Math 411-Spring 2006

SOLUTIONS TO EXAM 2

1. Find the order of (15,21) in Zsy X Zsp.

The order of 15 in Zsyq is 4 and the order of 21 in Zsq is 10. Therefore the order
of (15,21) in Zgy X Zsg is lem(4,10) = 20.

2. Let H be a normal subgroup of G. Prove that the order of aH in G/H equals
the smallest positive integer k such that a* € H.

By definition the order of aH in G/H equals the smallest positive integer k
such that (aH)* = H. We have (aH)* = H iff *H = H iff * € H. Therefore
the order of aH is the smallest positive integer k such that a* € H.

3. Let H be the subgroup in GL(2,Z,) generated by (1) é . List the elements of
each left coset of H. What is the index of H in G?

0 1] [o 1] [t 0
10 1 of |0 1]’
the subgroup H has order 2. Thus its index is 6/2=3 (remember that GL(2, Z5)

consists of 6 matrices with entries in Zy and non-zero determinant). The cosets
are

Since
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4. Let ¢ : Zg — Zg be the unique homomorphism such that ¢(2) = 2. List the
elements of Ker(¢) and Im(¢).

The element 2 € Zg generates the group. Thus we can find the images of all the
other elements by taking multiples of 2. We get ¢(0) = 0, ¢(2) = 2, ¢(4) = 4,

¢(6) = 6 =0, ¢(8) = 2, ¢(10) = ¢(1) = 4, $(3) = 6 = 0, ¢(5) = 2, ¢(7) = 4.
From this we conclude Ker(¢) = {0, 3,6} and Im(¢) = {0,2,4}.

5. Let H and K be subgroups in S5 generated by (123)(45) and (132), respectively.
List the elements of H N K.

The order of (123)(45) is 6, so it generates a group of order 6. Here are its

elements:

(123)(45),

((123)(45))2 = (123)2(45)2 = (132),
((123)(45))° = (132)(123)(45) = (45),
((123)(45))* = (132)2 = (123),
((123)(45))° = (132)(45).

The order of (132) is 3 and the group it generates is {e, (132), (123)}. Now the
intersection is {e, (132), (123)}.

(You can also notice that since H contains ((123)(45))? = (132) it must also
contain the group generated by (132), hence, K C H. Therefore HNK = K =

{e, (132),(123)}.)

6. How many different homomorphisms are there from Zg to D5? For each homo-
morphism find the image of 3 € Zg.

Let ¢ : Zg — Dy be a homomorphism. You know that the order of Im(¢) must
divide the orders of both groups, so | Im(¢)]| is ether 1 or 2. In the first case ¢ is
trivial (and so ¢(3) = e). In the second case the image is a subgroup generated
by an element of order 2. Since there are 5 such elements (all reflections) we
have five non-trivial homomorphisms: ¢;(m) = (up")™, for 0 < i < 4. In
particular, ¢;(3) = up’, for 0 < i < 4.
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7.

8.

(a) State the First Isomorphism Theorem.
Let ¢ : G — G’ be a homomorphism. Then G/ Ker(¢) = Im(¢).

(b) As you know S = {z € C | |z| = 1} is a subgroup of the multiplicative
group C* = C\ {0}. Prove that S is isomorphic to the quotient group
R/Z, where R is the additive group of real numbers. (Hint: Every real
number 6 defines a complex number €2 = cos(270) + i sin(276).)

Define a homomorphism ¢ : R — C* by putting ¢(#) = >, Clearly this
is a homomorphism: ¢(0; + 0y) = e?701702) = 2mib12m02 — ()b (6,).
The image of ¢ is S since |z| = 1 iff z = €™ for some 0 € R.

The kernel of ¢ is the set of all § such that > =1, i.e. cos(27f) = 1 and
sin(270) = 0. The latter is equivalent to 6 € Z.

Therefore, Ker(¢) = Z, Im(¢) = S, so by the First Isomorphism Theorem
R/Z = S.

(Bonus.) Let G be a group. For any a,b € G the element aba™'b~! is called the
commutator of a and b, and is denoted by [a, b]. Denote by [G, G| the set of all
commutators [a, b] for a,b € G, and all their products (of two or more).

(a) Prove that [G,G] is a normal subgroup of G. You do not have to show it
is a subgroup. (Hint: First show that gla,blg™' = [gag™!, gbg™].)
(b) Prove that G/|G, G| is Abelian.

(a) The subgroup [G, G| is normal iff for any g € G and any h € [G, G] we have
ghg™! € |G, G]. Suppose h = [a,b]. Then

gla,blg™" = gaba™'b"'g™" = gag~'gbg~'ga~ g 'gbT g™ =
= (gag™")(gbg~")(gag™") " (gbg™") " = [gag™", gbg™"].
Now if h is a product of commutators we can write h = [aq, b1][ag, ba] - - - [an, by,
thus

ghg™" = glay, bi][as, ba] - - - [an, balg™" = glai, bi]lg " glas, balg™" -+ - glan, bylg "

By above the latter is again a product of commutators, i.e. lies in [G, G].

(b) To show G//|G, G] is Abelian we need (a|G, G])(b[G, G]) = (b|G, G])(a|G, G]),
ie. ablG,G] = ba|G,G] for any a,b € G. But the latter is equivalent to
a v lab|G,G] = [G,G], ie. a”'btab € |G, G, which is obviously true since

a b tab = [a1,b71].



