
Math 624: Homework 2

1. Exercise 1, p.312.

2. Exercise 2, p.312.

3. Exercise 3, p.312.

4. Let µ? be an outer measure. Show that if E is Carathéodory measurable
and if A is an arbitrary subset of X we have

µ?(E ∪ A) + µ?(E ∩ A) = µ?(E) + µ?(A) .

5. A set function µ defined on a σ-algebra M of subsets of X is called
a finitely additive measure if µ(∅) = 0 and if for any finite collec-
tion of pairwise disjoint sets E1, · · · , En in M we have µ(

⋃n
i=1 Ei) =∑n

i=1 µ(Ei).

Suppose µ(X) < ∞. Show that a finitely additive measure µ is a
measure (i.e., it is countable additive) if and only if µ is ”continuous
at ∅”, that is for any decreasing sequence of sets A1 ⊃ A2 ⊃ · · · with
Ai ∈M and ∩∞n=1An = ∅ one has limn→∞ µ(An) = 0.

Hint: To show that the continuity at ∅ is sufficient, set F = ∪iEi and
An = F \ ∪n−1

i=1 Ei.

6. Let (X,M, µ) be a measure space. For any set E ⊂ X let us define

µ?(E) = inf

{ ∞∑
n=1

µ(An) ; An ∈M, E ⊂
∞⋃
i=1

Ai

}
.

Show

(a) µ? is an outer measure.

(b) For any A ∈M, µ?(A) = µ(A).
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