
Algebra 411.2

Homework 3

♥

All answers should be justified.

Due Wednesday February 25, in class.

♥

1. Let R be a ring. We say that a function f : R → R is an automorphism of a ring R

if it f is an isomorphism of rings.

For any invertible element a ∈ R∗, we call the function

Ca : R −→R, Ca(x)
def
= axa−1, x ∈ R;

the conjugation by a. Prove that

• (a) C1 = idR.
• (b) For a, b ∈ R∗, Cb◦Ca = Cba.
• (c) For any a ∈ R∗, conjugation Ca is an automorphism of the ring R.
• (d) Conjugation C is an action of the group G on the set R.

[We also denote Ca(x) by ax. Then property (b) says that b(ax) = bax.]

2. [Examples of conjugation.]

• (a) For R = M2(R) calculate

(1) aβ for a =

(

α 0
0 α−1

)

and β =

(

0 x

0 0

)

.

(2) sβ and sα for s =

(

0 1
1 0

)

.

• (b) For R = H :
(1) Calculate conjugates(1)

IJ, IK, JK , JI, KI, KJ.

(2) Use this to explain that
ZH(I) = spanR{1, I} implies ZH(J) = spanR{1, J}.

1Use the multiplication table of I, J, K, not the matrix computations.

1



2

3. For a ring R let Aut(R) be the set of all automorphisms of the ring R. Prove that

• (a) Aut(R) ∋ idR.
• (b) If α, β ∈ Aut(R) then α◦β ∈ Aut(R).
• (c) If α ∈ Aut(R) then α has inverse function α : R → R and α−1 ∈ Aut(R).
• (d) Aut(R) is a group.

4. [“Trivial” examples of automorphism groups.]

• (a) If f : R → S is an isomorphism of rings show that
(1) For any subset A⊆R, ZSf(A) = f(ZR(A)).
(2) An element e ∈ R is called idempotent (or projector) if e2 = e. We denote

by PR the set of all idempotents in R. Show that f(PR) ⊆ PS, and also that
f(PR) = PS.

• (b) Show that the following automorphism groups are trivial:
(1) Aut(Z).
(2) Aut(Zn).
(3) Aut(Q).

5. [A non-trivial example.]

• Determine the set PZ⊕Z of idempotents in Z⊕Z.
• (b) How large is the group Aut(Z×Z) ?

6. Show that for any ring R, the conjugation construction

C : R∗ −→ Aut(R), a7→ Ca

is a morphism of groups.


