Math 235 Midterm 2 Spring 2014
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Your Name:

Student ID:

Your Instructor’s Name:

This is a two hours exam. This exam paper consists of 7 questions. It has 9 pages.

The use of calculators is not allowed on this exam. You may use one letter size page of
notes (both sides), but no books.

It is not sufficient to just write the answers. You must ezplain how you arrive at your
answers.

1. (18)

2. (12)

3. (16)

4. (12)

5. (14)

6. (14)

7. (14)

TOTAL (100)



1. (18 points) You are given below the matrix A together with its row reduced echelon

form B X3 Wy X¢
1 -1 -3 -3 0 =3 102 304
10 2 3 0 4 015607
4= 2 0 4 6 -1 O B = 0 00018
0 0 0 0 1 8 000000

Note: you do not have to check that A and B are indeed row equivalent.

a) Determine the rank of A. Explain how it is determined by the matrix B.
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b) Find a basis for the kernel ker(A) of A. Fne¢ voq X3, qu X
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d) Let 3 be the basis you found in part 1c for the image of A and let dg be the
sixth column of A. Find the f-coordinate vector [dg|s of d.
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2. (12 points) For which values of the constant & do the vectors below form a basis
of R3. Justify your answer! Vau
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3. (16 points) Let ¥; be a non-zero vector in R?. Recall that the reflection T : R? —
R?, with respect to the line spanned by ), is given by

— f - _‘1 — —

Tx)=2 — . 1

@) =2(5 5 ) - 0

(a) Let B := {t,02} be a basis of R* such that ¥ - 7, = 0 (the two vectors are
orthogonal). Let T be the reflection with respect to the line spanned by .
Express T'(7)) and T(v,) in terms of ¢ and .
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(b) Use your calculations in part 3a to find the S-matrix B of T

B (el Trol) = (14, 1) (53]
m )

(¢) Assume from now on that T is the reflection with respect to the line spanned

by ¥ = ( : ) Find T(&,) and T(&), where & = ( . ) and & = ( ’ )

(&)= ;\((9'@ A -1 = A R)-() (6”3)
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(d) Use your work in part 3¢ to show that the matrix of 7" with respect to the
standard basis {€1, €} is A = & ( —5 12 )

12 5
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(e) Let 8 = {¥|, 7>} be the basis of R2, where the vector 7 is given in part 3c
3
-2
matrix S, such that $~*AS is equal to the f-matrix B of T you found in part

3b, where A is the standard matrix you found in part 3d.

S=an) =33

and v, = . Note that ©; and 7, are orthogonal ¥; - ¥, = 0. Find a

(f) Explicitly verify that the matrices A, B, and S in part 3e satisfy the equality
SB = AS, by calculating each side.
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4. (12 points) Let A be a 5 x 4 matrix with columns dy, dz, ds, ds. We are given that

5 6
;, AR
the vector 3 belongs to the kernel of A and the vectors | 3 | and | 8
4 2 9
1 0

span the image of A, v v/
W v

(a) Express @4 as a linear combination of d,, dz, ds- 5
~ ) =) A
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(b) Determine the dimension of the image of A. Justify your answer.
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(c) Determine the dimension of the kernel of A. Justify your answer.
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5. (14 points) Let P, be the space of all polynomials ag + a1t + aqt? of degree < 2.
Find a basis for the subspace W of P, consisting of all polynomials f(#) satisfy-
ing f/(1) = 0. Explain why the set you found spans W and why it is linearly

independent.

Q@)= o+t tazt”

g = g+ aal
1) = Gt ady ( GM
The QW 6)(4)20 54'6&% Ao QM\C’O/)
O»ao *1*0(1 +;'ac}\: O | »
The Coq%&u'mjé (vernadleg”) Qo By v W
@y = — &y,
By ¢ :Fy
So @(H = Gyt (-2 )bt G+ = 4o L G, (-
' Ake (//ﬁS/‘ﬂ"'{
poty L

35 U o B R for W, -
TLQ/M, /tIro’ j)o%mmwi@@ SPM\ % St /e ?ogwﬂx'a/(ﬁ(f)w
W Vo) Sl\ébﬁ\ A bo ¢ /To\' be /e QA‘MGU‘L Cmb,{‘myﬁ'm\
of Hm, |
Thote fpo% e /gm«em% MW Jmce %

&CJ_-L + Cg)\ (—wl)fhtﬁ\) o The meﬂLM > ey ?)D%/
7(7’\(9/\'\» /‘IO (W)Lﬂ/v\lt m\,\ (.L O/MA Xﬁw (o% ¢y 06 ;f}\'
muk= both  be 20U, 7



6. (14 points) Determine which of the following subsets is a subspace by verifying the
properties in the definition of a subspace or by showing that one of those properties
does not hold.

(a) The subset W of all 2 x 2 matrices A satisfying AB = BA, where B =

(0 1)_ W o4 a subspice,
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(b) The subset W of R* consisting of vectors of the form ( ﬂy: ;‘Z ) , where z,

y, z are arbitrary real numbers. p
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7. (14 points)

(a) Consider a matrix A and let B be the row reduced echelon form of A. Explain
why the statement is true or provide a counter example.
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ii. Is the image of A necessarily equal to the image of B?
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(b) Let A be a 4 x 3 matrix and B a 3 x 4 matrix. Show that rank(AB) < 3.
Hint: Relate im(AB) and im(A)?
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