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Preface

The purposeof thesenotesis to exposeyou to someinterestingtopicsin geometry
and provide an opportunity to experiencethe joy of learningand doing mathematics.
They are not intended to be a formal presertation of the topics. We have tried to
make a fair mixture of intuitiv e argumerts and rigorous proofs, with perhapsmore
emphasison the intuitiv e approad.

Eadh chapter is written by an individual author and is usually self-cornained.
Most chapters have more emphasizeon preseting interesting facts and giving in-
tuitiv e argumens. There are problems at the end of ead chapter. Some of the
problemsare exerciseson the things discuussedand others introduce new concepts
or theoremsas a complemen to material in the chapter.

Chapters 1, 2, 3, and 6 are basedon Coxeter's book Intr oduction to Geometry
and pictures and material in the Chapter 4 are mainly from the books Fractals
Everywhee by M.F. Barnsley and Fractals for the Classioom (by Peitgen, J&rgens
and Saupe).

Chapters 1, 4 and 7 were written by Kiumars Kaveh, Chapters 2, 3 and 6 by
Jenya Soprounwa, and Chapters5 and 8 by Ivan Soprounw.

We wish to thank Mark Hamilton for editing the notesand making helpful sug-
gestions.We also would like to thank Any Wilk for her cortinuous support and
help.

We hope that you enjoy reading these notes, and that they can help you to
experiencethe beauty of mathematics.
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Chapter 1

Foundations of Geometry

The history of geometryis asold asthe history of humanity. The anciert Egyptians
had a well-deweloped knowledgeof geometrywhich they usedto build their incredible
monumerts. The abstract and organizedstudy of geometrybeganin Greece.Greek
geometersmade a large cortribution to geometry which nowdays we call classial
gemetry.

Greekmathematicianshad alreadya very good understandingof what reasoning,
or more preciselymathematia@l proof is: the bestway to guarartee the validity of a
generalfact is to concludeor derive it from other known facts. The proof of these
known facts will alsorely on someother facts and so on. This processof deriving
a fact from previously known facts can not bad track forever and hencemust stop
somewhereThis meansthat we should baseour reasoning(or proof) on somefacts
which we acceptto be true. Thesewe call axioms

Euclid (325BC-265BC)was the rst to attempt to give a precisetreatment of
geometry His famous 13 volume book Elementsin®uenced all geometersafter him
and remained as the Bible of geometry for certuries. In this book, he introduced
v e axiomswhich he consideredintuitiv ely obvious. His set of axiomsis as follows:

Axiom 1.1. There existsexactly oneline passingthrough two givendistinct points.
Axiom 1.2. A nite line segmeh canbe cortinuedto an in nite line.

Axiom 1.3. There existsa circle with given certre and radius.

Axiom 1.4. All right anglesare equal.

Axiom 1.5. Consider a line intersecting two other lines, sud that the sum of
internal anglesformed in one side, is lessthan 180 degrees,then the two lines
intersectead other in that side.

A very important consequencef theseaxiomsis:

5



6 CHAPTER 1. FOUNDATIONS OF GEOMETRY

Theorem 1.1. In an isocelestriangle, the anglesadjacent to the baseare equal.

This theoremis powerful enoughthat usingit, onecanderive many of the results
in elemenary geometry concerningcongruert anglesand triangles, arcs of circles,
similar triangles, and the important theorem of Pythagoras.

Notice that in Euclid's approad, notions like point, line and circle are still not
clearly de ned. Even so, his work was soimportant that one could not mertion any
better work than his for a long time. It took a long time for mathematicsto react
a level of depth and precisionto begin a seriousprecisetreatment of foundations
of mathematicsand in speci ¢ geometry In 1899David Hilbert, a celebratedGer-
man mathematician, beganthe rst preciseaxiomatic treatment of geometryin his
famousbook Foundations of Geometry. We will not go into the details of Hilbert's
axioms for geometry but we will brie°y explain what mathematicians mean nowa-
days by an axiomatic system:A systemof axiomsconsistsof a collection of unde ned
concepts together with a collection of statemeris or propositions called axioms re-
garding these unde ned concepts.Notions like point and line or congruene are
examplesof unde ned concepts.All other conceptsare de ned using these basic
unde ned conceptsand all theoremsare proved using the axioms. We should not
questionthe nature of the unde ned conceptssincegiving any description or char-
acterization of them would depend on someother extra concepts.We alsoacceptthe
truth of axioms without proof as any proof would require using someother state-
merts, although we have an intuitiv e understanding of the unde ned conceptsand
the axioms.

Hilb ert realizedthat the set of v e axiomsof Euclid is far from being complete
and he introduced a completeset consistingof v e groups of axioms:

1. Incidenceaxioms

2. Axioms regarding order of points
3. Congruenceaxioms

4. Continuity axioms

5. Parallelism axioms

A set of axiomsis completeif any statemert can be proved or disproved using
these axioms. This is a very interesting fact about geometry: it meansthat there
is only nite number of independert facts (axioms) and all other true geometric
statemens (theorems) can be deducedfrom these.!

1An important discovery in mathematical logic in the 20th certury wasthat this is not the case
with the number theory, that is, there is no nite complete set of axioms for natural numbers.
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Another approat to foundations of geometry is through groups of transfor-
mations. As you will learn later in these notes, a geometric transformation is an
invertible function from the set of points on the plane to itself (we assumethe
readeris familiar with the notion of a function and other related concepts.) This
de nition of a transformation is too generaland we are usually not interested in
arbitrary transformations;rather we preferto con ne our attention to speci ¢ types
of them. Someexamplesof geometrictransformations are rotation, translation and
re°ection. In di®eren branchesof geometryoneis interestedin di®eren groups of
transformations.

Let usintroduce someclasseof transformations:

De nition 1.1. A transformation which respects length is called an isometry, i.e.
T is an isometry if for any two points P and Q, the distance betweenP and Q is
sameasthe distancebetweenT (P) and T(Q).

Rotation is an exampleof an isometry.
Hereis another classof transfomtaions:

De nition 1.2. Fix a point O and a number . One de nesa transformation T as
follows: take a point P in the plane. T(P) is the point lying on the line OP whose
distancefrom O is* times distanceof P from O. If 1 is positive T(P) and P lie on
the sameside of O, otherwiseT(P) liesin the other side. Transformation T de ned
in this way is called a homothey with certer O and coexcient *.

Eadh of the above classesharethe following properties:

1. The Composition of two transformations from one classis again in the same
class,e.g.the composition of two isometriesis again an isometry.

2. All the above classesbviously cortain the identity transformation (the trans-
formation which leavesall points invariant).

3. The inverseof ead transformation in a classis again in the sameclass,e.g.
the inverseof an isometry is again an isometry.

Mathematicians call a collection of transformations having the above properties
a group of transformations Each branch of geometryis concernedwith properties
that areinvariant under a speci ¢ group of transformations, for exampleelemenary
geometry is concernedwith properties which are invariant under isometries and
homothecies Examplesof sud properties are similarity or congruenceof triangles,
equality of anglesetc. Projective geometry ? is concernedwith properties that are

2Seethe chapter on projective geometry in these notes
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invariant under the group of projections (the notion of a projection will be de ned
later in thesenotes).

This view of geometrywas rst introducedby the famousGermanmathematician
Felix Klein (1849-1925).His idea of looking at geometry through di®eren groups
of transformations and somehav embedding geometryinto algebrais called the Er-
langen programme Although this approad turned out not to be a comprehensie
treatment of all branchesof geometry it de nitely had a big in°uence on dewelop-
mert of modern geometry

After this overture on the foundations of geometry we are ready to begin our
tour of geometry
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1.1 Problems

Here are somegeometricbrain appetizers!

Problem 1.1. Can you cut the left hand side shape along straight lines and put
the piecestogetherto getthe shape in the right hand side?(ofcoursethe two shapes
have the samearea). What is the minimum number of cuts needed?

Figure 1.1:

Problem 1.2. Draw a polygonalline consistingof 4 piecesthat passeghrough all
the 9 points pictured below. Can you draw sud a broken line consistingof 3 pieces?

e o o
e o o
e o o
Figure 1.2:

Problem 1.3. How many faces,edgesand verticesdoesa soccer ball have?

Problem 1.4. How canyou connectthree loopsin suc a way that they do not fall
apart but when any of them is cut the other two fall apart? (The solution can be
found in front of the Fields Institute.)

Problem 1.5. Shaw that the composition of two homotheciess againa homothecy
What will bethe certer and coexcient of this homothecy?Also shaw that the inverse
of a homothecyis a homothecy (hencethe collection of homotheciesforms a group,
in the sensewe explainedin the chapter).
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Chapter 2

Intro duction to Plane Geometry

2.1 From de nitions to the nine-p oint circle

In this chapter we reviewsomeelemertary planegeometry We will start with the de-
“nitions of medians,anglebisectors,altitudes, perpendicular bisectors,and midlines
and go all the way to the Euler line and the nine-point circle theorems.Although

both of thesetheoremsare of such nature that they could have beendiscovered by

the Greeks,they seemto have escad notice until the 18th and 19th certuries. The

Euler line theorem was only found in the 18th certury by Euler. The nine-point

circle theorem seemsto be discovered independertly by a few mathematiciansin

the rst half of the 19th certury. This theoremis usually assa@iated with the names
of Feuerbat, Brianchon, Poncelet, Davies, and Levy.

De nition 2.1. The line joining the midpoints of two sidesin a triangle is called a
midline.

Problem 2.1. Show that a midline in a triangle is parallel to the base(the third
side of the triangle), and is half aslong.
Hint: Draw the picture and nd similar triangles.

11



12 CHAPTER 2. INTRODUCTION TO PLANE GEOMETRY

Solution: TrianglesAB C and AC B are similar, sincethey shareangle A and
AC%AB = AB%AC = 1. ThereforeCB%BC = 1=2, i.e. the midline is half aslong
asthe base.Since\ ACB°=\ ABC, the midline CBis parallel to the baseBC:

De nition  2.2. The line joining a vertex to the midpoint of the opposite side is
called a median.

Problem 2.2. a) Givena triangle AB C, draw 2 of the three medians,say BB°
and CC? Let them meetat point G. Show that BB?and CCP°trisect ead other at
G, i.e.2C%G = GC and 2B%G = GB:

Hint: Look at the picture below.

b) Concludethat all the three mediansof any triangle passthrough one point.

Solution: a) SinceCBis a midline of AB C, it is parallel to the baseBC and is
half aslong. LM is a midline of GBC, thereforeit is parallel to the baseBC and
is half aslong. It followsthat CB%and LM are parallel and equal,i.e. BICLM is
a parallelogram. Sincethe diagonalsof a parallelogrambisect ead other, we have

BG = GL =LB; CG=GM =MC:

Thus the two mediansBB° CCP°trisect eat other at G.

b) Draw one of the medians,say AA® Let G be the point on this median, suc
that AG = 2AGP. Sinceead of the other two medianshasto trisect the median
AA°they both have to passthrough the point G. We concludethat all the medians
passthrough one point.

De nition 2.3. The point of intersectionof the mediansG is called the centroid of
a triangle.
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Problem 2.3. Show that the three bisectorsof the three anglesof a triangle all
passthrough one point | .

Hint: Prove and usethe fact that the bisector of an angleis the loci of points
equidistart from the sidesof the angle.

Solution: The point of intersectionof the rst two angle bisectorsis equidistart
from all three sides,thereforeit hasto belongto the the third anglebisector,i.e.
all three bisectorspassthrough one point.

The point | of intersection of the three angle bisectors,is equidistart from all
three sidesof the triangle, and henceis the certer of the inscribed circle( alsocalled
incircle). We denotethe radius of this circle by r and call the point | the incenter.

Problem 2.4. In atriangle ABC leta= BC, b= CA,c= AB. Let
p= %(a+ b+ ¢) be the semiperimeter and S be the areaof AB C. Show that
S=pr:

Solution: The areaof AB C is equalto the sum of the areasof triangles BI C,
Al C, Al B. Each of thesethree triangles has height r. Adding the areasof these
three triangles we deduce

—}ar+}br+ }cr— r:
B R S

Problem 2.5. Shaw that the perpendicular bisectorsof the three sidesof a
triangle all passthrough one point O.

Hint: The perpendicular bisector of a line segmen is the loci of the points
equidistart from the end points.

This point O is equidistart from all three verticesof a triangle, and henceis the
certer of the circumscribed circle. This circle is called circumcircle and the certer
O is called the circumenter. We denotethe radius of the circumcircle by R.
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Problem 2.6. Prove the following statemerts:
a) In a circle the angleat the certer is double the angleat the circumferencejif
thesetwo anglesare subtendedby the samearc, i.e in the picture, = 2®

<

b) In a circle, if two anglesat the circumferenceare subtendedby the samearc,
thesetwo anglesare equal, i.e. in the picture, ®= °:

c) In a circle, the angleat the circumferencethat is subtendedby a diameter is
equalto ¥#2, and vice versa,if a right angleis subtendedby a diameter, the vertex
of the anglebelongsto the circumference.

d) The opposite anglesof any quadrangleinscribed in a circle are together equalto
Y i.e. in the picture, ®+ = Y4

@)

s/
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Solution: a) SinceAO = OB = OC = R, trianglesBOA, BOC and AOC are
isoscelesDenote\ OBA =\ BAO by ®,\ OBC =\ OCB by ®,,

\ OCA =\ OAC = "2 Now,

Y%=\ABC+\BAC+\ACB = ®+ ® + ® + 2 = 2®+ 2 % On the other
hand, from triangle AOC, 2 °= ¥ . It followsthat ~ = 2®.

b) Ead of thesetwo anglesis equalto a half of the angleat the certer, therefore
theseanglesare equal.

c) The sum of thesetwo anglesis equalto half the sum of the anglesat the certer,

i.e Vs
O
\ @

d) The rst part follows from a), sincethe correspnding angleat the certer is %
Secondpart: if the vertex were not on the circumference,t would be either outside
or inside of the circle. If the vertex is outside, the angle® is one of the acute angles
of a right-angled triangle. If the vertex is inside, the angle is obtuse,asa
supplemen to one of the acute anglesof a right-angled triangle. It follows that the
vertex is on the circumference.

Problem 2.7. Let ab, ¢ be the sidesof triangle ABC, ® , ° be the opposite
angles,R be the circumradius, and S be the areaof the triangle. Then

a)
1
S = —absin®
2a sin
b)
a b (s .
. = —— = — SineL
sin®  sin sin® (Sine Law)

Solution: a) Draw the height h from vertex A. Sinceh = bsin®, we get
= lab= Zabsin®:
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b) We usethe formula provedin a):

(N | 1
S= éabsm = éacsm = Ebcsm@

From absin® = acsin  we deducesi% = = Similarly, acsin = bcsin® which
implies ;25 = SI% and this completesthe proof.

De nition  2.4. The line through a vertex perpendicular to the opposite side is
called an altitude.

Problem 2.8. In the notations of the previousproblem, S = i—%":

Solution: Draw the circumcircle, connectverticesB and C with the certer O and
draw the altitude OAC°from the certer O to the sideBC. By part a),\ BOC = 2®.
Sincethe triangle BOC is isoscelesthe altitude OA’is an anglebisectorand a
median. Therefore,\ BOA°= ® and BA°= Za. From triangle B OA° we get

ta= Rsin®, ie.sin®= 2. Now, S = Ibcsin®= 2X:

Problem 2.9. The three altitudes of any triangle AB C all passthrough one
point H.

Hint: Construct the triangle whosesidesare the three lines through the three
verticesof AB C, ead of them parallel to the opposite side of AB C.

Solution: In this newtriangle, the altitudes of AB C are the perpendicular
bisectorsof the sides,and we have already proved that they intersectat one point.

De nition  2.5. The point of intersection of the three altitudes H is called the
orthocenter of the triangle.

Problem 2.10. The circumcerier O, the certroid G, and the orthocerter H, all
lie on the sameline and HG = 2GO. This line is called the Euler line.
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A

NH@

B A© D C

Solution: Draw a line through the circumcerter O and certroid G. On this line,
considera point H°sud that GH®= 20G. Let A°be the midpoint of BC. Then G
lies on the median AA® and OACis a perpendicular bisector (seethe picture).
TrianglesOGA? and AGH ° are similar, sinceAG = 2GA% GH°= 20G and

\ AGH %=\ OGAC Therefore OA’is parallel to AH°, i.e. AH °is perpendicularto
B C, and we deducethat AD is an altitude. Similarly BH °is perpendicularto CA,
and CH to AB, i.e. all the three altitudes passthrough H° We concludethat
H®= H, i.e. the orthocerter H lies on the sameline asthe circumcerter O and the
certroid G.

Problem 2.11. The midpoints of the three sidesof a triangle, the midpoints of the
linesjoining the orthocerter to the three vertices,and the feet of the three altitudes,
all lie on a circle. This circle is called the nine-point circle.

Solution: Let A%B°C%A%B%C%pe the midpoints of BC,CA,AB,HA,HB,HC
respectively, and let D ,E ,F bethe feet of the altitudes, asin the picture. SinceCB°
and B °C%are midlines of triangles BAC, BH C, both CB°and B°Care parallel
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to the baseBC, and are half aslong. It follows that BCB%C%is a parallelogram.
On the other hand, B°C°and C°B°are both parallel to AH asmidlines of triangles
HBA and HCA. SinceAH is an altitude it is perpendicularto BC. From this we
concludethat C®B°is perpendicularto B°C? and B CB °C%is a rectangle.Similarly
CACOA%js a rectangle.

The three diagonalsA°A% BB % CC%isectead other at the point of intersec-
tion. HenceAA%? BB % CC%arethree diametersof a circle. It remainsto show that
the points D ,E,F belongto the samecircle. The diametersA°A% BB % CCPsyb-
tend the right anglesA°D A% B°EBC, C°F C°corresmpndingly, thereforethe vertices
D, E, F belongto the circle.
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2.2 Problems

Not all of these problemsare closelyrelated to the above, but almost all of them
are on plane geometryand fun to think about. Enjoy!

Problem 2.12. A right-angled triangle is inscribed in a quarter circle, asin the
picture. It is giventhat OB = BD = 5. Find the hypotenuseAB.

Problem 2.13. In a quadrangleABCD, AB = 4, CD = 5. Let K, H be the
midpoints of sidesBC and AD, and let P, M be the midpoints of the diagonals
AC, BD respectively. Find the perimeterof PKMH.

Problem 2.14. Shaw that any triangle having two equal mediansis isosceles.

Problem 2.15. a) Where s the orthocerter of a right-angled triangle?

b) Where is the circumcerter of a right-angled triangle? Shawv that for a
right-angled triangle 2R + r = p, whereR is the circumradius,r is the inradius and
p is the semiperimeter of the triangle.

Problem 2.16. Show that in a right-angled triangle the bisector of the right angle
cuts the anglebetweenthe median and the altitude in half.

Problem 2.17. Shaw that the sum of the lengths of the medianslies between %P
and P, whereP is the perimeter of the triangle.

Problem 2.18. Show that the altitude AD of any triangle ABC is of length
2R sin” sin®, where =\ B and® =\ C:

Problem 2.19. In a triangle AB C the angle bisector AD is drawn. Show that
AB ¢CD = AC ¢BD.



20 CHAPTER 2. INTRODUCTION TO PLANE GEOMETRY

Problem 2.20. Usingthe pictures below give two proofs of the PythagoreanThe-
orem.

Figure 2.2: Proof 2

Problem 2.21. a) Given an arbitrary triangle, show that it can be cut up into
“nitely many piecesthat can be rearrangedto get a rectangle.

b) Given an arbitrary rectangle,shawv that it can be cut up into nitely many
piecesthat can be rearrangedto get a square.

Problem 2.22. a) The planeis coloredin two colors. Shav that one can always
'nd 2 points at unit distancethat have the samecolor. Is it always possibleto nd
two points at unit distancethat have di®eren color?

b) The planeis coloredin three colors. Show that there are 2 points at unit
distancethat have the samecolor.

Problem 2.23. How many diagonalsdoesa 2001-gonhave?
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Problem 2.24. Draw a closedsix-edgepolygonal graph sud that eat edgeinter-
sectsexactly one other edge.Can a polygonal graph with this property have 7 or 8
edges?AThe star in the picture represeis a closed v e-edgepolygonal graph suct
that ead edgeintersectsexactly two other edges.)

A
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Chapter 3

Transformations of the Plane

3.1 Isometries, groups of transformations

A transformation of the planeis a correspndenceT that assaiateswith ead point
of the planeits image T(P) which alsobelongsto that plane. We will alsoassume
that

1. T is onto, that is the set of all imagesT (P) coversthe whole plane.

2. T isone-to-one that is distinct points have distinct images,i.e. T(P1) = T(P,)
implies P; = P,.

If P = T(P) wesa that P is aninvariant point of the transformation. An isometry
is a transformation that preseneslength, which meansthat the distance between
any two points P and Q is equal to the distance betweentheir imagesT(P) and
T(Q).

The simplestkind of isometry s the identit y, which leavesewery point unchanged,
i.e. T(P) = P,orP ! P for eah point P. A rotation of the plane about a point
P is an isometry with a unique invariant point P. A translation, which is also an
isometry, has no invariant points, sinceewery point is shifted. Another example of
an isometry is a reection in a line I. All the points on the line | are invariant, and
all the other points are mapped to their mirror imageswith respect to the mirror
line I.

The result of applying two transformations successigly is called their product
(or composition). If we rst apply S, and then T, we get

PI S(P)! T(S(P));

which is alsodenotedby TS(P). Note that the orderis important here: TS doesnot
equal ST in general(Problem 3.1). If both T and S are onto and one-to-one,then

23



24 CHAPTER 3. TRANSFORMATIONS OF THE PLANE

sois their product (Problem 3.2). If the product of two transformationsS and T is
the idertit y, i.e. the secondtransformation T sendsead point bad to its original
location before S was applied, then ead of thesetwo transformations is called the
inverse of the other, and their product in the reverseorder is againthe identity (see
Problem 3.3).

When we say that a gure is symmetrial we mean that we can apply certain
isometries,called symmetry operations which leave the whole gure unchangedwhile
permuting its parts. For example,the capital letter A is symmetrical by a re°ection
in a vertical line that passeghrough its vertex and the midpoint of its midline. The
letter N is symmetrical by a half-turn (rotation through %)j. The letter H has a
richer set of symmetries.

Figure 3.1: Symmetriesof the letters A, N and H

It is symmetrical by both horizorntal and vertical re°ections, and it also sym-
metrical by a half-turn (like N). Thusit hasfour symmetry operations:the identit y
(denotedby 1), the horizortal re°ection Ry, the vertical re°ection R,, and the half-
turn, that is equalto R;R>, which is alsoequalto R;R;.

A set of transformations G is said to form a group if

1. It contains the identity transformation 1.

2. For ead transformation S that belongsto G the inverse(denotedby Si 1) is
alsoin G.

3. For any two transformations S and T that belongto G, their product ST is
alsoin G.

The number of distinct transformationsis called the order of the group. Clearly
the symmetry operations of any gure form a group. This is called the symmetry
group of the gure. In the extreme casewhenthe gure is completelyirregular (like
the numeral 6) its symmetry group is of order 1, consistingof the identity alone.
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The set of all isometriesof the planeis a group. The set of all rotations about a
“xed point O is a group aswell. Can you think of other examples?

Although the notion of a group comesnaturally from the study of the symmetries
of geometricobjects, group theory as a subject belongsto algebra.One cande ne a
group of abstract objects in the following way. A set G with an operation £ (which
is just a rule that assa@iateswith an orderedpair (a;b); a2 G; b2 G, an elemert
c 2 G, which is called their product: a£ b= c) is saidto form a group if

1. Thereis anidentity elemert 12 G sudhthat 1£ a= af£ 1= aforalla2 G.

2. For ead a2 G there existsan inverseelemen ai ! 2 G sud that

afal=alfa=1

3. (aE b £ c=a£ (bE ¢ for all a;b;c2 G.

To justify the use of the notations 1 and ai , one hasto show that a group
cannot have more than oneidentity elemen and an elemen a of a group cannot
have more than oneinverse(Problem 3.7).

We have given a few examplesof isometries.One can show that thereis only one
moreisometry of the plane| aglidere®ection which is a product of the re°ection in
aline | and a parallel translation alongthe sameline. This meansthat any isometry
is one of the following: a translation, a rotation, a re°ection or a glide re°ection.
You can nd the proof of this theoremin Coxeter's book Intr oduction to Geometry.

3.2 Homothecy

A homothecyis another example of a transformation of the plane. A short study
will enableusto give a shorter proof of the Euler line theorem. We will alsobe able
to shaw that the Euler line not only cortains the orthocerter H, the circumcener
O, and the certroid G, but also the certer of the nine-point circle, and that the
radius of the nine-point circle is half the radius of the circumcircle.

The image P° of a point P in the plane under the homothecy O(* ) with certer
O and the coezcient ! is de ned asfollows. Draw a line through the points O and
P. First we want P°to satisfy OP%OP = jtj. This de nestwo points on the line,
oneon the samesidefrom O asP, the other on the opposite. If * is positive we pick
for P%the point that is on the samesideasP, if ¢ is negative P%is the point on the
opposite sidefrom P (Figure 3.2).

First we notice that O(*) maps a straight segmen of length d to a straight
segmeh of length j!jd that is parallel to the initial segmen (Problem 3.14). A
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Figure 3.2: Homothecy

triangle is mapped to a similar triangle. An altitude of a triangle is mapped to the
correspnding altitude of the imageof the triangle. It followsthat the orthocerter of
a triangle is mapped to the orthocerter of the imageof the triangle (Problem 3.15).

Now let us give a new proof of the Euler line theorem. The homothecy G(j %)
mapsthe triangle AB C to the triangle AB %% where A% B C°are the midpoints
of the sidesBC, AC, AB correspndingly (Figure 3.3). Hencethe orthocerter H of
the triangle AB C is sert to the orthocerter of the triangle A®B “C° which coincides
with the circumcerter O (Figure 3.4).

Figure 3.3: The homothecyG(j 3) mapsABC to ABXC?°

SinceO is the imageof H under G(j %), the points O, G, and H all lie on the
sameline and GH=0G = 2

Now we explain how to show that the image of a circle of radius r certered at
the point C is a circle of radius j! jr certered at the image C° of the point C. Take
any point P on the initial circle. Let its imagebe P% Then CP%= j1jCP = jijr,
i.e. P2 belongsto the circle of radius r certered at C° To complete the proof we
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Figure 3.4: The circumcerter O of AB C is the orthocerter of ABC?°

A

B Al C
Figure 3.5: The Euler line

have to shaw that ewvery point on that circle is an imageof somepoint on the initial
circle (Problem 3.16).

Given two circlesof unequalradii r, r°and distinct certers C, C° we would like
to nd the homotheciesthat transform the rst circle into the second.SinceC has
to be mapped to C° the certer of the homothecy O belongsto the line passing
through C and C° Pick any point P on the st circle. Sincethe imageof the line |
through C and P is the line |°that is parallel to | and passeghrough C° there are
two possibleimagesfor P, namely the points P°and P “of intersection of the line |°
with the secondcircle.

Thuswe gettwo possiblecerters of homothecy:the rst oneO; is the intersection
of CC%with PP? andthe secondoneO, is the intersectionof CC°with PP % We have
shavn that the two circlesare related by two homotheciesO1(r%r) and O,(j r%r),
whosecerters O, and O, divide the segmeh CCP externally and internally in the
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Figure 3.6: Certers of Homothecy

ratio r : r9(why?). The points O, and O, are calledthe certers of homothecyof the
two circles.

Now we are ready to prove the proposedresults for the Euler line and the nine-
point circle. We consideran arbitrary triangle AB C, with circumcener O, certroid
G, and orthocerter H. Let A% B C°be the midpoints of the sides,and A% B% C®
the midpoints of the segmets HA, HB, HC, asin Figure 3.7.

B D AI
Figure 3.7: The nine-point circle

As we mertioned above, G(i 3) mapsAB C to AB L’ and thereforethe circum-
circle is mapped to the circle circumscribed about ABC° which is the nine-point
circle. On the other hand, H (3) mapsAB C to A°B°C® and thereforeit mapsthe
circumcircle to the nine-point circle. Thereforethe circumcircle and the nine-point
circle are related by the two homotheciesG(j %) and H (%), and G and H are the
certers of homothecy of thesetwo circles. This provesthat the Euler line GH con-
tains the certers of both circles: not only the circumcerter O, aswe know already,
but also the nine-point circle certer N. Sincethe valuesof * for the homothecies
are % and j % the nine-point radius is half the circumradius, and the certers of
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homothecyH, G divide the segmeh ON externally and internally in the ratio 2: 1
(Figure 3.8). Thus N is the midpoint of OH.

O G N H

Figure 3.8:H and G divide ON in the ratio 2: 1
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3.3 Problems
Problem 3.1. Shov that TS 6 ST in general.

Problem 3.2. Showthat if T and S areonto and one-to-one then their composition
TS is alsoonto and 1-1.

Problem 3.3. Let T, S betwo transformations (both onto and 1-1), and show that
TS = 1implies ST = 1

Problem 3.4. Give an exampleof two functions f , g that map [0; 1] to [0; 1] sudh
that their composition f £ g is the idertity function, i.e. f (g(x)) = X, but their
composition in the opposite order g£f is not the identity function.

Problem 3.5. Determinethe set of all symmetriesof
a) a square
b) a regular n-gon.

Problem 3.6. Find as many relations as you can between the elemens of the
symmetry group of a square.

Problem 3.7. Show that
a) There is a unique identity elemen in a group G.
b) There is a unique inverseelemer for every a2 G.

Problem 3.8. Let a, bbelongto a group G. Find the inverseof their product abin
terms of the inversesof a and b.

Problem 3.9. Shaow that if an isometry hasmore than oneinvariant point, it must
be either the identity or a re°ection.

Problem 3.10. Wesay that atransformation T hasperiod 2if its square(T? = TT)
is equalto the identit y transformation, but T 6 1. Show that any isometry of period
2 is either a re°ection or a half-turn.

Problem 3.11. Find formulas in Cartesian coordinates for the following transfor-
mations:

a) a half-turn about the origin,

b) re°ection in the x-axis,

c) courterclockwise rotation through the angle ® about the origin.

Problem 3.12. What is the product of re°ectionsin two parallel mirrors?
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Problem 3.13. What is the product of rotations through opposite angles
(®and j ®) about two distinct points?

Problem 3.14. Show that O(* ) mapsa straight segmen of length d to a straight
segmen of length j* jd that is parallel to the initial segmen

Problem 3.15. Show that if a homothecy maps a triangle AB C to a triangle
AB O then the orthocerter of AB C is mapped to the orthocerter of ABC?,

Problem 3.16. Show that a homothecyO(*) mapsa circle of radius r certered at
C to acircle of radius j* jr certered at the image C° of C.

Problem 3.17. Considertwo concettric circlesof unequalradii. Find the homoth-
eciesthat transform one of thesecirclesinto the other.
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Chapter 4

Fractals

4.1 Self-similarit y and Some Classical Fractals

When | was a kid, | was always amazedby the geometric patterns visible in the
leaves of plants especially ferns. The interesting obsenation is that if you look at
onepart of afern leafit still lookslike the whole leaf exceptsmaller.l knew this by
just looking at ferns so many times.

Figure 4.1:

Mathematicians call this property self-similarity, and self-similar geometricob-
jects are usually called fractals Roughly speaking, a fractal is a geometric object
that can be broken up into pieces,eat of which looks like the original object. To

33



34 CHAPTER 4. FRACTALS

make this more preciselet us say what the de nition of an atne transformation (on
the plane) is.
We represem points on the plane by their xy coordinates.

De nition  4.1. A geometric transformation which sends the point (X;y) to
(ax + by + e;cx + dy + ), for xed numbers a;b;c;d;e and f is called an atne
transformation

Atne transformations include all well known types of transformations suc as
rotations, translations and soon.

De nition 4.2. We call a subsetF of the plane a fractal if it is invariant under a

F=TuF)[ :::[ Ta(F):

Let us considersomeexamples.

4.1.1 The Sierpinski Gasket and Carp et

One of the most famousfractals is the Sierpinski gasketdue to Waclawv Sierpinski
(1882-1969)a well-known Polish mathematician *. Consideran equilateral triangle
(although being equilateral is not essetial) and connectthe midpoints of the sides
of the triangle. The triangle will be divided into 4 smaller triangles. Remove the
middle triangle (as shavn in the Figure 4.2). Do the sameprocessfor ead of the
three small remaining triangles. Repeating this procedurein nitely many times, we
get the Sierpinski gasket In other words, the Sierpinski gaslet is the set of points
which remain if one carries out the processof removing middle triangles in nitely
many times.

A similar construction can be appliedto a square.And in this casewhat oneob-
tains is called Sierpinski carpet. Subdivide a squareinto 9 congruern smallersquares
and remove the certer square.Do the sameprocedurefor the remaining 8 smaller
squares,and repeat this procedurein nitely many times. The set of points that
remainsis the Sierpinskicarpet (seeFigure 4.3).

L1t is also called the Sierpinski triangle.
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Figure 4.2:

%E..;:E:E’.i..if.ii.ir'i
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Step 3

Figure 4.3:
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Figure 4.4:

4.1.2 Cantor Set

There is also a one-dimensionalanalogueof the Sierpinski carpet, which was rst
introducedby the Germenmathematician GeorgCantor (1845-1918)lt is calledthe
Cantor set after him. Take an interval, say the unit interval [0; 1], and divide it into
3 equal pieces.Remove the middle open interval and do the sameto the remaining
two intervals. The set of points which never getsremoved if one carriesthis process
out anin nite number of times is the Cantor set The Cantor setappearsnaturally
in many placesin mathematicsand has many interesting properties.

It is obvious from the picture that the Cantor setis the union of two smaller
copiesof itself: considerthe transformationson the realline T1(x) = x=3and T,(x) =
x=3+ 2=3. Let us denotethe Cantor setby C. Then onecan easily obsene that

C= T]_(C)\ Tz(C)

Let ustake a closerlook at the structure of the Cantor set. Of the openintervals
which we removed in the construction of the Cantor set, the end points do not get
removed and thus are part of the Cantor set. One might think that theseare the
only points in it but this is far from true: in fact, the Cantor setcortains a lot more
points. There is an interesting way to locate a point in the Cantor set: considerx
in the Cantor set. Sincethe middle 1=3 interval gets removed, x is either in the
left hand side or in the right. Without lossof generality supposeit is in the left.
Again since the middle third of this interval gets removed, x is either in the left
hand interval or in the right. Continuing in this way we can assignto x an in nite
sequenceof L's and R's (for left and right), which in fact completely determinesx
in the Cantor setand can be taken asits address.Thus there is a corresppndence
betweenall points in the Cantor setand all possiblein nite sequencesfl's andR's,
and soonecanseethat the Cantor setindeedcortains lots of points. The end points
of intervals can be characterizedby the fact that their addresssequencebecomes
constartly L or constarily R after sometime (seeProblem 4.1).
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Figure 4.5:

If oneis familiar with the expansionof numbersin di®erer bases,we can give
yet another description of the Cantor set. Let us expresspoints in the unit interval
[0; 1] in base3, the so-calledtriadic expansion.The Cantor set can be characterized
as the set of points whosetriadic expansionscortains only the digits 0 and 2 (i.e.
the digit 1 never appearsin their in nite triadic expansion).

We still have more things to say about the Cantor set! Consider a function
f de ned on the real numbers. For a given number x, we are interested in the
behavior of the sequencebtained by repeatedapplication of f to X, i.e. the sequence
x; £ (x);f (f (x));::: This sequencean approad a certain number or may divergeto
in nit y, or may just wander away chaotically.

De nition 4.3. The setof points whosecorrespnding sequence; f (x); f (f (x));:::
becomeaunboundedis called the es@ping setfor the function f . On the other hand
the set of points whose sequencaemains bounded (i.e. does not ever leave some
“nite interval) is called the prisoner setfor f .

Now considera simple function f de ned by
f(x)=3 if x- 1=2 and f(x)=ij 3+ 3 if x> 1=2

The graph of this function is sketchedin Figure 4.5.

Take somevalue x < 0. Then x; = f(x) = 3x < 0. Hencef (x1) = f(f (x)) =
9x < 0. By induction one can seethat x, = f (f (:::(x):::) = 3*x. This sequence
obviously goesto negative in nit y and thus any x < 0 belongsto the escapingset.
Now considerx > 1. In this casef (x) = | 3x+ 3 < 0 and by the previousargumern
the sequence; f (x);::: becomesncreasinglynegative without any bound, meaning
that any x > 1is alsoin the escapingset. But theseare not the only points in the
escapingset of f . One can easily seethat if 1=3< x - 1=2then f(x) > 1 and if
1=2 < x < 2=3then f (x) < 0. This meansthat valuesof x between1=3 and 2=3 are
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in the escapingset of f . Repeating this processone can show that the prisoner set
of f is exactly the Cantor set! (seeProblem 4.2).
Hereis another object worth mertioning in the gallery of classicalfractals:

4.1.3 Koch Snow‘ak e

Considera line segmeh Divide it into 3 equal piecesand on the certer piececon-
struct an equilateral triangle. This way we get a polygonalline composedof 4 equal
segmets. Do the sameprocessto ead of the 4 segmets. Repeat this forever and
what oneobtains is called a Koch curve (Figure 4.6). If we construct a Koch curve
on ead side of an equilateral triangle, we get what is called a Koch snow°ake

oD &

Step 3

Step 2

=tep 1 Generator
Slep O Inisator

Figure 4.6:

It is almost clearhow onecanalter Koch's constructionto obtain a whole family
of self-similar structures. One beginswith an initiator, which may be a collection
of line segmets, and a generator which is a polygonal line composedof a num-
ber of connectedline segmets. One then starts with initiator and replaceseadt



4.2. A BRIEF INTRODUCTION TO JULIA SETS 39

line segmeh by the generatorand repeats the processin nitely many times (see
Problem 4.4).

4.2 A Brief Intro duction to Julia Sets

Julia sets, rst introduced by Gaston Julia (1893-1978),are famous and beautiful
geometricobjectsin fractal geometry Eventhough the badkground neededfor them
is beyond the scope of thesenotes,we decidedto brie°y explaintheir de nition. You
can nd pictures of someJulia setsat the end of this short section.

Julia setslive in the complexplane. For this sectionwe assumefamiliarity with
complex numbers, though we quickly say what these numbers are (this might not
be enoughfor the peoplewho seethe complex numbers for the rst time though).
As you know one can make a correspndencebetween points on a line and real
numbers (the so-callednumker line). Greedy for generalizingand extending ideas,
mathematiciansthought about doinga similar thing for points on the plane;thinking
of them as a bigger set of numberswhich they called complexnumlers (and which
include the real numbers asthe x-axis).

Herethe word numler is a bit misleadingsincewhat we understandby a number
is something related to measuremen But mathematicians like to use the word
number in a more generalsense:any objects that have operations similar to usual
addition and multiplication, they call numbers. As you know, points on the plane
can be represeted by vectors, a point P is represeted by the vector OP starting
from the origin and endingat P. You alsoknow that onecanadd vectors(by adding
their correspnding coordinates). It is alsopossibleto de ne a multiplication between
points on the plane (or rather vectors)generalizingthat of real numbers. Any vector
onthe planecanbe represeted by coordinates(x; y) or written asx1;0)+ yq0; 1).
The vector (1; 0) is usually denotedby 1 and (0; 1) by i. Hencea point on the plane
(which is a complexnumber) canbe written asx ¢1+ y ¢i. Mathematiciansde ne i @i
to bej 1 and aswe expect the multiplication betweencomplexnumbersto have the
usual properties of assaiativity and distributivit y, this turns out to be enoughto
completethe de nition of multiplication betweencomplex numbers. Sincewe have
explainedcomplexnumbers so quickly, onewho encourters thesenew numbers may
not understand the signi cance of them. The truth is that these numbers are the
most natural way of extending the set of real numbers, and they turn out to be
extremely usefulin physics, engineering,and di®eren branchesof mathematics.

Considera simple quadratic polynomial f (x) = x2+ ¢ wherex and ¢ are complex
numbers. Similar to our previousdiscussionabout the Cantor setwe are interested
in the behavior of sequencesf complexnumbersx; f (x); f (f (x));::: Notice that as
we are dealingwith complexnumbers,this is a sequencef points in the plane. This



40 CHAPTER 4. FRACTALS
sequencanust have one of the two following properties, either

a. The sequencdecomesunbounded,meaningthat the elemerts of the sequence
becomefurther and further from the origin, or

b. They remain for ever inside somecircle around the origin.

As before,the setof points having property (a) is calledthe es@ping set and the
set of points with property (b) is called the prisoner set Together,thesesetscover
the whole plane and hencesharethe sameboundary.

Denition  4.4. The Julia set of x2 + ¢ is the common boundary of the escaping
setand the prisoner set.

An interesting fact is that Julia sets are self-similar objects in the plane, that
is, eat Julia set can be decommsedinto smaller similar copiesof itself. But the
di®erencefrom the fractals we met beforeis that thesesimilar copiesare obtained
by non-atxne transformations. Hence Julia sets have more complex self-similarity
than for examplethe Koch curve or the Sierpinskitriangle.
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Figure 4.7: SomeJulia setsfor di®eren valuesof ¢
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4.3 Problems

Problem 4.1. Shaw that the end points of the open intervals which getsremoved
during the construction of the Cantor setcanbe characterizedby the fact that their
LR addresssequencébecomesconstartly equalto L or constartly equalto R after
sometime.

Problem 4.2. Show that the escapingsetfor the function f de ned before(in the
Cantor set subsection)is exactly the Cantor set.

Problem 4.3. Show that in the Koch curve construction, the number of line seg-
ments increasedy a factor of 4 in eadt step.

Problem 4.4. Repeat the construction of the Koch curve starting with a line
segmen and using the following as generator:

Initiator Generator

Figure 4.8:

Problem 4.5. Write a computer programto do the following simple algorithm:
1. Draw a triangle AB C.
2. Plot arandom point P inside the triangle.

3. Randomly chooseone of the three verticesA, B or C, and plot the middle
point Q of the line joining P and the vertex of the triangle.

4. Repeat step 3 replacingQ for P.
Before running the program, can you guesswhat will be the resulting shape?

Problem 4.6 (P ascal's triangle). 2 Many of you might have heardabout Pascal's
triangle: If one expandsthe expression(x + y)", onegetsn + 1 terms starting from

2Look at B. Bondarenko, Generlized Triangles and Pyramids of Pasal, Their Fractals, Graphs
and Applications, Tashkert Fan, 1990,in Russian.
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x" and ending with y" and ead term appearswith somecoezcient. For example:
(x+Yy)? = x?+ 2xy+ y?, sothe setof coexcients isf 1; 2; 1g. If oneputs the coetcients
appearingin the expansionof (x + y)" in the n-th row of an in nite table, we obtain
the Pasal's triangle.

1

11

121

1331

14641

15101051

¢ee

There is alsoan inductive way to construct Pascal'striangle: Let us denotethe
valuein row n and columnk by T(n; k). Put 1in the rst row and starting from the
secondrow, let T(n; k) beequalto T(nj 1;k)+ T(nj 1,k 1). Henceead row is
constructed using the previousrow.

a. Write a computer programto compute T (n; k) and plot a point at coordinates
(n; k) with color white if T(n; k) is odd and bladk if it is even.

b. Modify the above programto plot points white if T (n; k) is divisible by 3 and
black otherwise.

c. Do the samefor divisibility by 5 and 9.
Problem 4.7 (Pythagorean tree construction).

a. Write a computer programto do the following:

Draw a square.
Attach an isoscelesight triangle to oneof its sidesalongits hypotenuse.
Attach two squaresalong the free sidesof the triangle.

w0 DR

Repeat the same for the two newly attached squares.Continue this
processquite a few times.

b. Do the sameconstruction for an equilateral triangle.

c. Do the sametrying somearbitrary triangle (not necessarilyisoscele®r right).
For exampletry triangles with anglesgreater than 90 degrees(Look at Fig-
ure 4.9 for an exampleof this construction).
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Figure 4.9: Pythagoreantree constructedusing a triangle with an angle> 90*



Chapter 5

Intro duction to spherical
geometry . Euler's theorem.

In this sectionwe will talk about sphericalgeometry i.e. geometryon a sphere.It
turns out that all the notions we had on the plane (such as points, straight lines,
angles,triangles etc.) make sensen sphericalgeometry However, someof the facts
we usewithout athought in planegeometryare no longertrue in sphericalgeometry
For example,the sum of the anglesof a triangle on a sphereis not %2 In fact, the
greaterthe areaof the triangle is the greaterthe di®erencebetweenthe sum of the
anglesand vais (Theorem 5.2).

We will alsoprove Euler's theoremwhich says that no mater what corvex poly-
hedronyou take, if you court the number of its vertices, subtract the number of its
edges,and add the number of its facesyou will always get 2. (Ched it yourselffor
tetrahedron or cube!) In one of our proofs of Euler's theoremwe will use spherical
geometry

5.1 Sum of angles of a spherical triangle

5.1.1 Geodesics

The main property of a straight line on the plane is that any segmeh AB of it is
the shortestpath betweenpoints A and B. We usethis property to de ne straight
lines (peoplecall them geodesic lines, or simply geadesics) on a sphere.What do
gealesicson a spherelook like?It is not hard to prove (although we will omit it) that
gealesicsare sectionsof the spherewith planespassingthrough the certer. Sud

1The name\geodesic" comesfrom the Greekroot \geo-" which means\the earth". As the earth
looks very much like a spherewe all are part of a spherical geometry.
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sectionsare called great circles For any two points there is a unique great circle
passingthrough them, unlessthey are opposite. If they are opposite (i.e. belongto
a diameter) there are in nitely many sud great circles.

De nition 5.1. The length of the arc segmen of the great circle betweenA and
B (i.e. the length of the gealesicbetweenA and B) is called the spheri@al distane
from A to B.

Once we have de ned the analogy to straight lines on a sphere,the de nition
of a triangle (or any polygon) carries over from the plane to a sphere:the vertices
are points on a sphereand the sidesare arc segmets of great circles. We will call
triangles (or polygons)on a spherespherial triangles (or polygons).

5.1.2 Angles

As we discussedabove eat gealesic comesfrom a section with a plane passing
through the origin. Let two gealesicsAB and BC start at the same point B.
The angle AB C betweenthe two gealesicsis the angle (the onethat is no greater
than ¥) betweenthe correspnding half-planescorntaining the commonpoint B.

Figure 5.1: The angle betweentwo gealesics

51.3 Area

The polygonwith smallestnumber of verticesin the planeis a triangle. On a sphere
it is a \t wo-angle", i.e., a sphericalsegmeh Indeed, on a sphereif you issuetwo
straight lines (remenber that straight lines for us are arcs of great circles) from a
point A they will intersect at another point A% the point opposite to A. It's not
hard to seewhat the areaof a sphericalsegmen is.
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Figure 5.2: Sphericalsegmen

Theorem 5.1. Let AA° be a spheri@l segment formed by two geodesics.Let ® be
the angle between them. Then the area of the segmentis equal to 2@R?, whee R is
the radius of the spheke.

Proof. Clearly, the area of the segmeh (we denote it Sg) is proportional to the
area of the sphereand is proportional to the angle®. So Sg = c®4¥R?). To nd
coezxcient clet usnotice that when® = Yawe should get the areaof the semi-sphere,
i.e. 2¥R?. Therefore, 2¥R? = c¥4YR?), soc= 1=2%and Sg = 2®@R?. O

Now we are able to calculate the area of a triangle. Let AB C be a spherical
triangle with angles®,  and °. If we cortinue the sidesof the triangle they will
meet at the other three points A% B%and C° oppositeto A, B and C, respectively.
The triangle ABCPis opposite to triangle AB C, soit hasthe sameareaasAB C.

Figure 5.3: The areaof a sphericaltriangle

The rest of the surface of the sphereis covered by three spherical segmets:
AB AC®with angle¥; ®, BCBCA°with angleYs —, and CACB°with angle¥s °.
Thesesegmets are not overlapping, sowe can write:

Sasc + Samuco+ Sy e+ Sy —+ Sy - = YR
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SinceSpg ¢ = Samgoco, Using Theorem5.1 we get:
2Sasc = 4YR?i 2(Wi ®R?j 2% )R?j 24 °)RZ

Finally,
Saec = (®+ +° | YRZ:
We thus proved the following theorem.
Theorem 5.2. Let AB C be a spherial triangle with angles®, and °. Then

Spec .

®+ +° = VYt RZ

whee Sy ¢ is the area of the triangle and R is the radius of the sphee. In particular,
the sum of the anglesis greater than %

Remark 1. It is alsousefulto get a formula for the sum of the external anglesof a
sphericaltriangle. Let ® = %j ®, =1 Tand® = Y ° bethe external angles
of a triangle AB C. Then

Spec .
R2 -

®+ "+ = 2 (5.1)

This follows directly from Theorem5.2.

5.2 Sum of external angles of a spherical polygon

Now we are going to generalize(5.1) to any spherical polygon. We will show that
for every spherical polygon the sum of its external anglesis equalto 2%2minus its
areadivided by R?.

external angles.Then
Sp

ﬁ!
whee Sp is the area of P and R is the radius of the sphee.

® + CCC+ ®, = 2V

Proof. The proof is by induction on n. Considerthe polygon P°= AjA,:::An 1
obtained from P by removing the last vertex A,,. Then the external angles® of P°
are the sameas of P exceptfor ® and ®2,i ;- It easyto see(Figure 5.4) that

=@ +\A; &=®; (2 i-nj2 ®gil=®1il+\Anil;
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Figure 5.4: External angles

where\ A; and\ Ap; ; are the correspnding anglesof triangle 4 AjA,; 1An.
By inductive assumption

Spo
®) + 00¢+ & | = 2Vij R—Pz:

Therefore

(& +\ Ag) + COC+ (B 1+ \ Ap; 1) + B, = 2V %+®n;

Since®, = Y4 \ A, we get

S
® + 000+ @, = 2V R—P;i WAL+ VAL 1+ VAL W)

By Theorem5.2,\ A+ \ Ay, 1+ \ Ay = Y+ Spa, 14, =R?, thus we get

Sp

Spo  SajAn 1Aa
R2’

® + 000+ @ = 4 2o i

= Y4

5.3 Euler's Theorem.

In this section we will give a proof of Euler's theorem basedon the results from
sphericalgeometry?.

2| heard this proof from my teacher Prof. A. Khovanskii
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Theorem 5.4. (Euler's Theorem) Let¢ be a convexpolyharon. LetV, E, and
F denotethe numler of its vertices, edges,and facesrespctively. Then

Vi E+F=2

Proof. Let us placethe polyhedron¢ inside a spherecertered at point O, whereO
is somepoint inside ¢. Project ¢ from the certer O on the surfaceof the sphere.
You canthink of this asif the polyhedronis made of rubber and you pump air into
it until it becomesa balloon with verticesand edgesdrawn on it.

the facesof ¢. Thus the sum of areasof thesepolygonsis 4¥4 (We assumethat the
radius of the sphereis 1.) Using Theorem 5.3 we get

X
M4= Sp, + GG+ Sp. = 2VF | ®; (5.2)

whereon the right hand side we have the sum of all external anglesof all polygons
on the sphere.

Let's take a look at this sumfrom a di®eren point of view. At eat vertex v the
sum of internal anglesis 2%

® + 000+ @, = 2Y

whereE, denotesthe number of edgesthat beginat vertexv. But ® = Y4 ®, thus
for ead vertex v
® + ¢CC+ & = VE,| 2V

Therefore,the sum of all external anglesof all polygonsis

|
X AX !
VE i 2 =Y E, | 2WW:
\ \'
. . P
Sinceevery edgeconnectsexactly two vertices | E, = 2E.

Finally, from (5.2) we get

A= 2YF i 2YE+ 2%, ie. Vi E+F =2
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5.4 Problems

Problem 5.1. Find the sphericaldistancefrom the north pole to the equator (as-
sumingthat the earth is a sphereof radius 6,350km).

p_
Problem 5.2. Shaw that the points A = (5#5; 5#5; %) and B = (#%; ¢, 0) lie on
the unit sphere.What is the sphericaldistance betweenthesepoints?

p_
Problem 5.3. Find the value of angle ABC, where A = (E&_E;E&_E;_?’)’ B =
(P P5;0) and C = (#5;0; 55).

Problem 5.4. Given a convex polyhedron, let % be the sum of all °at anglesat a
vertex v. It is clearthat % is lessthan 2% The di®erenced, = 2% ¥ is calledthe
defect at v. Prove the Desargues theorem that says that the sum of the defects
over all the verticesof a corvex polyhedronis 4%

X

dy = 4%
\

Problem 5.5. A graphis a nite collection of points, called vertices together with
a nite collection of lines, called edges connectingvarious pairs of vertices.A graph
is called connected if it is possibleto move from any vertex to any other vertex by
moving along edges.A graph is called simply-connected if it is impossibleto move
from any vertex to the samevertex by moving along edgeswithout retracing the
sameedge.In other words, a graph is simply-connectedif it doesnot cortain loops.
Give examplesof the following:

(a) a connectedgraph that is not simply-connected,
(b) a simply-connectedgraph that is not connected,

(c) a connectedsimply-connectedgraph.

Problem 5.6. A connectedsimply-connectedgraph is calleda tree. Prove Euler's

form ula for a tree:
Vi E=1

whereV and E denotethe number of verticesand edgesof the tree.

Problem 5.7. Let j be a connectedgraph on the plane. It breaksthe plane into
seweral (possibly zero) nite regionsand onein nite one.The nite regionswe call
facesof the graph. Prove Euler's form ula for a connectedgraph j on the plane:

Vi E+F=1;

whereV, E and F denotethe number of vertices, edgesand facesof j.
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Problem 5.8. Let j beaconnectedgraph on a sphere.lt breaksthe surfaceof the
sphereinto parts which we call faces of the graph.

(a) Prove Euler's form ula for a connectedgraphj on a sphere:
Vi E+F=2
whereV, E and F denotethe number of vertices, edgesand facesof j.

(b) Give another proof of Euler's theorem (seeTheorem5.4).



Chapter 6

Regular Polyhedra in three- and
four-dimensional space

6.1 The Platonic Solids

A regular polyhedron is a nite region of 3-spaceenclosedby a nite number of
equalregular polygons(i.e. equilateral triangles, squares regular pertagons,etc.) in
suct a way that the faces t in the sameway around ead vertex, and around eat
edge.A cube and a tetrahedron are the most familiar regular polyhedra. It turns
out that there are only three more.

We rst try to construct a regular polyhedron made of equilateral triangles. If
we t three triangles at eat vertex we get a tetrahedron; if we 't four triangles
we get an octahedron. It is also possibleto have v e triangles at ead vertex. This
polyhedronis called an icosahedronlf wetry to t six trianglesthey all would have
to lie in one plane (sincethe angle of an equilateral triangle is %/“ six of them make
2Y), and more than six triangles would not 't at all.

Now we work with squares.If we have three squaresat ead vertex we get a
cube. Four squareswould have to lie in the sameplane, and more than four would
not t. Thereforethere is only oneregular polyhedron made of squares.

We can also t three regular pertagons at eat vertex to construct a dodeca-
hedron. The angle of a regular hexagonis % (why?) and if one ts three regular
hexagonsat one vertex they would all have to lie in the sameplane. More than
three regular hexagonswould not t. Sincethe angle of a regular n-sided polygon
increaseswith n (Problem 6.1) we have descrited all the possibilities.

We have shawn that one can only have three, four or v e equilateral triangles
meeting at eat vertex, or three squares,or three pentagons. By constructing all
v e polyhedra (Figure 6.1, Figure 6.2, Figure 6.3) we have proved that eadt of these
situations actually occurs.

53
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Figure 6.1: Tetrahedronf 3; 3g and Octahedronf 3; 4g

Figure 6.2: Icosahedronf 3; 5g

Sincethe shape of a regular polyhedronis completely determinedby the number
of facesmeeting at a vertex and the number of sidesof the face, we have given a
completedescription of all possibleregular polyhedra.

These v e polyhedra were known to Plato, and in his Theory of Ideasthe rst
four symbolized the four elemerts: earth, re, air, water. The fth, dodecahedron,
represered the universe.This is why the regular polyhedraare alsocalledthe \Pla-
tonic Solids".

Position a tetrahedron in such a way that oneof the verticestouchesa planeand
the oppositefaceis parallel to the plane.Project the tetrahedronto the planefrom a
point that is just outsidethe certer of the face.This faceappearsasa large triangle
with all the remaining faces Iling its interior. Sudh a drawing of a solid is called a
Schlgel diagram. Schlegeldiagramsof a tetrahedron, a cube and an octahedronare
showvn on Figure 6.4.In Problem 6.4 you are asked to draw Sdlegeldiagramsof the
other two polyhedra.

As we mertioned above ead polyhedron is uniquely determined by a Schla®i
symiol f p;qg, wherep is the number of sides(or vertices) of ead face,and q is the
number of facesmeeting at ead vertex.

This suggestghat onecanexpresshe number of verticesV, the number of edges
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Figure 6.3: Cube f 4; 3g and Dodecahedronf 5; 3g

Figure 6.4: Sthlegeldiagramsof a tetrahedron, a cube and an octahedron

E and the number of facesF in terms of p and q (Problem 6.5). Using the obtained
formulasand the fact that V, E, F are positive numbers,onecan give another proof
that there are exactly v e Platonic solids (seeProblem 6.6).

6.2 Dihedral Angles

For later purposeswe would like to nd the angleformed by the facesof a regular
polyhedronf p;qg. This angleis called the dihedral angleof f p;qg.

First we have to explain what we mean by the angle formed by two planes.In
eadt of the two planesdraw the line that is perpendicularto the line of intersection
of the planes.The angleformed by thesetwo linesis the angleformed by the planes
(Figure 6.5).

Figure 6.5: Angle formed by two planes
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The angle formed by the facesof a cube is % Now we nd the angle formed
by the facesof a tetrahedron. We assumethat the edgesod the tetrahedron are of
length 1. On Figure 6.6 A; B; C; D arethe verticesand M is the midpoint of AD .

A

Figure 6.6: Dihedral angle of tetrahedron

Sincethe facesare equilateral triangles, CM and BM are perpendicularto AD,
and\ BM C is the angleformed by two faces.Now,

N
I
MW

BM2=CM?=CD?; MD?= 1]

P _ _ P
thereforeBM = CM = -2, and from Figure 6.6 we seesinA = 1= = ¢, where

A= I\ BMC:
2
Next we explain how to nd the dihedral angle of a generalregular polyhedron

f p;gg. We assumethat ead of the edgess of length 2. Connectthe certer O of the

Let C be the certer of that face,M; be the midpoint of A;A,, and M, be the
midpoint of ApA; (Figure 6.7).

Since A;:::A, is a regular p-gon, \ M;CA; = % Let Q be the foot of the
perpendicular from M; to A;O. From the symmetry, M,Q is perpendicularto A;O
aswell, and \ M;QM,, is the angle formed by the facesA;0A, and A;OA,. Since
we have g faces tting at the vertex A; of the polyhedron, there are q pyramids
identical to OA;::: A, around the edgeOA 1, which implies\ M;QM, = 2—;/“:

Now we give a plan for nding \ OM ;C, which is half of the dihedral angleof the
polyhedron f p;qg (Problem 6.8). First nd CM;, M;M4, QM (from the triangle
QM1My), sin\ OA;M; (it is obviously equalto QM3), and then then tan\ OA; M1,
which is equalto OM;. Finally onecan nd OC and compute sin\ OM;C. If you

did all the calculationsright, your ansver should be £79;
#p




6.3. THE FOUR-DIMENSIONAL REGULAR POLYHEDRA 57

Figure 6.7: Dihedral angleof f p;qg

6.3 The Four-dimensional Regular Polyhedra

Translating a line segmen perpendicularly to itself we trace out a square.Translat-
ing this squareperpendicularly to itself we trace out a cube. Now, to construct a
hypercube (four-dimensional cube), we have to translate a three-dimensionalcube
along the direction that is perpendicular to the cube, which is impossibleto do in
our usual three-dimensionalspace.

In 3-spacea point is represeited by its Cartesiancoordinates(x; y; z). We de ne
a point in 4-spaceto be an ordered quadruple of numbers (X;y; z;w), i.e. we are
introducing one more coordinate axis w. Now a hypercube can be de ned asthe set
all points (X; y; z;w) in 4-spacesud that

O-x-1;0-y-1;0-2z-1;0- w- I

Just as we can draw °at pictures of solids by projecting them onto a plane, so
we can make °at or solid \pictures" of four-dimensionalsolids by projecting them
either onto a plane or onto 3-space Figure 6.8 shavs two di®eren projections of a
hypercube. The secondprojection is a Scdlegeldiagram of a hypercube. Looking at
thesepictures one can easily compute the number of vertices, edges,’at faces,and
three-dimensionalfaces(they are called cells) of a hypercube (Problem 6.9).

Another example of a four-dimensional solid is a regular simplex which is a
four-dimensional analog of a tetrahedron. To construct a tetrahedron we draw a
line through the certer of an equilateral triangle AB C which is perpendicular to
the plane of the triangle and choosea point D on this line sud that its distances
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/

/

Figure 6.8: Two projections of the hypercube to 3-space

from the three vertices of the triangle are all equal to the length of the edge of
the triangle. To construct a regular simplex we use a tetrahedron as a base.We
draw a line perpendicularto the tetrahedron AB CD through its certer and choose
a point E onit sud that its distancesfrom all four verticesare equalto the length
of the edgeof the tetrahedron. To shav that sud a point E can be found in four
dimensions,onehasto nd the coordinates of the verticesof the regular simplexin
4-space(Problem 6.11). In Problem 6.12you are asked to draw a Sdlegeldiagram
of the regular simplex,andto nd the number of its vertices,edgesfaces,and cells.

Our goal is to describe the four-dimensional analoguesof the Platonic solids.
Our argumert will be similar to the onewe gave for Platonic solids.We will seethat
there exist at most six four-dimensionalregular polyhedra. To shav that there are
exactly six of them we would have to give an actual construction for ead of them.
As the complete story of sudh constructions is long and complicated we shall be
satis ed with giving Schlegeldiagram for four of them. All the six regular polyhedra
were discovered by Sdla®i before 1855.

We start with the de nition of a regular polyhedronin 4-space.A regular poly-
hedron f p;q; rg is a con guration of a nite number of equal Platonic solidsf p;qg,
called cells, tting togetherin suc a way that ead facebelongsto two cells, and
eat edgeto r cells. Both a hypercube and a regular simplex are regular polyhe-
dra. We can easily seefrom the pictures that a hypercube is f 4; 3; 3g, and a regular
simplexis f 3; 3; 3g.

In the three-dimensionalsituation we could only t certain numbers of polygons
around ead vertex. In 4-spacehe sumof the dihedral anglesof the cellssurrounding
an edgeshould be lessthan 2 In Problem 6.13you are asked to prove that onecan
place three, four, or ve (but no more) tetrahedra together at the common edge.
Sincethe dihedral angleof the hypercubeis g we canonly placethree cubesaround
an edge.Again, sincethe dihedral anglesof the octahedron and dodecahedronare
between%/“ and %/“ (Problem 6.14), we can place just three of either together at an
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edge.The dihedral angle of the icosahedronis greater than %/ (Problem 6.14), soit
cannot be usedto construct a four-dimensionalregular polyhedron. We have shavn
that there are at most 6 regular polyhedrain four dimensions:

£3;3;30; 13;3;40; 13;3;59; f4,3;3g; 13;4;3g; f5;3;30:

We have already constructedtwo of them: the hypercubef 4; 3; 3g and the regular
simplex f 3; 3; 3g. To show that ead of the 6 possibilities actually occurswe would
have to construct all of them. Sinceit is quite complicated, we only give Stlegel
diagramsfor f 3; 3; 4g, the 16-cell(Figure 6.9), and f 3; 4; 3g, the 24-cell,which is the
symbol of our camp (seethe front pageand try to nd the 24 octahedral cells).

Figure 6.9: 16-cell
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6.4 Problems

Problem 6.1. Find the angleof a regular n-gon. Shaw that it increaseswith n.

Problem 6.2. Find the number of vertices, edges,and facesfor eat of the ve
regular polyhedra. Verify Euler's formula for thesesolids.

Problem 6.3. Figure 6.10 shows a tetrahedron and a cube that were cut along
someof the edgesand then folded out. Draw similar pictures for the other three
regular polyhedra. Cut them out and make models of the regular polyhedra.

Figure 6.10: Folded out tetrahedron and cube

Problem 6.4. Draw Sdlegeldiagramsfor the dodecahedronand icosahedron.

Problem 6.5. ExpressV, E, F intermsofpandq. (Hint: Shovthat gV = 2E = pF
and useEuler's formula.)

Problem 6.6. Givean alternate proof of the fact that the only regularpolyhedraare
the tetrahedron, the cube, the octahedron, the icosahedronand the dodecahedron.
(Hint: usethe formulas you got in the previous problem.)

Problem 6.7. Find the maximal n sud that a regular n-gon can be obtainedasa
sectionof the cube.

cosY(q
sin¥&p!

Problem 6.8. Following the plan we gave in 1.2 show that sin(%) is equalto
where A is the dihedral angle of f p;qg.

Problem 6.9. Compute the number of vertices, edges,faces,and cells of the hy-
percube.

Problem 6.10. Draw a picture of a folded out hypercube.

Problem 6.11. Construct the regular simplex by giving coordinate of its vertices.
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Problem 6.12. Draw a Sdilegel diagram of the regular simplex. Compute the
number of vertices, edgesfaces,and cells of the regular simplex.

Problem 6.13. Shaw that the dihedral angle of the tetrahedron is lessthan 2¥#5,
soonecan t three, four, or v e tetrahedra around oneedgein four dimensions,but
no more.

Problem 6.14. Show that the dihedral anglesof the octahedronand dodecahedron
are between%“ and % and that the dihedral angleof the icosahedrornis greaterthan
Problem 6.15. Construct the 16-cellf 3; 3; 49 by giving the coordinates of its ver-
ticesin 4-space.(Hint: onecando it by choosingsomeof the verticesof the hyper-
cube.)

Problem 6.16. Let Ng, N1, N5, N3 be, respectively, the number of vertices, edges,
faces,and cellsof fp;g;rg and V, E, F be the number of vertices, edges,and faces
of its cell f p;qg. Show that FN3 = 2N, EN3 = rN; = pNo.

Problem 6.17. Chedk that the regular simplex, hypercube, the 16-cell and the
24-cellsatisfy Stla°®i's 4-dim analogueof Euler's formula

Noi N1+ Nzj N3= 0
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Chapter 7

Pro jectiv e Geometry

7.1 Amateur Painter

Onceupon atime, there wasan amateur painter namedPablo. He wasnot a modern
artist and tried to paint what he sees.Sincehe had a taste for beauty he was also
interestedin geometry

(a) (b)

Figure 7.1:

In one of his outdoor paintings, he has drawn a railroad (Figure 7.1 (a)). He
alsodrew the samescenefrom another view (Figure 7.1 (b)). After nishing a few
drawingshe started to obsene somegeometricfacts. First he noticedthat two things
may have samelength while their picturesin his painting have di®eren lengths,i.e.
further objects appear smaller. Hencehe does not respect the length of objects in
his drawings. *

L1t is very interesting that, as far asthe author knows, in Eastern traditional paintings the

63



64 CHAPTER 7. PROJECTIVE GEOMETRY

He alsorealizedthat, in the picture, parallel lines may not be parallel any more.
The pair of lines forming the tracks are an exampleof this. They intersectat some
point on the horizon.

Mathematically speaking,what Pablois doingis painting the imageof somescene
under a so-calledcentral projection: Considertwo planesH; and H, in 3-dimensional
spaceand a point P outside the two planes(called the center of projection). H, can
be thought of asthe carvas,H; is the °at sceneonewants to paint, and P is where
the eyesof the painter are located (notice that even though we have two eyes, our
brain mixesthe two imagescoming from the eyesand seeshe world in oneimage.)

TR H

Figure 7.2:

Supposex is a point in Hy. Connectx and P and let x° be the intersection of
the line xP and the planeH,. Then x%is the point on the painting correspnding to
the point x in the scene.The ray xP is the light ray comingfrom the point x to the
eyesof painter or obsener at P. Note that asx getsfurther and further away, the
line xP becomesmore and more parallel to the plane H,. In fact if from the point
P we draw a plane H parallel to H,, this would intersectH, in a line. This line,
called horizon, represeis points at in nit y of H».

There are still more things we can learn looking at the picture of railroads:

Projection doesnot presene the angle betweenlines sinceall the anglesformed
by di®eren parts of the railway are right angleswhile in the picture this is not true.

Projection doesnot even presene the orderin which points are locatedon aline,
that is, if A, B and C are three points on a line with B betweenA and C, after

painter tries to be faithful to reality rather than his eyesand paints objects at di®erert distances
with the samesize. That is why the Eastern paintings do not have perspective in the Western
sense.
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projection they will still lie on a line but B may happen to be not betweenA and
C any more. But this seldomhappensin paintings.
Let us seehow this phenomenacan happen:

Ko
/ -~

A B C H

Figure 7.3:

SupposeA, B and C areonthe line | living in the planeH, and B is betweenA
and C. As you see(Figure 7.3), A is locatedbehind point P (the eyesof the painter
or obsener) while B and C arein front of P. As you seetheir projections are points
A% B%and C%and CPis betweenA°® and B For this to happen in a painting, the
painter would have to paint things located behind his/her eyes!

In Figure 7.4 we have drawn what would be the result if oneattempted to paint
an in nite railway on a in nite paper or carvas, even painting part of the railway
located behind one'seyes.

Figure 7.4:
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Projective geometryis the branch of geometry dealing with those properties of
geometricobjects which do not change(are respected) during a certral projection.

The motivation for projective geometrycamefrom architecture and ne arts. It
wasin 1425that the Italian architect Brunellesdi begandiscussingthe geometrical
theory of perspective. The conceptof a point at in nit y (to be discussedn Section
7.2) occurred independerily to the German astronomerJohann Kepler (1571-1630)
and the French architect Girard Desargueq1591-1661).J.V. Ponceletwasthe rst
to de ne projective spaceand give purely projective reasoningfor previously known
theorems.He was an oxcer in Napoleon'sarmy and becamea prisoner in Russia
after the defeat of Napoleon. Having lots of time in jail, he remenbered that he
had a good talent for geometry and hencestarted thinking about it which led to
someimportant discoveriesin projective geometry?. Poncelet'sinvestigationswere
cortinued by many mathematicianssud as Von Staudt, Felix Klein, MAbius and
others which resultedin establishingsolid foundations and a generalframework for
projective geometry 3

Let us recall the following de nitions:

De nition  7.1. Points lying on the sameline are called collinear; lines passing
through the samepoint are called concurrent.

If a point P lieson a line | we say that P is incident with |. To say | passes
through P we say | is incident with P.

As the imageof a line under a projection is still aline, notions like collinear and
concurrert arerespectedby certral projection. On the other hand, aswe have seen,
it doesnot respect length, angleor parallelism. Soasfar aspoints and straight lines
are concerned,a projective geometry statemen or theorem deals with incidence
notions of points and lines, i.e. being collinear and/or concurrert. Hereis a simple
exampleof sud a statemert:

Giventwo distinct points, there is exactlyoneline passingthrough(incident with)
thesepoints.

It may seemthat all sud statemerts are very simpleand intuitiv ely obvious, but
this is not the case.We illustrate this by stating the famoustheorem of Desargues.

De nition  7.2. If two specimensof a gure composedof points and lines can be
put into correspndencein sud a way that pairs of correspnding points are joined
by concurrent lines, we say that the two specimensare perspective from a point.

2Look at E.T. Bell, Men of Mathematics.
3H.S. Coxeter, Projective Geometry
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Theorem 7.1 (Desargues). If two triangles are perspective from a point, and if
their pairs of correspnding sides meet, then the three points of intersection are
collinear 4.

Figure 7.5:

We will give a proof of this theoremlater in section3. Note that in the statemen
of theoremthere is no mertion of the relative position of the triangles, i.e. whether
Alis betweenA and O or not (Figure 7.5). Hencethere are se\eral ways to draw a
picture for the theorem. As an exercise try to draw other pictures for the theorem
(Problem 7.2).

7.2 Points at In nit y and the Principle of Dualit vy.

Let us comebadk to our discussionof painting and certral projection (look at Fig-
ure 7.2). There we obsened that there is a correspndencebetween points on the
scenewe wish to paint (plane H;) and points on the painting (plane H,), exceptthat
points on the horizon line do not correspnd to any point on the planeH;.Howewer,
they canbe thought to correspnd to points at in nity of H;. There are also points
on the plane H; that do not have any correspnding point in H,. Theseare points
x sud that xP is parallel to H,. Thesesimilarly can be thought to correspnd to
points at in nit y of H.

To make the situation more homogeneousmathematicians would like to add
someideal points living at in nity to the usual set of points of a plane. What one
then obtains is called the projective plane

4Taken from Coxeter's Geometry Revisited, page 70.
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Let us brie°y explain how the projective plane is constructed. Consider again
Figure 7.2. Any point on H; correspndsto the line xP and any line | in H; corre-
spondsto the planelP. The corverseis almost true: ead line (respectively plane)
passingthrough P correspndsto a point (respectively line) in H,, exceptthe ones
parallel to H;. The set of all lines passingthrough P is the projective plane of
H,. Ead line represetts a point in H; and ead plane represets aline in H;. The
unigue plane passingthrough P and parallel to H, represets the line at in nity
of H;. Notice that in this de nition there is no intrinsic distinction betweenusual
points and points at in nit y. Indeed if we changethe plane H; someother points
will lie at in nit y.

This clewer idea of adding points at in nit y hasinteresting implications. Firstly,
in the projective planeit is no longertrue that parallel lines do not meet! Each pair
of parallel lines meetsat a unique point at in nit y. In the projective plane, any two
lines intersectand if this point of intersectionis at in nit y the lines are parallel in
the usual sense.

As you remenber, in the statemern of Desargues'theorem we assumedthat
pairs of correspnding lines meet. Having added points at in nit y one candrop this
assumptionand state the theoremin a more generalsituation. We illustrate this by
the following gures:

If all pairs of correspnding lines AB, AB°and AC, AC%and BC, B« are
parallel, they intersectat in nit y. All points at in nit y are collinear (lying on the
line at in nit y). Sothe theoremis true in this case.

In Figure 7.6, the two triangles are perspective from a point at in nit y i.e. lines
joining correspnding sidesof triangles are parallel. As you see the statemen of the
theoremis still true.

Figure 7.6:
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Finally, in Figure 7.7 the sidesAC and AC°meetat P, BC and BAC° meet at
Q and AB and A®B? are parallel. One can easily prove (Problem 7.9) that PQ is
parallelto AB and AB¢ henceAB, ABB%and PQ meetat the samepoint at in nit y.
Sothe statemen of Desarguestheoremis true in this casetoo.

Q
P RO
AO
A
o] C Co
Figure 7.7:

Now we arein a position to state the principle of duality in the projective plane.
Considerthe simple projective statemert we gave before:

Given two point, there is exactly one line incident with thesetwo point

Now, in this statemen interchangeall words point and line. We get:

Given two lines, there is exactly one point incident with thesetwo lines.

or

Any two lines intersect in exactly one point.

Which is a true statemernt in the projective plane. The celebratedPrinciple of
Duality says:

If in atrue projective geometry statement,that is a true statementinvolving only
notions of point, line and their incidence relations, one interchangesvords point and
line, one still getsa true statement, it is implicit that we should also interchange
verbspassthroughand lie on.

This new statemert is called the dual of the original statemen. It is a good
exerciseto try to seewhat dual of Desarguestheoremis (Problem 7.3).

7.3 Pro of of Desargues' Theorem

We prove the 3-dimensionalversionof Desarguestheorem.First we list someaxioms
regarding the incidencerelations of points, lines and planesin the plane and space,
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(to be more precise,the projective plane and the projective space,look at Problem
7.10), which we usethroughout the proof. °
Axioms for projective geometryin the plane:

Axiom 7.1. Two distinct points de ne one and only one straight line with which
they are incidert.

Axiom 7.2. Two distinct lines de ne oneand only one point with which they are
incidert.

Axioms for projective geometryin the space:

Axiom 7.3. Two planesdetermineoneand only onestraight line; three planesthat
do not passthrough a commonstraight line determine one and only one point.

Axiom 7.4. Two intersecting straight lines determine one and only one point and
oneand only oneplane.

Axiom 7.5. Two points determine one and only onestraight line; three points not
on onestraight line determine one and only one plane.

Theorem 7.2 (3-dimensional Desargues' theorem). Two triangles AB C and
ABXLCin space keing given, let them ke so placd that the lines connecting corre-
sponding verticespassthrougha singlepoint O. Then the three pairs of correspnding
sideshave points of intersection, R, S and T, and thesepoints of intersection are,
moreover, collinear.

Proof. The rst part of the theoremis easyto prove. By the secondaxiom, the
two intersecting straight lines AA° and BB® de ne a common plane. The straight
lines AB and ABP° also lie in this plane, whenceit follows, by the secondaxiom
for incidencein the plane, that thesetwo straight lines have a point of intersection
R. (R may be a nite or in nite point.) The existenceof the two other points of
intersection, S and T, is proved analogously

The secondpart of the theoremis easyto seein the casewhere the triangles
are in di®eren planes.In this casethe planesof the triangles determinea common
(‘nite orin nite) straight line of intersection,by Axiom 7.3 for space.Of ewvery pair
of correspnding sidesof the triangles onelies in one of theseplanesand the other
lies in the other plane. Sincewe have seenthat the sidesof sud a pair intersect,
their point of intersection must be on the straight line that the two planeshave in
common. This provesDesarguestheoremfor the generalcase.

5This chapter is basically from Hilb ert's Geometry and Imagination, Chapter 3.



7.4. CONIC SECTIONS AND THE THEOREM OF BRIANCHON 71

Figure 7.8:

But it is preciselythe special casewherethe triangles are in oneplanethat is of
particular importance.To provethis, we project our spatial gure to aplane.Weonly
needto shaw that ewvery plane Desargues’ gure is a projection of a 3-dimensional
Desargues”gure. To this end, we connectall the points and straight lines of the
plane Desargues”gure with a point S outside the plane of the gure (seeFigure
7.8). We then passa plane through the straight line AC intersectingB S at a point
D distinct from S, and draw OD. The straight line OD and B are in the same
plane and thereforehave a point of intersectionD° But now the triangles AD C and
ADC%form a 3-dimensionalDesargues gure, sinceall the straight linesconnecting
correspnding vertices passthrough O. Projecting the line in which the planesof
the thesetriangles intersect from S onto the original plane, we get a straight line
on which the pairs of correspnding sidesof the original triangles AB C and AB ‘C°
must intersect. This completesthe proof of Desarguestheorem. O

7.4 Conic Sections and the Theorem of Brianc hon

You may have obsened that when a lamp castsa shadav on a wall or on the °oor,
the circular rim of a lamp shadeusually castsa large circular or elliptic shadav on
the °oor and a hyperbolic shadav on the nearestwall ©. In fact the shadavs we see

6Coxeter's Projective Geometry, page 3
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are di®eren sectionsof the coneof light rays.
Let us recall the classicalde nition of ellipse, hyperbola and parabola:

De nition  7.3. Given two points O and Q° the locus of points x sud that the
sum of Ox and O% is a constart number is called an ellipse with foci O and Q°
(Figure 7.9 (a)).

If O and O° are samepoints we recover the de nition of circle.

De nition  7.4. Giventwo points O and OF the locus of points x sud that jOX j
0%j is a constart number is called a hyperbola (Figure 7.9(b)).

De nition 7.5. Givenalline | and a point O, the locus of points whosedistances
from | and O are equalis called a paralola (Figure 7.9(c)).

e0

©
Figure 7.9:

The mathematical formulation of the obsenation about shadavs of a lamp is
the following famoustheorem of antiquity, known to Greek geometers.They might
have obsened this with shadavs of a lantern rather than an electric lamp!
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Theorem 7.3. Considera cone C in 3-dimensional space with axis | and edged .
a. A planeH perpendicularto |, intersects C in a circle.

b. LetusmoveH from its horizontal position, it will intersects C in ellipsesuntil
H becomesparallel to d (Figure 7.10 (a)).

c. If H is parallel to d, it intersects C in a paralola (Figure 7.10 (b)).

d. And nally if H intersects both pieces of C the intersection is a hyperbola

(Figure 7.10 (c)).
' d
; |
¥

(a)

(b)
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() c

Figure 7.10:

We will not discussthe proof of the theoremhereto avoid making our exposition
of projective geometrytoo long. It is becauseof this fact that the ellipse, parabola
and hyperbola are all called conicsectionor simply conics.Also it is immediate from
this theorem(Problem 7.11)that the imageof a conicsectionundera projection will
be again conic section,though it can happenthat an ellipseprojectsto a hyperbola
or a parabola projects to an ellipse and so on. Hencein projective geometry the
ellipse, hyperbola and parabola are not individually meaningful but rather onecan
talk about the singlenotion of a conic. The fact that in projective geometryall the
notions of ellipse, hyperbola and parabola are the samecan be explainedif we goto
projective plane and add the friendly points at in nit y into play.

If we x onefocusof an ellipseand let the other onego further and further away,
the ellipse becomeshigger and bigger. Evertually, asthe focusreadesin nit y, the
ellipse becomesa parabola. In the projective plane, a parabola has one more point
(living at in nit y) which makesit look like an ellipse.This point is in fact the unique
point at in nit y on the axis of symmetry of the parabola. In caseof a hyperbola,
both foci are presen, i.e. are nite points, but the certer point hasmovedto in nit y
soif we want to travel from O to OCinside the hyperbola, we should Tst goto a
point at in nit y and then from innit y to O° In the projective plane, a hyperbola
hastwo more points at in nit y, making it look like an ellipse;in fact the four ends
of the hyperbola meet at two points at in nit y. Thesepoints are the unique points
at innit y lying on the asymptotic lines| and 1° (Figure 7.9(b)).

We end this sectionby stating an interesting projective geometrytheorem con-
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cerning conics,due to Brianchon (1760-1854):

Theorem 7.4 (Brianc hon). If all six sidesof a hexagonare tangentto a conic
section, the three diagonalsare concurrent (or possiblyparallel).

Figure 7.11.:

Again we do not discussthe proof here. There is a nice proof of this using
3-dimensionalhyperboloid, the readeris referredto Hilbert's Geometry and Imag-
ination, page 104. Another proof can be found in Coxeter's Geometry Revisited,
page77.
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7.5 Problems

Problem 7.1. Recall that a set X of points in the plane is called convex if, for
any two points A and B in X, the line segmen joining them is in X. Show that
convexity is not respected by certral projection i.e. give an example of a certral
projection from a planeH; to a planeH, and a corvex set X in H; sud that image
of X in H, is not convex.

Problem 7.2. Draw other pictures for the Desaguestheorem properly changing
the order of points.

Problem 7.3. Statethe dual of Desarguesand Brianchon's theorems.The dual of
Brianchon's theoremis known as Pascal'stheorem after the famousFrench mathe-
matician Blaise Pascal(1623-1662).

Problem 7.4. The following theoremis dueto Pappusof Alexanderiabut its rolein
the foundations of projective geometrywas not recognizeduntil nearly 16 certuries
later.

Theorem 7.5 (Pappus). Considera hexagonACEBFD suchthat A, C, E lie on
aline l; and B, F, D lie on another line |,. Supmse opposite sidesof the hexagon
meet respectively at M, L and N. Then M, L and N are collinear.

Figure 7.12:

a. What is the relationship betweenPappus' theorem and Pascal'stheorem?
b. What is the dual of Pappustheorem?

c. Draw other pictures for the theorem, properly changingthe order of points on
the lines|; and I.

Problem 7.5. 7 A plane con guration is a systemof p points and | straight lines

"Taken from the famous book of Hilb ert, Geometry and Imagination.
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arrangedin the plane suc that ewery point of the systemis incident with a xed
number , of straight lines and ewery straight line is incident with a xed number %
of points. We characterizesud a con guration by the symbol: (p;,; |;%).

Prove that in any con guration we have: p, = | %

Problem 7.6. Construct con gurations of the following types:
a. (3;3,4,2):
b. (9;3;9;3):
c. 10, 3;10; 3):

Problem 7.7. Construct two mutually inscribed pertagons;that is, ead vertex of
eadt of the perntagonslieson a side, or its cortinuation, of the other pertagon. What
type of con guration doesthis give rise to?

Problem 7.8. Canyou nd a hexagonwhich is inscribed and circumscribed about
itself? i.e. eat of its verticeslies on the cortinuation of another of its sides.Can
you construct sudh a 7-sidedpolygon?

Problem 7.9. Prove the special caseof Desarguestheoremwherewe assumethat
two of the correspnding sidesof the triangles meet while the last sidesof triangles
are parallel (seethe discussionof Desarguestheoremin Section7.2 after de nition
of the projective plane, Figure 7.7.)

Problem 7.10. Can you de ne a 3-dimensionalanalogueof the projective plane,
i.e. projective 3-dimensionalspaceVhat would be the principle of duality for this
space?

Problem 7.11. Provethat the imageof a conic sectionunder a certral projection
is again a conic section.
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Chapter 8

Polygonal tilings

A tiling of the planeis a collection of regionsthat cover the plane without gapsor
overlapping. Strictly speaking,it meansthat every point of the planeis coveredby
at least one region and no point of the plane is in the interior of more than one
region. The regionsare calledtiles of the tiling. If all regionsare polygonsthen the
tiling is called polygonal In this chapter we will only deal with polygonaltilings in
which all tiles are congruern to onetile T. In that casewe sa that T tiles the plane
or that the planecan be tiled by T.

Usually a polygonal tiling has many symmetries.By a symmetry we mean an
isometry of the plane which presenes the tiling. A tiling is called periodic if its
symmetriesinclude translations in at leasttwo non-paralleldirections. In Figure 8.1
we give examplesof periodic tilings by regularpolygons.The dashedarrowsrepresen
two non-parallelvectorsof translations that are symmetriesof thesetilings. They are
not the only symmetriesof thesetilings. Canyou nd all of them (seeProblem 8.4)?

We begin with the simplest caseof polygonal tilings.

8.1 Tilings by regular polygons

The following theorem givesthe completeclassi cation of tilings by congruen reg-
ular polygons.

Theorem 8.1. The only regular polygonsthat tile the plane are equilateral triangles,
squaes, or regular hexagons.

Proof. First, equilateral triangles, squaresand regular hexagonsdo tile the plane
(seeFigure 8.1)

Second,assumea regular n-gon tiles the plane. Let v be a vertex of one of the
tiles.

79
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/
/
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Figure 8.1: Tilings by regular polygons

If v is a vertex for ead tile cortaining it then 2%= k®, wherek is the number
of the tiles and ® is the angle of the tile at v. Sincethe tile is a regular n-gon,
®= (nj 2)¥&n. Therefore,k = 2n=(nj 2) which is possibleonly if n = 3, 4 or 6.

If v belongsto a tile for which it is not a vertex then ¥4= m®, wherem is the

number of tiles for which v is a vertex. Therefore,m = n=(nj 2) which is possible
only if n= 3 or 4. O

8.2 Tilings by triangles and quadrilaterals

Theorem 8.2. All triangles and all quadrilaterals tile the plane.

Proof. The proof is cortained in the following picture.

Figure 8.2: Tilings by triangles and quadrilaterals
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8.3 Tilings by non-convex polygons

Certainly not all polygonscantile the plane. It is a very hard problem to describe
all polygonsthat do tile the plane. Mathematicians have beensomewhatsuccessful
in describingconvexpolygonsthat tile the plane, although there are still many open
guestionsin the convex case(seeSection8.4). We will only prove the existenceof a
periodic tiling by an n-gonfor every n, 3.

Theorem 8.3. For everyn , 3thereis a periodic tiling by congruentn-gons.

Proof. Theideais presened in the following picture. Try to generalizat for arbitrary
odd and even n (usecertral symmetry!).

n=7

Figure 8.3: Periodic tilings by congruert polygons

8.4 Tilings by convex polygons

As we have seenbefore, all triangles and all quadrilaterals tile the plane. So we
concertrate on the following question: which corvex n-gons(n , 5) tile the plane?

8.4.1 Tilings by convex pentagons

Most convex pertagonsdo not tile the plane.It is still an open problemto determine
which convex pertagonsactually do tile the plane.

In the following theorem we describe one classof corvex pentagons for which
there exists a periodic tiling.
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Theorem 8.4. Any pentagonwith a pair of parallel opposite sidestiles the plane.
Any pentagonwith a pair of parallel opposite sidesof equal length admits an edge-
to-edgetiling.

Proof. The proof is cortained in the following picture.

Figure 8.4: Tilings by corvex pertagons

8.4.2 Tilings by convex hexagons

The situation with corvex hexagonsis better. All corvex hexagonsthat tile the
plane have beenknown since 1918.All of them can do so periodically. Here is one
simple fact about hexagonaltilings.

Theorem 8.5. Any hexagonwith a pair of parallel opposite sidesof equal length
admits an edge-to-elgetiling of the plane.

Proof. The proof is cortained in the following picture.

Figure 8.5: Tilings by corvex hexagons
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As follows from the statemert in the title of the next section,the questionabout
pertagons is the only one that needsto be answered in order to get a complete
classi cation of tilings by congruen corvex polygons.

8.4.3 There are no tilings by convex n-gons for n, 7

Although it was almost obvious for regular tilings, the proof of this more general
statemert requires more preparation and higher-lewel techniques. The rest of this
chapter will be dewted to the proof of this statemen for edge-to-elgetilings only.

In the following theorem we will prove that it is impossibleto tile the plane by
congruen cornvex heptagons.Similar ideascan be usedto prove that there are no
tilings by corvex n-gonsfor all n ;| 7. We leave it to the reader(seeProblem 8.5 at
the end of the chapter).

Theorem 8.6. There are no edge-to-elgetilings by congruent convexheptagons.

Before we begin the proof of the theorem we will establish somegeneralfacts
about polygonsmadeout of convex polygons.If a polygonP is coverededge-to-edge
by seweral convex polygonswe useV, E and F to denotethe number of vertices,
edgesand facesof the correspnding planegraph (seeproblemsat the end of Chapter
5). For example,in Figure 8.6,V = 13,E = 15,and F = 3.

Figure 8.6: A polygon with 3 faces,15 edges,and 13 vertices

Prop osition 1. Let P ke a polygon (not necessarily convex)which is covered edge-
to-edgeby convexpolygons.Then the numkber of verticesV; inside P satis es

3Vi < 2E: (8.1)

Proof. Let us court the number of edgesE ®inside P. Sinceall polygonsthat cover
P are convex, for ead vertex inside P there are at least 3 edgeswhich begin at it.
But ead edgeconnectsexactly two vertices,thus every edgewill be courted twice,
so3V; < 2E%< 2E. O



84 CHAPTER 8. POLYGONAL TILINGS

Prop osition 2. Let P; be a polygon (not necessarily convex)whichis covered edge-
to-edgeby convexheptagons.Then

5F1 < 2Vi: (8.2)

Proof. Let us calculatethe sum S of all anglesof all heptagonsin P;. On onehand,
sincethe sum of the anglesin eat heptagonis (7| 2)¥a= 5% we get S = 5YF;.
On the other hand the sum of the anglesat ead vertex is no greaterthan 2¥%(it
is exactly 2¥for the inner verticesand strictly lessthan 2%for the verticeson the
boundary). Thus S < 2%/;. O

Idea of the proof of Theorem 8.6. ! Let's assumethat the planeis tiled by congruert
convex heptagonsand seehow we can get a cortradiction.

Considerany polygon P; madeout of the tiles. Let P, be the \b elt" around P4,
i.e., the polygon (with a hole) consistedof all tiles which have at least one point
in commonwith the boundary of P, (seeFigure 8.7). Then it turns out that the
number of tiles F, in the belt P, is almost as big as the number of tiles F; in Py
(in Theorem 8.7 we showv that F; < 32F,). But this is impossibleif we take P,
suzciently big.

Indeed,on onehand, sinceall the tiles have xed dimension,the areaof the belt
is proportional to the circumferenceof P;. On the other hand, sinceall tiles have
the sameareaand the number of tiles in the belt and in P; is roughly the same,the
areaof the belt is proportional to the the areaof P;.

Figure 8.7: The polygon P; is surroundedby the belt P,

1The idea of the proof is taken from Yu.A. ShashkinTilings, MIF 3, 1998{1999(in Russian)



8.4. TILINGS BY CONVEX POLYGONS 85

Theorem 8.7. Let P, be a polygonand P, be the kelt around it as de ned alove.
Then the number of tiles F; in P is lessthan 32 times the numter of tiles F» in Ps:

Fl < 32:2:
Proof. First let us apply Proposition 2 to P;. We get
5F; < 2V;: (8.3)

On the other hand if we considerthe union of P; and P, (we denotethis polygon by
P), the verticesinside P are exactly the verticesof P,. Thereforeby Proposition 1

3V; < 2E: (8.4)
By Euler's theoremfor P we haveV | E + F = 1 (seeProblem 5.7), thus
E<V+F: (8.5)

Also the number of verticesV in P is lessthan V; plus the number of all verticesin
the belt, i.e.
V <V, + 7F;: (8.6)

Combining (8.4), (8.5) and (8.6) we get
Vi< 2E<2(V+F)<2(Vi+ 7F,+ F):
Now using the obvious fact that F = F; + F, and rearrangingthe terms, we get
Vi < 2F; + 16F,: (8.7)
Finally, (8.3) and (8.7) together provide the required inequality:
S5F; < 2V < 4F; + 32F,; so Fi < 32F;:
]

Proof of Theorem 8.6. Assumethat the plane is tiled edge-to-edgeby congruert
convex heptagons.Let d be the diameter of the tile (i.e. the tile can be coveredby
a disc of diameter d and cannot be coveredby a disc of diameter lessthan d).

Considera disc Q; in the plane of diameter D (the smaller discin Figure 8.7).
It will be covered by tiles whoseunion is a polygon which we denoteby P;. If the
number of tiles in Py is F; and A is the areaof ead tile then

YD? < AFq: (8.8)
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Now let P, be the belt around P, and P be the union of P, and P,. Let Q be
the disc of diameter D + 4d, certered at the samepoint as Q; (the bigger disc in
Figure 8.7). Clearly, P will be coveredby Q and P, will be covered by the annulus
Q2, which is Q without Q;. Thus if the number of tiles in P, is F,, we get

AF, < YD + 4d)? | ¥D?= 8%Dd+ 2d°): (8.9)
Combining (8.8) and (8.9) and using F; < 32F, (Theorem 8.7) we get
D?< 2°Dd+ 2°d%

which is impossiblefor large D (e.g.take D = 2°d).
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8.5 Problems

Problem 8.1. Show that there are no tilings by congruen regular hexagonsother
than the oneshown in Figure 8.1.

Problem 8.2. Show that there are no edge-to-edgetilings by congruert regular
triangles (and squares)other than the onesshawvn in Figure 8.1.

Problem 8.3. Give examplesof tilings by congruen regulartriangles (and squares)
other than thosegiven in Figure 8.1. Are your tilings periodic?

Problem 8.4. Find all symmetriesof the tilings in Figure 8.1.

Problem 8.5. Using similar argumeris asin the proof of Theorem 8.6, shav that
there are no edge-to-edgdilings by corvex n-gonsfor n > 7. (Hint: the statemert
analogousto the onein Theorem 8.7 for arbitrary n is F; < ‘“&—*?Fg).
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