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3.7.3 Numerical Solutions of Heat Equation

As we have seen before we can apply our finite difference method in order to produce an approximate,
numerical solution for our heat equation. We follow exactly the same procedure as the one used to
solve our linear advection equation. We start, in other words, by discretizing our space time domain

r =z, =mh where m denotes the number of space points
t=t, =nk and n denotes the number of time points

and replacing our continuous derivatives with discrete equivalent versions. As we have seen before we
have several options to choose from by which we can replace our first derivative in time and second
derivative in space. For instance,

Forward in ¢: ur(z,t) = W —O0(k)
Centered in z: Ugz (T, 1) = U'"“’"_Q[;’Z’“JFU'"_I’” +0(h?)
Centered in ¢: ug(z,t) = U’”’”“Q;k[j’"’“l —0(k)

etc... Here as usual
Unn=u(z,t), Unyin=ul@+h k), Upn=ulx—hk), Upp1=u(lz,t+k), etc..
Our particular example therefore,
Ut = VUgy
choosing explicit centered finite differences transforms to,

.. U, -, U, —2Upn + Uy
Explicit Centered: m’"+1k mn g, Zmtln h’;’” m-1n

In order to produce a solution from this numerical scheme we must first rewrite it. We solve for the
term(s) which contain the advanced time. For our example there is only one such term Uy, ,,+1. Thus
we obtain,

Um,n—|—1 = SUm—l,n + (]_ — 2S)Um,n + SUm—H,n (329)

where s = vk/h%. Note that the “stencil” has the following shape for space and time nodes,

| [ n n+1 |
m+1 Um+1’n
s N
m Um,n 1-2s — Um,n—H
e
m-1 Um—l,n
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Example:
Suppose the following wave equation is provided,
o — P4 g<az<d4, t>0
u(0,t) =0 t>0
u(4,t) =0 t>0
u(z,0) =5 0<z<4

Produce the solution at t = 2 using a time step size of 1 sec. and a spatial step size of 1.
Solution Based on the above £ =1 and A = 1. Let us now try and produce the solution at time
t = 2 sec. and any spatial location. We start by calculating s,

k
S:Vﬁ:]_ﬁ:]_

We first translate our initial and bondary conditions into the U’s,

u(z,0)=5 —U(0,0)=U(1,0)=U(2,0)=U(3,0)=U(4,0) =5
u(0,t) =0 — U(0,0)=U(0,1)=U(0,2) =0
U4,t)=0 —-U4,00=U4,1)=U4,2)=0
Thus our complete domain so far looks like this,
rz=4 U4’0 U4,1 U4’2 substituting T = 5 0 0
T =3 U3’0 U3,1 U3,2 the initial and r=3 5 ? ?
z=2| Uy | Us1 | Usp boundary conditions =2 5 ? ?
z=1| Uy | Uy, | Up — T = 5 ? ?
z=0 U()’O UO,I UO’Q xr = 5 0 0
| [t=0]t=1]t=2] | [t=0]t=1]t=2]

We must now calculate the solution in the interior of this domain. To do this we apply the values
from the table above (initial and boundary conditions) in our numerical scheme (3.29). If you are
doing this by hand you may find it easier however to just use the stencil provided in the previous
page.

Performing one iteration after another advancing in time and using the appropriate boundary
and initial conditions but also previous solutions our scheme (3.17) produces slowly the full solution
inside our domain as follows:

21010 21010 51010
5717 557 51510
57755753555
51717 5057 51510
21010 21010 51010
Therefore the numerical solution is given by the last column above u”(z,2) = [0 0 5 0 0]. This

solution is supposed to be only an approximation to the true solution at time ¢ = 2 for our heat
equation .



