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Abstract
Statistical equilibrium models of coherent structures in two-dimensional and
barotropic quasi-geostrophic turbulence are formulated using canonical and
microcanonical ensembles, and the equivalence or nonequivalence of ensembles
is investigated for these models. The main results show that models in
which the energy and circulation invariants are treated microcanonically give
richer families of equilibria than models in which they are treated canonically.
For each model, a variational principle that characterizes its equilibrium
states is derived by large deviation techniques. An analysis of the two
different variational principles resulting from the canonical and microcanonical
ensembles reveals that their equilibrium states coincide if and only if
the microcanonical entropy function is concave. Numerical computations
implemented for geostrophic turbulence over topography in a zonal channel
demonstrate that nonequivalence of ensembles occurs over a wide range
of the model parameters and that physically interesting equilibria are often
omitted by the canonical model. The nonlinear stability of the steady mean
flows corresponding to microcanonical equilibria is established by a new
Lyapunov argument. These stability theorems refine the well-known Arnold
stability theorems, which do not apply when the microcanonical and canonical
ensembles are not equivalent.

Mathematics Subject Classification: 76E20, 76M35, 82B21

1. Introduction

In the half century since Onsager [31] explained the coalescence phenomenon of a
collection of point vortices, statistical equilibrium theories have been remarkably successful
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in characterizing the long-lived, large-scale coherent structures in two-dimensional turbulence
and barotropic quasi-geostrophic turbulence. Several different theories have been proposed:
the Joyce–Montgomery theory, which applies to systems of point vortices [5, 15, 20, 21]; the
Kraichnan energy–enstrophy theory, which uses only the quadratic invariants [6,17,23,35]; and
the Miller–Robert theory, which enforces all the invariants of ideal fluid motion [27–29,33,34].
These theories share the common feature that they make definite predictions about the
macroscopic behaviour of the fluid turbulence without requiring any detailed resolution of
the underlying microscopic dynamics. As such, they provide an important methodology for
constructing turbulence models self-consistently from fundamental principles. Nevertheless,
each of these statistical equilibrium theories, being derived from a distinctive set of simplifying
assumptions, has their own strengths and weaknesses with respect to their potential physical
applications [24, 36].

In this paper, we investigate various formulations of the modern statistical equilibrium
theory of coherent structures, and we conclude that one formulation has definite advantages
over the others. Specifically, we contend that the natural formulation is the one based on a
canonical ensemble with respect to the generalized enstrophy invariants (the higher moments of
the potential vorticity) and a microcanonical ensemble with respect to the energy and circulation
invariants. On the one hand, we argue that the canonical formulation of the enstrophy invariants
leads to a theory that is better suited to realistic modelling of physical problems than the
corresponding microcanonical formulation, and we point to several recent applications as
evidence. On the other hand, we show that, with respect to the energy and circulation invariants,
the theory based on the microcanonical ensemble is richer than the theory derived from
the corresponding canonical ensemble, in the sense that many microcanonical equilibrium
states are not realized as canonical equilibrium states. Our theoretical results suggest a
unifying perspective on the equilibrium statistical theory of coherent structures in turbulence,
in which a single probability distribution (the one-point statistics of the potential vorticity
field) describes the unresolved small scales, and a few global invariants (the total energy and
circulation) control the large scales of motion. To illustrate this approach, we implement
the theory for a prototypical geophysical problem (a simple model of a band in the Jovian
atmosphere), where the advantages gained by using our preferred formulation are manifestly
clear.

This paper is organized as follows. In section 2 we define two different formulations of the
statistical equilibrium theory for barotropic, quasi-geostrophic potential vorticity dynamics.
Common to both of these models is a canonical ensemble with respect to the generalized
enstrophy invariants, which furnishes the natural statistical description of the potential vorticity
fluctuations. The two formulations differ in how they treat the energy and circulation
invariants: one model uses a microcanonical ensemble, while the other uses a canonical
ensemble. The exploration of this difference is the main theme of this paper. In section 3
we analyse the continuum limits of the probabilistic lattice models defined in section 2 and,
using large deviation techniques, we derive the variational principles that characterize the most
probable macrostates of the two models. We come to our main results in section 4, where we
completely characterize the equivalence or nonequivalence of the two ensembles. In particular,
we show that the usual correspondence between canonical and microcanonical equilibrium
states breaks down unless the microcanonical entropy function is concave. In section 5 we
observe that the nonlinear stability of the steady flows associated with equilibrium states
follows from Arnold’s Lyapunov argument if and only if those equilibrium states are realized
by the canonical ensemble. In order to establish the nonlinear stability of the microcanonical
equilibrium states that are omitted by the canonical ensemble, we refine Arnold’s argument,
invoking an idea from constrained optimization theory to construct the required Lyapunov
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functional. Finally, in section 6 we briefly present some computations that illustrate the
general results obtained in sections 4 and 5 in the context of a particular physical problem.
For this purpose we consider a simplified version of the model of the Jovian weather layer
developed in [37], and we demonstrate that the nonequivalence-of-ensembles behaviour occurs
throughout most of the physically relevant range of model parameters.

For the sake of brevity, we omit detailed proofs throughout this paper. The reader is
referred to our other papers [3, 13, 14, 36] for complete discussions of the mathematics.

2. Formulation of the models

2.1. Underlying dynamics

Our statistical equilibrium models are based on a governing equation that includes as special
cases the equations of motion for both purely two-dimensional turbulence and barotropic
quasi-geostrophic turbulence. Namely, we consider the nonlinear advection equation

∂Q

∂t
+
∂Q

∂x1

∂ψ

∂x2
− ∂Q

∂x2

∂ψ

∂x1
= 0, (1)

in which Q = Q(x1, x2, t) and ψ = ψ(x1, x2, t) are real scalar fields related by the elliptic
equation

Q = −	ψ + r−2ψ + b. (2)

Here, 	 denotes the Laplacian on R2, r is a given positive constant which may be infinity, and
b = b(x1, x2) is a specified continuous function. The nondivergent velocity field v is derived
from the streamfunction ψ by v = (∂ψ/∂x2,−∂ψ/∂x1). For the sake of definiteness, we
consider a channel domain X = {x = (x1, x2) : |x1| < l1/2, |x2| < l2/2}, and for boundary
conditions we impose l1-periodicity on ψ in x1 and ψ = 0 at x2 = ±l2/2.

When r = ∞ and b = 0, Q coincides with the vorticity ω = ∂v2/∂x1 − ∂v1/∂x2,
and (1), (2) reduce to the Euler equations for incompressible, inviscid flow. When a
finite r and a nonvanishing b are included, Q is the potential vorticity, and (1), (2)
become the barotropic, quasi-geostrophic equations, which govern a shallow rotating layer
of homogeneous incompressible inviscid fluid in the limit of small Rossby number. The
various terms in (2) are explained in the standard geophysical literature [32]: −ψ represents
the scaled free-surface perturbation; b = βx2 + h, where β is the gradient of the Coriolis
parameter f = f (x2) and h is the height of the bottom topography; r = √

gH0/f0 is the
Rossby deformation radius, determined by the gravitational acceleration g, the mean fluid
depth H0, and a mean value f0. The same equations (1), (2) also govern the so-called 1 1

2 -layer
model, in which a shallow upper layer lies on a deep lower layer of denser fluid whose motion
is unaffected by that in the upper layer. This model is often used to describe the observed
weather layer of the Jovian atmosphere, which overlies a steady, zonal flow that creates an
effective bottom topography [19, 26].

The equilibrium statistical models that we study are based on the hypothesis that the
microscopic dynamics (1), (2) is ergodic with respect to the ideal invariants. While there is no
theoretical demonstration of this ergodic hypothesis, numerous observations and simulations
of two-dimensional and geostrophic turbulence show that the self-induced straining of the
potential vorticity effectively randomizes Q on a range of small scales. This behaviour is
related to the direct cascade of enstrophy to small scales. At the same time, Q tends to
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organize into coherent structures on the large scales. This dual behaviour is associated with
the inverse cascade of energy to large scales. The goal of the statistical equilibrium models
is to characterize the typical steady mean flows that emerge and persist on the large scales
without resolving the small scales of motion.

The invariants associated with (1), (2) that play the leading role in the theory are the total
energy H and circulation C, defined by

H = 1

2

∫
X

[(
∂ψ

∂x1

)2

+

(
∂ψ

∂x2

)2

+ r−2ψ2

]
dx, C =

∫
X

[Q − b] dx. (3)

In addition, the x1-component of linear impulse, M = ∫
X x2[Q − b] dx, is also conserved in

the channel X ; however, for the sake of brevity we will ignore this invariant in our subsequent
discussion, since its role is completely analogous to that of C. These invariants depend on
the large scales of motion, meaning that they are continuous with respect to spatial coarse-
graining. By contrast, the generalized enstrophy invariants A = ∫

X a(Q) dx, for an arbitrary
nonlinear function a, are sensitive to the small-scale structure of Q. For this reason, we
separate our formulation of the statistical equilibrium models below into two subsections: in
the first, we define the probabilistic structure of the small scales, and in the second we impose
the conditioning determined by the invariants for the large scales.

2.2. Prior distribution on small-scale fluctuations

The statistical equilibrium theory is derived by taking an appropriate continuum limit of
a sequence of probabilistic lattice models, which we now introduce. The microstate Q

is discretized on a lattice Ln having n sites, using a uniform partition of the intervals
−l1/2 < x1 < l1/2 and −l2/2 < x2 < l2/2 into n1 and n2 parts, respectively, so that
n = n1n2. The domain X then consists of the disjoint union of n microcells M(s) indexed by
the sites s ∈ Ln. The microstates in the lattice model are piecewise-constant fields Q relative
to Ln. The phase space for the lattice model is the product space �n = R

n, whose points are
the discretized fields Q(s), s ∈ Ln.

The small-scale fluctuations of the random microstate Q are described by the product
measure

�n(dQ) =
∏
s∈Ln

ρ(dQ(s)) on �n, (4)

in which ρ(dy) is a given probability distribution on R. Here and throughout this paper,
y denotes a real variable running over the range ofQ. With respect to the probability distribution
�n, the microscopic fields Q consist of n independent identically distributed random variables
over the n microcells in the lattice. We refer to the common distribution ρ as the prior
distribution, signifying that it describes the statistical properties of the microstate Q before
the conditioning due to the invariants (3) is imposed.

The product measure �n in (4) can be viewed as a canonical Gibbs measure with respect
to a generalized enstrophy integral A = ∫

X a(Q) dx. Indeed, when ρ(dy) = e−a(y) dy for
some continuous function a on R, we see that

�n(dQ) = e−nAn(Q)
∏
s∈Ln

dQ(s) with An
.= 1

n

∑
s∈Ln

a(Q(s)).

The role of �n(dQ) in the lattice model is evident from this identity: it describes the statistical
properties of the potential vorticity fluctuations on the lattice microscale consistent with the
conservation of phase volume dQ = ∏

dQ(s) and a discretized generalized enstrophy An.
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Statistical equilibrium theories of the long-time average behaviour of solutions to (1), (2)
have tended to emphasize a microcanonical formulation with respect to the generalized
enstrophy invariants [28, 29, 33, 34]. While such theories formulate well-defined and self-
consistent lattice models, they have been criticized from a theoretical point of view in [3, 36]
because they do not exhibit a lattice dynamics that conserves both the invariants An and the
phase volume in �n, and that converges to the underlying continuum dynamics on X as
n → ∞. In essence, these theories inhibit the flux of enstrophy from the lattice microscale
to smaller, unresolved scales of motion excited by the exact ideal dynamics. The objection
to a microcanonical perspective is even stronger from a practical point of view. Applications
of the statistical equilibrium theory commonly involve dissipation and forcing at the small
scales, and consequently the free evolution under ideal dynamics is rarely of any relevance.
The generalized enstrophies, being sensitive to the higher-order moments of the small-scale
potential vorticity fluctuations, are not continuous with respect to these nonideal perturbations.
It is therefore undesirable to formulate a theory that depends upon specifying and conserving
a family of generalized enstrophies.

When, instead, a canonical formulation with a specified prior distribution ρ is adopted,
a much more flexible statistical equilibrium theory results. In practical applications, where the
small-scale characteristics of the potential vorticity field Q typically involve many complex
mechanisms, the choice of the prior distribution can be treated as a modelling issue. Often the
properties of ρ can be inferred by comparing the predictions of the theory with observational
data or numerical experiments. For instance, the long-time organization of coherent structures
in freely decaying turbulence has been predicted by using a prior distribution that is compatible
with the final state [4, 39]. Successful statistical equilibrium models of open ocean deep
convection [8] and of the weather layer in the Jovian atmosphere [37] have been constructed
by adapting the prior distribution to available data. The evolution of the large-scale structure
of two-dimensional turbulence with weak driving and small dissipation has been modelled by
means of an adiabatic approximation [9, 16, 24]. For all these reasons, we base our models
on the canonical ensemble (4) parametrized by a probability distribution ρ, which is arbitrary
apart from the technical requirement that it decays rapidly enough at infinity.

2.3. Dynamical constraints on large-scale motions

The statistical equilibrium lattice models that we consider are constructed from the product
measure�n(dQ) and invariantsH andC. With respect to these invariants, either the canonical
or the microcanonical ensemble can be used. A main goal of this paper is to investigate
the equivalence or nonequivalence of these two different ensembles, which we now define
precisely.

The canonical model is defined by the Gibbs distribution

Pn,β,γ (dQ) = Zn(β, γ )
−1 exp(−nβHn(Q) − nγCn(Q))�n(dQ) (5)

and is parametrized by β, γ ∈ R, which play the roles of ‘inverse temperature’ and ‘chemical
potential’, respectively. The partition function

Zn(β, γ ) =
∫
�n

exp(−nβHn(Q) − nγCn(Q))�n(dQ)

normalizes the probability distribution Pn,β,γ (dQ) on �n. On the other hand, the
microcanonical model is defined by the conditional distribution

PE,&
n (dQ) = �n {dQ |Hn(Q) = E, Cn(Q) = &} , (6)
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at given values E and & of energy and circulation, respectively. The functions Hn and Cn in
(5) and (6) are lattice discretizations of the functionals H and C in (3); they are defined by

Hn(Q) = l21 l
2
2

2n2

∑
s∈Ln

∑
s ′∈Ln

[Q(s) − b(s)]gn(s, s
′)[Q(s ′) − b(s ′)],

Cn(Q) = l1l2

n

∑
s∈Ln

[Q(s) − b(s)],

where gn(s, s ′) denotes the average over M(s)×M(s ′) of the Green function g(x, x ′) for the
operator −	 + r−2 on X with appropriate boundary conditions on ∂X . These expressions
approximate the energy and circulation of the piecewise-constant microstate Q ∈ �n.

The canonical parameters β and γ are scaled by a factor n in (5). The scaling in this
nonextensive continuum limit, which is different from the usual thermodynamic limit [29],
ensures that the mean values 〈Hn〉 and 〈Cn〉 with respect to the canonical ensemble (5) tend
to finite limits compatible with the fixed constraint values E and & for the microcanonical
ensemble (6).

3. Maximum entropy principles

We now calculate the continuum limits of the canonical and microcanonical models. We
obtain the variational principles governing the equilibrium macrostates of these two models
by employing the theory of large deviations [7, 12] to analyse the asymptotic behaviour of a
certain coarse-graining of the potential vorticity field Q.

3.1. Coarse-grained process

We introduce a macroscopic description of the potential vorticity field that complements
the microscopic description inherent in Q ∈ �n, and we link these descriptions together
through a coarse-grained process Q̃n,m. To this end, we partition the domain X uniformly into
m = m1m2 macrocells Xj1,j2 , with m1 � n1, m2 � n2 and j1 = 1, . . . , m1, j2 = 1, . . . , m2.
Each of the m macrocells Xj1,j2 in this partition contains n/m sites of the lattice Ln. Let Q̃n,m

be the piecewise-constant, stochastic process defined by averaging the random microstate Q
over each macrocell, namely

Q̃n,m(x) = m

n

∑
s∈Xj1 ,j2

Q(s) for all x ∈ Xj1,j2 . (7)

Also, let the space of macrostates q be the Hilbert space L2(X ) with the usual norm
‖q‖2 = ∫

X q2 dx. The coarse-grained process Q̃n,m takes values in L2(X ). We are interested
in the double limit in which n → ∞ followed by m → ∞, which we call the continuum
limit. The spatial averaging inherent in Q̃n,m suggests that it exhibits a law-of-large-numbers
behaviour in this continuum limit and that its asymptotics are characterized by a large deviation
principle.

Our strategy is to deduce the limiting behaviour of Q̃n,m under either the canonical
ensemble (5) or the microcanonical ensemble (6) from the corresponding behaviour under
the product measure (4) determined by the prior distribution. Since the coarse-grained process
Q̃n,m is a sample mean of the random variables Q(s) over each macrocell, the basic large
deviation principle for Q̃n,m with respect to �n(dQ) is a straightforward extension of the
classical Cramér’s theorem for sample means of independent identically distributed random



Statistical equilibrium ensembles 245

variables [7, 12]. Cramér’s theorem involves the cumulant generating function

f (η) = log
∫

R

exp(ηy)ρ(dy) (η ∈ R) (8)

associated with the prior distribution ρ, and the function i conjugate to f in the sense of the
Legendre–Fenchel transform, namely

i(y) = sup
η

[ηy − f (η)] (y ∈ R). (9)

Both f and i are convex real functions, and i achieves its unique minimum value of 0 at the
mean value

∫
yρ(dy). The reader is referred to [7, 12] for these definitions and properties.

In terms of these standard definitions, we define the functional

I (q) =
∫

X
i(q(x)) dx (q ∈ L2(X )). (10)

In the terminology of large deviation theory, I is a rate function—it is a convex, lower semi-
continuous functional mapping L2(X ) into the extended interval [0,+∞]. The basic large
deviation principle for the coarse-grained process Q̃n,m with respect to �n(dQ) characterizes
the asymptotic behaviour of Q̃n,m in terms of I . We can state a formal version of this large
deviation principle as

�n{Q̃n,m ≈ q} ∼ e−nI (q) in the continuum limit n → ∞, m → ∞ (11)

for any macrostate q ∈ L2(X ). Here, the symbol ≈ means close in the strong topology of
L2(X ). Heuristically speaking, the asymptotic formula (11) provides an interpretation of the
rate functional I as a negative entropy: −I (q) quantifies the multiplicity of the microstates
that correspond under the coarse-graining to a macrostate q. In probabilistic terms, it gives
an exponential-order correction to the law-of-large-numbers behaviour of the coarse-grained
process Q̃n,m. In another paper [14], we state and prove the rigorous version of this basic
theorem.

3.2. Canonical model

The continuum limit of the statistical equilibrium model governed by the canonical ensemble
Pn,β,γ (dQ) defined in (5) can be characterized by the large deviation formula

Pn,β,γ {Q̃n,m ≈ q} ∼ e−nIβ,γ (q) in the continuum limit n → ∞, m → ∞ (12)

for any q ∈ L2(X ). In this formula,

Iβ,γ (q)
.= I (q) + βH(q) + γC(q) − .(β, γ ), (13)

where

.(β, γ )
.= min

q∈L2(X )
[I (q) + βH(q) + γC(q)]

= − lim
n→∞

1

n
logZn(β, γ ). (14)

The precise statements and proofs of the large deviation limit (12) and the limit in (14) are
given in our companion paper [14]. These results follow from Laplace asymptotics and a
representation of the interaction functions Hn and Cn in terms of the coarse-grained process,
namely

Hn(Q) = H(Q̃n,m) + o(1), Cn(Q) = C(Q̃n,m) + o(1). (15)
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Here the functionalsH andC are evaluated on macrostates q ∈ L2(X ), and the streamfunction
ψ = G(q−b) corresponding to q is determined by the Green operatorG for −	+r−2, namely

Gz(x) =
∫

X
g(x, x ′)z(x ′) dx ′ (z ∈ L2(X )). (16)

The approximations (15) rely on the fact that the quadratic self-interaction term in H involves
long-range interactions via g(x, x ′), and the fact that C and the term in H arising from interac-
tion with the topography are linear. A rigorous proof of such approximations is given [3, 14].

According to (12), the most probable macrostates q are those at which Iβ,γ (q) achieves
its minimum value of 0. These macrostates constitute the set of equilibrium states associated
with the canonical parameters β, γ ∈ R, namely

Eβ,γ .= {q ∈ L2(X ) : Iβ,γ (q) = 0} = arg min[I + βH + γC]. (17)

Any macrostate q that does not lie in Eβ,γ has an exponentially small probability of being
observed as a coarse-grained state in the continuum limit. The macrostates in Eβ,γ are therefore
the overwhelmingly most probable among all possible macrostates of the turbulent system.
Accordingly, the main predictions of the statistical equilibrium theory in its canonical form
are derived by solving the unconstrained minimization problem whose objective functional is
I + βH + γC.

The first-order conditions for the variational problem determining equilibrium states
q̄ ∈ Eβ,γ are

0 = δ(I + βH + γC)(q̄) =
∫

X
[i ′(q̄) + βψ̄ + γ ] δq dx, (18)

where ψ̄ is the streamfunction corresponding to q̄, and δq denotes a variation in L2(X ). From
this calculation, we obtain the mean-field equation

q̄ = −	ψ̄ + r−2ψ̄ + b = f ′(−βψ̄ − γ ), (19)

using the fact that, since f and i are conjugate convex functions, f ′ and i ′ are inverse
functions. The dependence f ′ of the mean potential vorticity q̄ on the mean streamfunction ψ̄
is determined via (8) by the statistical properties of the small-scale fluctuations encoded in the
prior distribution ρ. The second-order conditions at an equilibrium state q̄ are

0 � δ2(I + βH + γC)(q̄)

=
∫

X

{
i ′′(q̄)(δq)2 + β

[(
∂δψ

∂x1

)2

+

(
∂δψ

∂x2

)2

+ r−2(δψ)2

]}
dx. (20)

This condition is equivalent to the nonnegative-definiteness of the bounded, symmetric operator
i ′′(q̄) + βG on L2(X ). When this quadratic form is positive-definite at q̄, the equilibrium set
Eβ,γ = {q̄} necessarily consists of the single, nondegenerate solution.

3.3. Microcanonical model

The continuum limit of the statistical equilibrium model governed by the microcanonical
ensemble PE,&

n (dQ) defined in (6) is characterized by the large deviation formula

PE,&
n {Q̃n,m ≈ q} ∼ e−nIE,&(q) in the continuum limit n → ∞, m → ∞ (21)

for any q ∈ L2(X ). In this formula,

IE,&(q)
.=

{
I (q) + S(E, &) if H(q) = E, C(q) = &,

+∞ otherwise,
(22)
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where

S(E, &)
.= − min{ I (q) : H(q) = E, C(q) = &}
= lim

n→∞
1

n
log�n{Hn = E, Cn = &}. (23)

As in the analysis of the canonical model, the precise statements and proofs of the large
deviation limit (21) and the limit in (23) are presented in [14]. Given the approximations (15)
and the basic large deviation principle (11), these results follow from general large deviation
principles for conditional distributions developed in [13]. (In the mathematically rigorous
versions of these results, the microcanonical constraints are replaced by set containments such
as Hn ∈ [E − ε, E + ε], and the limit as ε → 0 is taken after the continuum limit.)

Among the macrostates lying on the microcanonical manifold H = E, C = &, the
most probable macrostates q are those at which IE,& achieves its minimum value of 0.
These macrostates compose the set of equilibrium states associated with given microcanonical
parameters E,&, namely

EE,& .= {q ∈ L2(X ) : IE,&(q) = 0} = arg min{I : H = E, C = &}. (24)

As in the canonical model, any macrostate that does not lie in the equilibrium set has an
exponentially small probability of being observed.

The first-order conditions for a microcanonical equilibrium q̄ ∈ EE,& are identical to (18),
except that β and γ are the Lagrange multipliers associated with the energy and circulation
constraints, respectively. Similarly, the mean-field equation (19) for the solution triple (q̄, β, γ )
is unchanged. The second-order conditions, on the other hand, are fundamentally altered
by shifting from the canonical to the microcanonical formulation. General principles of
optimization imply that the nonnegativity condition (20) at a constrained minimizer q̄ holds
for all variations δq that are infinitesimally compatible with the constraints, but not necessarily
for arbitrary variations δq [2, 30]. Thus, we find that the second-order conditions appropriate
to a macrostate q̄ ∈ EE,& are that (20) holds for all δq satisfying

δH(q̄) =
∫

X
ψ̄ δq dx = 0 and δC(q̄) =

∫
X
δq dx = 0. (25)

In view of these side-conditions arising from the linearization of the constraints H = E and
C = &, the set of microcanonical equilibria is potentially larger than the corresponding set
of canonical equilibria. In fact, this difference between the canonical and microcanonical
equilibrium conditions at second-order underlies all of our subsequent development.

4. Equivalence and nonequivalence

We now turn our attention to the relation between the equilibrium sets Eβ,γ for the canonical
model and the equilibrium sets EE,& for the microcanonical model. In most statistical
equilibrium models, the canonical and microcanonical ensembles are equivalent, in the sense
that there is a one-to-one correspondence between their equilibrium states. Surprisingly,
however, for the theories of coherent structures in turbulence not all microcanonical equilibria
are realized as canonical equilibria.

4.1. Thermodynamic functions

The properties of the thermodynamic functions in the microcanonical and canonical models
determine the correspondence, or lack of correspondence, between equilibria for these two
models. The fundamental thermodynamic function for the microcanonical model is the value
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functionS(E, &) in the constrained maximum entropy principle (23) whose solutions constitute
the equilibrium set EE,& . Similarly, the fundamental thermodynamic function for the canonical
model is the value function .(β, γ ) in the free maximum entropy principle (14) whose
solutions constitute the equilibrium set Eβ,γ . These two functions are conjugate functions
in the sense of convex analysis, i.e.

.(β, γ ) = S∗(β, γ ) .= inf
E,&

[βE + γ& − S(E, &)]. (26)

The proof simply amounts to writing the free minimization in (14) in terms of the constrained
minimization in (23):

min
q

[I + βH + γ&] = inf
E,&

min
q

{I + βH + γ& : H = E, C = &}
= inf

E,&
[βE + γ& − S(E, &)].

We express the criteria for the equivalence of ensembles in terms of properties of the
microcanonical entropy S. Let A denote the domain of S, the largest open subset of R

2

consisting of admissible constraint pairs (E, &) for the microcanonical model; a constraint
pair is admissible if (E, &) = (H(q), C(q)) for some q ∈ L2(X ) with I (q) < +∞. To
simplify our presentation, let us assume that S is differentiable on its domain A; experience
with numerical solutions to (23) strongly suggests that this differentiability assumption is
generally valid. Then, to every (E, &) ∈ A there corresponds a unique pair (β, γ ) given by
the usual thermodynamic formulae

β = ∂S

∂E
, γ = ∂S

∂&
, (27)

and, under the usual equivalence of ensembles, we expect a correspondence between
the microcanonical equilibrium set EE,& and the canonical equilibrium set Eβ,γ . Such a
correspondence holds, however, only when S is strictly concave on A [13]. In order to
characterize the relation between these equilibrium sets in general, it is necessary to consider
the concave hull of S, namely

S∗∗(E, &) = .∗(E, &) .= inf
β,γ

[βE + γ& − .(β, γ )]. (28)

In general, S∗∗(E, &) � S(E, &) for all (E, &) ∈ A. The subset C ⊆ A on which the concave
hull S∗∗ coincides with S plays a pivotal role in this characterization. The concavity set C
consists of those points (E, &) ∈ A for which S∗∗(E, &) = S(E, &), or, equivalently, for
which S has a supporting plane, in the sense that

S(E′, &′) � S(E, &) + β(E′ − E) + γ (&′ − &) for all (E′, &′) ∈ A. (29)

4.2. Microcanonical and canonical equilibrium sets

In terms of the concavity set C, the admissible set A decomposes into three disjoint sets, where
(a) there is a one-to-one correspondence between microcanonical and canonical equilibria,
(b) there is a many-to-one correspondence from microcanonical equilibria to canonical
equilibria, and (c) there is no correspondence. We state this complete classification as follows:

(a) Full equivalence. If (E, &) belongs to C and there is a unique point of contact between S
and its supporting plane at (E, &), then EE,& coincides with Eβ,γ .

(b) Partial equivalence. If (E, &) belongs to C but there is more than one point of contact
between S and its supporting plane at (E, &), then EE,& is a strict subset of Eβ,γ . Moreover,
Eβ,γ contains all those EE′,&′

for which (E′, &′) is also a point of contact.
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(c) Nonequivalence. If (E, &) does not belong to C, then EE,& is disjoint from Eβ,γ . In fact,
EE,& is disjoint from all canonical equilibrium sets.

The proofs of these results are relatively elementary applications of convex analysis; they
are given in [14]. A more abstract discussion of equivalence and nonequivalence of ensembles
is presented in [13], where general results are established for a wide class of models and without
the simplifying assumption that S is differentiable.

The most important outcome of this analysis is the nonequivalence behaviour, in which
microcanonical equilibria for constraint values (E, &) lying outside the concavity set C are
omitted by the canonical model. Remarkably, this behaviour is found to occur in many
applications of the statistical equilibrium theory [8, 10, 15, 22, 37]. In section 6, we present a
vivid illustration of the nonequivalence behaviour in a prototypical geophysical fluid dynamics
problem. In light of these mathematical results and the observed fact that the concavity set is
often a small subset of the admissible set, we see that the microcanonical formulation in the
energy and circulation invariants produces a richer theory than the corresponding canonical
formulation.

5. Nonlinear stability

In either the canonical or the microcanonical model, the equilibrium macrostates determine
steady mean flows that are the most probable flows compatible with the given parameters of the
model. This statistical property can be interpreted as a stability property: while the microstate
evolves ergodically, the coarse-grained macrostate remains close to the steady mean flow with
very high probability. Thus, the statistical equilibrium macrostates are stable with respect to
perturbations on the microscopic scales. We now inquire whether these steady mean states
are also stable in a strong sense with respect to macroscopic perturbations. Precisely, we
investigate the evolution under ideal dynamics of any perturbed macroscopic state q that
initially lies within a small, finite distance in L2(X ) of an equilibrium macrostate q̄.

Broadly speaking, we find that the canonical equilibrium states always satisfy the Arnold
sufficient conditions for nonlinear stability [1,18,25], but that the microcanonical equilibrium
states only satisfy those conditions when they are realized as canonical equilibrium states.
To prove the nonlinear stability of the microcanonical equilibrium states in the nonequivalent
case, we construct a more refined Lyapunov functional than that used to obtain the Arnold
conditions.

5.1. Arnold stability theorems

We assume that, for given values of the canonical parameters β and γ , the equilibrium state
q̄ ∈ Eβ,γ is an isolated, nondegenerate minimizer of Iβ,γ ; otherwise, stability in a strict sense
cannot be expected. In light of (20), a natural definition of nondegeneracy is that δ2Iβ,γ (q̄)

be strictly positive-definite at q̄; i.e., for all variations δq ∈ L2(X ),

µ

∫
X
(δq)2 dx � δ2Iβ,γ (q̄) (30)

for some positive constant µ independent of δq. The complementary upper bound

δ2Iβ,γ (q̄) � ν

∫
X
(δq)2 dx (31)

also holds, for a constant ν independent of δq. From the identity

δ2Iβ,γ (q̄) = δ2(I + βH + γ&)(q̄) =
∫

X
[i ′′(q̄)(δq)2 + β δq G δq] dx,
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it is obvious that the optimal constants µ and ν in (30) and (31) are the smallest and largest
eigenvalues, respectively, of the operator i ′′(q̄) + βG, where G is the Green operator (16).
The nonlinear stability of q̄ follows immediately by noticing that the rate function Iβ,γ for the
large deviation principle (12) is a Lyapunov functional. Indeed, Iβ,γ is a conserved quantity
for the dynamics (1), since it is a linear combination of H , C, and I , which coincides with a
certain generalized enstrophy invariant. The familiar Lyapunov argument then yields

µ

2
‖q(·, t) − q̄‖2 � Iβ,γ (q(t)) = Iβ,γ (q(0)) � 2ν‖q(·, 0) − q̄‖2

for all t > 0. Thus, we conclude that any nondegenerate canonical equilibrium state q̄ ∈ Eβ,γ
determines a steady flow that is stable in the sense that, if ‖q(·, 0) − q̄‖ is sufficiently small,
then for all time t > 0, ‖q(·, t) − q̄‖ � c‖q(·, 0) − q̄‖ for some finite constant c.

In the familiar context of deterministic stability analysis, a specified steady flow may or
may not satisfy the sufficient conditions for stability. In the statistical equilibrium theory, on the
other hand, stability criteria amount to nondegeneracy conditions for equilibrium states. Apart
from degeneracies, all positive temperature states (β � 0) are stable by the so-called first
Arnold theorem, while all negative temperature states (β < 0) are stable by the so-called
second Arnold theorem [1, 25]. In either case, the stability condition is that the bounded,
symmetric operator i ′′(q̄) + βG be positive-definite. This condition can be translated into the
familiar form used in hydrodynamic stability theory via the formula

dq̄

dψ̄
= − β

i ′′(q̄)
,

which follows from the mean-field equation (19) and the fact thatf ′ and i ′ are inverse functions.
The first Arnold theorem applies when dq̄/dψ̄ < 0, while the second Arnold theorem applies
when 0 < dq̄/dψ̄ < λ1, where λ1 is the smallest eigenvalue of −	 + r−2.

5.2. Refined stability theorems

When a microcanonical equilibrium q̄ ∈ EE,& does not lie in any canonical equilibrium set Eβ,γ ,
the Arnold stability conditions do not apply. Nevertheless, every nondegenerate equilibrium
state for the microcanonical model determines a stable flow, as we now show by giving a more
refined nonlinear stability analysis.

We assume that q̄ ∈ EE,& is the isolated, nondegenerate minimizer of I at given
microcanonical constraint values E and &. In the microcanonical model, the second-order
conditions at q̄ are subject to the side-conditions (25). Therefore, a natural definition of
nondegeneracy for a microcanonical equilibrium state q̄ is that (30) holds for all δq ∈ L2(X )

satisfying the linearized constraints (25). The complementary upper bound (31) holds at q̄ for
arbitrary δq.

Our strategy for proving the stability of q̄ is to construct a Lyapunov functional in the form

LE,&
σ,τ (q)

.= I (q) + S(E, &) + β[H(q) − E] + γ [C(q) − &] +
σ

2
[H(q) − E]2

+
τ

2
[C(q) − &]2, (32)

where β and γ are the Lagrange multipliers for the energy and circulation constraints,
respectively, and σ and τ are sufficiently large positive constants. The terms in (32) scaled by
σ and τ penalize departures from the microcanonical constraints, and yet they do not change
the values of the Lyapunov functional or its first variation at q̄, which are

LE,&
σ,τ (q̄) = 0, δLE,&

σ,τ (q̄) = δ(I + βH + γC)(q̄) = 0.
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It is possible to choose finite constants σ and τ so thatLE,&
σ,τ has a nondegenerate, unconstrained

minimum at q̄ even in cases of nonequivalence or partial equivalence, when the microcanonical
equilibrium q̄ is not contained in the corresponding canonical equilibrium set. In such a case,
(E, &) does not belong to the concavity set C, and hence the tangent plane to S at (E, &) is not
a supporting plane. Nevertheless, there is a supporting paraboloid to S at (E, &) determined
by fixing σ and τ large enough so that

S(E′, &′) � S(E, &) + β(E′ − E) + γ (&′ − &) +
σ

2
(E′ − E)2 +

τ

2
(&′ − &)2

for all (E′, &′) ∈ A, with equality only when (E′, &′) = (E, &). It follows immediately that
LE,&
σ,τ (q) > LE,&

σ,τ (q̄) = 0 for all q �= q̄. Since LE,&
σ,τ (q) is a conserved quantity, the Lyapunov

argument ensues.
Technically, it is also necessary to show that the second variation of the Lyapunov

functional (32) is positive-definite at q̄. The influence of the penalty terms on variations
δq that are not tangential to the constraint manifold H = E, C = & is transparent from the
calculation

δ2LE,&
σ,τ (q̄) = δ2(I + βH + γC)(q̄) + σ

{∫
X
ψ̄ δq dx

}2

+ τ

{∫
X
δq dx

}2

. (33)

We therefore omit the technical details involved in verifying the nondegeneracy condition; a
full discussion will be given elsewhere. As in the canonical model, we obtain the nonlinear
stability of the steady flow corresponding to a nondegenerate microcanonical equilibrium state
q̄ ∈ EE,&: if ‖q(·, 0) − q̄‖ is sufficiently small, then for all time t > 0, ‖q(·, t) − q̄‖ �
c‖q(·, 0) − q̄‖ for some finite constant c.

The key idea behind this construction of a Lyapunov functional arises in the study of
constrained optimization problems, where functionals having the form of LE,&

σ,τ are known as
‘augmented Lagrangians’ [2, 30].

6. Numerical example

6.1. Barotropic flow over topography in a zonal channel

For the purposes of illustrating the general results obtained in sections 4 and 5, we now present a
family of computed solutions to the microcanonical equilibrium problem for a particular choice
of domain, topography, and prior distribution. We consider a 1 1

2 -layer model of a single zone-
belt domain in the Jovian weather layer [11, 19, 26], in which the model parameters are set to
be consistent with the scales of the observed motions on Jupiter [11,26,37]. In dimensionless
variables, the model is defined in a channel domain X = {−2 < x1 < 2, −0.5 < x2 < 0.5}
with zonal effective topography b = B2 sin(2πx2). We take r = 0.2 and B2 = 0.3, based on
a length scale L ≈ 2 × 106 m and a velocity scale U ≈ 30 m s−1. In this regime we expect
the topography-induced mean flow to be anticyclonic (negative vorticity) in the zone where b
is positive, and cyclonic (positive vorticity) in the belt where b is negative. With this simple
sinusoidal topography, the model captures the essential features of a single band in the mid-
latitudes of Jupiter. A much more realistic determination of the effective bottom topography
is given in [37].

The formulation of the statistical equilibrium theory for this model is complete once we
specify a prior distribution ρ. As is stressed in section 2, the choice of the prior distribution
is a key element in the theory because it encodes the statistics of the unresolved small-scale
turbulence. Here we adopt the family of prior distributions deduced in [37] from observations
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of Jupiter. Namely, we select the family of gamma distributions

ρε(dy) = 1

|ε|&(ε−2)
exp(ε−2[log(1 + εy) − (1 + εy)]) dy (−∞ < y � |ε|−1),

having their mean, variance, and skewness normalized to be∫
yρε(dy) = 0,

∫
y2ρε(dy) = 1,

∫
y3ρε(dy) = 2ε.

The parameter ε is taken to be negative, meaning that the skewness 2ε of ρε(dy) is anticyclonic.
Besides having desirable physical properties, these prior distributions have the virtue that their
cumulant generating functions fε(η), defined in (8), and the associated functionals Iε , defined
in (10), can be calculated. In particular,

Iε(q) =
∫

X
[ε−1q − ε−2 log(1 + εq)]dx,

and the mean-field equation (19) corresponding to the prior distribution ρε is

q̄ = −	ψ̄ + r−2ψ̄ + B2 sin 2πx2 = −βψ̄ − γ

1 − ε(−βψ̄ − γ )
. (34)

It is evident that ε determines the magnitude of the principal nonlinear term in this equation.
As ε → 0, ρε approaches the standard normal distribution, and the statistical equilibrium
theory reduces to the well-known energy–enstrophy theory [6, 23, 35]. In the computations
discussed below, we fix ε = −0.04.

To compute the solutions to the variational problem for the microcanonical model analysed
in section 3, we implement the globally convergent iterative algorithm developed in [10, 38].
For given constraint valuesE and& in the admissible range, this algorithm finds the equilibrium
macrostate q̄ = q̄(x;E,&) ∈ EE,& that minimizes Iε(q) subject to H(q) = E, C(q) = &.

6.2. Computed results

In figure 1, we display the velocity field of the computed solution q̄ forE = 3.74 and& = 12.0.
This solution consists of a zonal shear flow with strong eastward and westward jets together
with an embedded vortex. The total circulation over the domain is cyclonic, while the coherent
vortex is an anticyclone. Qualitatively, this solution resembles the observed coherent structures
in the mid-latitude zone-belt domains on Jupiter.

We use the prototypical solution computed in figure 1 as a point of reference for examining
the behaviour of the microcanonical entropy S(E, &) = −Iε(q̄) as a function of E and &. In
figure 2 we plot β(E, 12.0) over the range 2.0 < E < 4.5; in figure 3 we plot γ (3.74, &) over

–2 –1 0 1 2
–0.5

0

0.5

Figure 1. Velocity field of the microcanonical equilibrium state for E = 3.74 and & = 12.0.
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Figure 2. Inverse temperature β plotted versus energy E with fixed circulation & = 12.0.
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Figure 3. Chemical potential γ plotted versus circulation & with fixed energy E = 3.74.

the range 0 < & < 23. In both of these plots we discover that the curves are not monotonically
decreasing. In the light of (27) we conclude that both sections of the entropy function are not
concave. This demonstrates that the equivalence between the microcanonical and canonical
ensembles breaks down over a significant parameter range around the physically realistic flow
with E = 3.74 and & = 12.0. Moreover, a further analysis of the tangent planes to S over
this range of pairs (E, &) shows that the concavity set C is a relatively small subset of the
admissible set A.

In the light of this result, and similar results obtained in other implementations, we
conclude that the statistical equilibrium theory based on a canonical ensemble in energy
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and circulation is inadequate for modelling the typical behaviour exhibited by the Jovian
atmosphere. It is especially remarkable that the canonical formulation omits the physical
regime of greatest interest in the Jovian context, namely the emergence of coherent anticyclonic
vortices within a zonal shear having multiple flow reversals. For instance, the computed
solutions with & = 12.0 transition from zonal shear flows to flows containing a coherent
vortex near E = 3.74; for smaller E the computed solution is purely zonal, while for larger
E it contains a vortex that intensifies as E increases. This transition nearly coincides with the
strongest nonconcavity of the entropy. Similarly, and equally surprising, the nonequivalence
with respect to & also occurs in this regime. By contrast, the microcanonical formulation
produces realistic coherent structures throughout this regime.

As is explained in section 5, the most probable flows corresponding to constraint pairs
(E, &) in the nonequivalence set are nonlinearly stable, even though their stability cannot be
deduced from known sufficient conditions. In particular, the computed flows corresponding
to constraint values near the reference values E = 3.74 and & = 12.0 have negative inverse
temperature β and fail the Arnold second stability condition

0 <
dq̄

dψ̄
< λ1 = π2 + r−2. (35)

Generally, this sufficient condition is too crude to be applicable to the jets and spots of
the Jovian atmosphere. Nonetheless, our refined stability results guarantee the nonlinear
stability of all microcanonical equilibrium states corresponding to admissible pairs (E, &),
provided that only a technical nondegeneracy condition is fulfilled. (The linear rate of
convergence exhibited by the iterative algorithm suggests that the required nondegeneracy
is indeed satisfied.) Consequently, it is not necessary to verify a restrictive condition such as
(35) to ensure the stability of most probable flows, and it is incorrect to assume that a steady
flow that strongly violates the Arnold conditions is unstable. In essence, the known sufficient
conditions are derived by utilizing conservation of a linear combination of two independent
invariants, while the conservation of each of these quantities separately constrains the evolution
of perturbations and leads to wider stability conditions. In this way, our refined stability results
remove much of the confusion stemming from the fact that the permanent coherent structures in
the Jovian atmosphere appear to lie beyond the reach of hydrodynamic stability conditions [11].
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