Math 235 section 4 Solution of Midterm 1 Fall 2008

. (15 points) a) Show that the row reduced echelon form of the augmented matrix

of the system

T1+ 23— T4 — 205 = 2

Ty, + 29 + 31‘3 =1

2£E1+2£L‘3+£E4—|—5£L‘5 =1
1 01 0 1 1

is{ 01 20 -1 0 . Use at most five elementary operations. Show all
0001 3 -1

your work. Clearly write in words each elementary row operation you used.

Answer: Add —R; to Ry. Add —2R; to R3. Multiply R3 by 1/3. Add —Rj to
RQ. Add Rg to Rl.

b) Find the general solution for the system.

Answer: The free variables are x3 and z5.

1 1 —1 —1
i) 0 —2 1
T3 = 0 + x3 1 + x5 0
Ty -1 0 -3
Ts 0 0 1

. (20 points) You are given that the row reduced echelon form of the matrix

3612 6 —4 1200 1 -1
0001 2 —11. 0010 -1 1

A= 1200 1 -1 is B = 0001 2 -1 | You do not
1220 -1 1 0000 O O

need to verify this statement.

(a) Write the general solutions of the system AZ = 0 in parametric form
Z = (first free variable)t; + (second free variable)vy + . ..

Answer: The free variables are x5, x5, and xg.

T —21‘2 — 5 + Tg —2 —1 1
T2 i) 1 0 0
I3 . T5 — Tg . 0 1 -1
z | T —22s Taf g | T g [T g
Ts Ty 0 1 0
Te Te 0 0 1

(b) Let T : R® — R?* be the linear transformations given by T'(Z) = AZ. Find a
finite set of vectors in ker(T"), which spans ker(7"). Explain why the set you
found spans ker(T).

Answer: Note: The word “finite” was missing in the exam version, so other
solutions were given full credit.

The kernel ker(T) is the set of solutions of the equation AZ = 0. We wrote
the general solution ¥ as a linear combination ¥ = x,0; + x50Us + w3, for
the three vectors v7,05,03 given on the right hand side of the answer to part
2a. Hence, ker(T') is the set of all linear combinations of #;,v,03. The latter
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is, by definition span{}, vy, v5}. We conclude that the set of three vectors
{v1, U, U3} spans ker(T).

Let d; be the j-th column of A. Explain, without any further calculations,
why dg belongs to span{das, ds, ds, dy, s}

Answer: Regard the matrix A as the augmented matrix (C|ds), where C' =

- = = = =

the row reduced echelon form B does not have a pivot in the rightmost column,
then the system C7T = dg is consistent. Hence dg is a linear combination of
the columns of C.

Is the image of T equal to the whole of R*? Justify your answer.

Answer: No, since we do not have a pivot position in every row.

3. (a)

(c)

(10 points) Determine for which values of k the matrix A =

— =
N

1

1
k+1
is invertible, and find the inverse when it exists.
Answer: We row reduce (A|I) attempting to get (I|A~1). The values of k

for which we succeed below are those for which the matrix is invertible.
Add —R; to Ry and add —R; to R3. Then add —3 times R, to R3 to get

11 1 1 00 111 1 0 0
1 2 1 010|]~{01O0-1 10
1 4 E+1 0 0 1 00k 2 =31

We see that the matrix is invertible for all values of k except k£ = 0. Assuming
k # 0, divide R3 by k, subtract Rs from R;, and subtract R, from R; to get

111 1 0 0 1002-2 1432 £
010 -1 1 0J]~(010 -1 1 0
00k 2 -3 1 001 2 = 1
(2 points) Check that the matrix you found is indeed A~
11 1 2—-2 —1+4+3 2
Answer: AA7'=11 2 1 —1 1 0 | =1
1 4 k+1 2 2 z

(8 points) Let A, B, C' be n X n matrices, with A invertible, which satisfy the
equation ACA™' — A = B. Express C in terms of A and B.

Answer: Add A to both sides to get ACA™! = A 4+ B. Multiply both sides by
A~! on the left to get CA™' = A~Y(A+ B). Multiply both sides by A on the right
to get C = A"Y(A+ B)A= A+ A™'BA.

(20 points) Let T': R?* — R? be a linear transformation with standard matrix A.

Assume that the image of T is the whole of R2. Carfully justify your answers to
the following questions.

(a)

The rank of A is: 2

Reason: The image im(T') is the whole of R?, if and only if A has a pivot in
every row. A is a 2 x 3 matrix, so A has two pivot positions.



(b)

(c)

Describe geometrically the kernel of T

Answer: The kernel ker(T) is the set of solutions of AZ = 0. A has two
pivots, so the system has precisely one free variable x;. The set of solutions
thus has the parametric form z;9, for some non-zero vector ¢. Thus ker(T) is
the LINE in R? spanned by 7, i.e., the line through 0 and .

Consider the standard matrix A of T. Fix one solution p of the equation

Af:(;). (1)

i. Show that if a vector Z is a solution of the above equation, then ¥ — p'is
in the kernel of T.
Answer: Assume that 7 is a solution of the above equation. Then

T(f—ﬁ):A(f—p}:Ai‘—Aﬁ:<;)—<;):5.

ii. Conversely, show that if & — p’is in the kernel of 7', then ' is a solution
of equation (1).

Answer: Assume that & — p belongs to the kernel of T'. Then

0= T(F—7) = AT — ) = AT — A, So AT = Aj— ( L )
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5. (25 points) Let L be the line in R? through the origin and the non-zero vector .
Recall that the projection Proj;, : R? — R? of the plane onto the line L is given
by the formula Proj.(Z) = (%£) 4.

(a)

Use the algebraic properties of the dot product to show that Projy is a linear
transformation. In other words, verify the following identities, for any two
vectors U, w and for every scalar k.
1. P’/’OjL(U—i‘ ’ll_j) = PTOjL(’(_f) + PTOjL(ZB>.
Answer: Projp(v+ @) = (ﬁ'(ftw)> U= (M) 0=

uu

(ﬁ_ﬁ) T+ (%) @ = ProjL(v) + Projp(w).

U-U

ii. Projp(kv) = kProjp(v).
Answer: Projp(kv) = <M> U= (@) i = kProj (7).

Let u = (1,1). Use the above formula for Proj.(#) to find the standard
matrix P of Projr.

Answer: Recall that we find the matrix of a linear transformation column
by column. Write P = (pip2). Then

o (3)-ren (3)- ) 1)
pr =P — Proj, (¥ :M Y1 (!
(1)) ()10



(e)

NN
NN+

sor=(11).

Find the matrix R of the rotation of the plane 90 degrees counterclockwise.

Answer: We get the equality R = 0 -1 ) either by using the general

1 0
cos(f) —sin(0)
sin(f) cos(0)
or we write R = (71732) and find R column by column.

formula for the rotation R = ( ), with 6 equal 90 degrees,

Let T : R? — R? be the linear transformation, which first rotates a vector 90
degrees counterclockwise, and then projects the resulting vector onto the line
L. Express the standard matrix A of T" in terms of the standard matrices P
of Proj;, and R of the rotation: A=__PR .

Use this expression to compute A.

Answer:A:PR:( )((1’ —01):(

(5 bonus points) Find a vector @ in R?, such that the linear transformation
T in part 5d admits the new description T'(Z) = R(Proj; (%)), where L is the
line through the origin and ¢. Justify your answer.

N [
N [
N [
N [

Answer: Let P be the standard matrix of Projz. Then RP = PR. So P = R™'PR.
Now it is easy to visualize that the linear transformation, which takes ¥ to R~'PRZ,
is the projection onto the line L = R™(L) obtained from L by rotating 90 degrees

clockwise.

any non-zero vector v in L, for example v = <

The line L in R? is cut out by the equation zo = —x;. We could choose

_11 . If you have difficulty visualizing,

simply compute R 'PR and note that it is indeed the matrix of a projection onto the
line spanned by either one of its columns.



