The Lebesgue-Radon-Nikodym Theorem

In what follows we assume all measures are defined on (X, M).

Definition 1. Let u be a positive measure and f : X — [—00, 00| a p-measurable function. We
say that f is extended pu-integrable if _at least one of

/Xf+ du or /Xf du

1s finite.

Remarks.
(a) Given p a positive measure and f an extended p-integrable function; if we define the ‘set
function’ ¥ on M by

V(E):—/Efdu EeM

then v is a signed measure ( you had to prove this in the homeworks).

(b) Recall that f is p-integrable when both are finite; which is the same as saying that
Jx |fl dp < oo. In this case we write f € L*(y).

(c) If v is a signed measure and v = v — v~ is the decomposition into its positive and
negative variations — both v and v~ are positive measures— then by integration of measurable
functions with respect to v is defined by

/dev::/deﬁ—/dey—.

Then the space of v-integrable functions is defined by
L'v) .= L'(v")nL'(v)
where L'(vT) and L'(v™) are defined as in (a).

Definition 2. Let v and pu be two signed measures. We say that they are mutually singular
and write v Ly or u L v if there exist E, F € M such that

(1) ENnF =0, FUF = X.

(2) E is null for p and F is null for v.



Definition 3. Let v be a signed measure and p a positive measure. We say that v is absolutely
continuous with respect to p and write v << p if

v(E) =0 forevery EeM  for which u(E) =0

Notation. Let i be a positive measure, f be an extended p-integrable function. In what follows
we shall somehwat abuse notation and simply write dv = fd p to refer to the signed measure v
defined by v(E) = [ fdp, Ee€ M.

Technical Lemma 1. Let v and p be two finite positive measures. Then either
(i) vlilu or

(ii) There exists € > 0 and a set E € M s.t. u(E) >0 and E is a positive set for v — ep.

Proof. Suppose v and p are not mutually singular. Then want to show there exists an € > 0
and a set £ € M with u(E) > 0 and E a positive set for v — ep.

1
Now, for each n € Nlet P, U N,, = X be a Hahn decomposition for v — E,u. Define

P:[jPn and N:ﬁN = P°.
1 1

Then in particular X = PUN and N is a negative set for all n € N. But then the latter
implies that
1

0<vy(N)< n,u(N) forall neN.

By the Squeeze theorem we then have that v(N) = 0.

On the other hand, u(P) > 0. But since we assumed that v and p were not mutually singular,
wu(P) # 0 because we showed v(N) = 0 and X is the disjoint union of P and N.Hence u(P) > 0

1
whence there must exist an ng € N with p(P,,) > 0 and P,, a positive set for v — —pu by

no
deinition of P,,.

Let then € :== — and E := P, to otain the desired conclusion.
o

Technical Lemma 2. Let vy, vy and n be three signed measures, such that vy L n and v L n.
Then for any a1,a2 € R for which a1 v1 + as vo is well defined as a signed measure, we have
that (a1 vy +asve) L 0.

Proof. First note that we only need to consider a; # 0 and since v; L 7 then implies a;v; L 7,
for 7 = 1,2 we can further assume WLOG that a; = +£1forj = 1,2. In any of such cases we
proceed as follows.
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By definition of mutually singular we have that X = A; UA{ and X = Ay UAS§ where 4; ¢ M
be such that A; is n-null for ¢ = 1,2 and A{ is v;-null for i =1, 2.

We want to show that there exists a set A € M such that X = AU A€, a is p-null and A°
(v1 + vo)-null.

Set A := A; U Ay. Then clearly A° = A N AS ; A° C A, i = 1,2. Hence A° is null for both
1 and v, thus it is also null for v1 + v5 so long as the latter makes sense as a signed measure
(which we are assuming).

It remains to show that A is still a null set for 1. For example we rewrite

A= (A1 \Az)U(A2\ A1) U (A1 NAy).
Then given any F' C A; we use the additivity of the measure to write

n(F) =n(F 0 A\ Az)) +0(F 0 (A2 \ A1) +0(F 0 (AN Az))
=0

because each term on the right hand side vanishes since A; are null sets for n and each set on
the right hand side is a subset of A; or As. Thus concluding the proof.

Technical Lemma 3. Let pu be a positive measure and f1, fo : X — [—00,00| be extended
u-integrable functions such that

|f1] dp and |faldp  are o-finite
/ fidu<oco and / fo dp < oo
X X
/ fidp = / fodp  for all A e M.
A A

Then fi(x) = fa(x) p— a.e.

Proof. By the o-finiteness of the measures we have that

X:UXi, /X_|f1|d,u<oo and X:UX'j /X/.|f2|d,u<oo.

J

Let Z; ; .= (X; N X';) i,j € N. Since N x N ~ N, we can relabel Z; ; =: Zj; then X = J Z.
Let now X =, (Ur—; Zk) = U,, Ya; Vs, C Y. We have that
/ |f1]dp < o0 / | fal dp < o0 for all n € N.
Y Y.

In other words xy, f1 and xy, f2 are in L!(1). On the other hand by assumption we have,

/AXYn(af)fl(x) = /AnYn fi(z)du = /AnYn fo(x)dp = /AXyn(x)fg(x) for all A € M
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Then by Proposition 2.23 b. xy, (z)fi(z) = xv, (z) f2(x), p — a.e in z.
Thus |xy, () fi(x) — xv, () f2(z),| =0 p — a.e in z. By Proposition 2.16 we then have

(1) /XYn |f1(x) = fo(z)|dp = /Y |f1(z) = fo(x)|du = 0 foralln € N

Then by the MCT letting n — oo in (1) we can conclude that fi(z) = fa(z), p—a.e. in z € X.

Main Theorem. Let v be a o-finite signed measure and let p be a o-finite positive measure
on (X, M). Then there exist unique o-finite signed measures X and p on (X, M) such that

AL p, p<<p, and VvV=A+p
Moreover, there is an extened p-integrable function f: X — R such that
dp = fdu

and any two such functions are equal p-a.e.

Proof.
CASE I: Assume v and p are both finite and positive measures.

FExistence Define
F={f:X—10,00] : / fdp <v(E), forall E€ M}.
E

Then
(1) F#0since f=0¢€ F.

(2) If f,g € F then h(z) := max(f(x), g(z)) € F. Indeed,

/ h(fﬂ)duz/ f(z) du+/ g9(z) dp
E BEn{a: f(2)>g(x)} E\{z: f(x)>g(x)}

<v(En{z: fz)>g(x)})+v(E\{z : f(z)>g(zx)})
=v(E)

where the second inequality holds since f,g € F.
Let a:=sup;cr{ [ fdu}. Then a <v(X) < oo.

By definition of supremum there must exist a sequnce {f,},>1 C F such that

/fnd,u—>a as n — 0o
xr



For each n > 1 define a new sequence

gn = max (f1, f2,...,fn) and a function f(x) := sup fn(z).

Then

(1) gn€F
(2) gn(7) < gnya and  gn(z) — f(z) as n — o0
(3) a> [gndu > [ fndp by (1) and the definition of g,,.

From (3) and the Squeeze theorem (for sequences of real numbers) we then have that

lim [ g,du — a.
n—oo

Moreover, by (2) and the MCT (all functions are in L™) we can conclude that

ferF and /fd,u—a

Since a < oo and f € L™ the latter implies in particular that f(z) < oo pu — a.e..
Define A so that dA := dv — f du. Then since f € F we have

I/(E)—/fd,uZO for all £ € M.
E

Hence ) is a positive (and finite) measure.

Next, we need to show that A 1 u. We do this by contradiction. Assume A and p are not
mutually singular. By the Technical Lemma 1, there exist a set £y € M and an g > 0 with
w(Ep) > 0 and Ey a positive set for A — gg p. But then

EOXE, A < XE AN < dN=dv — fdp — / (f +eoxm,)dp < / dv =v(E) for any E € M
E E
Thus, (f +coxg,) € F and

/ (f +eoxm,)du=a+eou(Ep) > a
X

which contradicts the fact that a was the supremum of F. We must then have that A L u as
desired. This concludes the existence of A, f and dp := fdu.

Uniqueness Suppose there exist another u-integrable function f’, and A another positive
finite measure such that dv = d\ + f'du as well.

Then d\ — d\ = (f' — f)du. On the other hand, by Technical Lemma 2 A — A\’ L p and by
definition (f' — f)du << du with (f' — f) € L'(u). Hence we must have that

d\ —d\N = (f' = f)du=0 — X=X and by Prop. 2.23 b. f = f'u—a.e



CASE II: Assume v and p are both ¢- finite positive measures.

Existence Let X = [JX; p(X;) <ooand X =JY; v(Y;) < co. For each k € N define
A;; = X;NYj then pu(A; ;) = v(A; ;) < oo and since N x N ~ N, by relabeling we can simply
write X = J, Ax.

Define

pe(E) = p(ENAx)  v(E)=v(ENA); keN.

By Case I, for each k& € N there exist unique Ag, fr such that
dvy = dXg + frdug A L g

Since iy (Af) = v (Af) = 0 we have that A\, (A}) = vk (Af) — [4o frx dur = 0. Hence we may, in
k
particular, assume that f; = 0 on Aj.

Define
A= A =) f
k k

Then dv = dX\ + fdu, A L p (you proved this in Exercise 9) and d\,dp := fdu areo-finite as
desired. Note that since f: X — [0,00], [ « f7du < oo hence f is extended p-integrable.

Uniqueness Follows along the same lines of Case I in conjunction with Technical Lemma 3 to
conclude f = f’ p-a.e in x from dp = fdp and dp’ = f' dmu are o-finite and f, f' : X — [0, o]
extended p-integrable.

CASE III: Assume v is signed o- finite and p is g- finite and positive

Ezistence Let v = v — v~ be the Jordan decomposition of v; where v and v~ are positive
measures. Then since v is signed and o-finite WLOG we can assume v*(X) < oo and v~ is
o-finite. Then by the previous case there exist positive functions f, and f_ : X — [0, 00| and
measures Ay, A_ such that if dp, = fidp and dp_ = f_du,

v =X +pe, v =A_+p., Ay Lpand A Ly

Since
00> v (X) = [ Frdu+ A (X)
X

we have that f, € L'(u) and A\ (X) < oo so that f = f, — f_ is extended p-integrable,
dp := fdp and Ay — A_ are signed measures, Ay — A_ L u. This concludes the existence since,

v =pyt A= (p-+A)

Uniqueness Follows along the same lines of uniqueness in Case II.

Remark The deomposition v = A + p where A L p and p << p is called the Lebesgue
decomposition of v w.r.t. u.
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In the case where v << u the theorem says that dv = f du for some extended p-integrable
function f. In this case such f is called the Radon-Nikodym derivative of v w.r.t. u and it

is denoted by é



