Qn such that T = L v locally near v.
� The function m satis�es the balancing condition (seeDe�nition 3.3) for one

(and hencefor any) fan supported on the set T .

There is generally no canonical (or coarsest) fan structure on T (X ); seeExam-
ple 5.2. However, T (X ) carries a poset of tropical fans that have desirable algebro-
geometric properties [10, 21]. Example 3.10 shows that not all fans on T (X ) are
tropical in the senseof De�nition 2.11. A particular tropical fan on T (X ), arising
from the Gr•obner fan of a homogenizationof I X , was usedfor the algorithms in [4].

The multiplicit y mv of a point v in T (X )0 can be computed as the sum of the
multiplicities of all minimal associate primes of the initial ideal inv (I X ). This recipe
was proposedin [6, x2] and it satis�es the balancing condition by [17, x2.5]. A self-
contained derivation of the multiplicities on tropical fans will be given in Section 3.

Returning to our tropical elimination theory, let T1 � Qn and T2 � Qd be abstract
tropical varieties. We say that a map f : T1 ! T2 is generically �nite of degree � if

� f is the restriction of a linear map A : Zn ! Zd;
� f is surjective and dim T1 = dim T2;
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� for any point w 2 T 0
2 such that f � 1(w) � T 0

1 and jf � 1(w)j < 1 , we have

(1.2) mw =
1
�

X

v2 f � 1 (w )

mv � index(Lw \ Zd : A (L v \ Zn )) :

We shall prove the following general result about morphisms of tropical varieties.

Theorem 1.1. Let � : Tn ! Td be a homomorphismof tori and let A : Zn ! Zd be
the corresponding linear map of lattices of one-parameter subgroups. Suppose that �
inducesa generically �nite morphism of degree � from X onto � (X ). Then A induces
a generically �nite map of tropical varieties from T (X ) onto T (� (X )) .

Remark 1.2. Theorem 1.1 constitutes a re�nement of the known identit y

(1.3) T (� (X )) = A (T (X )) :

Equation (1.3) appearedin di�eren t guisesin [21, Proposition 3.1] and in [6, Theorem
3.1]. What is new here is the formula (1.2) for the push-forward of multiplicities.

This paper rests on the foundations of tropical algebraicgeometry which were laid
by Hacking, Keel, and Tevelevin [10, 21]. We review thesefoundations in Section2. A
particularly important ingredient is the normal crossingconstruction in Theorem 2.6
which characterizestropical varieties in terms of resolutions of singularities.

In Section 3 we discussmultiplicities on tropical varieties, and we highlight the
connections to intersection theory on toric varieties. To be precise, we equate the
balancing condition with the axiom for Mink owski weights intro duced by Fulton and
Sturmfels [9]. Theorem 1.1 will then be restated and proved in Theorem 3.12.

In Section 4 we examine the casewhen X is a genericcomplete intersection. This
casewas also studied by Khovanskii and Esterov [13], and we extend someof their
results. In our view, the mixed volumesin [13] are best thought of asmultiplicities on
tropical varieties. Theorem 4.6 givesa formula for the tropical complete intersection
T (X ) and its multiplicities in terms of mixed volumes. Our push-forward formula
for complete intersections (Corollary 4.8) is particularly interesting when � (X ) is a
hypersurface,in which caseit computesMcMullen's mixed �b er polytopes [15].

A special caseof elimination is implicitization , which transforms a parametrization
of an algebraic variety into its representation as the zero set of polynomials. To
model implicitization, we take X to be the graph of the parametrization and � the
projection onto the image coordinates. This leads to the implicitization formula in
Theorem 5.1. This formula was announced in our paper with Yu [20]. Its proof is
now completed in Section 5 below. Our results generalize the earlier work on A-
discriminants by Dickenstein, Feichtner and Sturmfels [6], who studied the tropical
implicitization problem for Kapranov's Horn uniformization. Software for tr opical
im plicitization, which o�ers an implementation of Theorem 5.1, is described in [11].

We closethe intro duction with an explicit examplewhich illustrates Theorem 1.1.

Example 1.3. Let X denote the curve in T3 de�ned by the two equations

(1.4) x3 + y3 + z3 = 5 and x � 2 + y� 2 + z� 2 = 7:

We compute the image of X under the map � : T3 ! T2; (x; y; z) 7! (u; v) given by

u = xyz and v = yz2 or, in matrix notation, A =
�

1 1 1
0 1 2

�
:
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We demonstrate how one constructs the Newton polygon of the plane curve � (X ) �
T2 prior to knowing its equation. Theorem 4.6 tells us that the tropicalization T (X )
of the spacecurveX � T3 is the one-dimensionalfan consistingof the six rays spanned
by � (1; 1; 0), � (1; 0; 1), � (0; 1; 1), where each ray has multiplicit y 6. By (1.3), the
tropical curve T (� (X )) consistsof the rays spannedby the six columns of

6 � A �

0

@
1 1 0 � 1 � 1 0
1 0 1 � 1 0 � 1
0 1 1 0 � 1 � 1

1

A =
�

12 12 12 � 12 � 12 � 12
6 12 18 � 6 � 12 � 18

�
:

We multiply each vector by 6 asa way of recording the information that each ray has
multiplicit y 6. To obtain the Newton polygon of the plane curve � (X ), we rotate the
six vectors by 90 degrees,and concatenatethem to form a hexagonwith vertices

(1.5) (0; 36); (6; 24); (18; 12); (36; 0); (30; 12); (18; 24):

Each of the 213 lattice points in this hexagoncontributes one term to the equation:

u36 + v36 + 15625u6v24 + 15625u18v12 � 40353607u30v12 � 40353607u18v24 + � � � :

In Section 4 we shall seehow the hexagonis constructed as a mixed �b er polytope.

2. Geometric Tropicalization

Let T be an algebraic torus over k and X � T an irreducible closed subvariety.
By geometric tropicalization of X we mean the characterization of T (X ) given in
[10, 21] in terms of constructions of algebraic geometry. We start out by reviewing
the connectionsbetweenthe geometrictropicalization and descriptionsof T (X ) using
valuations of the coordinate ring of X and degenerationsof X inside the torus T.

Notation 2.1. Throughout this paper we �x the following notation related to toric
varieties. We write M for the lattice of characters of T and N := M _ for the dual
lattice. The tropical variety T (X ) will live in NQ. For any fan F � NQ, we denote
by P(F ) the corresponding toric variety and by X (F ) the closureof X in P(F ).

To streamline our logic, our point of departure will be the valuative de�nition of
T (X ), called the Bieri{Gr ovesset in [7], and not the ideal-theoretic de�nition (1.1).
Let K =k be the �eld of Puiseux serieswith parameter " and with the valuation

ord : K ! Q [ f1g ; �" u + (higher order terms) 7! u:

Let K [X ] = k[X ] 
 k K . A ring valuation val : K [X ] ! Q [ f1g is, by de�nition,
any map that can be written as a composition v � f , where f : K [X ] ! L is a
homomorphism to a �eld and v : L ! Q [ f1g is a �eld valuation.

De�nition 2.2 ([2]). Let V(X ) be the set of valuations of K [X ] that restrict to ord
on K . Any val 2 V(X ) speci�es an element [val ] of NQ = Hom(M ; Q) by formula

[val ](m) := val(mjX ) for any m 2 M :

We de�ne the tropical variety of X set-theoretically as follows:

T (X ) :=
�

[val ] j val 2 V(X )
	

� NQ:

The next two theoremsemphasizethat not all valuations in V(X ) are neededbut
we may restrict to valuations de�ned by germsof curvesor to divisorial valuations.
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Theorem 2.3 (Einsiedler{Kaprano v{Lind [7]). Any K -valued point 
 2 X (K ) de-
�nes a valuation on K [X ] by the formula val 
 (f ) := ord f (
 ) and we have

T (X ) =
�

[val 
 ] j 
 2 X (K )
	

� NQ:

Theorem 2.4 (Hacking-Keel-Tevelev [10, x2]). Let W(X ) be the set of divisorial
discrete valuations of the function �eld k(X ), i.e. valuations of the form c � val D ,
where c 2 Q and valD is the order of zero-poles along an irr educible divisor D on a
normal variety birationally isomorphic to X . Then

T (X ) =
�

[v] j v 2 W(X )
	

� NQ:

Instead of W(X ), one can use the set of all discrete valuations of k(X ) trivial on k.

In [10], Theorem 2.4 is deducedfrom Theorem 2.6 and Proposition 2.8 using reso-
lution of singularities (or alteration of singularities in prime characteristic). We here
give a more straightforward proof which does not require the use of resolution of
singularities. Our argument is basedon the following characterization of T (X ).

Lemma 2.5 ([21, Lemma 2.2]). Let w 2 N nf 0g and let F be the one-dimensionalfan
in NQ with just one maximal cone Q� 0w. Let D the unique toric divisor on P(F ).
Then w lies in the tropical variety T (X ) if and only if D intersects X (F ).

Proof of Theorem 2.4. Consider any discrete valuation v of the function �eld k(X )
trivial on k. We claim that v inducesa ring valuation v of K [X ] by the formula

(2.6) v
� X

q2 Q

aq"q�
= min

q2 Q
f v(aq) + qg;

where aq 2 k[X ]. There exist p1; : : : ; ps 2 K and b1; : : : ; bs 2 k[X ] such that

X

q2 Q

aq(x)"q =
sX

i =1

pi (" )bi (x);

This identit y shows that any aq is a k-linear combination of b1; : : : ; bs and therefore
v(aq) � inf s

i =1 v(bi ). It follows that v is well-de�ned. The proof that v is a valuation
goes literally as in [5, VI.10.1]. It follows from (2.6) that the restriction of v to K
coincideswith ord , and hencev 2 V(X ). Therefore, [v] = [v ] 2 T (X ).

It remains to prove that any point w 2 T (X ) has the form [v] for some diviso-
rial discrete valuation v 2 W(X ). We use Lemma 2.5 and its notation. Note that
P(F ) = A1

x 1
� Tn � 1

x 2 ;::: ;x n
where the coordinates x1; x2; : : : ; xn of T = Tn are chosen

appropriately. By Lemma 2.5, the divisor D = f x1 = 0g of P(F ) intersects the
closure X (F ) of X . Let � : ~X (F ) ! X (F ) be the normalization and let Z be an
irreducible component of � � 1(X (F ) \ D ). For i � 2, the coordinate function x i is
invertible on P(F ) and hence so is its restriction x i to X (F ) and its pull-back to
~X (F ). This shows that valZ (x2) = � � � = valZ (xn ) = 0. Since� � (x1) vanisheson Z ,

we have valZ (x1) = � for somepositive integer � . This implies that w = � � [val Z ] in
N = M _ . Now if we set v := (1=� ) � valZ then v 2 W(X ) and [v] = w. �

The description of T (X ) using divisorial valuations becomesabsolutely explicit if
X is smooth and has a known compacti�cation with normally crossingboundary:
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Theorem 2.6 (Hacking-Keel-Tevelev[10, x2]). Assumethat X is smooth and X � X
is any compacti�c ation whoseboundary D = X nX is a divisor with simple normal
crossings. Let D1; : : : ; Dm denote the irr educible components of D , and write � X ;D

for the simplicial complex on f 1; : : : ; mg with f i 1; : : : ; i l g 2 � X ;D if and only if
D i 1 \ � � � \ D i l is non-empty. De�ne [D i ] := [valD i ] 2 N , and, for any � 2 � X ;D , let
[� ] be the cone in NQ spanned by f [D i ] : i 2 � g. Then

(2.7) T (X ) =
[

� 2 � X;D

[� ]:

Remark 2.7. The proof in [10] shows that T (X ) is contained in the right hand side
of (2.7) if X is just normal, without any smoothnessor normal crossingsconditions.
But this containment can be strict: if too many boundary divisors pass through a
point then the right hand side can contain conesof dimension greater than dim X .
But T (X ) doesnot contain such conesbecausedim T (X ) = dim X .

Later we will discussways of weakening the normal crossingassumptions. But our
main technique is to useTheorem 2.6 together with the following basic result.

Prop osition 2.8 ([21, 3.2]). Consider a commutative diagram of elimination theory

(2.8)

X
f

� � � � ! Y
?
?
y

?
?
y

T �� � � � ! ~T
where vertical arrows are closed embeddings in tori, f is dominant, and � is a homo-
morphism of tori. Let ~M be the character lattice of ~T and ~N its dual. Then � induces
a Z-linear map A : NQ ! ~NQ and we have A (T (X )) = T (Y ) as in (1.3).

Proof. We derive this from Theorem 2.4. Let y 2 T (Y ) and let ~v be a discrete
valuation of k(Y) such that [~v] = y. Let v be a discrete valuation of k(X ) such that
vjk(Y ) = ~v. We claim that A ([v]) = y. We have to check that ~m(A ([v])) = ~m(y) for
any ~m 2 ~M . This meansthat v(� � m) = ~v(m), which is obvious. �

Combining Theorem 2.6 and Proposition 2.8 givesthe following corollary.

Corollary 2.9. Supposethat the hypothesesof Proposition 2.8 and Theorem 2.6 hold.
Then the tropical variety T (Y ) in ~NQ is the union of the conesA ([� ]) where � runs
over all maximal simplices of � X ;D . The rays A ([D i ]) of thesecones are the linear
forms on ~M given by A ([D i ])( � ) := valD i (� � f ).

Remark 2.10 (Intrinsic Torus [21, x3]). We wish to explain why only monomial maps
are consideredin our elimination problem. Recall that an irreducible algebraicvariety
X is called very a�ne if it is isomorphic to a closedsubvariety of an algebraic torus.
Intrinsically this meansthat X is a�ne and its coordinate algebra k[X ] is generated
by its units k[X ]� . In this caseany choice of invertible generatorsx1; : : : ; xn 2 k[X ]
givesa closedembedding X � Tn . By a theorem of Samuel [16], the group of units
k[X ]� =k� is �nitely generated. Henceany very a�ne variety is a closedsubvariety of a
canonical intrinsic torus T with character lattice k[X ]� =k� . Moreover, any morphism



10006 Bernd Sturmfels and Jenia Tevelev

to the algebraic torus f : X ! ~T is the restriction of the homomorphism � : T ! ~T
de�ned as follows: the pull-back � � is the composition

k[~T]� =k� ! k[X ]� =k� ' k[T]� =k� :

It follows that any elimination problem is monomial, at least in principle.

All of the above results characterize the tropical variety T (X ) only as a subsetof
a vector spaceover Q. Next we recall the de�nition of tropical fans. In Section 3,
this will furnish us with a convenient framework for de�ning multiplicities on T (X ).

De�nition 2.11 ([21]). Let F be any fan in NQ and X a very a�ne variety in T.
We say that F is a tropical fan for X if X (F ) is proper and the multiplication map

(2.9) 	 : T � X (F ) ! P(F )

is 
at and surjective. Note that this property dependson both X and F .

Theorem 2.12 ([21, 1.2, 2.5]). Tropical fans have the following properties:

(1) If F is a tropical fan (for X ) then the support of F equalsthe tropical variety
T (X ). Any fan F supported on T (X ) has a tropical re�nement F 0.

(2) If F is tropical and F 0 is any re�nement of F then F 0 is tropical as well.
(3) Let � � F be a maximal-dimensional cone and let Z � P(F ) be the corre-

sponding toric stratum. If F is tropical then dim X (F ) \ Z = 0. If, moreover,
P(F ) is smooth then X (F ) is Cohen-Macaulay at any point of X (F ) \ Z .

The notion of a tropical fan is a very 
exible generalization of the Gr•obner fan
structure on T (X ) used in [4, 6, 18]. We brie
y review this connection. To keepthe
notation simple, we assumefrom now on that the normalizer of X in T is trivial.

Theorem 2.13 ([21, 1.7]). Let G be any complete fan in NQ. Consider the action
of T on the Hilbert schemeof P(G) by the formula t � [S] = [t � 1S] for any subscheme
S � P(G). The normalization of the orbit closure T � [X (G)] in the Hilbert schemeis
a toric variety for T. Let ~F be the completefan of this toric variety. The intersection
of ~F with T (X ) is a subfan of ~F , and that subfan is a tropical fan for X .

Now we relate Theorem 2.13 to Gr•obner fans using the Cox coordinate ring. Let
m be the number of rays of G and let f : Zm ! N be a linear map that sendsthe i -th
basisvector ei to the generator of the i -th ray of G. This inducesa surjective homo-
morphism Tm ! T. Consider the standard embedding Tm � Am and let U � Am be
a Tm -toric open subsetobtained by throwing away coordinate subspaceshei : i 2 I i
for each collection of boundary divisors f D i : i 2 I g with empty intersection. Then
we have a morphism of toric varieties � : U ! P(G) extending the homomorphism
Tm ! T. Let R = k[Am ], the Cox ring of P(G). Let X̂ � Am be the closureof � � 1(X )
and let I � R be its ideal. The Gr•obner fan F̂ � Qm is, by de�nition, supported
on the �rst octant Qm

� 0, and two vectors w1 and w2 are in the relative interior of the
sameconeif and only if the initial ideals inw1 (I ) and inw2 (I ) in R are equal. It is not
hard to prove (using the fact that initial ideals compute 
at limits of one-parameter
subgroups) that f induces the map of fans F̂ ! ~F . Moreover, � = f � 1(f (� )) for
any cone � 2 F̂ . Since a re�nement of a tropical fan is tropical (Theorem 2.12), it
is possibleto de�ne a tropical fan supported on T (X ) by taking imagesof conesin
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F̂ that intersect (= are contained in) T (X ). It is this fan that was \the tropical
variety" in the earlier papers [4, 6, 18]. Note that this fan can be �ner than the fan F
de�ned in Theorem 2.13 becauseinitial ideals inw I can have embeddedcomponents
supported on the unstable locus Am nU.

3. Push-F orw ard of Multiplicities

We now turn our attention to the multiplicities attached to a tropical variety. A
tropical fan structure will used to de�ne multiplicities, but that de�nition turns out
to be equivalent to the one given in the intro duction (seeCorollary 3.15) and thus
independent of the particular choice of tropical fan. Our main result is Theorem 1.1,
which describeswhat happens to the multiplicities under a morphism � : Tn ! Td.

We retain the notation from Section2, in particular, X is a closedsubvariety of an
algebraic torus T and T (X ) � NQ is its tropicalization. If F � NQ is any fan, with
corresponding toric variety P(F ), then X (F ) denotesthe closureof X in P(F ).

De�nition 3.1. Supposethat F is a tropical fan for X . Let � � F be a maximal-
dimensionalcone(i.e. of dimensiondim(X )) and let Z � P(F ) be the torus orbit that
correspondsto �. Note that the schemeX (F ) \ Z is 0-dimensionalby Theorem 2.12.
We de�ne the multiplicity m � of the cone� to be the length of the schemeX (F ) \ Z .

Lemma 3.2. Let F be any tropical fan for X .
(1) If P(F ) is smooth then m � equals the intersection number deg([Z ] � [X (F )]) .
(2) If F 0 is any fan that re�nes the given tropical fan F then m � 0 = m� for any

pair of maximal-dimensional cones � 0 in F 0 and � in F such that � 0 � � .

Proof. Statement (1) follows from [8, Proposition 7.1]. Recall that, in general, the
intersection number of a proper intersection can be lessthan the length of an inter-
section subscheme. However, such bad intersectionsdo not happen in our casesince
X (F ) is Cohen-Macaulay at any point of X (F ) \ Z , by Theorem 2.12 (3).

To prove (2), let Z � P(F ) and Z 0 � P(F 0) be the torus orbits that correspond to
� and � 0 respectively. We consider the commutativ e diagram

T � X (F 0) 	 0

� � � � ! P(F 0)

g:=(id ;f j X ( F 0) )
?
?
y

?
?
y f

T � X (F ) 	� � � � ! P(F )

where 	 and 	 0 are multiplication morphisms (2.9), and f is the proper morphism of
toric varieties that corresponds to the re�nement of fans. This is a �b er diagram by
[21, Proposition 2.5]. Let p0 2 Z 0 be any point. Since	 is 
at, we have

(3.10) g�
�
	 0� ([p0])

�
= 	 � �

f � ([p0])
�
;

where we use push-forward and 
at pull-back of cycles as in [8, 1.4 and 1.7]. Let
p = f (p0), and let H and H 0 denote the stabilizers in T of p and p0 respectively. Since
P(F 0) and P(F ) are normal, the subgroupsH and H 0 are subtori of T. Since � and
� 0 have the samedimension, namely dim(X ), we concludethat H = H 0.

It follows from the T-invariance of the multiplication map 	 that the scheme-
theoretic �b er (	) � 1(p) is isomorphic to H � (X (F ) \ Z ). This product is a torus
times a zero-dimensionalscheme. Similarly, the scheme-theoretic �b er (	 0)� 1(p0) is
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isomorphic to H � (X (F 0) \ Z 0), with the sametorus H . The identit y (3.10) implies
that the length m� of X (F ) \ Z coincideswith the length m � 0 of X (F 0) \ Z 0. �

De�nition 3.3 (Fulton{Sturmfels [9]). Given a rational polyhedral cone � � NQ,
we write N � for the sublattice of N generatedby � \ N . For a facet � of � let n � ;�

be any representativ e in � for the generator of the 1-dimensional lattice N � =N � . A
multiplicit y function m� de�ned on k-dimensional conesof some fan F is said to
satisfy the balancing condition if, for any cone� of F of dimension k � 1, we have

X

� � �

m� � n� ;� 2 N �

Here the sum over all k-dimensional cones� in F that contain � .

Corollary 3.4. If F is a tropical fan for X whosetoric variety P(F ) is smooth then
the multiplicity function m � in De�nition 3.1 satis�es the balancing condition.

Proof. Let k = dim X . Sincewe wish to cite [9], we �x a complete strictly simplicial
fan G that contains F as a subfan. Since X (F ) is proper, X (F ) does not intersect
toric strata parametrized by conesin GnF . We set m � = 0 for k-dimensional cones�
of G that are not in F . Lemma 3.2 (1) implies that the multiplicities m � determine
a class in the operational Chow cohomology Ak (P(G)), representing the intersection
with X (F ). Therefore m � satis�es the balancing condition by [9, Theorem 2.1]. �

Remark 3.5. From this perspective, a tropical variety is the sameas an operational
Chow cohomologyclasson an appropriate toric variety. Seealso [12, Remark 1.7].

Lemma 3.6. Supposep 2 T (X ) is a regular point (see Intr oduction) and supposeF
is a fan supported on T (X ) and endowed with a multiplicity function m � that satis�es
the balancing condition. Then m � is constant on all cones � containing p.

Proof. Restricting to Lp and taking the link G in F of the cone containing p in its
relative interior, we reduce to the following statement: If G is a complete fan and
its top-dimensional conesare endowed with multiplicities that satisfy the balancing
condition then these multiplicities are constant. This holds becausethe operational
Chow cohomologygroup A0 of a complete toric variety P(G) has rank one. �

De�nition 3.7. The multiplicity of a regular point p 2 T (X ) as the multiplicit y m �

of any top-dimensional cone� of any tropical fan that contains p in its closure.

Corollary 3.8. The multiplicity is a well-de�ned locally constant function on the open
subsetof regular points of T (X ). For any (not necessarily tropical) fan F supported
on T (X ), the induced multiplicity function satis�es the balancing condition.

Proof. This follows from Lemma 3.6, Corollary 3.4, Lemma 3.2, and the fact that any
two tropical fans have a common strictly simplicial re�nement. �

The balancing condition implies that many complete fans can play the role of the
Gr•obner fans in Theorem 2.13 when computing tropical varieties set-theoretically:

Prop osition 3.9. Let G � NQ be any completefan suchthat X (G) doesnot intersect
toric strata of P(G) of codimension greater than k = dim X . Then T (X ) equals the
union of all k-dimensional cones in G whosetoric strata intersect X (G).



ELIMINA TION THEOR Y FOR TR OPICAL VARIETIES 10009

Proof. Let F denote the subfan of G consisting of all coneswhosetoric strata inter-
sectX (G). By Theorem 2.12, there exists a tropical fan ~F for X which admits a map
of fans ~F ! G. By [21, Lemma 2.2], the support j ~F j = T (X ) is contained in jF j and
intersectsthe relative interior of every conein F . Let C be a k-dimensionalconein F
and let ~FC be the set of conesin ~F contained in C. Note that ~FC is a k-dimensional
fan. We claim that its support j ~FC j equals C. Arguing by contradiction, suppose
that it is not. Then there exists a k-dimensional cone � in ~FC and a facet � of �
such that � intersects the interior of C and lies in the boundary of j ~FC j. But this
contradicts the balancing condition, and we concludejF j = T (X ). �

Example 3.10. The fan F in the proof of Proposition 3.9 is not necessarilytropi-
cal. We construct a variety X � T that admits a non-tropical fan F supported on
T (X ). Consider a projective variety Y � Pr � 1 which is not locally Cohen-Macaulay
at some point p 2 Y. Then k := dim X � 2. Let H 1; : : : ; H k � Pr � 1 be gen-
eral hyperplanespassingthrough p and let H k+1 ; : : : ; H r � Pr � 1 be general hyper-
planes. The intersection of \ i 2 I H i with Y is non-empty if jI j = k and empty if
jI j > k. Then X := Y nf H1; : : : ; H r g is a very a�ne variety with intrinsic torus
T = Pr � 1nf H1; : : : ; H r g. Let F be a fan obtained by taking the k-skeleton of the fan
of Pr � 1. By Proposition 3.9, F is supported on T (X ). If F is a tropical fan then Y
has to be Cohen-Macaulay at p by Theorem 2.12 (3). Therefore F is not tropical.

Remark 3.11. This example has to be compared with [10, Theorem 1.9] which
concernsthe (Mori-theoretically signi�can t) classof h•ubschvery a�ne varieties. If X
is h•ubsch then any fan supported on T (X ) is tropical, and there exists a coarsestfan
supported on T (X ). The latter property also fails in general,seeExample 5.2.

We now explain how multiplicities behave under a map of tropical varieties as
discussedin the Intro duction. Our setting is that of the commutativ e diagram (2.8),
wherevertical arrowsare closedembeddingsin algebraictori, f : X ! Y is dominant,
and � is the homomorphism of tori speci�ed by a Z-linear map A : NQ ! ~NQ. By
Proposition 2.8, we have A(T (X )) = T (Y ), which is the identit y in (1.3). To prove
Theorem 1.1, it su�ces to prove the following more technical statement.

Theorem 3.12. Let F be a fan in NQ whosesupport equals T (X ), and let ~F be a
fan in ~NQ whosesupport equalsT (Y ). We further assumethe following conditions:

� The map f is generically �nite of degree � (hence dim ~F = dim F ).
� The fan F is tropical for X and the fan ~F is tropical for Y .
� For any cone � of F , the image A (�) is a union of conesof ~F .

Then the multiplicity m � of any maximal-dimensional cone � of ~F satis�es

(3.11) m� =
1
�

�
X

� 2F :A (�) � �

m� � index(� ; �) ;

where index(� ; �) denotesthe index of the sublattice of ~N generated by the semigroup
A (� \ N ) inside the sublattice generated by the semigroup � \ ~N .

Proof. Let k := dim(X ). By Lemma 3.2 (2) we can replace ~F by any re�nement. We
will thus assumefrom now on that ~F is strictly simplicial, i.e. P( ~F ) is smooth.
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Our next goals are to make P(F ) smooth and the morphism P(F ) ! P( ~F ) 
at.
Thesegoalsare incompatible but the following lemma provides a compromise.

Lemma 3.13. There exists a strictly simplicial re�nement F 0 of F such that

� A : F 0 ! ~F is a map of fans, and
� if � is any k-dimensional cone of F 0 and � is the minimal cone of F that

contains A (�) then either dim � < dim � or � = A (�) .

Proof of Lemma 3.13. We construct F 0 in two steps. First we de�ne a re�nement F 00

as follows. For any conein � (of any dimension), the image A (�) is a union of cones
in ~F . We subdivide � by preimagesof thesecones.SinceF is a fan, this subdivision
yields a fan F 00. Moreover, if � 2 F 00 and dim � = dim A (�) then � is strictly
simplicial sinceA (�) is. To �nish the construction of F 0, it remains to subdivide all
cones� 2 F 00with dim � > dim �g(�) into strictly simplicial subcones. But we have
to make sure that the collection of new conesis still a fan. Arguing by induction on
dim �, this construction reducesto the following fact which is well-known in geometric
combinatorics: if � is a rational polyhedral cone and @H is a strictly simplicial fan
supported on the boundary @�, then there is a strictly simplicial fan H supported on
� such that the restriction of H to @� equals@H. �

By Lemma 3.2 (2), to prove (3.11) it su�ces to prove the analogousformula

(3.12) m� =
1
�

�
X

� 2F 0:A (�)=�

m� � index(� ; �)

for any d-dimensional cone� of ~F . To simplify notation we redenoteF 0 by F .
Consider the smooth toric varieties P(F ) and P( ~F ). The map of fans A : F ! ~F

de�nes a morphism � : P(F ) ! P( ~F ) that extends the homomorphism of tori � :
T ! ~T. The d-dimensional cone � � ~F de�nes a torus orbit ~Z of codimension d in
P( ~F ). Our hypothesesimply that the �b er � � 1( ~Z ) is the disjoint union of torus orbits
Z1; : : : ; Z r of codimensiond in P(F ). Theseorbits correspond to the cones� 1; : : : ; � r

in F that satisfy A (� i ) = �. Moreover, it is known (seee.g. [9, Prop. 2.7]) that the
multiplicit y of the scheme� � 1( ~Z ) along Z i is index(� i ; �).

By Theorem 2.12, the closure X (F ) of X in P(F ) is Cohen-Macaulay along the
subschemeW := � � 1( ~Z ) \ X (F ). Therefore, we have a �b er diagram

W i 0

� � � � ! X (F )

q
?
?
y �

?
?
y

Z
i

� � � � ! P( ~F )

where i and i 0 are regular embeddings of codimension d. By Lemma 3.2 we have
m� = deg([X ( ~F )] � [ ~Z ]). Sincethe morphism � is proper, the push-forward property
of [8, Theorem 6.2 (a) and Remark 6.2.2] implies that

m� = deg
�

1
�

� � ([X (F )]) � [ ~Z ]
�

=
1
�

deg(q� ([W ])) =
1
�

deg[W ]:
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From the irreducible decomposition of � � 1( ~Z ) discussedabove, we obtain

deg[W ] =
rX

i =1

index(� i ; �) � deg([ ~X ] � Z i ) =
rX

i =1

index(� i ; �) � m� i :

This completesthe proof of Theorem 3.12, and hencealso of Theorem 1.1. �

Example 3.14. The special caseof our construction when X is de�ned by linear
equations appears in [6, x3]. Here T (X ) is the Bergman fan of a matroid. This is
applied in [6, x4] to tropicalize Kapranov's Horn uniformization of the A-discriminant.

At this point we wish to note that the de�nition of multiplicit y usedhere (De�ni-
tions 3.1 and 3.7) agreeswith the formulation in the Intro duction (and in [6, 20]):

Corollary 3.15 ([6, Remark 2.1]). Let X be a subvariety of a torus T and I X its
ideal in k[T]. If w is any regular point in the tropical variety T (X ) then m � equals
the sum of multiplicities of all minimal associate primes of the initial ideal in w (I X ).

Proof. This can be derived from the proof of part (2) in Lemma 3.2. �

Example 3.16. Consider an irreducible hypersurface X in T with principal ideal
I X = hGi . The Laurent polynomial G is unique up to multiplication by a unit. Its
Newton polytope Q � M Q is unique up to translation. For any w 2 NQ, inw (G) is the
sum of all terms in G that belong the faceof Q at which w is minimized. This faceis
denotedfacew (Q), and we have inw (I X ) = hinw (G)i . The tropical hypersurfaceT (X )
is the set of w 2 NQ such that facew (Q) has dimension � 1, i.e. T (X ) is a normal
fan of Q with top-dimensional conesremoved. A point w 2 T (X ) is regular when
facew (Q) is an edge. In this casewe regard inw (G) as a univariate polynomial. Its
roots correspond to minimal associate primes of inw (I X ). Counting multiplicities, the
number m� of roots equalsthe number of lattice points on the edgefacew (Q).

Remark 3.17. In Example 3.16, the Newton polytope of Q can be recovered (up to
translation) from the tropical hypersurfaceT (X ). Verticesof Q correspond bijectively
to connectedcomponents of NQnT(X ). Let u 2 NQ be a general vector in such a
component. We compute the corresponding vertex, which is faceu (Q), using the
following formula from [6, Theorem 2.2]. Consider the hal
ines L i = u + Q� 0ei where
f e1; : : : ; en g is some �xed basis of N . Each hal
ine L i intersects T (X ) in �nitely
many points v, and with each of thesewe associate the nonnegative integer

�
N : Zei + (Lw \ N )

�
� mv :

The i -th coordinate of the vertex is the sum of these integers, for all v 2 L i \ T (X ).

4. Complete In tersections and Mixed Volumes

In this section we study the casewhen X is a generic complete intersection in a
torus T = Tn . Our tropical approach recovers and re�nes the elimination theory
basedon Newton polytopeswhich was developed by Khovanskii and Esterov [13].

Notation 4.1. Let P1; : : : ; Pc be lattice polytopes in M Q. Let P := P1 + � � � + Pc

be their Minkowski sum and write PI :=
P

i 2 I Pi for any I � f 1; 2; : : : ; cg. We shall
always assumethat dim P = n. The normal fan N of P is a complete fan in NQ.
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For each i = 1; : : : ; c, let f i be a Laurent polynomial in k[T] whoseNewton polytope
equalsPi and whosecoe�cien ts aregenericsubject to this property. We are interested
in the genericcomplete intersection X = f f 1 = � � � = f c = 0g in T.

Remark 4.2. The variety X need not be irreducible becausethe Pi can be one-
dimensional even if n � 2. This posessomenotational di�culties sinceirreducibilit y
of X wasassumedin the previoustwo sections.However, asweshall see,all irreducible
(= connected)components of X have exactly the sametropicalization and multiplic-
ities. Thus by T (X ) we will mean the tropicalization of any irreducible component,
with multiplicities multiplied by the number of components. This is consistent with
the interpretation of the tropical variety as a cohomologyclass.

As before in Example 3.16, for any w 2 NQ = Hom(M Q; Q) and any polytope Q,
we write facew (Q) for the faceof Q at which w attains its minimum. Note that

(4.13) facew (PI ) =
X

i 2 I

facew (Pi ):

Theorem 4.3 ([20, Prop. 2.4]). The tropical variety T (X ) is supported on a subfan
of the normal fan N of the Minkowski sum P = P1 + � � � + Pc. A point w 2 NQ lies in
T (X ) if and only if the polytope (4.13) has dimension � jI j for any I � f 1; 2; : : : ; cg.

For w = 0 we obtain the following criterion for when the variety X is non-empty:

Corollary 4.4. X is not empty if and only if dim PI � jI j for every I � f 1; 2; : : : ; cg.

In [20] we proved Theorem 4.3 using combinatorial convexity. Here we present an
alternativ e derivation using following general lemma, which is a mixed version of the
Kodaira{F ujita Lemma [14, VI.2.16] that characterizesbig and nef line bundles.

Lemma 4.5. Let L 1; L 2; : : : ; L c be globally generated line bundles on a c-dimensional
integral schemeZ . For K � f 1; : : : ; cg let ZK be the image of Z under the map given
by 
 i 2 K L i . Then L 1 � L 2 � : : : � L c � 0 and this number is positive if and only if

(4.14) dim ZK � jK j for any K � f 1; : : : ; cg:

Proof. By the Projection Formula [14, VI.2.11], we can replaceZ with its resolution
of singularities. So, we may assumethat Z is smooth. By Bertini's Theorem, we
can choose smooth divisors E i 2 jL i j that intersect transversally. The number of
intersection points equals our intersection number L 1 � : : : � L c. In particular, the
number is nonnegative and it is positive if and only if E1 \ � � � \ Ec 6= ; . The
condition (4.14) is necessarybecausedim ZK < jK j implies \ i 2 K E i = ; for general
divisors E i 2 jL i j. Now assume(4.14) is satis�ed. We use induction on c. The
casec = 1 is obvious. Assume that c > 1. Let x 2 Z be a general point. By
Bertini's Theorem, we can assumethat x lies in a smooth divisor from jL cj. Let Z 0

be the connectedcomponent of Z that contains x. It su�ces to check the condition
(4.14) for Z 0 and all subsetsK � f 1; : : : ; c � 1g. Arguing by contradiction, suppose
that dim Z 0

K < jK j for someK . Let F be the irreducible component of the �b er of
Z ! ZK that passesthrough x. Then dim(F \ Z 0) � c � jK j. By our assumptions
(and genericity of x), it follows that dim F = c � jK j and F � Z 0. As this holds for
any component Z 0, the map Z ! Z f cg given by L c contracts F to a point. Therefore,
F is contained in a �b er of the map Z ! ZK � Z f cg. Sincethe imageof jL K j 
 jL f cg j
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in jL K [f cg j is a base-point-free linear subsystem,F is contained in a �b er of the map
Z ! ZK [f cg. This contradicts our assumption that dim ZK [f cg � jK j + 1. �

Proof of Theorem 4.3. Let A i be the set of monomialsin f i , each regardedasa lattice
point in Pi , and considerthe morphism T ! PjA i j� 1 de�ned by thesemonomials. Let
~N be a strictly simplicial re�nement of N . There is a sequenceof morphisms

(4.15) P( ~N ) ! P(N ) ! PjP i j� 1 99KPjA i j� 1;

where PjP i j� 1 99KPjA i j� 1 is a linear projection. We have similar toric morphisms

(4.16) P( ~N ) ! P(N ) ! PjPK j� 1 for any K � f 1; : : : ; cg:

The toric variety P( ~N ) is smooth and its toric boundary
rS

i =1
D i has simple normal

crossings. Consider the hypersurface E i := f f i = 0g � T and its closure E i in
P( ~N ). Let f E

�
i g� 2 J i be the irreducible components of E i . Then E i is a pullback

of a general hyperplane divisor in PjA i j� 1 for the morphism (4.15). It follows from
Bertini's Theorem that each E i is smooth, E �

i \ E �
i = ; for � 6= � , and the union of

all divisors (both of toric type D i and of type E
�
i ) has simple normal crossings.

Recall that our very a�ne variety X is the intersection
T c

i =1 E i in T. It follows that
its closureX ( ~N ) in P(N ) is smooth, of codimension c, and intersectstoric boundary
divisors D1; : : : ; D r transversally. It follows that the multiplication map

T � X ( ~N ) ! P( ~N )

is smooth, and in particular 
at. By Theorem 2.12, the tropicalization of any irre-
ducible component X 0 of X is equal to the union of conesof ~N that correspond to
c-dimensional toric strata Z which intersect the closureX 0( ~N ) of X 0 in P( ~N ).

Let Z be such a toric stratum and w any vector in the relative interior of the
corresponding conein ~N . Lemma 4.5 states that X 0( ~N ) intersects the toric stratum
Z if and only if the image of Z under the morphism given by the sum of divisorsP

i 2 K E i has dimension at least jK j for all K � f 1; : : : ; cg. This image is the toric
stratum in the toric variety of PK corresponding to facew (PK ). We concludethat w
lies in T (X 0) = T (X ) if and only if dim(facew (PK )) is at least jK j, for all K . �

We now describe the multiplicities on the tropical complete intersection T (X )
speci�ed by P1; : : : ; Pc. The following theorem is the main result in this section.

Theorem 4.6. The multiplicity of T (X ) at a regular point w is the mixed volume

(4.17) mw = MV
�
facew (P1); facew (P2); : : : ; facew (Pc)

�
:

Here the volume is normalized with respect to the sublattice of M orthogonal to L w .

Proof. We �x a tropical fan on T (X ) which re�nes the restriction of the normal fan
N of P1 + � � � + Pc. Sinceboth sidesof the equation (4.17) are locally constant on the
regular points w of T (X ), it su�ces to prove (4.17) only for points w 2 T (X ) that
lie in the relative interior of a maximal cone� of the chosentropical fan structure.

Let T � be the c-dimensional torus corresponding to M � . The polytope facew (Pi )
is the Newton polytope of the initial form inw (f i ). Consider the subscheme

(4.18) X w := f inw (f 1) = � � � = inw (f c) = 0g � T:
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The equations inw (f i ) are equivariant under the action of Ker[T ! T � ] and therefore
we can regard (4.18) as a system of c equations on T � de�ning a zero-dimensional
subscheme ~X w of T� . By Bernstein's Theorem [1], the length of the genericcomplete
intersection ~X w equalsthe mixed volume on the right hand side of (4.17).

We claim that ~X w coincideswith the scheme-theoretic intersection of X (N ) with
the toric stratum Z of P(N ) that corresponds to �. Indeed, since X (N ) does not
intersect strata of P(N ) of codimension c + 1, the intersection X (N ) \ Z lies in the
open orbit in Z . That open orbit is isomorphic to T � and the de�ning equations of
X (N ) \ Z are precisely the w-initial forms of the f i . De�nition 3.1 now implies

mw = length(X (N ) \ Z ) = length( ~X w ):

With this, the conclusionof the previous paragraph now completesthe proof. �

Remark 4.7. The multiplicit y formula (4.17) makessensefor all w 2 NQ since the
right hand side is zero unless the condition of Theorem 4.3 holds. Thus, T (X ) is
characterized as the set of all w for which the mixed volume in (4.17) is nonzero.

We now apply our elimination theory of Section 3 to the generic complete inter-
section X . The goal is to compute the image of X under the morphism � : Tn ! Td

given by a linear map A : Zn ! Zd. We assumethat the induced map f : X ! Y
is generically �nite of degree� . This assumption implies in particular that d � n � c.
The tropical variety of Y = � (X ) in Qd is characterized by the following formula.

Corollary 4.8. The tropicalization of the image Y = � (X ) is the image of T (X )
under the linear map A : Qn ! Qd. Its multiplicity function is given by the formula

(4.19) mv =
1
�

X

w2 A � 1 (v)

MV
�
facew (P1); : : : ; facew (Pc)

�
� index(L v \ Zd : A (Lw \ Zn )) ;

for all points v 2 T (Y )0 such that A � 1(v) \ T (X ) is �nite and contained in T (X )0.

Proof. This follows by combining Theorems1.1 and 4.6. �

Theseresults will be of particular interest for applications when d = n � c + 1. In
this caseY = � (X ) is a hypersurface in the torus Td, and one wishes to compute
the irreducible Laurent polynomial g 2 k[Td] which vanisheson Y . Using Corollary
4.8 we obtain the tropical hypersurfaceT (Y ) in Qd together with its multiplicities.
By applying the technique described in Example 3.17, we can construct the Newton
polytope Q of the unknown Laurent polynomial g. Knowledgeof its Newton polytope
Q greatly facilitates the computation of g from the givenequationsof X . SeeExample
1.3 for an illustration of how this works when n = 3, c = 2 and d = 2.

A construction of the Newton polytopeQ from the givenNewton polytopesP1; : : : ; Pc

and the linear map A was recently given by Khovanskii and Esterov [13]. Their con-
struction is basedon what they call mixed �b er bodies. Theseturn out to be equivalent
to the mixed �b er polytopes intro duced earlier by McMullen [15]. This representation
constitutes a geometricre�nement of Corollary 4.8, and it leadsto a simpli�ed deriva-
tion (in Theorem 4.9 below) of the main results in [13].

Let � be the canonical map from the lattice Zn onto coker(A T ) = Zn =ker(A )? .
We usethe sameletter � alsofor the induced map of vector spacesQn ! coker(A T )Q.
The kernel of � is the vector spacedual to ker(A ), and we identify it with Qd above.
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Consider the Mink owski sum P� = � 1P1 + � � � + � cPc where � = (� 1; : : : ; � c) is a
vector of positive unknowns. The map � projects P� onto the (n � d)-dimensional
polytope � (P� ). Almost all �b ers of this map are polytopes of dimension d, and,
by integrating them in the Mink owski senseof [3], we obtain a d-dimensional �b er
polytope � � (P� ) � ker(� ) = Qd. In fact, � � (P� ) is a homogeneouspolynomial of
degreen � d + 1 whosecoe�cien ts are certain lattice polytopesQi 1 i 2 ��� i c in Qd:

(4.20) � � (P� ) = � � ( � 1P1 + � � � + � cPc ) =
X

i 1 + ��� + i c = n � d+1

� i 1
1 � i 2

2 � � � � i c
c � Qi 1 i 2 ��� i c :

This decomposition is due to McMullen [15], and it wasrediscoveredin [13, x3]. Now,
if n � d + 1 = c then the formula (4.20) de�nes the mixed �b er polytope

(4.21) � � (P1; P2; : : : ; Pc) := Q11��� 1:

It is this polytope which is computed by our Corollary 4.8 in the hypersurfacecase:

Theorem 4.9 (Khovanskii and Esterov [13]). If c = n � d + 1 then the Newton
polytope of the hypersurface Y = � (X ) � Td equals the mixed �b er polytope (4.21).

Proof. We consider the Mink owski weight [9] of codimension c de�ned by the n-
dimensionalpolytope � 1P1 + � � � + � cPc. As a tropical variety, this is the union of the
conesof codimension � c in the normal fan of this polytope, with weights

w 7! Vol(facew (P1) + � � � + facew (Pc)) :

Here Vol is the normalized c-dimensional volume on L ?
w . The image in ker(� ) � = Qd

of this c-dimensional fan under the linear map A is the union of the codimensionone
conesin the normal fan of the �b er polytope � � ( � 1P1 + � � � + � cPc). It supports the
Mink owski weight of codimension 1 of � � ( � 1P1 + � � � + � cPc), which is given by

v 7!
X

w2 A � 1 (v)

Vol
�
� 1facew (P1) + � � � + � cfacew (Pc)

�
� index(L v \ Zd : A (Lw \ Zn )) :

This expressionis a homogeneouspolynomial of degreec in the unknowns � 1; : : : ; � c.
The coe�cien t of the squarefreemonomial � 1� 2 � � � � c in this polynomial equals the
right hand sideof (4.19), up to the global constant � . This provesTheorem 3.2 in [13],
which states that the mixed �b er body actually exists asa polytope, and we conclude
that (1=� ) � � � (P1; P2; : : : ; Pc) equalsthe Newton polytope of the hypersurfaceY . �

Example 4.10. In Example 1.3 we are given two tetrahedra in three-space,namely
P1 = convf 0; 3e1; 3e2; 3e3g and P2 = convf 0; � 2e1; � 2e2; � 2e3g. Their Mink owski
sum P1 + P2 is a 3-polytope with 12 vertices, 24 edgesand 14 facets. The map
� : Q3 ! Q1 is given in coordinates by (x; y; z) 7! x � 2y + z. The �b er polytope

� � (� 1P1 + � 2P2) = � 2
1 � Q20 + � 1� 2 � Q11 + � 2

2 � Q02

is a polygon with ten vertices. Its summandsQ20 and Q02 are quadrangles,while the
mixed �b er polytope Q11 = � � (P1; P2) is a hexagon,a�nely isomorphic to (1.5).

Example 4.11. The Newton polytopesof resultants in [19] aremixed �b er polytopes.
Heref 1; : : : ; f c areLaurent polynomials in c� 1 variableswhosecoe�cien ts aredistinct
unknowns. Seealso [6, x6] for the caseof fewer than c � 1 variables.
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We closethis section with the remark that (ordinary) �b er polytopes are special
instancesof mixed �b er polytopes. Supposethat P1 = P2 = � � � = Pc are all equal to
the same�xed polytope P in Qn . Then the polytope � � (P� ) in (4.20) equals

�( � 1P1 + � � � + � cPc) = (� 1 + � � � + � c)c � � � (P) � Qd:

Hencethe mixed �b er polytope � � (P; � � � ; P) is the �b er polytope � � (P) times 1=c!.
We concludethat the study of �b er polytopes,which is an active area in geometric

combinatorics, can be regardedas a very special caseof tropical elimination theory.

Corollary 4.12. If X is a generic complete intersection in Tn de�ned by n � d + 1
Laurent polynomials that share the same full-dimensional Newton polytope P, then
the Newton polytope of the hypersurface Y = � (X ) � Td is the �b er polytope � � (P).

5. Tropical Implicitization

We now turn our attention to the problem of implicitization [20]. Let f 1; : : : ; f s be
Laurent polynomials in unknowns t1; : : : ; t r and consider the rational map

f = (f 1; : : : ; f s) : Tr 99KTs

de�ned by theseLaurent polynomials. Let Y be the closureof the image of f in Ts .
For simplicit y, we assumefrom the beginning that the �b er of f over a genericpoint
of Y is �nite, and consistsof � points. Computing Y is generally a hard problem in
computer algebra. Our goal is to compute instead the tropical variety T (Y ), with the
aim of recovering (information about) the variety Y from its tropicalization T (Y ).

Let P1; : : : ; Ps � Qr be the Newton polytopesof f 1; : : : ; f s. We �rst consider the
genericcase,when f i has genericcoe�cien ts relative to its Newton polytope Pi , and
later we addressthe casewhen the f i have special coe�cien ts. A rule for computing
T (Y ) from P1; : : : ; Ps was stated (with proof) in [20, Theorem 2.1], and a formula
for the multiplicities on T (Y ) was stated (without proof) in [20, Theorem 4.1]. In
Theorem 5.1 below we give a complete derivation for both of theseresults. Let

	 = (	 1; : : : ; 	 s) : Qr ! Qs

be the tropicalization of the map f . Its i th coordinate 	 i (w) = minf w � v : v 2 Pi g is
the support function of Pi . The imageof 	 is contained in T (Y ) but this containment
is usually strict. Our construction will explain the set di�erence T (Y )nimage(	).

Let C be any conein the normal fan of the Mink owski sum P = P1 + � � � + Ps and
J any subsetof f 1; : : : ; sg. Consider the sublattice of Zs spannedby 	( C \ Zr ) + ZJ .
If the rank of this sublattice is r then index(C; J ) denotesits index in the maximal
rank r sublattice of Zs that contains it. Otherwise we set index(C; J ) = 0. Write
faceC (Pj ) for the faceof Pj at which the linear forms in the relative interior of C are
minimized. The jJ j-dimensional normalized mixed volume

(5.22) MV
�
faceC (Pj ) : j 2 J

�

is positive if and only if dim(
P

i 2 K faceC (Pi )) � jK j for all subsetsK � J .

Theorem 5.1. The tropical variety T (Y) is the union of the cones	( C) + RJ
� 0 over

all pairs (C; J ) such that (5.22) is positive. The multiplicity mw at any regular point
w of T (Y ) is the sum of the scaled mixed volumes

(5.23)
1
�

� index(C; J ) � MV
�
faceC (Pj ) : j 2 J

�
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where (C; J ) runs over all pairs such that 	( C) + RJ
� 0 contains w.

Proof. The graph of the map f is a generic complete intersection of codimension s
in Tr + s . Namely, writing (t1; : : : ; t r ; y1; : : : ; ys) for the coordinates on Tr + s , by the
graph of f we mean the subvariety X of Tr + s which is de�ned by the equations

f 1(t) � y1 = f 2(t) � y2 = � � � = f s(t) � ys = 0:

Theseare s genericLaurent polynomials in r + s unknowns. Their Newton polytopes
in Qr � Qs have the form P 0

i := conv(Pi [ f ei g) for i = 1; 2; : : : ; s, where e1; : : : ; es

are the standard basis vectors of Qs. We shall apply the results of Section 4 (with
d = s and n = s+ t) to the polytopesP 0

1; : : : ; P0
s and to the linear map A which takes

vectors (u; v) in Qr � Qs to their secondcomponent v 2 Qs. The corresponding
homomorphism of tori is � : Tr + s ! Ts; (t; y) 7! y and we have Y = � (X ).

The tropical variety T (Y ) equalsthe set of all vectors v 2 Qs such that

(5.24) MV
�
face(u;v ) (P

0
1); : : : ; face(u;v ) (P

0
s)

�

is positive for someu 2 Qr . Supposethis is the casewhere (u; v) is a regular point
of T (X ). Let C be the cone in the normal fan of P which contains u in its relative
interior. The vector v � 	( u) is non-negative, for if its i -th coordinate were negative
then face(u;v ) (P0

i ) would be a point f ei g. Let J be the set of all indices j with
vj > 	 j (u). For j 2 J we have face(u;v ) (P0

j ) = faceu (Pj ) = faceC (Pj ). For i 2
f 1; : : : ; sgnJ , facev (Pi ) must be a single point pi in Qr , since (u; v) is regular on
T (X ), and hence face(u;v ) (P0

i ) is the primitiv e line segment with vertices pi and
ei . Since the lattice spanned by these segments is a direct summand of Z r + s, the
normalized mixed volume in (5.24) remains unchangedif we extract thesesegments:

(5.25) MV
�
face(u;v ) (P

0
1); : : : ; face(u;v ) (P

0
s)

�
= MV

�
faceC (Pj ) : j 2 J

�
:

The linear spaceL (u;v ) for the neighborhood of (u; v) on T (X )0 is spannedby the
vectors (u0; v0) where u0 runs over C and v0 satis�es v0

i = 	( u0) i for i 2 f 1; : : : ; sgnJ .
This implies that A (L (u;v ) \ Zr + s) equalsthe lattice generatedby 	( C \ Zr ) + ZJ .
The maximal rank r sublattice of Zs that contains this lattice is L v \ Zs . We conclude

(5.26) [L v \ Zs : A (L (u;v ) \ Zr + s)] = index(C; J ):

Theorem 5.1 now follows by combining (5.25) and (5.26) with Corollary 4.8. �

Example 5.2. Consider the matrix (m ij ) =

2

4
1 0 0 0 1 1
0 1 0 1 0 � 1
0 0 1 � 1 � 1 0

3

5 and let

f : T3 99KT6 be a rational map de�ned by six Laurent polynomials, with generic
coe�cien ts, with Newton polytopesgiven by the six parallelopipeds

Pi = [m1i ; 2] � [m2i ; 2] � [m3i ; 2]:

Let Y = f (T3). A simple calculation using Theorem 5.1 (that can be performedusing
the software TrIm [11]) shows that T (Y ) contains the cone C which is spannedby
e1, e2, and e3, and the only other coneintersecting its interior is the coneD spanned
by rows of the matrix (m ij ). Moreover, C \ D is the ray spannedby e1 + e2 + e3. It
follows that the set of regular points of T (Y ) is not convex. In particular, there does
not exist a coarsestfan supported on T (Y ).
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We now discussthe implicitization problem for maps f which are not necessarily
generic. The s hypersurfacesE i := f f i = 0g � Tr are assumedto be reduced,
irreducible, and di�eren t. We focuson computing T (Y ) asa set, leaving the question
of multiplicities for future work. Let X := Tr n[ s

i =1 E i , so that f inducesa morphism
X ! Y � Ts . We can thus apply Theorem 2.9 to compute T (Y ). We intro duce
the following notation and terminology. For any compacti�cation X � X and any
irreducible boundary divisor D , let [D ] be the vector [val D (f 1); : : : ; valD (f s)] 2 Qs.
By Theorem 2.4, [D ] 2 T (Y ) for any D. We de�ne the simplicial complex �( X )
that describes the combinatorics of the boundary of X as in Theorem 2.6. As in
Remark 2.7, the tropical variety T (Y ) is contained in the union of coneswith rays
given by [D ] and conesdescribed by �( X ). We say that X computesT (X ) if T (Y )
is equal to this union of cones.For example, if X is smooth with a normally crossing
boundary then X computes T (X ) by Corollary 2.9. But Proposition 3.9 suggests
that it may su�ce to assumethat X has \combinatorial normal crossings", i.e. to
assumethat k boundary divisors intersect in codimension k. Below we describe how
this works for surfaces,the caser = 2. In what follows we assumer = 2.

We construct a compacti�cation X of X in two steps. First we compactify X by a
toric surfaceP( ~N ), where ~N is somestrictly simplicial re�nement of the normal fan
N of the Mink owski sum of Newton polygonsof f 1; : : : ; f r . By Theorem 2.4, the rays
of T (Y ) that we seeon this stageare [E i ] = ei for i = 1; : : : ; s and [D j ] = Q� 0	( � j ),
where � i � ~N for j = 1; : : : ; p are the rays that correspond to the toric divisors D j .

Consider a morphism X ! P( ~N ) which is a composition of blow-ups with smooth
centers. Let ~E1; : : : ; ~Es , ~D1; : : : ; ~Dp be the proper transforms and F1; : : : ; Fq the
exceptional divisors. We determine the simplicial complex �( X ; E ; D ; F ) as in The-
orem 2.6. Let uij (resp. vij ) be the coe�cien t of Fi in the pullback of E j (resp. D j ).
Note that on P( ~N ) the divisor of the rational function f i is given by (f i ) = E i +P

j 	 i (� j )D j . It follows that on X we have

(f i ) = ~E i +
X

j

	 i (� j ) ~D j +
X

k

�
uk i +

X

j

	 i (� j )vk j
�
Fk :

It follows that the vectors [Fk ] in Qs are given by the formula

(5.27) [Fk ] = (uk1; : : : ; uks) + 	 (vk1� 1 + � � � + vkp � p) :

Prop osition 5.3. Let r = 2 and let X ! P(N 0) be a morphism, constructed as a
composition of blow-upsof points, such that no three divisors from the collection ~E,
~D, and F havea common point. Then X computesthe tropical surface T (Y ).

Proof. It su�ces to observe, using (5.27), that new exceptional divisors added by a
resolution of singularities X

0
! X do not change the tropicalization: each time we

blow-up a point p that belongs to a unique boundary divisor �, we obviously have
[Fp] = [�] and the only new simplex created is a pair f Fp; � g, which givesrise to the
sameray [�] on the tropicalization. Similarly, the blow-up of a point p that belongs
to two boundary divisors � 1 and � 2 createsa new ray [Fp] = m1[� 1]+ m2[� 2], where
mi is the multiplicit y of � i at p, and the tropicalization stays the same. �
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