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Abstract

We consider the equations of motion of a compressible, viscous,
isentropic fluid in a bounded domain of R? with the no-slip boundary
conditions. Given a constant, equilibrium state (p, 0), 7 > 0, we
construct a global in time, regular weak solution, provided that initial
data (pg,ug) are close to the equilibrium when measured by |py —
Plree + |ug|w12 and discontinuities of py decay near the boundary.
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1 Introduction

We consider the Navier-Stokes equations that describe the motion of
a compressible, isentropic, viscous flow with p(t,z) and u(¢, z) being
the density and the velocity of the fluid.

0 .
5P T div (pu) =0, (1)

0
5 (pu) +div (pu®@u) — (A + p)diva — pAu+ VP = pf,  (2)

(t,z) eRy xQ, P(p)=Ap", A>0,v>1 (3)

Let
3IN+2u >0, p>0, (4)

and a set of initial and boundary conditions be specified.

(p(va)’ u(O,x)) = (pO(x)a uO('T))’ z €4, (5)
u(t,z) =0, (t,z) € Ry x 0. (6)

Alternatively, other types of problems can be considered. For example,
(a) periodic flows; functions are assumed to be spatially periodic in
each direction, (b) Cauchy problem; Q = R3 and u is prescribed a
value at x = oo.

There is an extensive literature concerning the solvability of these
problems. For the detailed discussion of the results we refer the reader
to the monograph NOVOTNY et al.[11].

If the data of the problem are smooth, say (pg,up) € Whe (Q) x
(WQ’q (Q))3 , ¢ > 3, the initial-boundary value problem is known to be
well-posed, meaning that there is a time interval on which the solution
exists and retains its initial smoothness, SOLONIKOV[12].

On the other hand there is a well-developed theory of weak so-
lutions, see P.-L.LIONS[6], FEIREISL[3]. The typical result is the
following.

Theorem (P.-L. Lions, [6]). Suppose thaty > % and Q € C?**9 6 >
0. Suppose that the initial data (po, mo) satisfy p € L7 (), |mo|?/po €
L' (Q), where we agree that mg = 0 on {po(-) = 0}. Then there
is a global weak solution of the problem (1)—(6), (p,u), such that
p(0,-) = po(-) and p(0,)u(t,-) = mo Moreover, for any t > 0 the



energy inequality holds.

/Q(%”(t"”“(t")|2 +w> + /Ot/QM|VU|2+(A+u)\divu|2
Y

1 Ap
< “plug?+ —2 ).
< [ (G + 22%). @

Solutions constructed in the above theorem have minimal regular-
ity properties; p € L® (Ry. : L7 (Q)) and u € L? (R, : W2 (Q))3

For the Cauchy problem, Q = R?, the global existence of a weak
solution which stays “close” to the equilibrium sate, (p,0), was proven
in HOFF[4]. The important feature, in contrast with the result of
SOLONIKOV [12], is that the solution is essentially weak; the density
is an L function. On the other hand, the solution possess many
favorable properties, for example, the absence of vacuum, which is,
in fact, necessary to justify the use of the equations (1) and (2) as a
model of motion of fluids.

Theorem (D.Hoff, [4]). Let p > 0 and L > 0 be given. There are
positive constants a and C, depending on u, A\, A, L and there is a global
positive constant 0, such that, given initial data (po,ug) satisfying

10 = plF oo 2y + /]R3 luo(y)|* + (po(y) — p)* < a

and
|u0|L6(R3)3 <L,
there is a global weak solution (p,u) of the problem (1)—(5) for which
|p — Bl Lo (r, xr3) < CCY,
ut, )| ooy < C(1)C,  t>7>0.
(We refer the reader to [4] for the complete statement of the Theorem.)

In this work we present a development of the existence theory of
the near equilibrium weak solution presented in HOFF[4] that accom-
modates the presence of no-slip boundaries. The density component
of the weak solution that we construct is essentially L>* away form
the boundaries and is such that discontinuities in p(t,-) decay near
the boundary at the fixed rate. Specifically, we measure p(t,-) by the
following seminorm.

(p(t,))a,00 = sup ess sup lp(t,z) — p(t, y)|

0, 1]. 8
€N yeN |z —yl@ » aclo (®)



This “localization” of discontinuities in p(, -) corresponds to a physical
situation when motion of a fluid results from disturbances that occur
in the interior of the domain. At the level of technical description
of the proof, the introduction of the above functional to measure the
strength of sound waves (density), instead of just |p(¢, )|, is dictated
by the fact that the strength of the wave reflected by the boundary,
as measured by the L° norm, can not be bounded by the strength
of the incident wave, measured by the same norm. Moreover, for the
solution to remain near the equilibrium state we also impose a certain
structural restriction on the model (relative size of A and u, given by
(11)) which guarantees that the strength of the sound wave reflected
by the boundary is, in fact, smaller than the strength of the incident
wave.

1.1 Statement of the result

Consider the initial-boundary value problem (1)—(6) for unknown func-
tions p(t,z) and u(t,z) = (u1(t, x), uz(t, ), us(t, z)). We assume that
Q is the unit ball, f =0 and v = 1.

Definition 1. A pair of functions
(p(t,2), u(tz)) € Ly (Ry x 9) x L2 (R Wy (2)°)
is called a weak solution of (1)-(6) if
pui, pug @ ug, € Liy, (Ry x Q) ik, 1 = 1.3,

for all test functions ¢ € C°(RxQ), ¥ € CF° (R x 9)3, it holds
(summation over the repeated indezes is assumed)

//Rernpat(fJ—l—pu-ng - _/ond"tzo’ (9)

/ / pukOtbr, + pugu;Ogt;
RJ’_XQ

—// (Ap)div udiv Y+ pdxu Ok — Pdiv ey = —/ Pouo,k¢k|t:0-
R4 xQ Q
(10)



Definition 2. Define the space L3 5q (), a €]0,1], to be the set of
f € L*®(Q) such that Vz € 09, ess limy,, f(y) £ f(z) ezists and
(fa,co is finite, where the seminorm (-) is defined in (8).

We prove the following theorem.

Theorem A. For any p > 0, L > 0 and « E]O,%[ there are cg =
co(a) >0 and ¢; = ¢c;(p, A\, a, u, A, L), i = 1,2, such that if

Bt Y (11)
00 1,2 /03 1 _
(pos o) € Lo ) x W32 (@, e [ m=p (12
(Po)a,00 < L (13)
and
[P0 = plree(e) + Vol 2y < e, (14)

then there ezists a weak solution of (1) - (6), (p, u), defined for all
times t > 0. Moreover,

(b, w) € L Ry x @) x L% (R Wo? (9)°),  (15)
and it verifies the following estimates.

sup |p(t,z) —pl+ sup (p(t,-)aon < c2,

(0,400)xQ2 (0,+00)

inf tz) >yt
(o,Jrl?o)pr( %) 2 60

sup {|u(t,")|L2) + [Vult, )2} < e,
t€(0,4+00)

for some cg > 0.
Some remarks should be mentioned here.

Remark 1. The special domain 2, the unit ball, is chosen here for the
sole purpose of having a simple formulae of its Green function. The
generalization to smooth domains Q of the class C? is straightforward.

Remark 2. Since the solution, constructed in the Theorem, is such
that the oscillations in density are small there is no loss of generality in
assuming the pressure law P = Ap instead of the “isentropic” y-law,
P = ApY, v > 1. Indeed, the derivation of a priori estimates in case
v > 1 is identical to case v = 1. Moreover, the strong convergence
of the sequence of the approzimate, classical solutions for v > 1 is
established by the Lions-Feireisl theory, see FEIREISL[3].
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Remark 3. Additional regularity properties for the constructed so-
lution hold. For example, flow trajectories are Holder continuous
throughout the domain and Lipschitz continuous near the boundary.

The framework of the analysis was established in works of HOFF[4]
and P.L. LIONS[6]. We shortly describe the new issues brought to the
problem by the presence of no-slip boundaries.

By means of the energy methods, one proves that if the thermo-
dynamic parameters of the flow (in our case p) stay close to the equi-
librium state (measured by |p(t,-) — p|r) on the time interval [0, 7],
then the kinetic parameter, u, remains close to the zero equilibrium
for all times in [0, 7], provided that it is close initially. This gives fair
amount of regularity of the flow, for example, L? ((0,T) x Q)?’ integra-
bility of the acceleration pi. Then, the coupling mechanism between
(1) and (2) is studied. To do this equations (2) are written in the form

—(A+ p)Vdivu — yAu = — pu— VP. (16)

This is the system of Lamé equations of the linear elasticity. Applying
div operator to the above equations one gets the well known equation
for the viscous flux F = (A + 2u)divu — P, see for example HOFF[4].

—AF = —divpu.

The right-hand side of the equation belongs to W12 () and F €
L? (), by the energy estimates. From the elliptic regularity results
it follows: F € Wlif (©), meaning that there is a gain in regularity
of F in the interior of £ as compared with regularity of P € L! and
divu € L?, obtained from the first energy inequality. In the case when
Q = R3 or the periodic case the argument is global. Furthermore,
using ( formally ) the inverse Laplace operator (A)~![-] and writting

F = (A)"'[div pt] = (A)~![div pu]

+ {(A) [divdivpu ® u] —u- V(A) '[divpu]}, (17)
one notices that the expression in curly brackets is a sum of commuta-
tors of Reisz transforms and operators of multiplication by u;, ¢ = 1..3.
A refined estimates for the viscous flux, ( F(t,-) € W9, ¢ > 3 ), are

used to derive a priori uniform bounds on p by means of the equation
of conservation of mass, with the notation for the derivative along a

trajectory {...} = 4 (.}

logp+ (A+2u)"'P= — (A+2u)"'F.
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This type of argument is insufficient in the presence of the no-slip
boundaries since a) there is a new type of waves, reflected sound waves,
that interact with the flow and b) the no-slip boundaries contribute
additional terms to the expression for F', (17), that require the detailed
study of their regularity properties.

The restriction of F' to the boundary of the domain is the solution
of a certain integral equation, called, in the elasticity theory, Liecht-
enstein equation. By using the integral representation of the normal
stress, obtained form the corresponding representation of the solution
of the Lamé equations (16), one notices the presence of following term
in the formulae for F.

7 0

F(t,z) = K
2 = 5570 Jo 3.0,

(z,y)(P(t,y) — P(t,2)) dy + ..., (18)

where K(z,y) = (4nlyllz — yly|72|)~!, vy # 0. One sees that z =
y € 0N is the singular set for the kernel of this integral and the
corresponding singular integral operator, acting on P, does not map
L™ to itself. In order to force the range of this operator to be a subset
of L* we assume that discontinuities in pressure (density) field decay
as y — yo € 02 and we use the functional defined in (8) to measure
it.

There are two issues that come up immediately. First of all the
values of the integral in (18), can be of an arbitrary sign and in order
to control oscillations in the density this term must be compared with
the damping effect of pressure. We are able to prove that the latter
dominates if the ratio

W

_r 1
5)\+ 7#, < c(a), (&7 6]07 2[’

for some c(a). Unfortunately, we were not able to verify that there is
a value of « for which the above condition holds irrespectively of A
and g in the range u > 0, 3\ + 2y > 0. Secondly, we must be sure
that the corresponding flow is regular enough to preserve the rate of
the decay of discontinuities of p near the boundary. The analysis will
be consistent only if we succeed to prove that trajectories of the flow
are Lipschitz continuous, at least “near the boundary”. Let us look
at the representation formulae for the values of u. It can be written
in the following form.

u(t,z) = /G(a:,y)VyP(t, U)o
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where G(z, y) is the Green function of the domain Q. The boundedness
of P implies that u is quasi-Lipschitz continuous and thus, we expect
that trajectories are Holder continuous. On the other hand, since
discontinuities in P vanish near the boundary, as measured by (8), it
is possible to prove that u is Lipschitz continuous “near” the boundary.

By restricting the initial data in a suitable way we obtain a priori
estimates for the solution (classical) in some strong norms. A weak
solution, with the properties stated in the theorem, is constructed as
a limit of the classical solutions, corresponding to the smoothed initial
data.

2 A priori estimates

2.1 Functional setting

Let B(z,r), r > 0, x € R, be the ball with radius r, centered at z. Let
p (Q)S, 1 < p < 400, be the Lebesgue space of functions from do-
main Q to R3, integrable with exponent p (essentially bounded when
p = +00). We use | - |, to denote the norm in these spaces. Let
Wéc’p )",k = 1,2,1 < p < +o0o be the space of weakly differ-
entiable, up to the order k, functions that have zero trace on the
boundary 052, with norms

p — a p
|u|W01,p(Q)n /3’; Z | Zul )

1=1..3
— / S P+ Y (oo,
WP ()"
0" () Qi=1.3 i,j=1..3

where | - | is the Euclidean norm of a vector and d;, 4 = 1..3, is the i®
derivative. We will only need the case 2 = B(0, 1). Denote by

o= sup 2@ TUOI g
cye oty 1T —Y®
[u]a,BQ = sup M’ a E]O’ 1[,
T,Y€0Q, Ay |‘T - y|a
(Ua.00 = sup M’ a €]0,1],

reoQye,aty 1T — Y[®



various Holder seminorms. We will also use the following norm.

ula,00 = [u]oo + [W]a,00-

The following embedding results hold, see Theorem 7.10, Theorem
7.17 of [2].

Lemma 1. Let u € WOI’2 (Q). Then, there is ¢ > 0, independent of u,
such that
lulg < c|u|W&,2.

Lemma 2. Let u € W, (Q), p > 3. Then, there is ¢ = c(p) such
that for a.e. z,y € Q it holds

lu(z) —u(y)| < clz — y|*[Vulp, a =1~ 3p~".

2.2 Lamé equations of the linear elasticity and
Lichtenstein boundary integral equation
In this section we use the classical approach for reduction of the bound-
ary problem for an elliptic system of linear elasticity to an integral
equation on the boundary of the domain for the divergence of the
displacement field ( we use viscous flux, instead ), see Ch. 6, [8].
The principal part of (2) is an elliptic system of Lamé equations
(19). Consider the problem
—(A+p)Vdiva — pAu=F, Q, (19)
u=0, 09, (20)
with the condition (4). The system is WO1 2 _ elliptic, see [10](Chap.
3, sec. 7), meaning that the bilinear form

a(u,v) = /()\ + p)divudivv + pgVu : Vv, u,v € W,? (Q)3,
Q
is coercive, i.e.

a(u,w) > 1 0o

This condition is sufficient to imply the existence of the strong solu-
tion, see the proof of Theorem 2.1 in [10], Chap. 3.

Theorem 1. Let F € L? (Q)%. Then, there is the unique strong solu-
tion of (19),(20), u € Wg* (Q)*, such that

‘U|W02,2(Q)3 S C|F|L2(Q)3



It will be convenient to have an integral representation for the
solution ( classical ) of (19), (20). This can be done in the following
way, see Ch. 6, [8]. Let

. = Y70,
G(z,y) = G (z,9)+C(a,y) = T W DT (21)
4r|z| 4 y="y

with § = #, y # 0, denote the Green function of the unit ball. Let
F=(\+2u)divu— P+ P, (22)
where P = Ap. Applying div to (19) we derive:
—AF =divFy, (23)

where F1 = (pu); —div pu®u and the following integral representation
holds (we suppress the dependence of functions on t).

+ /QG(:L‘,')diVFl(')' (24)

o0 Bny

Using (23), equations (19) can be written in the following form.

At p A4
- A|l——— L F =F _ F
[e+2) x*“@ T

/’l’ —
- 2MV(P ~-P) (25)

and so,

pu(z) + At p F(z)z = At /6nyG($7y)F(y)y

2(A +2p) 2(A +21) Jao

Adp . 7 =
—i—/QG(x,y) [F1+2(A+2H)d1vF1y )\+2MV(P P)|. (26)

We take div of the last equations and use integral representation (24)
for F' to get the next equation.

%F(x) + /\fQH(P(w) —P)
At I RN
A

SO [ 0 G ) s~ 2)divE )

i p -
+ [ 0u6w R w) - 125 [ 9600, (PG -P). (21)

10



Consider the integral

[ 2:6@2)0,(P) ~P) = | 0.,6(2.9)0,(Pl) - P@)
- /Qawimaww)—pm)
i /Qa (‘m) 8, (P(y) — P())
_ /Qaiazim(P(y)—P(z)), (28)

where we used the fact that 0;,G(z,y) =0, y € 09, and —A(4n|z —
y|) ! = §(z — y). We obtain from (27) the following equation.

%F(m + )\f:Zu(P(w) —P)
— ﬁ » ony0x;G(z,y)F(y) (y; — 7;) dS
2(iiigu)/Qawicr‘(ac,y)(yz' —z;)divF(y)
+ /Q 0. Gla)FL ) — 2 /Q 0y, 02,G* (3, 9)(P(y) — P(x)).

(29)

We would like now to take the limit in the above equation when z —
yo € 0Q. A direct computation shows that if y € 02, then

9?2 1 1-— |:v\2
and we deduce that
. 0? 1 F
lim | ——G(z,y)F(y)(yi—7:)dS = —— ) dS—2F (yo),

2=y0 Jaq OnyOT; 4t Jaq |y — vol

11



and consequently,

AT ey At / Fly) 4
2 +2u) 0 8m(A +2p) Jaa |y — vol

A+ p | .
+ m/ﬂaziG(-Tay”z_yo(yz yO,z)dIVFl(y)

i K
«+L@ﬁmwmqguw—5;53ww»—m

_ )\f% /Qayiazi@(m,y)\m:yo(P(y) — P(y0)). (30)

The last integral converges absolutely since P is C* “at the boundary”

and all singularities, that are of order —3 , of the kernel are restricted
to the boundary of Q2. We introduce notation for the singular integral
appearing above and some constants.

F(y)
K|F = — 7
[F) (o) .An4ﬂy—ydd&
Py 20\ + 2u) 2
— :4 = = . 1
0= G 02 T Ao a3 = pms s = o (31)

We write equations (30) in the following form.

F(yo) + a1 K[F](10) = a2 /Q 0z, G (yo,y) (yi — yo,:)divFy(y)

ﬂgé%m%wm@—mw—m

—m/%%@mwwm—mmywm
Q

The singularity of the kernel of K is integrable and thus K is a smooth-
ing operator. The following lemma is easily verified.

Lemma 3. K is a bounded linear operator that maps L (092) to
C*(09), and C*(09Q) to C1T*(89), a €]0,1[. Also, ||K||peo—re <
1.

It follows then that for any |a;| < 1 the resolvent (I + oy K)™! is
a bounded linear operator that maps L (92) to L* (0€2) and

[T+ a1 K) " [floo < (1= 1) 7" floo- (33)

Next, we estimate the norm of K as a map C* — C°.

12



Lemma 4. Let f(z) in C*(09Q), 0 < a < 1. Then, K[f] € C*(09)

and
24+ 2«

|K[f]|a,6§2 <

Proof. . Let z1 # zo € 0 and 01 = QN {|ly — z2| < |y — z1|},
0y = 0N\ 0. We have,

|f|a,69-

K[f)(z2)~K[f)(a1) = /

o

1 1
" /am(f(y) ~ f@) {47rly — @] Anly — 3] } a5
1 1
T/ (w2) /691 {47T|y — 9| - drly — 5131|} a5

1 1
f(e) /an {47r|y S R :m} a5 (34)

(W~ { = L bas

Am|ly — zo| B Ar|ly — 1]

Note, that

1 1
[ e e A
o0, 4Ty — 2| 4wy — x|

1 1
— — ds <2, (35
/392{47r|y—x2| 47r|y—x1|} <2 (3

where in the last inequality we used the identity | 50 m ds =
1, V1 € 09Q. Also, since

-1 ~1
ly =z =y — @2 < m\ﬂcl—ﬂ?ﬂa, (36)
for some 0 < z € [min{|y — z2|, |y — 71|}, max{|y — z2|, |y — z1|}] . It

follows from (34) and (35) that

K[f](z2) — K[f)(zy) < 22T

[fla,00lT2 — 1]

But, it is also obvious that sup |K[f](z)| < sup|f(z)|. The lemma is
proven. O

Operator K considered on C'%, o > 0, is a compact operator and
thus has only discrete spectrum. Moreover, K is a smoothing operator
as stated in Lemma 3 and any its eigenfunction is an element of C'*°.
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By Lemma 4 it follows that a1 K is a contraction map when, in partic-
ular, @y € [0,1/5] and @ > 2/3. Tt follows that «; € [0,1/5] is in the re-
solvent set for all @ > 0. The value of ¢ is determined by 3\ +2u > 0,
p > 0 and is given in (31). We see that a; € [1/7,1/5], that is, be-
longs to the resolvent set of K. Thus, the resolvent, (I + a1 K)™! is
uniformly bounded for a; € [1/7,1/5], i.e. there is ¢! = c¢!(a) such
that

(I + 1K) ||gassca < (). (37)

Now, we solve equation (32) for F' and using estimates (33), (37) and
results of lemma 7 and 8, we have the following representation for the
boundary values of normal stress F.

F(t,y) = 8, (I + a1 K) " [ 1 + asK1](t,y)
4
+ ) (T + oK) ond; + asKj)(t,y)
2

—as(I+aK) '[P=Plt,y) —os (I + 1K) ' [P](t,y)
£ atg(ta y) + f(tay)a (38)

and
[9(7,)]y00 < cD)p(r,)|oolult;)lp, (39)
(T, )oo00 < clp(T,)|oolu(T, ) oo [u(T; *)]1/2
+  0P(,"))a00 + cs|P(7,) = Pleo,  (40)
[f(m)aon < cla)|p(r, )] |u(r, ) |oco[u(r, )]1/2
+  c(@)as(P(T,"))a,00,

Lp>3, a€0,1/2, (41)

y=1-3p~
where c on the right side does not depend on A, u. Note, that we keep
a4 in the estimates in order to compare corresponding terms with
the damping effect of pressure in the equation of evolution of density.
Now, we estimate F' at the interior point z € {2, where the values of
F at the boundary are determined by (38). For this, consider first the

14



following integral.

/aQ O, G, )0, (I + n K) ™ [y + K (8,-) dS =
/ O, Gz, ) (I + cnK) L[] + Ki](t,-) dS
oN
/ Ba,0n, G(z,) (I + 01 K) [T + K (8, ) {uit, ) — wilt, 2)} -
(42)

Here we used the fact that u = 0 at the boundary of 2. Using this
and (38) in (24) we write the next representation.

F(t,.’II) = %/69 anyG('/E’ ')g(ta') ds

4 / Oy, G, )g (1, ) {ualt, ") — uit, z)} dS
oN

—i—/aQ[”)nyG’(w,-) ) S——K1 +ZK2 h(t,z)+1(t, @),
(43)

where we used the relation — [, G(z,-)divFy(-) = %Kl (:c)—I—Z:;l Ky(x),
where all K; are estimated by lemma (8). The use of lemma 9 and 10
with estimates (39) and (41) results in the following estimates.

[A(T, )]y c(p)|p(7; "o [u(t, )| (44)
({7, )]a e(@)|p(7, ) oo (7, )3

c(@)as(P(T,"))a,00;
y=1-3p7 4 p>3, «a€l0,<1/2,

+ IN A
Q

Q

where ¢ on the right side does not depend on A, y. Moreover, using
lemma 1 and lemma 5 we obtain the next estimate for /.

[((r))a < clp(r, )| ((P(7, )5 00 + [F1(7,-)[3)
+  ci(a)aa(P(7,))a,00,
a €)0,1/2], (45)

where c¢; still does not depend on either A or u.
We will also need the LP estimates for Vu.
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Lemma 5. Let u be the solution of (19)-(20). Then, there is ¢ > 0,
such that

[Vulg < ¢(P)as0 + c|Filo. (46)

Proof. We write u = u; + uo, where u; satisfies the Lamé equations
(19) with V(P — P) as a forcing term and u satisfies the Lamé equa-
tions (19) with F; as a forcing term; both have zero boundary values.
Then, by the Theorem 2.1 in [10], Ch. 3, it holds that |u2|Wg,2 < c|Fq]2
and the estimate for Vug follows from Poincaré-Sobolev inequality.
The estimate for Vu; follows the representation of u; which is similar
o (23), (26), i.e. if F = (A +2u)divu; — (P — P) then

AF = 0,
Ap o o _ A+ _
pur(z) + MF(@»’U = T2 e onyG(z,y)F(y)ydS
M _ —
3 [ GEnvPe - P,

and the line of argument that resulted in (45) and classical Calderén-
Zygmund estimate on singular integrals for V, [, G(z,y)V(P(y) — P)
( the details are omitted ). O

2.3 Lipschitz continuity of flow trajectories near
the boundary

In this section we derive the estimate on |Vu|s near the boundary.
Let X (t,7;z), X(t,t;2) = z, z € Q denote the trajectory of flow
generated by u(t, z), i.e.
d
d—X(t,T;:v) =u(r, X(t,7;2)).
-

We abbreviate X_;(z) for X(¢,0;z). For 1 € 09Q, o € Q we set
d(t —7) = |X(t,7;21) — X (¢, 7;22)|. Using (24) we write (26) as

pu(e) = Bi [ 0,,Gla. )~ 0)F()dS
o0
+ﬁ1/G(a:,- - —z)divF(+) /G JF (-

—52/G —P) £ pu' + pu® + pu®, (47)
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where $; = Q&jtg‘u), B2 = x r2u' The boundary values of F(y) are split

into the sum 9;g(t,y) + f(t,y) according to formula (38). Then, we
can write

/ O, G, )(- — 2)g(t,-)dS
onN
4 / O [0y G, ) (- — 2)] gt Y us(t, ) — wilt, 2)} dS
o0
+ [ o6l ~a)s(t)as. @9
onN

ﬁ1

We assume from this point on that the following hypothesis holds.

Hypothesis H; : (49)
p < p(t,z) < p,

for some p, p > 0 and ¢t > 0,z € Q. Estimate (37) together with the
second parts of lemma 84 and 9 yields the following estimate.

t
[ o X ) (X 7)< 0o 0) + 500,
ref ol ud(t — 1) + ¢ / ' Nasnd(t — 7)
t
te. /0 (7, ) oo pnd(t — 7),

where 0 < @ < 1, 1/2 < w < 1, and ¢ = ¢(, w, A, ). Then, restricting
a<l/2andw=1-3/p;,p1 >6and y=1-3/p, p > 3, from (39),
(40) and (41) we conclude

/Otul(T,X(t,T;:cl)) —ul(r, X(t, 73 29))
< c(lp(t;*)]oolult, -)|[pd(0) + |polooluopd(t))

/|p 72 loo (7, Y py d(t — 7)
+c/ 1o, Msolua(r, )2 ot — 7)
+(e+0) /0 (P(7, ) apad(t - 7)

t J—
(e + ¢) /0 P(r,) = Placd(t — 1), (50)
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for some ¢ = ¢(a, p,p1, A\, ).
We use (86) to estimate u?.

/Ot (1, X (t,7m21)) — (1, X (¢, 7;22))
t t -
< 5/0 (P(1,-))ap0d(t —T) + cs/o |P(7,-) — Plood(t — 7). (51)

Sice, F1 = (pu); + div pu ® u, we write u? in the following form ( we
suppress the dependence on ¢ temporally ).

b o) = = 5 [ 0, (G 0)on - v} s (v)

b (@), [ 0, {6(0,0)(@n - 1)) p0)us(0)

[ 84,84, 16(5,) (@0 = 90} P9} ()i (0)

- & [ 6@nptun) + un@),, [ Gay)otunty)
+ [ 84,60, 0pwm W)

= —(J1 + K1) + 2;1: J; + K;, (52)
where ( we suppress the dependence on k = 1..3 )
H@) = - [0, (G @ - w)} p)u(w),
Re) = [ 04,0, {G )@ — )} p0)5 ()l () — (),
Ta@) = (@), [ 0, {6, (on w0} o) o),

Tix) = / By By, {G2(2,9) @k — )} P(w)14j () um ()

18



and

Kie) = - [ G u)pu),

Kolo) = [ 0,.0,6" .00 )i (0) - (o))
Kols) = un(@)s, [ 8,62, 0)p)uso),

Kifs) = [ 0,.0,6* @, 0)p(w); (0)um (o)

Similarly to the proofs of lemma 7 and lemma 8 we obtain that for
any t > 0,

IVIL(t,) oo + [VEL]eo < clp(t,)u(t, )]s < c[Vu(t, )z,

where ¢ = ¢(a, A\, s, p) and the last inequality is an instance of Poincaré-
Sobolev inequality. Also,
[VJi(t, ) oo (| Kiloo) < elp(ts-)u(t;-)|oo[u]

1
2

< cfu(t, ).

The last two estimates are used to get

/ti u2(T,X(t,z;$1)) — u2(T,X(t,z;x2)) < ¢|Vu(t,-)|2d(0)

+ (| Vu(t — 7, ) pd() —I—c/

t—T

[u(z, ')]Q%d(t —2). (53)

Combining (50), (51) and (53) we can derive the following integral
inequality for d(-).

d(r) < d(0) + c|Vu(t,-)[2d(0)
t
+ eVt — 7, )pd(r) + c/ Vu(z, )ad(t — 2)

vof o) Y

At - 2) + (¢ + ) / (P(7,))apad(t - 2)

t—r

t
+c(8,6)/t IP(r,) — Plood(t — 2).

-7

o= N

From here we deduce that there is ¢ = ¢(a, A, i, p) such that

d(T) S A0|£E1 - $2|66ftt_TX(-)a TE [Oat]a (54)
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where

1+ suppg e [Vul2

071 SUP[g,00[ | VU2

X(r) = |Vu(r,)[2 + [u(r, ')]r‘i§ + (e + 6){P(7,"))a,00
+ ¢(g,0)|P(7,+) — P|so-

2.4 Some potential estimates

This section constitutes somewhat technical part of the paper, devoted
to the derivation of some potential type estimates for the singular
integrals appearing in equation (32), where we take F; = (pu): +
divpu ® u.

It is a straightforward computation to verify that 8,,8,, G*(x,y)(z;—
y;) can be written as k(z,y)(|y||z — y|) 3, where k(z,y) is uniformly
bounded. Let

_ k(z,y)  P(s
Piw) = [ s (P() - P}

Lemma 6. There is ¢ = c(a) such that
(P1)a,00 < c{P)ao0 (55)

and Y6 > 0 there is c¢s = cs5(a) such that
|Piloc < 8(P)a,00 + c5/P — Ploc. (56)

Proof. We proof only the first part of the lemma. The proof of the
second part is trivial. Let & € 99, & € Q and [§; — &| < 3. Let
&, = & /|&2| and & € 09 is such that |&y — &1| = |0 — &|. Denote by

20



B = B(&, 2/& — &]) and By = B(&, 3). We can write

@) - = | % (Ply) - P(&)}

R R )
Q

ns [yl 1&2 — 7
k(&1,9) B - k&) B
[ o e B P~ @} - | et (P) - P}
- LTINS
FUPGE) - P [ e
k(&2,y)

— {P(&) — P(&)}

anB\B Y62 — 913

k(y) k() -
" /QﬂBl\B { |y\3|§1 - §|3 \y|3|§2 _ ?7|3 } {P(y) — P(%)}

Since |y||&1 — g| = |&1 — vy, it straightforward to see that

1| < e(P)ap0lé1 — &2 (58)

For y € QN B, there is a numerical constant ¢ such hat c|y||é2 — g| >
1€~ 3] = |6 —y, and also & ~5| > |& —&. Thus, we can estimate

_ _ k(&,y)  pge
I = /Q s {PW) - PE&)

ng ly?l& —
AN k(&?ay)
FAPE = PE L ple, g1

|P(y) — P(&)]
. “/mB €6 — P
1
ang €5 — &|¥|&, —y|3 @

< e(P)apnlés — &% (59)

+¢|P(&) — P(&)]
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Next,

k(&1,y)
B 61— 7
k(&2,y)

- {P(§0) _P(§2)} Q\B |€2 _,g‘g

§17 623 }
" /Q\Bl {|§1 P e —-aP

I3+ 1y = {P(&) — P(&)}

< c(P)apalér — &% (60)
Also,
Is = {P(&) — P(&2)} 8y;02,G* (€2,)
QNB;\B
= {P(%) — P(&2)} 05, G* (&2, y)ny,;
d(QNB;1\B)

= (P(&) — P(&2)} /a o i G0

+ {P(&) — P(&)} S 02 G? (&2, y)y,q
+ {P 50 52 }/ BAQ) 62,?/ Ny i
= {P(&) — WL +E+13}. (61)

When y € 09, 870,,G (&, y)ny; = |&o — y|_1 + (|&)* = 1)]& — y)3.
Then

1 1
87rI1§/ 7+1—52/ 1 <.
8] ao\B &2 — Yl (=1&P) oo\ 1&2 — Yyl

Also, since |& — g| > ¢, y € 0B, we have
1<,

Lastly,

1
I3<c/ — _—<ec
51 < anna 1€ — y|?

Combining the last three estimates in (61) we derive
15| < c(P)apalé — &2l (62)
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To estimate I7 we first notice that

kEny)  k&y) 16— &
B — g1 |yPBlé =3 T |ytlE — g4’

y#0, (63)

for some ¢ from the linear segment between &, and §2. Moreover, for
y € Q\ B it holds that [§p — 7| > 2(&1 — &a| > 2[§p — &|. Then we get
1€ = 9| > 6o — gl — [§o — €] > |€o — §|/2. Then,

1

ﬂBl\B |£0 - y|4

It < ¢(P)a,p0lé — §2|1+°‘/
Q

2

< e(P)agalé — &[T /26 . ‘T_Q dr < c(P)ap0lé1 — &l (64)
1—¢2

Lets consider terms on left-hand side of (32). We compute
1 (@ =)@ — i)
dmjz —y|  Arly||lz - g?
2 G2 (:I’-a y) £ G2,1 (.’L’, y) + G2,2($a y) (65)

0z, G(2,y)(yi — wi) =

Moreover, by a straightforward computation, we deduce that

kij(z,y) k7 (2, y)

S G = 1 G = gt

for 4,7 = 1..3, where ké,j(m,y) are uniformly bounded in z,y € Q.
Now, we have (we suppress writing ¢ as argument of functions)

/ Gs(z,y)divF(y) = — % / VyGa - p(y)u(y)

+()0s, [ 0, Gaa@v)o)u(v)= [ 9, Gan@)dy, o)) o)
+,@)0s, | 0, GaalepWn()= [ 8, Gaele )0, Py
~ 4 | DGty / 0,021 (5,3) (W) () 50) - ;)
+5(2) [ 00,0, Gaa(e. o)+ | 8,04 Gaalev)pu)usr)uy)
d

- EJI( z) + Jo(z) + J3(z) + Ju(x), (66)

23



where we used the formula for Gg; given by (65). We prove the
following lemma.

Lemma 7. There are ¢ = co(a), ¢ = ¢(a,B) and ¢1 = c1(7y) such
that

[ Jiloo < colploo|utocu]as (67)
[Jz]ﬁ < Cl|p|oo|u|00[u]aa B E]0,0A[, = 21354' (68)
[ Tiloo + [J1)y < clplooluly, ¥=1-3p7", p>3. (69)

Proof. Few words about the strategy of the proof. First, one notices
that Jy has the form of commutator; the smoothing properties of it
played an important role in [4], [6]. We see that the kernel 0,,0,, G21
has a singularity of order —3 at any point x € 2, but it is multiplied
by u(z) — u(y), which is of order |z — y|* and classical potential esti-
mates apply to this integral. Secondly, the singularity in the integral
representation of J3 and Jy are restricted to the boundary of €2, where
u vanishes, thus these terms can be treated similarly to the first case.

Let 1, z2 € Q and |z1 — z2| < 1/4. Let zp = ’”“5—“”2 and B =
B(xp;2|x1 — x2]). We can write

To(w1) — Jo(m3) = /

QNB |$1 -y

k! (xo,
-/ Fag T2 ) ) 5 ) = 9]

NB |$2 - f‘/|3

ko (z1, ki (w2,
+/ { i (F0Y)_ o (2 y)}p(y)uz-(y)(w(ivo)—“J'(y))
Q\B

lz1 =y |z -yl

kzl,] ('Tla y)

T (1) — (o)) / ()

O\B |71

kl '(‘T?ay) 5 i

Z’Jiypp(y)ui(y) = Z J3. (70)
1

— (uj(2) — (o)) /

O\B |zg —

It is easy to see that |J3| and |JZ| are bounded by ¢|p|oo|t|oo[0]a|z1 —
x2|%, for suitable c. The same is true about |J3| by the way of the
estimate

kL (z1, k} (@2,
5571 1’43) _ iy (2 3/3) < ¢ 171 — 22|, y € Q. (71)
N e N
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For J§( and J3 ) we have the following estimate.
Jy < clplooluloo[ulales — z2|*log |z1 — 22| .

We proved estimate (68) for J,. Lets consider J3 ( Jy is estimated in
the same way ). Let z;, i = 0,1,2 and B be chosen as above. Consider
two cases. First, assume that B = BN Q.

kQ(.’El,y) k2($23y)
J3(z1)—J3(x :/ J S — -
slon) = () Q\B{|y|3|w1—y|3 PEEE

2 T, k)? I, A
+ /{ byt y) (e2,0) }p(y)Ui(y)Uj(y):J§+J§-
B

ly3z1 —9]3 - ly|3|ze — 9|3

} p(y)ui(y)u;(y)

(72)
For y € Q\ B we have the following estimate.

kZZ,](.’I,'l,y) . kzZ,J(w?ay) < C .
lyPlzr —y* |yPlze — g ~ |yl*zo — y]*

Moreover, |u(y)| < [u]a(1—|y[)* < [u]a|zo — 7|, since for any zy € Q
it holds that 1 — |y| < |zo — g|. With that in mind we derive

1

Jlgcp Ul :L‘l—.’EQ/ T . —id—a-
3 ‘ |00| |00[ ]a| | 0\B |y|4|a:0—y\4*0‘

The singularity in y = 0 is in fact integrable. For any € > 0 we have

1 / 1
/Q\B lyl*zo — gl1** = JayB\B(0se) l€l*|mo — y[* @

——— < ce “|z1 — 32 —_.
anBo;\B [Y]%|1 — €[t~ (1 —e)te
(73)
Choose € = 1/4. Combining last two estimate we have
5 < clploo|uloo[ulalr — z2|*. (74)
By using (71) we deduce:
B < cpluslulslulaler ool [ ot ()
B [y[*|z0 — 7l

25



For any € > 0 we have

1 / 1
T A7 4~ S .
/B ly|*|lzo — 91*~* = JB\B(0se) l€l*|z1 — @2||z0 — Y3~

1 4 1 €
+/ < ce oy —wo| T4 ————.
B(0;e)nB ‘y|a|1 - 6|4_a (1 - 6)4 @

3—a

(76)

Choose € = 1/4. Combining last two estimate we have:
I3 < clploo|uloo[u]alzr — z2|*.

Consider now the case when B N 09 # 0.

k2. 1,
B~ ) = [t ?Mmmwww

QNB \y|3|m1 -

-/ Figmm) )

g [y?|ze — y\3p
Fig(@1,9) k? (22, y)
+ / i,j SO _ o) s () ()
Q\B { lyPBlzr — 913 |y]3|lze — 7|3 () ui(y)u,
2 J351 + J3,2 + J3,3. (77)

There is g € 0Q2 N B such that |y — zo| < 2|z1 — 7|, Vy € QN B. And
S0,

kz(xlay)
iy = / g TV () (u(y) — (o))
QNB \y|3|m1 - y|3 ' ’ !
< clplooltoo < 1 >4 / 2o — y| 3+
QNB

< clploo|ufoou]alzr — 22|*. (78)

Term J3 5 is estimated similarly. Term J3 3 is estimated in the exactly
the same way as Ji since for all y € Q \ B inequality (71) holds.
To prove (69) we first write

Ji(z) = /Q5ykGl,2($ay)ﬂ(y)uk(y)+/Qayszz(ﬂan)P(y)u/c(y) £ Ji1+J10.

Then, for z; z2 € Q we set g = (z1 + z2)/2, and B = B(zy;, 2|z1 —
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x2|), we have

Jii(z) — Jii(z2) = /QOB 0y, G12(z1,y)p(y)ur(y)
+ /Q - 0y, G1,2(22, y) p(y) uk ()

+ / {8, G121, ) — By G1(w2,9)} p(w)uk (). (79)
Q\B

Notice, that uniformly in z,y,

VyGual <

C
7|2,|VVGM|_|

s
Then, by the way of simple Holder inequalities, it follows that [J11]y <
clpulp < clploslulp, p >3,y =1-3

Consider the following term from (30).

/VG,wFl /VG,y (y)u(y)
+5()0s, [ 00,6 .o us)= | 04,610, Iy ()
+@)0s, | 00,6 @)~ [ 0GHe.), lou)usw)u o)
~ i | Vot / 03,06 (@) ) ) (15 (9) — (o))

+15(0) | 04,00 G2 )l ) + [ 8,,00,6G7 (o)) )

:%mu+mm+&m+mm,W)

where we used notation (21). By repeating the arguments of the proof
of the previous lemma we establish the following lemma.

Lemma 8. There are ¢y = cp(a), ¢ = c(a, B) ¢1 = c1(7y) such that
|Ki|oo S CO|p‘oo‘u|OO < U >q, (81)
[Kz]ﬁ S cl‘p|oo|u|00[u]a7 ﬂ E]0,0A[, 1= 253,4' (82)
|K1‘oo + [Kl]'y S Cl|p|oo|u|pa Y= 1- 3p_17 p > 3. (83)
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We also need following lemmata.

Lemma 9. Let

M(z) = /a 000,60z, )9() {() ~ wla)} dS, 2 €9
where g € C¥ (0Q), w > 1/2. Then

Moo < c(@)uls (gl [M]ezt < e(w)ul1 gl

My (z) = /aQ O, [anyG(x, V(= z)] g(){wi(-)—ui(z)} dS, z€Q, k=1.3.

Then,
VMoo < c(w)[uligle, 1,72 € Q.

Proof. We can write
M(z) = /6Q 0,00, G(,-) {g(-) — g(z/|z))} {ui(-) — ui(z)} dS,

for z # 0, since for any z € Q, [, Op, G(z,-) dS = 1. But 2|y—z/|z|| <
ly—a| forany y € 9Q, z € Q. Thus, |{g(y) — g(a/l2])} {uily) — ui(2)}] <
c[u]%[g]w|y - x|$ Also, |85,0n,G(x,y)| < cly — |73, So, the inte-
grant in the definition of M has a singularity of type |y — z|?, 8 =
-3+ H'T“’ > —2 a thus is integrable. The first assertion of lemma is
proven. We omit the prove of the rest of the lemma as obvious, in the
light of the above consideration. O

Lemma 10. Let g(z) € C*(0R) and

Mi@) = [ 0,Gv)e)ds, ze
o0
Then,
|M1|oo < ‘g|oo,697 [Ml]a < C(a)[g]a,(')ﬂa 0<a<l (84)
Let

Masle) = [ 00, Glon)n ~ 20)g)dS, €0, k=13
Q
Then, Ye > 0 there is c. = c.(c) such that

‘VMZ,IC‘OO S 5[9]&,89 + Cslg‘oo,aﬂa a E]Oa 1[ (85)
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Lemma 11. Let Li(z) = [,0,,G(z,-)(P(-) — P), ¢ = 1..3. Then,
Ve >0 there is cc = c.(a) such that

|Li(71) — Li(z2)|oo < &{P)ap0lz1 — 22| + | P — Ploo|z1 — 2|, (86)
Vi, €00, zo € Q = B(0;1).

Proof. The proof is an easy adaptation of the lemma 8.1 in [7]. O

2.5 Energy estimates

Multiplying equations (2) by u, using (1) we obtain:

d

7 | Pt /2 + /(>\+2u)|divvl(t,-)l2Jru\curlu(ta-)l2

_ / (P(t,-) — P)divu < 0. (87)
With notation ¥(p) = pf; s72(P(p)—P) > 0,and E(t) = [ p(t,-)|u(t,") >+
2¥(p(t,-)) we obtain that
E(t) < E(0), t>0.

Let us consider equations (2), divide them by p and take operators
div and curl of the result. We get:

%divu +div((u-V)u) — (u-V)divua
—div [p7' (A +2p)Vdivu — p~ g curl curlu] =0, (88)

%curlu + curl ((u-V)u) — (u-V)curlu

— curl [p~ (A +2p)Vdivu — p~tpcurl curlu] =0. (89)
Using the relation F = (XA + 2u)divu — (P — P), we multiply the

first equation by F, second (dot product) by pcurlu, add them and
integrate over 2 After carrying out the integration by parts on the
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principal part we obtain:

d1 F?
_ - 1 2 71F 2
%3 [ g +uloutu +/p IF|

1 F?
— 5/(% + p| curlu)?)divu

+ {/(div((u .V)u) - (u- V)F)divu

+ /(curl((u -V)u) — (u- V) curlu) -,ucurlu}

/ ApdivuF

A
2 = J + Jo + Js, (90)

where F1 = (A + 2u)Vdivu + p curl curlu). Both terms,

|P - Pf3

(D) S O+ 20 [Vals + 5=

Note, that A + 2y > %“. On the other hand,

A~

A

<
Ia < A+ 2u

/ (A + 2u)[divul? — / o(P — P)divu,  (92)

A+ 2u

3 3
Let us estimate |Vul}. By lemma 1 we have |Vu[3 < |[Vu|3|Vu|¢ and
thus by lemma 5 we get ( for any € > 0 ):

[Vul§ S e[F1f3 + e(P)3 o0 + | Vuls. (93)

A simple energy estimate of the Lamé equations (19) and (20) leads
to the following estimate.

/()\ +2)|divul? + pf curluf? < |F1 2 + o[ P — P,

where ¢ = ¢(\, p). Also,

F? —
/)\—i-Z + p| curlul?® < c/()\+2u)|divu|2—|—u|curlu|2+c|P—P|%.
@
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We use the last two inequalities and also estimates (91), (92), (93) in

(90) and add the result to inequality (87) multiplied by % to get:

— 1
dt{/p\u| +>\+2M+u\curu|

F?
ol 4 g il cutuP | 4 R+ 9ul

- [ = p)(P - Pdivu < cVulf + P~ PR+ (P2 g0

with ¢® = ¢()\, i, A, p). Note, that we used the fact that |puls < c[Vuls.
Now, if we set ®(p) = copfﬁp s72(2p — s)(P(s) — P)ds. Then, —
@ [(2p — p)(P — P)divu = & [ ®(p). Under hypothesis Hy, & ~
(p — p)? which leads to the inequality [®(p) < ¢/P — P|3 and we
obtain:

d / lu|? + i + p| curlu|? 4+ ®(p)
— T
a )’ N2 MR p

F2
n { [ o+ S+l cunta? + @(p)} LR + |Vl

< c|VulS + ¢ |P - P2 + €<P>i,ag. (94)

Let us make the following assumption.

Hypothesis Hs :
SUP¢€0,00] |vu(ta )|A2l < (265)_1.

F2(t7 )
A42u

Y(t) = / olt, ult, )2 + + ul curlu(t, )? + (o, ).

Then, it follows from (87) and (94) that
t p—
Y(t) <Y(0)e ™ +c / em V| P(r,-) - P[3
0

t
e /0 T (PY2 o (7), (95)
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form:%andforanym>0:

[ e R ) + [Vl B) YO

t ) B _ t . _
Te, / e mln{m,m}(t—r)‘P(T’ )—P'%—FE/ e~ min{m,m}(t—7) <P>(21,BQ(T)
0 0
(96)

2.6 Uniform estimates on density

Let us fix z1 € 09, 22 € Q and consider two flow trajectories; X (¢, 7; 1),
X (t,7;12) for 7 € [0,]. Let p*(7), i = 1,2, be the restriction of p(t, z)
to the trajectory that passes through z; at 7 = ¢, and Ap = p! — p?.
We will use superscript ¢ = 1,2 and A to denote the corresponding
quantities for other functions as well. Finally, let p € [p*, p?], be such
that p' — p? = p(logp' — log p?). Consider equation (1). It can be
written in the following form, see (43).

d d
(A + 2,@5((5)*1@) +AAp = =2 Ah — Al (97)

Let w(t) = (A +2u)~" [ 5> pt. Then,

(A +2u)p (1) Ap(t) = (A +2p)e 4“0 Alog py
— AR(t) + e 2O AR(0)

t
+ A+ 20)7" [ AR A0
0
t
_ / Al()e A=) (gg)
0

Let a €]0, 5[. Assume
Hypothesis Hj:

acX(t) < Q(Tf’w t >0,

Af <3
where ¢, Ag and X as in (54) which leads to the inequality:

d(r)® < gd(O)aeTiw, re0,4). (99)
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Note, that by (44), Poincaré-Sobolev inequality and Hypothesis Ho
we have for ¢ > 0 that

3 3
S Wolt)ua(t, )3 [Vu(t, )l < cE(0). (100)
We divide the equation (98) by d(0)* and use the estimate for d(-)
given by (99) and (100) to derive the next inequality.

(A +2p)p Hpt, ) aoa < (X +2p){p0)a,00

t _
+c.E(0) + % /0 [(r, Yae” 040 =D (101)

Now, we use (45) and (96) with m = Ap(2(\ + 2u)) ! to get the
inequality

sup pH{P(7,"))a00 < ¢{p0)a,00
T€]0,t]

+ ce(E(0) +Y(0)) +c. sup |p(7,-) — p| sup (P(7,"))a,00
T€]0,t] T€]0,¢[

3
e sup (P(r, )2 g + S P N aon. (102)
T€]0,¢[ P T€]0,t]

It follows that if 5
7 p

— < y

Tt S 3a(a)p

|p — ploo and € are sufficiently small (depending on A, u, ), then

sup (p(7,))a,00 < c{po)a,00 + ¢ (£(0) +Y(0)). (103)

T€)0,t[

In a completely analogous, but easier way we obtain an estimate on
0Ssc p.
sup |p(7,-) = Ploo < ¢lpo = ploc + ¢5 (E(0) +Y(0))

T€]0,t]
(104)

+ 4 sup (p(7,"))a,00, § > 0.
T€]0,¢[

It follows from the last two inequalities that sup,¢jo 4 [0(T, ) — ploo as
well as sup,¢104(P(7; *))a,00 can bounded in terms of initial data only
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and independently of ¢. Thus, initial data can be restricted in such a
way to meet all Hypotheses Hi - Hj.

Finally, we list all the information that we obtained by the way of
a priori estimates. The following norms and seminorms are bounded
in terms of initial data measured by (pg)a,00 + |Vuglz and T' > 0.

SI;P{|P( ooy (0(E; ) a,00, [Vu(t, )2},

‘ut|L2((O,T):W71 2 / [u T > 0. (105)

wl'-'

3 Proof of the existence

Counsider now the sequence of initial data of the problem
pg, ug, € C* (Q) x C§° (Q)g,

which approximates the given initial data in the space

3
4 1,2
X (WO ) .
Moreover, we require that
p>pp>p>0,

and the assumptions on initial data under which (103) was obtained
is satisfied. Such a sequence, clearly exists. For py we take pj(z) =
po(z) * w,—1(z), where w, is the standard mollifier. As for the velocity
it holds that

W2 (Q) = closure of C§° () in W2 norm.

Accordingly, let p™,u"™ be the sequence of smooth solutions of the
problem with pfj,uf as the data. The solutions exist locally in time
by the results in [12] and can be extended globally, since the estimates
(105) hold, independently of the time interval of existence of such
solutions. Thus, there is a subsequence, still labelled by n, and p, u €

L Ry, x Q) x L2 (R W, ? (2)°)) , such that

p" — p, * —weakly L (Ry x Q), (106)
u" > u, weakly L (R+; w2 (9)3) , (107)
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and estimates (105) hold. In fact, the subsequence can be chosen in
such a way that

u" —»u, L*((0,T);L*(2)%), T > 0.

Indeed, this is the consequence of estimates (105), see [13](Theorem
2.1, Chap.3). Using lemma 1 and (105) we deduce that

u” —»u, L ((0,7);L*(Q)*), VT > 0. (108)

Moreover, it follows from the result of DiPerna - P.L.Lions, see [5](Theorem
2.4) and estimates (105) that

peC(0,T);LP(Q),1<p<oo,T.

Also, (105) imply that u € C ([O,T);LQ(Q))?’. We take the limit in
the weak formulation of the problem, satisfied by p™, u™. Using (106)-
(108) is clearly enough to pass to the limit in the equations (9) and
(10).
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