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Abstract.  We study the module category of a certain Galois covering of a cluster-
tilted algebra which we call the cluster repetitiv e algebra. Our main result compares
the module categoriesof the cluster repetitiv e algebra of a tilted algebra C and the
repetitiv e algebra of C, in the senseof Hughes and Wasdbesca.
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0. Intro duction

The cluster category was introduced in (BMRRT, 2006) and also in
(CCS1, 2006) for type A, as a categorical model to understand better
the cluster algebrasof Fomin and Zelevinsky (FZ, 2002).1t is a quotient
of the bounded derived category D’(mod A) of the nitely generated
modules over a nite dimensional hereditary algebra A. It was then
natural to consider the endomorphism algebras of tilting objects in
the cluster category Sud algebrasare called cluster-tilted, and have
been the subject of sewral investigations since their introduction in
(BMR1, 2007;CCS1,2006),see for instance (BMR2, 2006;CCS2,2006;
KR, preprint; ABS1, preprint; ABS2, preprint; BFPT, preprint). In
particular, it was shown in (ABS1, preprint) that the cluster-tilted
algebrasare trivial extensionsof tilted algebrasby a certain bimodule.

Now, the classof trivial extensionsof tilted algebrasby the minimal
injective cogeneratorhas been extensiwely investigated. They play an
important rdle in the classi cation results for self-injective algebras.In
this study, oneof the essetial toolsis the repetitiv e algebra,intro duced
by Hughesand Wasdbusd in (HW, 1983).In previousworks (ABST1,
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2006;ABST2, to appear), we have related the cluster category and the
m-cluster category to the repetitiv e algebra of a hereditary algebra.

Our initial motivation in this paper is di erent. Given a tilted alge-
bra C, we wish to relate the trivial extensionT (C) of C by its minimal
injective cogeneratorD C and the corresponding cluster-tilted algebra
C. Doing so has beendicult to achieve directly, so we decided to
work instead with certain Galois coverings of these two algebras, the
repetitiv e algebra € of C, which is a covering of T(C), and the algebra
C constructed in a similar manner starting from C, which we call the
cluster repetitiv e algebra.

Before stating our main theorem, we recall from (BMR1, 2007)that,
if T is a tilting object in the cluster category Gy, and C = Endc, T,
then the functor Homg, (T; ) : Gi ! modC inducesan equivalence
Ca=ladd( T) = modC, whereiadd( T) is the ideal consisting of all
morphisms which factor through a direct sum of summands of the
Auslander-Reiten translate T of T. Our main theorem says that this
functor lifts to a functor mod€ | modC which satis es a similar
condition. Namely, we give a di erent realisation of the cluster category,
using only the tilted algebraC, which we denoteas Cc, then construct
two functors :mod€ ! modC and » : modC€ ! C; aswell asan
ideal J of mod € which satisfy the properties stated in the following
theorem.

THEOREM 0.1. Let C be atilted algeba. Then there is a commutative
diagram of densefunctors

mod & ‘modC
A G
Hom c. (*C; )
< /mod C

where G : modC ! modC is the push-downfunctor assaiated to
the covering C ! C. Moreover, is full and induces an equivalene of
categories mod €=J = mod C.

Note that the functor G is always dense:this is not true of the
push-down functor mod € ! mod T(C) (see,for instance, (AS, 1993)).

As a consequencef this theorem, we are ableto relate the Auslander-
Reiten quivers of € and C, this yields the required relation between
T(C) and C.

The paper is organisedas follows. After brief preliminaries, we start
by introducing the notion of cluster repetitiv e algebra and study its

abs3.tex; 2/09/2007; 21:55; p.2



On the Galois coverings of a cluster-tilted algebra 3

most elemenary properties in section 1. In section 2, we relate the
module category of C to the bounded derived category D?(mod A),
and show that mod C is equivalert to a quotient of D°(modA) by a
certain ideal. Section 3 is dewoted to the proof of our main theorem.
Finally, in section 4, motivated by the needto bring down this infor-
mation to mod C, we compute a fundamenal domain for mod C inside
mod C, and show that such a domain lies entirely inside a certain nite

dimensionalquotient of C, which we call the cluster duplicated algebra.

1. The cluster rep etitiv e algebra

1.1. Not ation

Throughout this paper, all algebrasare basiclocally nite dimensional
algebrasover an algebraically closed eld k. For an algebraC, we denote
by mod C the category of nitely generatedright C-modules and by
ind C a full subcategory of mod C consisting of exactly onerepresena-
tive from ead isomorphism classof indecomposablemodules. When we
speak about a C-module (or an indecomposableC-module), we always
mean implicitly that it belongsto modC (or to ind C, respectively).
Also, all subcategoriesof mod C are full and soare identi ed with their
object classes.Given a subcategory C of mod C, we sometimeswrite
M 2 Cto expressthat M is an object in C. We denote by add C the full
subcategory of mod C with objects the nite direct sumsof modulesin
Cand, if M is a module, we abbreviate addfM g asaddM .

Following (BG, 1981), we sometimesconsider equivalertly an alge-
bra C asa locally boundedk-category, in which the object classCy is
a completesetfe g of primitiv e orthogonal idempotents of C, and the
group of morphismsfrom € to g is e Ce . We denotethe projective (or
the injective) dimensionof amodule M aspdM (or id M, respectively).
The global dimension of C is denoted by gl.dim.C. Finally, we denote
by (mo dC) the Auslander-Reiten quiver of an algebra C, and by

c = DTr, .= TrD its Auslander-Reiten translations. For further
de nitions and facts neededon mod C or (mo dC), we refer the reader
to (ASS, 2006; ARS, 1995).

1.2. Cluster-tii ted algebras

Let A be a nite dimensional hereditary algebra. The cluster cate-
gory Gy of A is dened as follows. Let F be the automorphism of

DP(modA) de ned as the composition Dbl(modA)[l], where Dbl(modA)

is the Auslander-Reiten translation in D?(modA) and [1] is the shift
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functor. Then G is the orbit category DPmodA)=F, that is, the ob-
jects of Gy are the F-orbits X' = (F'X)i2z, where X 2 DP(modA),
and the set of morphismsfrom X = (F'X)i2z to Y = (F'Y)i2z is

M .
Homg, (X;Y) = HOM pbmog o) (X: F'Y):
i2z
It is shavn in (BMRRT, 2006; K, 2005) that G5 is a triangulated
category with almost split triangles. Furthermore, the projection
DP(modA) ! G is a functor of triangulated categoriesand commutes
with the Auslander-Reiten translations, see(BMRRT, 2006).

An object T in G, is called atilting object provided ExtéA (T =0
and the number of isomorphism classesof indecomposablesummands
of T equalsthe rank of the Grothendied group Ko(A). The endomor-
phism algebraB = Endc, (T) is then called a cluster-tilted algeba.
The functor Homc, (T; ):G ! modB inducesan equivalence

Ga=iadd ( ¢, T) = mod B;

where ¢, is the Auslander-Reiten translation in Cy and iadd( ¢, T)
is the ideal of Gy consisting of all morphisms which factor through
objects of add( ¢, T). Also, the above equivalencecommutes with the
Auslander-Reiten translations in both categories,see(BMR1, 2007).

Let B = Endg, T be a cluster-tilted algebra. It is shavn in (BM-
RRT, 2006) that we may supposewithout loss of generality that the
object T = (FiT)i2z is such that T 2 DP(modA) is an A-module.
In this case,the algebra C = EndaT is tilted, the trivial extension
C=20Cn Ext%(DC;C) is cluster-tilted and, corversely any cluster-
tited algebra is of this form, see(ABS1, preprint). We also needthe
following easylemma.

LEMMA 1.1. LetT bean A-modulesuchthat T = (F'T);,z is atilting
object in G, then

HOM pogmogay(T; F'T) = G;

foralli2 Z.
Proof. This follows from

i22HOM pomoga)(T; F'T) = Homg ( T, T)=0;

becauseT = T istilting in GCa. 2
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On the Galois coverings of a cluster-tilted algebra 5

1.3. The cluster repetitive algebra

Let C be atilted algebra.We de ne the cluster repetitive algeba to be
the following locally nite dimensional algebrawithout identity

2
Ca
C = Eo Co

E: C

0

0

where matrices have only nitely many non-zeroertries, C; = C and
Ei = Ext%(DC; C) for all i 2 Z, all the remaining ertries are zero and
the multiplication is induced from that of C, the C-C-bimodule struc-
ture of Ext2 (D C; C) and the zeromap Ext2(DC;C) cExt2(DC;C)!

0. The identity mapsC;i ! C; 1, Ej! E; 1 induce an automorphism
' of C. The orbit category C=< ' > inherits from C the structure
of a k-algebra and is easily seento be isomorphic to the cluster-tilted
algebraC = Cn Ext%(D C;C). The projection functor G: C! Cis
thus a Galois covering with in nite cyclic group generatedby * , see(G,
1981). We denotebe G : modC ! modC the assaiated push-dowvn
functor. We needanother description of C.

LEMMA 1.2. Let T be atilting A-module, and C = EndaT: Then
C = Endpogmoda)( i2zF'T):
Proof. As a k-vector space,we have
EndDb(modA)( iZZFiT) = i:jZZHome(modA)(FiT;FjT):
But HomM pomoda)(F'T;FIT) = Ounlessi = j ori=j 1sinceT 2
mod A. Moreover, Hom po(mogay(F'T;F'T) = Homa(T;T) = C and
HOM pomoa ay (F' TiF*1T) = Hompomogay(T;FT) = ExtZ(DC;C),
where the last isomorphism follows from (ABS1, preprint, Theorem
3.4). 2

1.4. The quiver of C

The quiver Q. of C is easily deducedfrom the quiver Qc of C. Let

fer;er;:::;e,9 be a complete set of primitiv e orthogonal idempotents
of C, then fe; j 1 ° n;i 2 Zg is a complete set of primitiv e
orthogonal idempotents gf C. We have moreover
< e Ce ifi=]
eiCey=. e EXX3(DC;C) ey ifi=j+1
' 0 otherwise
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We now recall that a systemof relations R for C = kQc =l is a subset

R of [ f_; elen, sud that R, but no proper subsetof R, generatesl
asan ideal of kQc¢.

LEMMA 1.3. Let C be a tilted algeba and R be a systemof relations

for C = kQc=I. The quiver Q. of the cluster repetitive algeba C is
constructed as follows:

(@ (Qclo=f(;D)j1 ° n;i2Zg

(b) For (;i);(h;j) 2 (Qg)o, the set of arrows from (7; i) to (h;j)
equals

() The setof arrowsfrom ™~ to hin Q¢ if i = j,

(i) Card(R\ eyle) arrowsif i =j + 1,

and there are no other arrows.

Proof. This follows at once from the above commerts and (ABS1,
preprint, Theorem 2.6). 2

Thus the quiver of C can be thought of as consisting of in nitely
many copies(Qc; )i2z of the quiver of C, joined together by additional
arrows from Qc,,, to Qc;, corresponding to Ext%(D C;C). In partic-
ular, the quiver Q. is connectedif and only if the tilted algebraC is
not hereditary.

EXAMPLE 1.4. Let C be given by the quiver

1 I2 /3 /4 I
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On the Galois coverings of a cluster-tilted algebra 7

bound by the relation = 0. Then C is given by the in nite quiver

TrTTT
TTTT
T
TTTTTTTﬂTT
TTTT
TTTT

(; 0

. TTT .
20~ 1(3:0) T 0)-COss0)

(1;0)

41 2 (501

(1:1) ﬁ%’(z; 1) 2z L2

TTTT
TTTT
TTTT
TTTT
TTTT
TTTT
TTTT

bound by the relations

(; DD ) =0 (;i+ 1) 0 50)=0;
(;i+D0;i+D0 D=0 (D;D);1)=0

foralli2 Z.

2. The relation with the deriv ed category

2.1

Throughout this paper, we let A be a nite dimensional hereditary
algebra, T beatilting A-module and C = Enda T bethe corresponding
tited algebra.By Lemma 1.2, the natural functor

Hom Db(modA)( iZZFiT; )

carries D’(mod A) into the category Mod C of (not necessarily nitely
generated) C-modules. Since, for every indecomposable object X in
DP(modA), we have dim, HOM pomoga)( i2zF ' T;X) < 1, then its
image liesin mod C.

PROPOSITION 2.1. The functor
HOM pomod a) ( i2zF'T; ):Db(modA)! mod C
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8
is full and denseand it induces an equivalene of categories
DP(mod A)=iaddf F'Tg,z T modC;

where iaddf FTg,, denotesthe ideal of DP(mod A) consisting of all
morphisms which factor throughaddf F'Tg,z.
Proof. We rst claim that

Ker Hom pogmogay( i2zF'T; ) = iaddf FiTgipz:
Indeed, let f : X | Y beamorphism in DP’(modA) sud that
HOM pogmoaay( i2zF'T;f) = O:

By de nition of the cluster category this means that the induced
morphism

Homeg, ( T; f):Homcg ( T; X)! Homg ( T; Y)

is zero. Therefore f liesin the kernel of Hom¢, ( T; ), that is, f
factors through an object of add ( T). But this implies that f factors
through addf F'Tgi,z.

Conversely we prove that any morphism which factors through
addf F'Tgi,z hasa zeroimage. For this, it suces to show that the
image of any object of the form FIT (with j 2 Z) is zero. But now

HOM pogmoday( i2zF'T; FIT) = j2zHOM pogmoaay(T:F! ' T) =0

becauseof Lemma 1.1.

We now claim that the functor HOmM pb(neq ) ( i2zF'T; ) induces
an equivalence between addfF ' Tgi,z and the subcategory proj C of
mod C consisting of the projective C-modules. Indeed, by Lemma 1.2,
the restriction of HOM pbmeaa)( i2zF'T; ) to addfF'Tg2z maps
into proj C. Since,corversely an indecomposableprojective C-module
Po is an indecomposable summand of C. = End( i2zF1T), then
there exists an indecomposable object Tg 2 addfFTg»z sud that
Po = HOM pbmoqa)( i2zF1T; Tp), that is, the functor is dense.By
Yoneda'slemma, it is full. Let thusf : Ty ! Tg be a morphism in
addf F'Tgi2z such that HOM pomoday( i2zF'T;f) = 0. Thenf factors
through an object of addf F'Tg,z. Therefore, by Lemma1.1,f = 0.
Thus the functor is faithful and our claim is established.

It remains to shawv that the functor Hom pomega)( i2zFIT; ) -
DP(modA) ! modC is full and dense.Let L 2 mod C and consider
the minimal projective presenation

u

P, 'Po L o
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On the Galois coverings of a cluster-tilted algebra 9

in mod C. By our claim above, there exist Tp; Ty 2 addfF_‘Tgizz and
a morphism v : Ty ! To sudh that Hompomega)( i2zF'TiVv) = u.
Applying the functor HOmM po(neqa)( i2zF'T; ) to the triangle

T ———To T IT[1]
and usingthat T1[1] 2 addf F'Tgz (becauseT; 2 addfF'Tg»7 and
F = 1[1)]) yields an exact sequence
P1 . /PO /Home(modA)( i2zFIT:L) ——— 1o

in mod C. Therefore, L = HOM pb(moqa)( i2zFT;L) and the functor
is dense.

Finally, we show that it is full. Let f : L ! M be a morphism
in mod C. Taking minimal projective preserations of L and M, we
deducea commutativ e diagram with exact rows

u

P1 'Po L o

f1 fo f

Py /p§ /M lo

in mod C. Consideringthe morphismsv : Ty ! Toand v0: TP TQin
addf F'Tgi»z corresponding to u; u® respectively, we nd a diagram in
DP(mod A) where the rows are triangles

T1 . ITo IT ITa[1]
9 9o 9 0i[1]
0 -
T '™ T}

that is, there existsg : L | M such that the above diagram com-
mutes. Consequetly, HOM pomoga)( i2zF'T;0) = f and the proof is
complete. 2

2.2.

It is well-known (see(KR, preprint)) that the cluster-tilted algebra C
is 1-Gorenstein, that is, such that for ewvery injective C-module |, we
have pdl 1 and, for every projective C-module P, we haveid P 1.
This property clearly lifts to its Galois covering C. This also follows
from Proposition 2.1.
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COROLLARY 2.2. The cluster repetitive algeba C is 1-Gorenstein.
In particular, gl.dim.C 2 f1;1g .
Proof. By (ASS, 2006, (1V.2.7) p.115), we needto prove that

Hom (DC; 1)=0;

for every injective C-module | . Now under the equivalenceof Proposi-
tion 2.1, every injective C-module is the image of an object of the form

2Tp 2 DP(mod A), where Tp 2 addfFiTg»2. It thus suces to show
that

HOM pomoda)( 2z 2F'T; 3To) = O
But this follows from the fact that is an equivalencein D°(modA)

and from Lemma1.1. Thus, C is 1-Gorenstein. The proof of the second
statemert is standard (see,for instance, (KR, preprint)). 2

2.3.

The following Lemma is a \derived" version of the projectivisation
procedureof (ARS, 1995,11.2.1).

LEMMA 2.3. Let To 2 addfF'Tgi,z and X 2 DP(modA), then the
map f 7! Hompomega)( i2zF'T;f) induces an isomorphism

HOM pomod ) (To; X) = Hom ¢ (Hom ( F'T;To);Hom( F'T;X)):

Proof. Since the surjectivity follows from the fact that the func-
tor HoM pomega)( i2zF'T; ) is full (seeProposition 2.1), we prove
the injectivit y. AssumeHom pomega)( i2zF'T;f) = O, then f factors
through an object of addf F'Tg»z. We then infer from Lemma 1.1
that f = 0. 2

2.4,

We now prove the main result of this section.

THEOREM 2.4. There exists a commutative diagram of densefunc-
tors
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On the Galois coverings of a cluster-tiited algebra 11

HOM [ bimo g ay( 122F' T3 )
Db(mod A) 224 /modC
G
Hom ( T; )
G /tod

where G is the push-downfunctor asseiated to the Galois covering
G:C! C. _
Proof. Since ( F'T)= ¢, ( T) for ead i, we have

(laddf F'Tgz) = iadd ¢, ( T):

Therefore, using Proposition 2.1, the functor inducesa functor H :
modC ! modC suc that the following diagram comnutes:

Home(modA)( iZZFiT; )

DP(mod A) mod C
H
Hom ( T; )
G ‘modc

Wemust shovthat H = G . Let M bea C-module andsetNr = H(M).
We must prove that, for every a2 Cy, we have

M(@) = x=aM (X);

where the sum is taken over all x 2 Cp in the bre G 1(a) of a.
We use the following notation: for x 2 Cg, we denote by Py (or Py)
the corresponding indecomposableprojective C-module (or C-module,
respectively) and by Ty the corresponding summandof T.

By Proposition 2.1, there existsan object M 2 D?(mod A) such that
HOM pbmoday( i2zF'T;M) = M, thus we have

N (a)

Hom ~(Pa; M)
= Homg, (Ta; M);

becauseno morphism from T, to M factors through add( T). Let
thus Ty 2 DP(modA) be such that Ty = Ty. Using Lemma 1.2, we
have

Nt (a)

i27 Hom Db(mod A)(F'Ta,V)

=  x=a Home(modA)(TX;V);
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12
and by Lemma 2.3, this is isomorphic to
x=a HOM ¢ (HOM pogmoda)( i2zF ' T Ty)s HOM pogmod ay( i2zF ' T3 M)):

We obtain

M (a) x=a HOM ¢ (Px; M)

x=a M (X):

This completesthe proofthat H = G . Finally, G is densebecauseso
is the composition Hom( T; )

2

2.5.

We deducethe relations between the Auslander-Reiten quivers of C
and C.

COROLLARY 2.5.

(a) The push-down of an almost split sequene of mod C is an
almost split sequene of mod C.

(b) The push-down functor induces an isomorphism of the quo-
tient (mo dC)=Z of the Auslander-Reiten quiver of C onto the
Auslander-Reiten quiver of C.
Proof. This follows from (G, 1981, 3.6) using the density of the
push-down functor. 2

2.6.

Finally, the following proposition is an analog of (BMR1, 2007, 3.2),
and the proof can be easily adapted from there. We include it here for
convenience.

PROPOSITION 2.6. The almost split seguen@sin mod C are induced
by the almost split triangles in D°(mod A).

Proof. By (AR, 1977),the image under HOm pomoga)( i2zF'T; )
of a left (or right) minimal almost split morphism is left (or right,
respectively) minimal almost split. Let u : E ! M be a right min-
imal almost split epimorphism in mod C. Then there exists a right
minimal almost split morphism g : Y | Z in DP(modA) suc that
HOM pomod a)( i2zF1T;g) = u. We have an almost split triangle

f
Z =X Iy 2 Iz IX 1]
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On the Galois coverings of a cluster-tilted algebra 13
Applying HOM po(moqa)( i2zF'T; ), we get an exact sequence

f u

e M Io:

HOM po(mod a) ( i2zFIT;X)

Sincef is minimal left almost split, then sois f . In particular, f

is irreducible. Sinceu 6 0, f is not an epimorphism, thus it is a
monomorphism. Therefore f factors through M. That is M =
HOM pomod a)( i2zFT;X), becausef is irreducible. 2

3. The relation with the rep etitiv e algebra

3.1.

We recall from (HW, 1983) that the repetitive algeba € of a nite
dimensional algebra C is the self-injective locally nite dimensional
algebrawithout identity

2 3

Qi+1 Ci+1
0

where matrices have only nitely many non-zeroentries, C; = C and
Qi = DCforalli 2 Z, all the remaining ertries are zero,addition is the
usualaddition of matricesand the multiplication isinducedfrom that of
C, the C-C-bimodule structure of DC andthe zeromapsDC DC!
0. The identity maps C; ! C; 1, Qi ! Qi 1 induce the so-called
Nakayama automorphism of €. The orbit category=< > is then
isomorphicto the trivial extensionT(C) = Cn DC of C by its minimal
injective cogeneratorD C.

The repetitive algebra is closely related to the derived category:
if gl.dim.C < 1, then DP(modC) is equivalert, as a triangulated
category to the stable module categorym_odé, see(H, 1988,11.4.9).

Let now, asin section2, A bea nite dimensionalhereditary algebra,
T be atilting A-module and C = EndaT. We denoteby ' the i-th
syzygy of a module. Also, we identify the €-modules Cq and C.

LEMMA 3.1. The functor Homa( i2z ' 'C; ) mapsmodC into
mod C and induces an equivalen@

mod €=iaddf ' ' 'Cgipz = modC
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wher iaddf ' ' Cgi,z denotesthe ideal of mod € consisting of all
morphisms which factor through an object of addf * ! 'Cgizz.
Proof. By Proposition 2.1, the functor HOm pomega)( i2zF'T; )

inducesan equivalencebetweenD?(mod A)=iaddf F'Tgi»z and modC.
By (H, 1988,111.2.10 and 11.4.9), we have

DP(modA) = DP’(mod C) = mod €:

Also, under these equivalences,we have

C = Endpomoda)( i2zF'T) = Ende( 2z ' 'C);
the imageof F'Tis 1T IC (for any i 2 Z) and also the functor
HOM pbmoaay( i2zF'T; ) becomedHoma( 2z ' 'C; ). Thisim-
plies the statemert. 2

3.2.

We now wish to introducea di erent realisation of the cluster category

Let C be a tilted algebra, then there exists an automorphism F¢ :

mod€ ! modC dened by Fc = 1 1 Wedene C to be the

orbit category of mod € under the action of F¢, that is, the objects

of G are the orbits (FiCX)izz of the objects X of mod €, and the

morphism set from (FLX)izz to (FLY)izz is 2z Hom s (X;FLY).
We denote by ~ : mod€ ! C the projection functor.

LEMMA 3.2. Let A be a nite dimensional hereditary algebm, T be
a tilting A-module and C = EndaT. Then there exists an equivalene
: G ! C suchthat the following diagram commutes.

G

Furthermore, Homc. (*C; ) is full and denseand induces an equiva-
lence of categories Cc=add( ~C) = modC.

Proof. By (H, 1988,111.2.10 and 11.4.9), we have an equivalence of
triangulated categories

D°(modA) = DP’(mod C) = mod €:

abs3.tex; 2/09/2007; 21:55; p.14



On the Galois coverings of a cluster-tiited algebra 15

Under these equivalences,the automorphism F goesto F¢, and the
object T onto the €-module C. Therefore there is an equivalence

Gy ! G making the shown diagram commute. The last statemert
follows from (BMR1, 2007). 2

3.3.

Let p: modC€ ! mod ¢ denotethe canonicalprojection. We de ne the
functor :mod€! modC to bethe composition

P HO_I’TIC( i iC; )/

/mod & mod C:

mod €

Also, we denote by By the indecomposableprojective €-module corre-
sponding to an object x 2 &,.

LEMMA 3.3. The kernelJ of consists of all morphisms factoring
through an object of addfP, 1 T 1Cg, e .inz

Proof. Clearly, all such morphismslie in the kernel of . Conversely
letf : X ! Y beamorphismin mod € suchthat (f)= 0. Then p(f)
factors through an object of addf 1 7 Cgpyz, that is, there exist
Z 2 addf ' iCgyz and morphismsf, : X | Z,f;:2 1! Y
such that p(f) = p(f1)p(f2). Thusf fif, 2 kerp, that is, f  fif,
factors through a projective-injective €-module P. Thus there exist
morphisms g, : X ! P, g : P! Y such that f fifr = gigp.

Thereforef = [f101] f2 factors through Z P, 2

3.4.

Let now ™ denote the composition
P / n .
mod € mod€ ———/C:
We prove nally our main theorem.

THEOREM 3.4. There is a commutative diagram of densefunctors

mod € 'mod C
A G
Hom (~C; )

C /nod C
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Moreover, is full and inducesan equivalene of categoriesmod €=J =
mod C.

Proof. The commutativit y of the diagram follows from Theorem 2.4
and Lemma 3.2, where we usethe fact that 2*C = ~C. The functor " is
dense,sinceit is the composition of two densefunctors and, similarly,

is full and dense,sinceit is the composition of two full and dense
functors. Finally, the stated equivalencefollows from Lemma 3.3 2

3.5.

The relation betweenthe Auslander-Reiten quivers of € and C follows
from the next statemert.

PROPOSITION 3.5. The almost split seguen@sin mod C are induced
from the almost split triangles in mod €.
Proof. Similar to the proof of Proposition 2.6. 2

EXAMPLE 3.6. Let C be the tilted algeba of example 1.4. We il-
lustrate the Auslander-Reiten quivers of € and C in Figure 1. In the
Auslander-Reiten quiver of €, the positions of the projective-injective
modules are marked by diamonds and the positions of the indecompos-
able summandsof i,z 1! C are marked by circles. As we see,
removing the points corresmpnding to those modulesin the Auslander-
Reiten quiver of € yields exactly the Auslander-Reiten quiver of C.

4. Fundamen tal domains

4.1.

Let C beatilted algebra.We de ne the cluster duplicated algeba C of
C to bethe (nite dimensional) matrix algebra

Co O

C= g ¢

whereCo = C; = C andE = Ext2(DC;C), endovedwith the ordinary
matrix addition, and the multiplication induced from that of C and
from the C-C-bimodule structure of Ext%(D C; Q).

Clearly, C is identied to the quotient algebra of C de ned by the
surjection
Co O

' .
c Ei C1
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G.
@x @
2% 73 @ 23 ?% @ @
% 2% @ Ay 73 23 @z 2
% %< ad g %ty ey

< < Ax A< <

< A< A< Ak Ax A
% —/A<< A% —/A% /i % -

Figure 1. Auslander-Reiten quivers of € and C

in the notation of section 1.3. In particular, the quiver Qs of Cis
identi ed to the full subquiver of Q. de ned by the points

[
f(h;0)j h2 (Qc)og f(h;1)jh 2 (Qc)og:

Thus, Qg is connectedif and only if C is not hereditary.

Sincethe trivial extensionC = Cn Ext%(D C; C) is a subalgebraof
C, the inclusionmap C! C denesafunctor :modC! modC (by
restriction of scalars).

First, we recall that, denoting be ey and e; the matrices

€ = 10 and e = 00

00 17 01
then any C-module can be written in the form M = (U;V; ) where
U= Me; V= Me are C-modules,and :U cE ! V isthe
multiplication mapu x 7! ux (u2 U;x 2 E).

We then dene : modC ! modC as follows. For a C-module
(U;V; ), the C-module (U;V; ) hasthe C-module structure of U V
and the multiplication of (u;v) 2 U V by x 2 E is given by

(u;v)x=(0; (u x)):
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Thus, for (u;v) 2 M and )(z 2 2C=CnE,

(u;v) :zg = (uc;vc+ (u x)):

We de ne in the sameway the action of on the morphisms:if (g;h) :
(U;v; ) ! (U%VC 9 s a C-linear map, we put (g;h) = g h:
U V! U° VOasaC-linear map, the compatibility of this de nition
with the multiplication by elemers of E follows from the fact that
h = qg 1.

We now give another description of the functor . Let be the
canonical embedding functor of mod C into mod C (which is obtained
by \extending by zeros"): it is full, exact, presenes indecomposable
modules and their composition lengths. We have the following easy
lemma.

LEMMA 4.1. =G :
Proof. This is a straightforward calculation. 2

4.2.

We have the following remark about the global dimension of C.

LEMMA 4.2. gl.dm. C 5.
Proof. This follows from (PR, 1973, Corollary 4"). 2

Easy examplesshow that this is a strict bound (take for instance C

given by the quiver 22— 9 bound by = 0).
4.3.

Before stating the main result of this section, we need the following

notation. Let be any nite dimensional k-algebraand M ;N be two

indecomposable -mo dules. A path from M to N inind is asequence
of non-zeromorphisms

f!t

M=Mo * M; 7 M¢= N
with all M; in ind . In this situation we say that M is a predecessor
of N and write M N and that N is a sucessorof M.

If S; and S, are two sets of modules, we write S; S, if every

module in S; hasa predecessom S;, every module in S; hasa successor

abs3.tex; 2/09/2007; 21:55; p.18



On the Galois coverings of a cluster-tilted algebra 19

in Sy, no module in S, hasa successoin S; and no module in S; has
a predecessornin S,. The notation S; < S, stands for S; S, and
Sl\ Sz = .

We de ne a fundamental domain for the functor G to be a full
corvex subcategory of mod C sud that the restriction

G : I indC

is bijective on objects, faithful, presenes irreducible morphisms and
almost split sequences.

Let now beacompleteslicein mod C. We denoteby ; the images
of in mod C; under the isomorphismsC; = C,i 2 Z.

THEOREM 4.3. Let be a completeslice in mod C. Then
=fM 2|nd61 o M< 49

is a fundamental domain for the functor G .
Proof. Without loss of generality, we may assumethat T is an A-
module and that = Homa(T;DA). Let

b =fX 2indD’(modA) jDA X < F DAg;

By (BMRRT, 2006), p is a fundamenal domain for the functor
DP(modA)! Ga.
We rst claim that the image of under the functor

Hom Db(modA)( iZZFiT; )
is equal to the full subcategory of ind C de ned by
=fM 2indCj o M< ;0

We have Hom po(mogay(F'T;DA) = 0 unlessi = 0, sinceT is an A-
module. Hence

HOM pomoda)( i2zF ' T;DA) = HOM pogmogay(T;DA)
Homa(T;DA)

= 0

Similarly, _
Home(modA)( izzFIT;FDA) = 1

By Proposition 2.1, this shaws our claim.

Now, note that is a fundamenal domain for the functor G . This
indeedfollows from Theorem 2.4, because p is a fundamerntal domain
for and from Corollary 2.5.
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Finally, we prove that = . For this it suces to prove that
mod C. Slicesare sincere,thus every simple Cq (or C1)-module occurs
as a simple composition factor in add o (or add i, respectively). Let
e be the sum of all primitiv e idempotents of C corresponding to the
simple modules in Cq and C;. We have just shown that eCe = C
and C  Supp , where Supp is the support of , that is, the full
subcategoryof C generatedby all the points x 2 Cp sudch that M e, 6 0
for someM 2

Now we show that C = Supp . SupposethereissomeM 2  having
a composition factor Sy with x not in C; or C,. Assume rst that x
liesin Cj, wherei 2. Then there is a nonzeromorphismf : M ! 1y,
where | is the indecomposableinjective C-module corresponding to
X. Sincely is a successonf , and M is a predecessonf 1, lifting
this map to the derived category yields a nonzero morphism from a
predecessonf F DA to a successonf F2D A, which is impossible (we
have usedthe fact that the functor Hom pogmoda)( i2zF'T; )is full,
by Proposition 2.1). The proof is ertirely similar in casei 1.

We have shawvn that the indecomposableobjectsin  and coincide.
Let now X ! Y beanindecomposablemorphismin . SinceX;Y are
both C-modules, then this is an irreducible morphism in mod C, hence
in . This shavs that C = Supp, and the theorem follows. 2
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