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1. (15 points) Let f(z) = cosx + x.

(a) (7 points) Find the second-order Taylor polynomial P (z) for f(x) about zq =
0.

(b) (8 points) Assume that Py(x) is used in order to approximate f(z) on [0,7/2].
Then, upon using the remainder term R,, find an upper bound for

max_|f(2) - Py(a)].

z€[0,7/2]

Solution:

(a) From the function given, the P(z) reads

Py(z) = f(%‘o)Jrfﬂ@o)(ﬂf—%o)+%fﬂ(ﬂfo)@—%)2 = | Py(a) = 1+a — 52°|

(b) Next, using the remainder term Ry(z) we obtain

_ 199
3!

sin
_ SIEs)

Ry(x) (x — 1’0)3 = | Ry(z) = 5

Note that we are interested in finding both £ and x in [0, 7/2] such that | Ry|
is maximized. Thus, we have

siné 4

Ra(o)| = | 20

< = S [|Ra(w)] < 0.645964]

=T E)

2. (20 points) Let f(z) = 2> — 7 with a = 2 and b = 3. Furthermore, assume that we
want to use the bisection method to find the root of v/7 ~ 2.6457513110645907.
Note also, that the initial interval is [ag, by] = [2, 3].

(a) (5 Points) Is the method guaranteed to converge to the root? Explain why.

(b) (15 Points) Perform 2 bisections by showing your steps. What is the value of
as if the root is in the interval [asg, bo)?
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Solution:

(a) To determine whether bisection converges to the root, we have to find out
whether the criteria of the Intermediate Value Theorem are fulfiled, that
is, if the function f changes sign and is continuous. To this end, we have
f(2)f(3) = =6 < 0, so indeed the bisection method will converge. Note also,
that the root given lies in [2, 3].

(b) In the first step, we compute the midpoint denoted by p of [ag, by] = [2, 3],
which has the value of p = (ag + by)/2 = 5/2. Subsequently, we check
f(2)f(5/2) =9/4 > 0 and f(5/2)f(3) = —=3/2 < 0. Therefore, [ay,b;] =
[5/2,3]. Next, we find the new p which is given by p = (a; +0;)/2 = 11/4.
We must check now whether the function f(x) changes sign in the intervals
[5/2,11/4] or [11/4,3]. To this end we have f(5/2)f(11/4) = —27/64 < 0
and f(11/4)f(3) = 9/8 > 0. Thus, we obtain [as,by] = [5/2,11/4], or
as = 5/2 in question. Note also that x* € [ay, by] still.

3. (20 points) Suppose that we want to use fixed point iterations of the form of
Tpi1 = g(xy,) with k =0,1,..., in order to find the value of x such that 2 + 4z = 5.
Note that g(z) stands for the iteration function.

(a) (5 points) Find the two roots, namely, z3 and 2%, of the underlying quadratic
equation analytically.

(b) (7 points) Determine three iteration functions g(x). Then, which choice of yours
can be used to find the negative root of the previous step? Explain why.

(c) (8 points) What is the order of convergence in this case? Justify your answer.

Solution:

(a) At first, the equation given is a quadratic one and can be written as x? +
4x — 5 = 0 with roots 27 = —5 and x5 = 1 obtained by known formulas.

(b) The three iteration functions can be obtain as follows

2 _ _1 _ 2 i _1 — 2
r“+4r=5 = :1:—4(5 2?)  with g(:c)—4(5 z?),

?+dr=5 = z=+V5—4r with g(z)==+V5— 4z

Note that in the last two choices 5 — 4z > 0 = = < 5/4. Next, and based
on the functions g(z) obtained above, we must examine whether |¢'(z7)| < 1
holds. In particular, we have

x . 5
f@) = |- =lg@ni=5 > 1,
@) = |- | = I =25 <1
N ! ’
respectively. This way, we conclude that the negative root x7 = —5 can be

found by using g(z) = —+/5 — 4z (with the minus sign!).
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(¢) The fixed point iteration will converge linearly since |¢'(z7)| # 0. This can
be immediately seen by the Taylor expansion of the iteration function g(z)
about z}

* * * 1 * (z=2z
g@) = g(a) + g (@)@ —ai) + 5z — )" (§) =
* * * 1 *
glze) = g(@1) + ') (2 — 21) + 5 (21 — 1) 9" (€)
1
Tprn = 21+ (a])(zr — 27) + 5Tk = 21)%9"(€) =
Tkt1 — xf{ 1( % 1 *\ N ( . *)
P g'(@1) + 5o —21)g"(§) =  im 2 =
. ‘karl - :L’ﬂ !
1 R o *
Note that the convergence factor p and rate of convergence a are p =
lg'(z7)| =2/5 < 1 and a = 1, respectively.

4. (20 points) Assume that a function f is three times differentiable, that is, f €
C3 [a, b] and there is a root z* € [a, b] such that f(z*) =0 and f’(z*) # 0. Show that
Newton’s method converges quadratically.

Solution:
(a) One approach:

Let us first define the absolute error as e, = |x; — 2*|. Then, consider the
Taylor expansion for g(x) about x*

o) = ga") + (") — ) + 5(0 = 2 (€), (1)
where

o @I

AT

Sy~ P@@ @) 2@ ()

[f'(z))? [f' ()]
Since f(z*) =0 and f'(z*) # 0, then
) = o, )
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Inserting Eqs. (2) and (3) into Eq. (1), we obtain at x = z,

g(ee) = g@*) + = (zx — 272 g"(6) =

2
1
e = @7 g (- 27) () =
* 1 *
Thy1 — T = B (v — )2 q"(&) =
* ]' *
Tpyr — 2| = B 2 — 219" (&) =
—_——
€kt1 el
!
RGN

2

The ¢”(z) is a continuous function since g(x) is a smooth one. Hence, there
exists a constant M € R such that

19"(©)]
2

< M,

for all points ¢ sufficiently close to z*. Then, the previous inequality yields

2

proving the quadratic convergence of Newton’s method.

(b) Second approach:

Let us Taylor expand the iteration function g(z) about x*
* * * 1 * (z=2z
g@) = g(a")+ (@)@ —a") + 5z — )" (§) =2

glo) = @)+ 5 (o =) g"(€) =

* 1 *
Tpyr = T+ B (ze — %) g"(&) =

% 1 *\2 1
T — 2" = o (e —a7) g () =
Tk+1 -z 1 "
_— = = =
" 59" (&)
‘karl B SL’*| _ 1 "

which implies that a = 2 with convergence factor p = 1|¢”(£)]. Note that the
latter is based on the definition on convergence of series that we discussed
in class.

5. (25 points) Consider the following system of two nonlinear equations

y—.T3 = 07
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2y = 1

(a) (5 points) Write down the associated Jacobian matrix for this system.

(b) (20 points) Perform one step of Newton’s method with initial guesses zo = 1
and yp = 2.

The inverse of a 2 X 2 matrix A of the form of
a b
a-[id]

pep—— A

s given by

Solution:

(a) At first, we have f(z,y) =y — 2 and g(z,y) = 2% + y* — 1. The Jacobian
matrix J is given by

of of 2
—3x= 1
J=1% W =|J= { ] )
Li By 2r 2y

(b) Next, we obtain the inverse of the Jacobian matrix using the formula pro-

vided
J*l _ _# 2y -1
622y + 2z | —2x —327|’

This way, Newton’s method follows

Thar| _ [ Th| 1 2y -1 Y — T
Yk+1 Yk 622y + 2x | 274 —31% ffi + yz% — 1]’

and applying it at £k = 0, we have

I e e g R e R A R

Duration: 1h 30 min
Good luck!



