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ELIMINA TION THEOR Y FOR TR OPICAL VARIETIES

Bernd Sturmfels and Jenia Tevelev

Abstra ct. Tropical algebraic geometry o ers new tools for elimination theory and im-
plicitization. We determine the tropicalization of the image of a subvariety of an alge-
braic torus under any homomorphism from that torus to another torus.

1. Intro duction

Elimination theory is the art of computing the image of an algebraic variety under
a morphism. Our set-up is as follows. Let T" be the n-dimensional algebraic torus
over an algebraically closed eld k. Given any closed subvariety X T" and any
homomorphismof tori : T" ! T9 our objective is to compute the Zariski closure
of the image of X under . Abusing notation, we denote this closureby (X).

In tropical elimination theory, the varieties X ~ T" and (X) T are replaced
by their tropicalizations. The tropicalization of X is the following subsetof Q":

(1.1) T(X)= v2Q"j162n,(Ix) :

Herelx is the ideal of X in the Laurent polynomial ring K[T"], and in,(Ix) K[T"]
is the ideal of all initial forms in,(f) for f 2 Ix. The set T (X) hasthe structure
of a tropical variety of dimension dimg(X). The following de nition claries what
this meansfor us: an (abstract) tropical variety is a pair (T;m), whereT Q" and
m:TO! Z.,isalocally constart function (called multiplicity ) which satis es:

There exists a pure-dimensionalrational polyhedral fan supported on T.

TO T is the open subsetof regular points, wherev 2 T is called regular if
there exists a vector subspacel, Q" such that T = L, locally nearv.
The function m satis es the halancing condition (seeDe nition 3.3) for one
(and hencefor any) fan supported on the setT.

There is generally no canonical (or coarsest)fan structure on T (X); seeExam-
ple 5.2. However, T (X ) carries a poset of tropical fans that have desirable algebro-
geometric properties [10, 21]. Example 3.10 shows that not all fans on T(X) are
tropical in the senseof De nition 2.11. A particular tropical fan on T (X), arising
from the Grobner fan of a homogenizationof | x , was usedfor the algorithms in [4].

The multiplicit y my of a point v in T(X)° can be computed as the sum of the
multiplicities of all minimal assaiate primes of the initial ideal in,(lIx ). This recipe
was proposedin [6, x2] and it satis es the balancing condition by [17, x2.5]. A self-
cortained derivation of the multiplicities on tropical fans will be givenin Section 3.

Returning to our tropical elimination theory, let T; Q" and T, Q¢ be abstract
tropical varieties. We say that amap f : T1 ! T, is generially nite of dggree if

f is the restriction of a linear map A : z" ! Zz¢;
f is surjective and dim T; = dim Ty;
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for any point w 2 T? such that f (w) TP andjf (w)j< 1, wehave
X
(1.2) My = 1 my index(Ly \ Z9:A(Ly\ Z"):
v2f 1(w)

We shall prove the following generalresult about morphisms of tropical varieties.

Theorem 1.1. Let : T"! T9 be a homomorphismof tori andletA : Z" ! Z9 be
the correspnding linear map of lattices of one-parameter sulgroups. Supmse that
inducesa generially nite morphism of degree  from X onto (X). Then A induces
a generially nite map of tropical varieties from T (X ) onto T ( (X)).

Remark 1.2. Theorem 1.1 constitutes a re nement of the known identit y
(1.3) T( (X)) = A(TX)):

Equation (1.3) appearedin di erent guisesin [21, Proposition 3.1]and in [6, Theorem
3.1]. What is new here s the formula (1.2) for the push-forward of multiplicities.

This paper rests on the foundations of tropical algebraic geometry which were laid
by Hacking, Keel, and Tewvelevin [10, 21]. Wereview thesefoundationsin Section2. A
particularly important ingredient is the normal crossingconstruction in Theorem 2.6
which characterizestropical varieties in terms of resolutions of singularities.

In Section 3 we discuss multiplicities on tropical varieties, and we highlight the
connectionsto intersection theory on toric varieties. To be precise, we equate the
balancing condition with the axiom for Mink owski weights intro duced by Fulton and
Sturmfels [9]. Theorem 1.1 will then be restated and proved in Theorem 3.12.

In Section 4 we examinethe casewhen X is a genericcomplete intersection. This
casewas also studied by Khovanskii and Esterov [13], and we extend some of their
results. In our view, the mixed volumesin [13] are bestthought of asmultiplicities on
tropical varieties. Theorem 4.6 givesa formula for the tropical complete intersection
T(X) and its multiplicities in terms of mixed volumes. Our push-forward formula
for complete intersections (Corollary 4.8) is particularly interesting when (X) is a
hypersurface,in which caseit computesMcMullen's mixed ber polytopes[15].

A special caseof elimination is implicitization , which transforms a parametrization
of an algebraic variety into its represenation as the zero set of polynomials. To
model implicitization, we take X to be the graph of the parametrization and the
projection onto the image coordinates. This leadsto the implicitization formula in
Theorem 5.1. This formula was announcedin our paper with Yu [20]. Its proof is
now completed in Section 5 below. Our results generalizethe earlier work on A-
discriminants by Dickenstein, Feichtner and Sturmfels [6], who studied the tropical
implicitization problem for Kapranov's Horn uniformization. Software for tr opical
im plicitization, which o ers an implementation of Theorem 5.1, is described in [11].

We closethe introduction with an explicit examplewhich illustrates Theorem 1.1.

Example 1.3. Let X denotethe curvein T2 de ned by the two equations
(1.4) x3+y3+23=5 and x2+y?+z2=7
We compute the image of X underthe map :T3! T2;(x;y;z) 7! (u;Vv) given by
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We demonstrate how one constructs the Newton polygon of the plane curve (X)
T2 prior to knowing its equation. Theorem 4.6 tells us that the tropicalization T (X)
of the spacecurve X T2 isthe one-dimensionalfan consistingof the six rays spanned
by (1;1;0), (1;0;1), (0;1;1), where eath ray has multiplicit y 6. By (1.3), the
tropical cu(gve T( (X)) consistsof trie rays spannedby the six columns of

110 1 1 O
6A @ 01 1 0 1A
011 0 1 1

We multiply ead vector by 6 asa way of recording the information that ead ray has
multiplicit y 6. To obtain the Newton polygon of the plane curve (X)), we rotate the
six vectors by 90 degrees,and concatenatethem to form a hexagonwith vertices

(1.5) (0;36); (6;24), (18;12); (36;0); (30;12); (18;24):.
Each of the 213 lattice points in this hexagoncontributes oneterm to the equation:
u® + v¥ + 15625:5v% + 15625812 4035360T°v?  4035360T'8v>* +

12 12 12 12 12 12
6 12 18 6 12 18

In Section 4 we shall seehow the hexagonis constructed asa mixed b er polytope.

2. Geometric Tropicalization

Let T be an algebraic torus over k and X T an irreducible closed subvariety.
By geometric tropicalization of X we mean the characterization of T (X) given in
[10, 21] in terms of constructions of algebraic geometry. We start out by reviewing
the connectionsbetweenthe geometrictropicalization and descriptionsof T (X) using
valuations of the coordinate ring of X and degenerationsof X inside the torus T.

Notation 2.1. Throughout this paper we x the following notation related to toric
varieties. We write M for the lattice of charactersof T and N := M- for the dual
lattice. The tropical variety T (X) will livein Nq. For any fan F Ng, we denote
by P(F) the corresponding toric variety and by X (F) the closureof X in P(F).

To streamline our logic, our point of departure will be the valuative de nition of
T (X), called the Bieri{Gr ovesset in [7], and not the ideal-theoretic de nition (1.1).
Let K=k be the eld of Puiseux serieswith parameter" and with the valuation

ord :K ! Q[ flg ; " Y+ (higher order terms) 7! u:

Let K[X]= k[X] « K. A ring valuation val : K[X]! Q[ flg s, by de nition,
any map that can be written as a composition v f, wheref : K[X]! L isa
homomorphismto a eld andv: L! Q[ flg isa eld valuation.

Denition 2.2 ([2]). Let V(X)) be the set of valuations of K [X ] that restrict to ord
on K. Any val 2 V(X) species an elemert [val] of Ng = Hom(M ; Q) by formula

[val](m) := val(mjx) forany m 2 M:
We de ne the tropical variety of X set-theoretically as follows:
T(X):= [val]jval 2 V(X) No:

The next two theoremsemphasizethat not all valuations in V(X)) are neededbut
we may restrict to valuations de ned by germsof curvesor to divisorial valuations.
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Theorem 2.3 (Einsiedler{Kapranov{Lind [7]). Any K -valued point 2 X (K) de-
nes a valuation on K [X] by the formula val (f) := ord f ( ) and we have

T(X)= [val ]j 2X(K) Ng:

Theorem 2.4 (Hacking-Keel-Tewelev [10, x2]). Let W(X) be the set of divisorial
discrete valuations of the function eld k(X), i.e. valuations of the form ¢ valp,
where ¢ 2 Q and valp is the order of zero-poles along an irr educible divisor D on a
normal variety birationally isomorphic to X . Then

T(X)= [v]jv2 W(X) Ng:
Instead of W (X)), one can usethe set of all discrete valuations of k(X)) trivial on k.

In [10], Theorem 2.4 is deducedfrom Theorem 2.6 and Proposition 2.8 using reso-
lution of singularities (or alteration of singularities in prime characteristic). We here
give a more straightforward proof which does not require the use of resolution of
singularities. Our argumert is basedon the following characterization of T (X).

Lemma 2.5 ([21, Lemma2.2]). Letw 2 NnfOg and let F be the one-dimensionalfan
in Ng with just one maximal cone Q ow. Let D the unique toric divisor on P(F).
Then w lies in the tropical variety T (X) if and only if D intersects X (F).

Proof of Theorem 2.4. Consider any discrete valuation v of the function eld k(X)
trivial on k. We claim that v inducesa ring valuation v of K [X ] by the formula

X
(2.6) v ag"? = minfv(ag) + qg;

42Q @@Q

x
a()" = p("h(x);

12Q i=1

v(ag) infi; v(k). It followsthat v is well-de ned. The proof that v is a valuation

goesliterally asin [5, VI.10.1]. It follows from (2.6) that the restriction of v to K
coincideswith ord, and hencev 2 V(X). Therefore, [v] = [v] 2 T (X).

It remains to prove that any point w 2 T(X) has the form [v] for some diviso-
rial discrete valuation v 2 W(X). We useLemma 2.5 and its notation. Note that
P(F) = A, Tg,.% ., wherethe coordinates x1;Xz;:::;X, of T = T" are chosen
appropriately. By Lemma 2.5, the divisor D = fx; = 0g of P(F) intersects the
closure X (F) of X. Let : X(F)! X (F) be the normalization and let Z be an
irreducible componert of (X(F)\ D). Fori 2, the coordinate function x; is
invertible on P(F) and henceso is its restriction X; to X (F) and its pull-back to
X(F). This showsthat valz (X2) = = valz (X,) = 0. Since (X1) vanisheson Z,
we havevalz (x1) = for somepositive integer . This impliesthat w=  [valz]in
N = M-. Now if wesetv:= (1= ) valz thenv2 W(X) and [v] = w.

The description of T (X ) using divisorial valuations becomesabsolutely explicit if
X is smooth and has a known compacti cation with normally crossingboundary:
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Theorem 2.6 (Hacking-Keel-Tewelev[10, x2]). Assumethat X is smothand X X
is any compacti ¢ ation whoseboundary D = X nX is a divisor with simple normal
crossings. Let Dj;:::; Dy, denotethe irr educible components of D, and write  x p
for the simplicial complex on f1;:::;mg with fis;:::;iig 2 x.p if and only if
D, \ \ Dj, is non-empty. De ne [D;]:= [valp,]2 N, and, forany 2 x., let
[ ] be the conein Ng spanned by f[D;] : i 2 g. Then

[
(2.7) T(X) = [ 1

2 xp

Remark 2.7. The proofin [10] shovsthat T (X) is contained in the right hand side
of (2.7) if X is just normal, without any smoothnessor normal crossingsconditions.
But this containment can be strict: if too many boundary divisors passthrough a
point then the right hand side can contain conesof dimension greater than dim X .
But T (X) doesnot contain such conesbecausedim T (X) = dim X..

Later we will discussways of weakening the normal crossingassumptions. But our
main technique is to use Theorem 2.6 together with the following basic resuilt.

Prop osition 2.8 ([21, 3.2]). Consider a commutative diagram of elimination theory

X Y
3 3
(2.8) g g
T T

whetre vertical arrows are closal emleddingsin tori, f is dominant, and is a homo-
morphism of tori. Let M be the character lattice of T and N its dual. Then induces
aZ-linear map A : Ng! Ng andwehave A(T (X)) = T(Y) asin (1.3).

Proof. We derive this from Theorem 2.4. Let y 2 T(Y) and let v be a discrete
valuation of k(Y) such that [v] = y. Let v be a discrete valuation of k(X ) sudc that
Vikcyy = ¥ We claim that A ([v]) = y. We have to ched that m(A ([v])) = m(y) for

any m 2 M. This meansthat v( m) = w(m), which is obvious.

Combining Theorem 2.6 and Proposition 2.8 givesthe following corollary.

Corollary 2.9. Supmsethat the hypothesesof Proposition 2.8 and Theorem 2.6 hold.
Then the tropical variety T(Y) in Ng is the union of the conesA([ ]) where runs
over all maximal simplicesof x.p. The rays A([Di]) of theseconesare the linear
forms on M givenby A([Di])( ) := valp,( f).

Remark 2.10 (Intrinsic Torus[21, x3]). Wewish to explain why only monomial maps
are consideredin our elimination problem. Recallthat an irreducible algebraicvariety
X is called very ane if it is isomorphic to a closedsubvariety of an algebraic torus.
Intrinsically this meansthat X is ane and its coordinate algebrak[X ] is generated

givesa closedembedding X  T". By a theorem of Samuel [16], the group of units
k[X] =k is nitely generated.Henceany very a ne variety is a closedsubvariety of a
canonicalintrinsic torus T with character lattice k[X] =k . Moreover, any morphism
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to the algebraictorus f : X ! T is the restriction of the homomorphism : T! T
de ned asfollows: the pull-back is the composition

K[T] =k ! Kk[X] =k " K[T] =k :
It follows that any elimination problem is monomial, at leastin principle.

All of the above results characterize the tropical variety T (X ) only as a subsetof
a vector spaceover Q. Next we recall the de nition of tropical fans. In Section 3,
this will furnish us with a corveniert framework for de ning multiplicities on T (X).

De nition  2.11 ([21]). Let F be any fan in Ng and X a very ane variety in T.
We say that F is a tropical fan for X if X (F) is proper and the multiplication map

(2.9) T X(F)! P(F)
is at and surjective. Note that this property dependson both X and F.

Theorem 2.12 ([21, 1.2, 2.5]). Tropical fans havethe following properties:

(1) If F is atropical fan (for X) then the supprt of F equalsthe tropical variety
T(X). Any fan F supprted on T(X) hasa tropical re nement F°.

(2) If F is tropical and F %is any re nement of F then F s tropical as well.

(3) Let F be a maximal-dimensional cone and let Z  P(F) be the corre-
sponding toric stratum. If F is tropical thendim X (F)\ Z = 0. If, moreover,
P(F) is smath then X (F) is Cohen-Maaulay at any point of X (F)\ Z.

The notion of a tropical fan is a very exible generalization of the Grobner fan
structure on T (X ) usedin [4, 6, 18]. We briey review this connection. To keepthe
notation simple, we assumefrom now on that the normalizer of X in T is trivial.

Theorem 2.13 ([21, 1.7]). Let G be any complete fan in Ng. Consider the action
of T on the Hilbert schemeof P(G) by the formula t [S]= [t 1S] for any subscheme
S P(G). The normalization of the orbit closure T [X (G)] in the Hilbert schemeis
atoric variety for T. Let F be the completefan of this toric variety. The intersection
of F with T (X) is a subfanof F, and that subfanis a tropical fan for X .

Now we relate Theorem 2.13to Grebner fans using the Cox coordinate ring. Let
m be the number of raysof Gandletf : Z™ ! N bealinear map that sendsthe i-th
basisvector ¢ to the generator of the i-th ray of G. This inducesa surjective homo-
morphism T™ I T. Considerthe standard embedding T™ A™ andletU A™ be
a T™-toric open subsetobtained by throwing away coordinate subspacese; : i 2 |i
for eadh collection of boundary divisors fD; : i 2 | g with empty intersection. Then
we have a morphism of toric varieties : U ! P(G) extending the homomorphism
TM 1 T.LetR = k[A™M], the Cox ring of P(G). Let X  A™ bethe closureof 1(X)
and let | R beits ideal. The Grebner fan Q™ is, by de nition, supported
onthe rst octant Q™,, and two vectorsw; and w, are in the relative interior of the
sameconeif and only if the initial idealsiny, (1) and iny, (1) in R are equal. It is not
hard to prove (using the fact that initial ideals compute at limits of one-parameter
subgroups) that f inducesthe map of fans F ! F. Moreover, = f 1(f()) for
any cone 2 F. Sincea re nement of a tropical fan is tropical (Theorem 2.12), it
is possibleto de ne a tropical fan supported on T (X ) by taking imagesof conesin
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F that intersect (= are cortained in) T(X). It is this fan that was \the tropical
variety" in the earlier papers[4, 6, 18]. Note that this fan canbe ner than the fan F
de ned in Theorem 2.13 becauseinitial idealsiny| can have embedded componerts
supported on the unstable locus A™nU.

3. Push-F orw ard of Multiplicities

We now turn our attention to the multiplicities attached to a tropical variety. A
tropical fan structure will usedto de ne multiplicities, but that de nition turns out
to be equivalert to the one given in the introduction (seeCorollary 3.15) and thus
independert of the particular choice of tropical fan. Our main result is Theorem 1.1,
which describeswhat happensto the multiplicities under a morphism : T" ! T9,

We retain the notation from Section2, in particular, X is a closedsubvariety of an
algebraictorus T and T(X) Ng is its tropicalization. If F  Ng is any fan, with
corresponding toric variety P(F), then X (F) denotesthe closureof X in P(F).

Denition  3.1. Supposethat F is a tropical fan for X . Let F be a maximal-
dimensionalcone(i.e. of dimensiondim(X)) andlet Z P(F) bethe torus orbit that
correspondsto . Note that the schemeX (F)\ Z is O-dimensionalby Theorem 2.12.
We de ne the multiplicity m of the cone to be the length of the schemeX (F)\ Z.

Lemma 3.2. Let F be any tropical fan for X.

(1) If P(F) is smaoth then m equalsthe intersection number deg([Z] [X (F)]).
(2) If FCis any fan that re nes the given tropical fan F thenm o= m for any
pair of maximal-dimensional cones %in F%and in F suchthat °

Proof. Statemert (1) follows from [8, Proposition 7.1]. Recall that, in general, the

intersection number of a proper intersection can be lessthan the length of an inter-

section substhheme. However, such bad intersectionsdo not happen in our casesince

X (F) is Cohen-Macaula at any point of X (F)\ Z, by Theorem 2.12 (3).
Toprove(2), letZ P(F)andz® P(F9 be the torus orbits that correspond to
and ©respectively. We considerthe commutativ e diagram

0
T X !
X (FO P(ED)
) ) ? ?
g:=(id ?flx(FO))y yf

T X(F) I P(F)
where and ©are multiplication morphisms(2.9), and f is the proper morphism of

toric varieties that correspondsto the re nement of fans. This is a b er diagram by
[21, Proposition 2.5]. Let p°2 Z%be any point. Since is at, we have

(3.10) g °@D = ([

where we use push-forward and at pull-back of cyclesasin [8, 1.4 and 1.7]. Let
p=f(pY, andlet H and H°denotethe stabilizersin T of p and p° respectively. Since
P(F9 and P(F) are normal, the subgroupsH and H ° are subtori of T. Since and
0 have the samedimension, namely dim(X ), we concludethat H = H°.
It follows from the T-invariance of the multiplication map  that the sdeme-
theoretic b er () *(p) is isomorphicto H (X (F)\ Z). This product is a torus
times a zero-dimensionalscheme. Similarly, the scheme-theoretic b er ( 9 1(p9 is
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isomorphicto H (X (F9\ z9, with the sametorus H. The identit y (3.10) implies
that the length m of X (F)\ Z coincideswith the length m o of X (F9\ z0

De nition 3.3 (Fulton{Sturmfels [9]). Given a rational polyhedral cone No,
we write N for the sublattice of N generatedby \ N. For afacet of letn .
be any represertative in  for the generator of the 1-dimensionallattice N =N . A
multiplicit y function m de ned on k-dimensional conesof some fan F is said to
satisfy the balancing condition if, )Eor any cone of F of dimensionk 1, we have

m n. 2N

Here the sum over all k-dimensionalcones in F that contain

Corollary 3.4. If F is atropical fan for X whosetoric variety P(F) is smaoth then
the multiplicity function m in De nition 3.1 satis es the balancing condition.

Proof. Let k = dim X . Sincewe wish to cite [9], we x a complete strictly simplicial
fan G that corntains F as a subfan. Since X (F) is proper, X (F) doesnot intersect
toric strata parametrized by conesin GnF. We setm = 0 for k-dimensional cones
of Gthat are not in F. Lemma 3.2 (1) implies that the multiplicities m determine
a classin the operational Chow cohomolayy AK(P(G)), represerting the intersection
with X (F). Therefore m satis es the balancing condition by [9, Theorem 2.1].

Remark 3.5. From this perspective, a tropical variety is the sameas an operational
Chow cohomologyclasson an appropriate toric variety. Seealso[12, Remark 1.7].

Lemma 3.6. Supmsep?2 T (X) is a regular point (see Intr oduction) and suppse F
is a fan supported on T (X ) and endowel with a multiplicity function m that satis es
the balancing condition. Then m is constant on all cones containing p.

Proof. Restricting to L, and taking the link G in F of the cone corntaining p in its
relative interior, we reduce to the following statemert: If G is a complete fan and
its top-dimensional conesare endoved with multiplicities that satisfy the balancing
condition then these multiplicities are constart. This holds becausethe operational
Chow cohomologygroup A° of a complete toric variety P(G) hasrank one.

De nition  3.7. The multiplicity of a regular point p 2 T (X) asthe multiplicit y m
of any top-dimensional cone of any tropical fan that contains p in its closure.

Corollary 3.8. The multiplicity is a well-de ned locally constant function on the open
subsetof regular points of T (X). For any (not necessarily tropical) fan F supprted
on T (X), the induced multiplicity function satis es the balancing condition.

Proof. This follows from Lemma 3.6, Corollary 3.4, Lemma 3.2, and the fact that any
two tropical fans have a commonstrictly simplicial re nement.

The balancing condition implies that many complete fans can play the role of the
Greobner fans in Theorem 2.13 when computing tropical varieties set-theoretically:

Prop osition 3.9. LetG Ng be any completefan suchthat X (G) does not intersect
toric strata of P(G) of codimension greater than k = dim X. Then T (X) equalsthe
union of all k-dimensional conesin G whosetoric strata intersect X (G).



ELIMINA TION THEORY FOR TROPICAL VARIETIES

Proof. Let F denote the subfan of G consisting of all coneswhosetoric strata inter-
sectX (G). By Theorem 2.12,there exists a tropical fan F for X which admits a map
offans F! G. By [21, Lemma 2.2], the support jFj = T (X) is contained in jFj and
intersectsthe relativ e interior of every conein F. Let C be a k-dimensionalconein F
and let F¢ be the set of conesin F contained in C. Note that F¢ is a k-dimensional
fan. We claim that its support jFcj equalsC. Arguing by cortradiction, suppose
that it is not. Then there exists a k-dimensional cone in F¢c and a facet of
sudh that intersects the interior of C and lies in the boundary of jF¢j. But this
contradicts the balancing condition, and we concludejF j = T (X).

Example 3.10. The fan F in the proof of Proposition 3.9 is not necessarilytropi-
cal. We construct a variety X T that admits a non-tropical fan F supported on
T (X). Consider a projective variety Y  P" 1 which is not locally Cohen-Macaulay
at somepoint p 2 Y. Then k := dimX 2. Let Hy;::i;Hg P ! be gen-
eral hyperplanes passingthrough p and let Hg+1;:::;H, P ! be general hyper-

of P" 1. By Proposition 3.9, F is supported on T(X). If F is a tropical fan then Y
hasto be Cohen-Macaulay at p by Theorem 2.12(3). Therefore F is not tropical.

Remark 3.11. This example has to be compared with [10, Theorem 1.9] which
concernsthe (Mori-theoretically signi cant) classof habschvery a ne varieties. If X
is hubsd then any fan supported on T (X)) is tropical, and there exists a coarsestfan
supported on T (X ). The latter property also fails in general, seeExample 5.2.

We now explain how multiplicities behave under a map of tropical varieties as
discussedin the Introduction. Our setting is that of the commutativ e diagram (2.8),
wherevertical arrows are closedembeddingsin algebraictori, f : X | Y is dominant,
and is the homomorphism of tori specied by a Z-linear map A : Ng ! Ng. By
Proposition 2.8, we have A(T (X)) = T(Y), which is the identity in (1.3). To prove
Theorem 1.1, it su ces to prove the following more technical statemert.

Theorem 3.12. Let F be a fan in Ngo whosesupprt equals T (X ), and let F be a
fan in Ng whosesupprt equals T (Y). We further assumethe following conditions:

The map f is generially nite of degree (hence dimF = dimF).
The fan F is tropical for X and the fan F is tropical for Y.
For any cone of F, theimage A() is a union of conesof F.
Then the multiplicity m of any maximal-dimensional cone of F satis es
X
(3.11) m = 1 m index( ;) ;
2F :A()

where index( ;) denotesthe index of the sublattice of N geneited by the semigoup
A( \ N) inside the sublattice geneated by the semigoup \ N

Proof. Let k := dim(X). By Lemma 3.2 (2) we canreplaceF by any re nement. We
will thus assumefrom now on that F is strictly simplicial, i.e. P(F) is smooth.
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Our next goals are to make P(F) smooth and the morphism P(F) ! P(F) at.
Thesegoalsare incompatible but the following lemma provides a compromise.

Lemma 3.13. There exists a strictly simplicial re nement F° of F suchthat

A :F° F is amap of fans, and
if  is any k-dimensional cone of F®and is the minimal cone of F that
contains A() theneither dm <dim or = A().

Proof of Lemma 3.13. We construct F %in two steps. First we de ne are nement F %
asfollows. For any conein  (of any dimension), the image A() is aunion of cones
in F. We subdivide by preimagesof thesecones. SinceF is a fan, this subdivision
yields a fan F% Moreover, if 2 F%and dim = dimA() then is strictly
simplicial sinceA() is. To nish the construction of F9, it remainsto subdivide all
cones 2 F%with dim > dimg() into strictly simplicial subcones. But we have
to make sure that the collection of new conesis still a fan. Arguing by induction on
dim , this construction reducesto the following fact which is well-known in geometric
combinatorics: if is a rational polyhedral coneand @ is a strictly simplicial fan
supported on the boundary @, then there is a strictly simplicial fan H supported on
such that the restriction of H to @ equals@H.

By Lemma 3.2 (2), to prove (3.11) it suces to prove the analogousformula
1 X
(3.12) m = - m index( ;)
2F %A ()=

for any d-dimensionalcone of F. To simplify notation we redenoteF ° by F.
Consider the smooth toric varieties P(F) and P(F). The mapoffans A :F ! F
de nes a morphism : P(F)! P(F) that extendsthe homomorphism of tori
T! T. The d-dimensional cone F de nes a torus orbit Z of codimensiond in
P(F). Our hypothesesimply that the b er 1(Z) is the disjoint union of torus orbits
Z1;:::;Z, of codimensiond in P(F). Theseorbits correspond to the cones 1;:::;
in F that satisfy A( ;) = . Moreover, it is known (seee.g.[9, Prop. 2.7]) that the
multiplicit y of the scheme  %(Z) along Z; is index( i; ).
By Theorem 2.12, the closure X (F) of X in P(F) is Cohen-Macaulgy along the

subshiemeW = YZ)\ X (F). Therefore, we have a b er diagram
iO
|
w X (F)
? ?
ay y
z 't PF)

where i and i° are regular embeddings of codimension d. By Lemma 3.2 we have
m = deg([X (F)] [Z]). Sincethe morphism is proper, the push-forward property
of [8, Theorem 6.2 (a) and Remark 6.2.2] implies that

m = deg T (X)) [Z] = Sdegq(W]) = >degWl:
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From the irreducible decomposition of  1(Z) discussedabove, we obtain

X X
dedW] = index( i;) deg[X] Z;) = index( ij;) m
i=1 i=1
This completesthe proof of Theorem 3.12, and hencealso of Theorem 1.1.

Example 3.14. The special caseof our construction when X is de ned by linear
equations appearsin [6, x3]. Here T (X) is the Bergman fan of a matroid. This is
applied in [6, x4] to tropicalize Kapranov's Horn uniformization of the A-discriminant.

At this point we wish to note that the de nition of multiplicit y usedhere (De ni-
tions 3.1 and 3.7) agreeswith the formulation in the Introduction (and in [6, 20)):

Corollary 3.15 ([6, Remark 2.1]). Let X be a subvariety of a torus T and I x its
ideal in K[T]. If w is any regular point in the tropical variety T (X) then m equals
the sum of multiplicities of all minimal assaiate primes of the initial ideal iny, (Ix ).

Proof. This can be derived from the proof of part (2) in Lemma 3.2.

Example 3.16. Consider an irreducible hypersurface X in T with principal ideal
Ix = hGi. The Laurent polynomial G is unique up to multiplication by a unit. Its
Newton polytope Q Mg is unique up to translation. For any w 2 Nq, iny(G) is the
sum of all terms in G that belongthe face of Q at which w is minimized. This faceis
denotedface, (Q), and we haveiny (Ix ) = hiny(G)i. The tropical hypersurfaceT (X))
is the set of w 2 Ng sud that face,(Q) has dimension 1, i.e. T(X) is a normal
fan of Q with top-dimensional conesremaved. A point w 2 T (X) is regular when
face, (Q) is an edge. In this casewe regard in,,(G) as a univariate polynomial. Its
roots correspond to minimal assaiate primes of iny, (I x ). Counting multiplicities, the
number m of roots equalsthe number of lattice points on the edgeface, (Q).

Remark 3.17. In Example 3.16, the Newton polytope of Q can be recovered (up to
translation) from the tropical hypersurfaceT (X ). Verticesof Q correspond bijectively
to connected componerts of NonT (X). Let u 2 Ng be a general vector in suc a
componert. We compute the corresponding vertex, which is face,(Q), using the
following formula from [6, Theorem 2.2]. Considerthe halines L; = u+ Q e where

many points v, and with ead of these we assaiate the nonnegative integer

N :Ze+ (Lw\ N) my:
The i-th coordinate of the vertex is the sum of theseintegers,for all v2 Li\ T(X).

4. Complete Intersections and Mixed Volumes

In this section we study the casewhen X is a generic complete intersection in a
torus T = T". Our tropical approach recovers and re nes the elimination theory
basedon Newton polytop eswhich was developed by Khovanskii and Esterov [13].

Notation 4.1. Let Pq;:::;P. be lattice |90Iyt0pesin Mg. Let P := Py + + Pg
be their Minkowski sum and write P, := ;,, P; forany |  f1,2;:::;cg. We shall
always assumethat dim P = n. The normal fan N of P is a completefan in Ng.
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equalsP; and whosecoe cien ts are genericsubject to this property. We are interested
in the genericcomplete intersection X = ffq = =fs=0gin T.

Remark 4.2. The variety X need not be irreducible becausethe P; can be one-
dimensionalevenif n 2. This posessomenotational di culties sinceirreducibilit y
of X wasassumedn the previoustwo sections. However, aswe shall see all irreducible
(= connected)componerts of X have exactly the sametropicalization and multiplic-
ities. Thus by T (X) we will meanthe tropicalization of any irreducible componert,
with multiplicities multiplied by the number of componerts. This is consistert with
the interpretation of the tropical variety asa cohomologyclass.

As beforein Example 3.16, for any w 2 Ng = Hom(Mq; Q) and any polytope Q,
we write facg, (Q) for the faceof Q at Whi)C(h w attains its minimum. Note that

(4.13) facey(P)) = facey (P;):
i21
Theorem 4.3 ([20, Prop. 2.4]). The tropical variety T (X) is supported on a subfan

of the normal fan N of the Minkowski sumP = P;+  + Pc. A point w2 Ng liesin
T(X) if and only if the polytope (4.13) hasdimension jljfor anyl f1;2;:::;cg.

For w = 0 we obtain the following criterion for when the variety X is non-empty:
Corollary 4.4. X is not emptyif andonly if dimP,  jlj for everyl f1;2;:::;cg.

In [20] we proved Theorem 4.3 using combinatorial cornvexity. Here we presert an
alternativ e derivation using following generallemma, which is a mixed version of the
Kodaira{F ujita Lemma [14, VI.2.16] that characterizesbig and nef line bundles.

integral schemezZ. For K f1;:::;cglet Zx bethe image of Z under the map given
by i2kLi. ThenL; L, ::: L. 0 and this number is positive if and only if

(4.14) dmzx jKj forany K f1;:::;cg
Proof. By the Projection Formula [14, VI.2.11], we can replaceZ with its resolution

of singularities. So, we may assumethat Z is smooth. By Bertini's Theorem, we
can choose smooth divisors E; 2 jL;j that intersect transversally. The number of

intersection points equals our intersection number L; ::: L. In particular, the
number is nonnegative and it is positive if and only if E; \ \ Ec 6 ;. The
condition (4.14) is necessarybecausedim Zx < jKj implies\ >k E; = ; for general

divisors E; 2 jLij. Now assume(4.14) is satis ed. We use induction on c. The
casec = 1 is obvious. Assumethat ¢ > 1. Let x 2 Z be a general point. By
Bertini's Theorem, we can assumethat x lies in a smooth divisor from jLj. Let Z°
be the connectedcomponert of Z that cortains X. It suces to ched the condition
(4.14) for Z%and all subsetsk  f1;:::;c 1g. Arguing by contradiction, suppose
that dimZ? < jKj for someK. Let F be the irreducible componert of the b er of
Z ! Zg that passesthrough x. Then dim(F\ Zz9 ¢ jKj. By our assumptions
(and genericity of x), it followsthat dmF = ¢ jKjandF Z° As this holds for
any componert Z° the map Z ! Zi g givenby L contracts F to a point. Therefore,
F iscontainedin a berofthemapZ ! Zx Z;y. Sincethe imageofjLkj jLtcg
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injLk cgi is @ base-pint-free linear subsystem,F is contained in a b er of the map
Z! Zg[ cg- This contradicts our assumptionthat dimZy ; 4 jKj+ 1.

Proof of Theorem 4.3. Let A; bethe setof monomialsin fi, eadh regardedasa lattice
point in P;, and considerthe morphism T ! PiAil 1 de ned by thesemonomials. Let
N be a strictly simplicial re nement of N. There is a sequenceof morphisms

(4.15) P(N) ! P(N)! PP 1gokpAil 1
where PIPil 1 99KPIAil 1 s a linear projection. We have similar toric morphisms
(4.16) P(N)! P(N)! PP<i 1 forany K f1;:::;cg:

The toric variety P(N') is smooth and its toric boundary 5 D; has simple normal
i=1

crossings. Consider the hypersurfaceE; := ff; = 0g T and its closure E; in

P(N). Let fE, g 23, be the irreducible componerts of E;. Then E; is a pullback

of a general hyperplane divisor in P*il 1 for the morphism (4.15). It follows from

Bertini's Theorem that eac E; is smooth, E; \ E; = ; for 6 , and the union of

all divisors (both of toric type D; and of type E; ) has siﬁ:nple normal crossings.
Recallthat our very ane variety X isthe intersection ;_, E; in T. It followsthat

its closure X (N) in P(N') is smooth, of codimension ¢, and intersectstoric boundary

T X(N)! P(N)

is smooth, and in particular at. By Theorem 2.12, the tropicalization of any irre-
ducible componert X ? of X is equal to the union of conesof N that correspond to
c-dimensional toric strata Z which intersect the closure X q(N) of X %in P(N).

Let Z be such a toric stratum and w any vector in the relative interior of the
corresponding conein N'. Lemma 4.5 states that X (N) intersectsthe toric stratum
P4 if and only if the image of Z under the morphism given by the sum of divisors

i»k Ei hasdimensionat leastjKj for all K f1;:::;cg. This imageis the toric
stratum in the toric variety of Px corresponding to face, (Px ). We concludethat w
liesin T(X9 = T(X) if and only if dim(facey (Pk )) is at leastjK j, for all K.

We now describe the multiplicities on the tropical complete intersection T (X)

Theorem 4.6. The multiplicity of T(X) at a regular point w is the mixed volume
(4.17) my = MV facey,(P,1);facey(P2);:::;facey(Pc) :
Here the volumeis normalized with resgect to the sublattice of M orthogonalto L.

Proof. We x atropical fan on T (X ) which re nes the restriction of the normal fan
N of P1+ + P.. Sinceboth sidesof the equation (4.17) are locally constart on the
regular points w of T (X), it suces to prove (4.17) only for points w 2 T (X) that
lie in the relative interior of a maximal cone of the chosentropical fan structure.

Let T be the c-dimensionaltorus corresponding to M . The polytope facey (P;)
is the Newton polytope of the initial form iny,(fi). Considerthe substhieme

(4.18) Xu = finw(f1) = = iny(fc)=0g T:
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The equationsin,, (f;) are equivariant under the action of Ker[T ! T ] and therefore
we can regard (4.18) as a system of c equationson T de ning a zero-dimensional
substiemeX,, of T . By Bernstein's Theorem [1], the length of the genericcomplete
intersection X, equalsthe mixed volume on the right hand side of (4.17).

We claim that X, coincideswith the scheme-theoreticintersection of X (N) with
the toric stratum Z of P(N) that correspondsto . Indeed, since X (N) does not
intersect strata of P(N) of codimensionc+ 1, the intersection X (N)\ Z liesin the
open orbit in Z. That open orbit is isomorphicto T and the de ning equations of
X(N)\ Z are preciselythe w-initial forms of the f;. De nition 3.1 now implies

my = length(X (N )\ Z) = length(Xy):
With this, the conclusionof the previous paragraph now completesthe proof.

Remark 4.7. The multiplicit y formula (4.17) makessensefor all w 2 Ng sincethe
right hand side is zero unlessthe condition of Theorem 4.3 holds. Thus, T (X) is
characterized as the set of all w for which the mixed volume in (4.17) is nonzero.

We now apply our elimination theory of Section 3 to the generic complete inter-
section X . The goal is to compute the image of X under the morphism :T" ! Td
givenby alinear map A : Z" ! 79 We assumethat the inducedmapf : X | Y
is generically nite of degree . This assumptionimplies in particular thatd n c.
The tropical variety of Y = (X) in QY is characterized by the following formula.

Corollary 4.8. The tropicalization of the imageY = (X) is the image of T (X)
under the linear map A : Q" ! QY. Its multiplicity function is given by the formula

X
(4.19) m, = 1 MV facey(P1);:::;faca,(Pe) index(Ly\ Z%:A(Ly\ ZM));
w2A 1(v)

for all points v 2 T(Y)° suchthat A 1(v)\ T(X) is nite and contained in T (X)°.
Proof. This follows by combining Theorems 1.1 and 4.6.

Theseresults will be of particular interest for applications whend=n ¢+ 1. In
this caseY = (X) is a hypersurfacein the torus T9, and one wishesto compute
the irreducible Laurent polynomial g 2 k[T9] which vanisheson Y. Using Corollary
4.8 we obtain the tropical hypersurfaceT (Y) in QY together with its multiplicities.
By applying the technique described in Example 3.17, we can construct the Newton
polytope Q of the unknown Laurent polynomial g. Knowledgeof its Newton polytope
Q greatly facilitates the computation of g from the given equationsof X . SeeExample
1.3 for anillustration of how this works whenn = 3,c= 2andd= 2.

and the linear map A wasrecertly given by Khovanskii and Esterov [13]. Their con-
struction is basedon what they call mixed ber bodies Theseturn out to be equivalent
to the mixed b er polytopesintroduced earlier by McMullen [15]. This represertation
constitutes a geometricre nement of Corollary 4.8, and it leadsto a simpli ed deriva-
tion (in Theorem 4.9 below) of the main results in [13].

Let be the canonical map from the lattice Z" onto coker(AT) = Z"=ker(A)?.
We usethe sameletter  alsofor the induced map of vector spacesQ" ! coker(A ")qo.
The kernel of s the vector spacedual to ker(A), and we identify it with QY above.
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Consider the Minkowski sumP = Py + + Pcwhere = ( 1;:::; ¢)isa
vector of positive unknowns. The map projects P onto the (n  d)-dimensional
polytope (P ). Almost all b ers of this map are polytopes of dimension d, and,
by integrating them in the Minkowski senseof [3], we obtain a d-dimensional ber
polytope (P ) ker( ) = QY. In fact, (P ) is a homogeneouspolynomial of
degreen d+ 1 whosecoe cien ts are certain lattice polytopesQ;,i, i, in Q¢

X

(4.20) (P)=(1Pi+ + cPo) = P E ¢ Quin i
i1+ +ic=n d+1

This decomposition is due to McMullen [15], and it wasrediscoveredin [13, x3]. Now,

if n d+ 1= cthen the formula (4.20) de nes the mixed b er polytope

(4.21) (P1; P25 Pe) i= Qup 1!

It is this polytope which is computed by our Corollary 4.8 in the hypersurfacecase:

Theorem 4.9 (Khovanskii and Esterov [13]). If ¢ = n d+ 1 then the Newton
polytope of the hypersurface Y = (X) T9 equalsthe mixed ber polytope (4.21).

Proof. We consider the Minkowski weight [9] of codimension ¢ de ned by the n-
dimensionalpolytope 1P;+ + (P.. As atropical variety, this is the union of the
conesof codimension cin the normal fan of this polytope, with weights

w 7! Vol(facey, (P1) + + facey (Pg)):

Here Vol is the normalized c-dimensional volume on L?,. The imagein ker( ) = Q¢
of this c-dimensionalfan under the linear map A is the union of the codimensionone
conesin the normal fan of the b er polytope  ( 1P1+ + (P¢). It supports the
Mink owski weight of codimension1 of  ( 1Py + + (P¢), which is given by

X

v 7! Vol iface,(P;) + + facgy(P.) index(Ly\ Zd:A(LW\ zZ"):
w2A 1(v)
This expressionis a homogeneougolynomial of degreec in the unknowns 1;:::; «.

The coe cien t of the squarefreemonomial ; » ¢ in this polynomial equalsthe
right hand side of (4.19), up to the global constart . This provesTheorem3.2in [13],
which statesthat the mixed b er body actually existsasa polytope, and we conclude
that (1=) (P1; P2; 115 Pe) equalsthe Newton polytop e of the hypersurfaceY .

Example 4.10. In Example 1.3 we are given two tetrahedra in three-space,namely

P1 = corvf0; 3e;;3ex;3e3g and P, = corvfO; 2e;; 2e; 2e3g. Their Mink owski

sum P; + P, is a 3-polytope with 12 vertices, 24 edgesand 14 facets. The map
: Q%! Q!isgivenin coordinates by (x;y;z) 7! x 2y + z. The b er polytope

(1P1+ 2P2) = 7 Qo+ 12 Qu+ 3 Qo
is a polygon with ten vertices. Its summandsQ,o and Qg are quadrangles,while the
mixed b er polytope Q11 =  (P1;P2) is a hexagon,a nely isomorphicto (1.5).

Example 4.11. The Newton polytop esof resultants in [19] are mixed b er polytopes.

unknowns. Seealso [6, x6] for the caseof fewer than ¢ 1 variables.
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We closethis section with the remark that (ordinary) b er polytopes are special
instancesof mixed b er polytopes. Supposethat P, = P, = = P are all equalto
the same xed polytope P in Q". Then the polytope (P ) in (4.20) equals

( 1P+ + Po) = (1+ + ¢)° (P) Qd:
Hencethe mixed b er polytope (P; ;P)isthe b erpolytope (P) times 1=d.
We concludethat the study of b er polytopes,which is an active areain geometric
combinatorics, can be regardedas a very special caseof tropical elimination theory.

Corollary 4.12. If X is a generic completeintersection in T" dened byn d+ 1
Laurent polynomials that shar the same full-dimensional Newton polytope P, then
the Newton polytope of the hypersurface Y = (X) T9 is the ber polytope  (P).

5. Tropical Implicitization

de ned by theseLaurent polynomials. Let Y be the closure of the image of f in TS.
For simplicity, we assumefrom the beginning that the b er of f over a genericpoint
of Y is nite, and consistsof points. Computing Y is generally a hard problem in
computer algebra. Our goalis to compute instead the tropical variety T (YY), with the
aim of recovering (information about) the variety Y from its tropicalization T (Y).

genericcase,when f; has genericcoe cien ts relative to its Newton polytope P;, and
later we addressthe casewhen the f; have special coe cien ts. A rule for computing

for the multiplicities on T (Y) was stated (without proof) in [20, Theorem 4.1]. In
Theorem 5.1 below we give a complete derivation for both of theseresults. Let

=( 15 9):Q 1 Q°
be the tropicalization of the map f. Its ith coordinate (w) = minfw v:v2 Pjgis
the support function of P;. The imageof is contained in T (YY) but this containment

is usually strict. Our construction will explain the setdi erence T (Y)nimage().
Let C be any conein the normal fan of the Mink owski sumP = Py + + Ps and

If the rank of this sublattice is r then index(C;J) denotesits index in the maximal
rank r sublattice of Z® that contains it. Otherwise we set index(C;J) = 0. Write
face: (P;) for the faceof P; at which the linear forms in the relative interior of C are
minimized. The jJj-dimensional normalized mixed volume

(5.22) MV facec(Pj) :j 2J

is positive if and only if dim( ;,, facec(P;)) jKj for all subsetsK  J.

Theorem 5.1. The tropical variety T (Y) is the union of the cones ( C)+ R’ , over
all pairs (C;J) suchthat (5.22) is positive. The multiplicity m,, at any regular point
w of T(Y) is the sum of the scaled mixed volumes

(5.23) 1 index(C;J) MV facec(Pj) :j 2J
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where (C;J) runs over all pairs suchthat ( C) + R’ contains w.

Proof. The graph of the map f is a generic complete intersection of codimension s

in T"*S. Namely, writing (t1;:::;tr;y1;:::;Ys) for the coordinates on T'*S, by the
graph of f we meanthe subvariety X of T"** which is de ned by the equations
fa(t) yi="fat) y2=  =1f5t) ys =0

Theseare s genericLaurent polynomials in r + s unknowns. Their Newton polytopes
in Q" Q° havethe form P2 := corv(P; [ feqg) fori= 1;2;:::;s, whereey;:::;
are the standard basis vectors of Q°. We shall apply the results of Section 4 (with

vectors (u;v) in Q" Q% to their secondcomponert v 2 Q3. The corresponding
homomorphismof tori is :T'*S! TS;(t;y) 7' y and we haveY = (X).
The tropical variety T (Y) equalsthe set of all vectorsv 2 QS such that

(5.24) MV facqyy)(PD);:::;facquy) (P

is positive for someu 2 Q". Supposethis is the casewhere (u; V) is a regular point
of T(X). Let C bethe conein the normal fan of P which cortains u in its relative
interior. The vectorv  ( u) is non-negative, for if its i-th coordinate were negative
then facqu;\,)(PiO) would be a point feg. Let J be the set of all indices with
vj > j(u). Forj 2 J we have face(u;v)(PjO) = face,(P;) = facec(P;). For i 2

T(X), and hence face(u;\,)(PiO) is the primitiv e line segmen with vertices p; and
e. Sincethe lattice spannedby these segmetts is a direct summand of Z'* ¢, the
normalized mixed volume in (5.24) remains unchangedif we extract these segmetts:

(5.25) MV facquy)(PD);:::;facquyy(P) = MV facec(Py) 1j 23 :

This implies that A (L) \ Z"*®) equalsthe lattice generatedby ( C\ Z') + Z7.
The maximal rank r sublattice of Z® that contains this lattice isL,\ Z5. We conclude

(5.26) [Lv\ Z°: ALy \ Z2'°)] = index(C;J):
Theorem 5.1 now follows by combining (5.25) and (5.26) with Corollary 4.8.

21 00 0 1 1 3
Example 5.2. Consider the matrix (mj) = 40 1 0 1 0 15 and let
001 1 1 0
f : T3 99K T® be a rational map de ned by six Laurent polynomials, with generic
coe cien ts, with Newton polytopesgiven by the six parallelopipeds

Pi = [my;2] [myi;2] [m3i;2]:

Let Y = f (T3). A simple calculation using Theorem 5.1 (that can be performed using
the software Trim [11]) shows that T (Y) contains the cone C which is spannedby
e1, &, and es, and the only other coneintersecting its interior is the coneD spanned
by rows of the matrix (m; ). Moreover, C\ D is the ray spannedby e; + e; + es. It
follows that the set of regular points of T (Y') is not corvex. In particular, there does
not exist a coarsestfan supported on T (Y).
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We now discussthe implicitization problem for mapsf which are not necessarily
generic. The s hypersurfacesg; = ff; = 0g T" are assumedto be reduced,
irreducible, and di erent. We focuson computing T (Y) asa set, leaving the question
of multiplicities for future work. Let X := T' n[ {_; E;, sothat f inducesa morphism
X 1Y TS We canthus apply Theorem 2.9 to compute T(Y). We introduce
the following notation and terminology. For any compacti cation X X and any

By Theorem 2.4, [D] 2 T(Y) for any D. We de ne the simplicial complex ( X)
that describes the combinatorics of the boundary of X asin Theorem 2.6. As in
Remark 2.7, the tropical variety T (Y) is cortained in the union of coneswith rays
given by [D] and conesdescribed by ( X). We say that X computesT (X) if T(Y)
is equalto this union of cones. For example, if X is smooth with a normally crossing
boundary then X computes T (X) by Corollary 2.9. But Proposition 3.9 suggests
that it may suce to assumethat X has\combinatorial normal crossings", i.e. to
assumethat k boundary divisors intersect in codimensionk. Below we describe how
this works for surfaces,the caser = 2. In what follows we assumer = 2.

We construct a compacti cation X of X in two steps. First we compactify X by a
toric surface P(N"), where N is somestrictly simplicial re nement of the normal fan

where ; N forj = 1;:::;p are the rays that correspond to the toric divisors D; .
Considera morphism X ! P(N") which is a composition of blow-ups with smooth
certers. Let Ey;:::;Es, D1;:::;Dp be the proper transforms and Fy;:::;Fq the

exceptional divisors. We determine the simplicial complex ( X;E;D;F) asin The-
orem 2.6. Let ujj (resp. v ) be the coe cien t of F; in the pullback of E; (resp. Dj).
Ejote that on P(N') the divisor of the rational function f; is given by (fi) = E; +
i i(j)Dj. It followsthat on X we have
X X X
(fi)=Ei + i(j)Dj + Uki + i( )k F:
] k j

It follows that the vectors[Fg] in Q® are given by the formula
(5.27) [Fl = (Ukaiiiiuks) + (Vka 1+ + Vip )

Prop osition 5.3. Letr = 2 andlet X ! P(N% be a morphism, constructed as a
composition of blow-upsof points, suchthat no three divisors from the collection E,
D, and F havea common point. Then X computesthe tropical surface T (Y).

Proof. It suces to obsene, using (5.27), that new exceptional divisors added by a
resolution of singularities X ! X do not changethe tropicalization: ead time we
blow-up a point p that belongsto a unique boundary divisor , we obviously have
[Fpl = [1 andthe only new simplex createdis a pair f Fp; g, which givesrise to the
sameray [] on the tropicalization. Similarly, the blow-up of a point p that belongs
to two boundary divisors 1 and » createsanewray [Fp] = mai[ 1]+ ma[ 2], where
m; is the multiplicit y of ; at p, and the tropicalization stays the same.
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