Math 421 — Practice Final Solutions
May 12, 2009

1. Find the Taylor series or Laurent series of f(z) = ] in the following domains.

(a) D1 ={z|[z[ <1}.

2 _2 o oo
Solution: Since |z| < 1, f(z) = 11 . —22 2" = Z (—2)2".
n=0 n=0
(b) Do ={z|1 < |z| < co}.
1
Solution: Note that 1 < |z| < co = |-| < 1, so we have
z
2 2 2= 1, = 2
f(z)—z_l _2(1_1) _;Z(;) _Zﬁ'
z n= n=0

(c) Ds ={z]|1<|z—2| < o0}

1
Solution: Note that 1 < |z — 2| < 00 = ]72] < 1, so we have
Z J—

2 2 2 2 =, -l = 2=
Z) = = = g — _—
/() =1 (2-2)+1 (z-2)1-=) 2—27;)<z—2> 7122()(2'—2)"Jrl
2. We know f(z) = sin(sin z) — sin z has a zero at zp = 0. Find its order.
N G Ve 2 2P
Solution: Sincesinz:zmz n+ :z_ﬁ—i_ﬁ_“' for all z, we have
n=0 ’
N3 N
sin(sinz) = sinz(sm62) +(s11n23) —
3 5 3 5
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It follows that
3 3 3
f(z):sin(sinz)—sinz:(z—%—l—--')—(z—%vL---)Z—%—i--"

Thus f has a zero of order 3 at zg = 0.

3. Find the residues of f at all its isolated singular points.

2

z
(a) f(z) = m
Solution: To find singular points, set (22 + 1)? = 0 and solve it to obtain z = .
2
2 —E 2
. (z+1)2 /. . z
ReSZ:i W = ReSZ:Z’ (Z — 7/)2 == d) (’L), where QZ)(Z) = (Z T 1)2 .



22(z + )% — 22(2(2 + 1))

Since ¢'(z) = EEL , we have
2 s . 2 .2 . . .
.z o 2i(E+4) =200 +4) 4
Rese—i e =90 = (i+ i) Ty
22
Similarly, Res,—_; Z72 = Res,_; =~ Y (—i), where 9(z2) = Z
) Z=—1 (Z2 + 1)2 Z=—1 (Z+Z)2 Y (Z —Z)2
A2 L2 iy
Since ¢’ (z) = 22(z Z)(z _'2)512(2 z))’ we have
2 . . . 2 . 2 . . .
a2 (i)t — () (R2(—i ) i
Rese—i oy =V 00 = (—i— i)t s
f(z) = (zj—73>”’ where n is a positive integer.

Solution: The only singular point of f is z = —3. To find the residue of f at z = —3,
denote ¢(z) = z". Then

" ¢Y(=3)
(z+3)»  (n—1)!

Res,—_3
Since
" V() =nn—1)---2- 2 =nlz,

we have

2" p(=3)  nl(-3)

Res.=— = = = —3n.
=S A3 T  —1)! (n—1)! "
cot z
fz) =2
t
Solution: Note that s _ CO,SZ . To find its singular points, set zsinz = 0, and
zsin z

solve it to obtain z = nm, n € Z.
Denote by p(z) = cosz and ¢(z) = zsinz. Then ¢/(z) = sinz + zcosz. If n # 0, then
q(nm) =0 and ¢'(n7) = sin(nn) + nwcos(nm) = nw cos(nw) # 0. Thus

cosz  p(nm) cos(n) 1

R — = = = —
=0T sin 2 ¢ (nm) mmwcos(nmw) nw

To find the residue of f at 0, note that

3 2

. z 9 2
sin z — )y =221 =),
zsinz = z(z 5 +-0) =2 5 +--4)
Thus cos 2
2
cos cos -2 4.
Res.—o ; : = Res,—o 22 = Res,—o 62+ = ¢/(0)
zZsinz 22( _%4_...) z
where ¢(z) = %.
— % + ..



Since ¢/(z) = 6 “2. , we have
- +-)?
—1sin0 —0cos0
Res._ co‘sz — #(0) = sin - cos0 _ .
zsin z 1

4. Evaluate the following contour integrals.

(a) izﬁ 722(2 — ) dz.

Solution: The singular points of — (COSZ E inside the circle |z| = 6 are 0 and 7. we
22(z—m
first compute the residues of cos2 at 0 and .
22(z —m)3

COS 2 (COSZ)S d cosz

Res,—g———— =Res,g —ot = — 2% | _
52=0 22(z —m)3 082=0 "2 dz (z — )3 2=
—sinz(z — 7)3 — cos 2(3(z — m)?) —3(0 — )2 3
_ l.—o= ———/ = ——, and
(z —m)b (0 —m)6 74
cos 2 2

COS 2 3 1 d* cosz
Resemr 80— ~ M= o T g 2
_1d —zzsinz—22008z| 1 d—zsinz—Zcosz‘
C 2dz 24 =T 2dz 23 =T

1 (—sinz — zcosz + 2sin 2)(2%) — (—zsinz — 2 cos 2)(32?)
= 5 2:6 ‘Z:ﬂ-
_ (—sinm —mcosT + 2sin)(7®) — (—7wsinm — 2 cos 7)(37?)
N 276
4 2 2
-6 -6

S 27T67r = 7T27r4 . Thus we have

oS z cos z cos z

———= dz = 2mi(Res,;=0 5———= + Res,p ——=
ffiuﬁ 20—y 02 = 2miResm0 o F RS e )
3 7 —6 ot —12 7 —12

= 27”(_? + W) = 27TZ( 271'4 ) = 7'(3 1.

z

(b) f dz.
lz|=10 €* — 1
z

Solution: First, to find the singular points of Pl set e — 1 = 0 and solve it to
e —

obtain z = 2nmi, n € Z. So all singular points inside the circle |z| = 10 are: 0, +-2mi.

Next, we compute the residues of at each singular point.

eZ —
z z z 0
Resz—o = ‘ —0= — ’ —0= —& = 0
=Y oz _ d = z 175 0 )
e 1 E(ez —1) e e
z Z z 21 .
Res,—ori s — 1 = i(ez — 1) |z=27ri: 67 ’z:271'i: ﬁ = 2mi, and
dz
z z z —2m .
Res,——_ori P T li=—omi= = li=—omi= i —2mi. Thus we have
dz
% ~ dz = 27mi(0 + 2mi + (—2mi)) = 0.
|z|=10 €7 —



C e(%)sin1 Z.
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z

1
Solution: The only singular point of ) sin(—) is 0, which is inside the circle |z| = 1.
z
1
To find the residue of e(%) sin(—) at 0, we need to compute its Laurent series in a deleted

z
neighborhood of 0. Note that

G_q
e _1+z+2122+
and 1 1
) =2 —gm
So we have
Oyt ooy oy,
€ Sln(z)_(1+z+2!22+ )(z 3123 )_z+z2+
It follows that 1

Res.—_ge(*) sin(;) =1.
Therefore 1
?{ e(2) sin(—) dz = 2mi.
|z]=1 z

5. Evaluate the following integrals.

T sin? 6
(a)/o 5+4c059d0'

Solution: Make the change of variables so the integral will be around the unit circle.
1 1

£ sinf = £

, and df = % So we have
i iz

/%Sin%)dg_% (2%(3_%))2 dz_if 24 —9222 41 "
o Dtdcosd =1 D+ 4(3(z+ 1)) iz 4 se1 22222 +52+2)

Set z%(22% 4+ 5z +2) = 0 and solve it to obtain z = 0,—2,—3. So the singular points

inside the circle |z| = 1 are 0 and —%. Note that —% is a simple pole. We have

z=¢" = cosf =

Res 2 —222+1 2t -22241 e 3
2==3 22(2,2 4 521 2) 8841522 +4dz =5 4
For z = 0 which is of order 2, we have
R 24 —22241 R % dz4—222+1‘ 5
€S, — = Res.,— = — == ——.
#=022(222 1 52 + 2) =0T dz222+5z+2 7" 4
Therefore
2m : 29 . 4_2 2 1
/ Sy d@:zj[ SRl S
o H+4cosb 4 Jisj=1 2%(222 + 524 2)
: 4 2 4 2
= —-(2m(R Res._
4( mi( Pe=—3 22(222 + 52+ 2) T Resz=0 22(222+ 52+ 2)))
) 3 =5 T
— om(2+ 2y = =,
1+ ) =g



00 .’E2
b dx.
(b) /0 (22 +4) (22 +9) “
Solution: Let R be a large positive number. Denote by I'g the line segment on x-axis
from z = —R to z = R, by Cg the upper half circle {z||z| = R,Imz > 0} from z = R to

z = —R, and by C' the simple closed contour C' = T'r | Ckg.

22

STEP 1: Compute dz.
e | Gy
Set (22+4)(22+9) = 0 and solve it to obtain z = £2i and z = £3i. So the only singular

22

(22+4)(22+9)
poles, we have

points of inside C are z = 2¢ and z = 3i. Since both of them are simple

2 2

z z 7
Res,—2; = P
Y (A ) %((z2+4)(22+9))| ’ 5
and
22 22 3
ReSz:3i 2 4 3 9 = d 5 5 ’z:3i: — 0 .
(22 +4)(22+9)  L((z2+4)(22+9))

It follows that )

z ) -3 T
dz =2mi(= + —) = —.
/C R R Rl R T A

2:2

STEP 2: Show that i dz = 0.
VI R Jo, A2 +9)

Note that |z| = R when z is on Cr. We have

2’2 ‘Z|2 ’2’2 R2

(z2+4)(z2+9)|_ = - =M.

| 2249 T (P = (2-9) (R - 4)(R2-9)

Since the length of Cp is equal to L = 7R,

22 R? TR3
dz| <ML = R = .
o @ra@ro W =M T mon@ g™ T o gmw - g)
7R3
It follows from simple calculus that — 0 as R — o0o. Therefore

(R? —4)(R%—-9)

2

. z
B Jo, Era2r9 P
0o 72
STEP 3: Compute /0 22+ 9) dx.
Since v is an even function of x, we have

(22 4+ 4)(22 +9)

/OO v dr = 1 lim < dz

0 (22+4)(22+9) 2 R—oo Jr, (22 +4)(2249)

= 1( lim ( Z dz —/ Z dz))
2'R—oco Jo (224 4)(2249) op (22+4)(2249)
1 7 i

=357 9=



& rsinz J
(c) /0 @2+ 1)(22+4) "
Solution: Let R be a large positive number. Denote by I'g the line segment on z-axis
from z = —R to z = R, by Cg the upper half circle {z||z| = R,Imz > 0} from z = R to
z = —R, and by C the simple closed contour C' =T'r | J Ckg.

1z

ze
STEP 1: C t
ompu e/o (2 + 1)(22 + 4)

Set (22 +1)(2%2 +4) = 0 and solve it to obtain z = 4-i and 2z = 4-2i. So the only singular
Zeiz

(224+1)(22+4)

poles, we have

dz.

points of inside C' are z =4 and z = 2¢. Since both of them are simple

R ze"? ze'? | 1
€S, —; = == =,
TR L) L(2+1)(22+4) T Ge
and , ,
R ze? ze"® | -1
€S,—92; = == —=.
TTEADEH) (@) T 6e?
It follows that
ze? L1 =1 m(e—1).
dz =2mi(— + —5 ) = —————21.
/C (224 1)(22+4) : m<66 + 662) 3¢2
STEP 2: Show that 1 ze” dz=0
: that i =0.
OV e Jo, D)2+ 4)
Note that z € Cr = Imz > 0. It follows that |e**| < 1. So we have
| ze'? = |2]|e¥] < K _ R Yy
(2 +1)(2+4) 22+ 122 +4] 7 (2P = D(=P—4) (B -1)(R*—4) '
Since the length of Cp is equal to L = 7R,
ze"” T R?
dz| < ML = R= .
. ErE s M e e
TR?
It follows from simple calculus that (B2 = 1) (2 —4) — 0 as R — oo. Therefore
Zeiz
li dz = 0.
Roeo Jo, (2 1) (22 +4)
ee rsinx
STEP 3: Compute dx.
P /0 (@ + 1)(a + 4)
Si CLL LN function of h
ince is an even function of x, we have
(22 4+ 4)(22 +9) ’
> xrsinx 1 sei?
dr = The i i t of —( li d
/0 (2 1 4)(a2 1 0) 7 = The imaginary part of (i | o yee gy 4
The imagi t of =( lim ( & d / & dz))
= The imaginary part of —( lim z— 2
gHary p 2 Reo " Jo (24 )22+ 9) on (2 +4)(22+9)
1 —1 -1
= The imaginary part of 2(7r(;2)i —0) = W(ZeQ)'



6. Determine the values of Ac argf(z) for the function f and positively oriented contour C.

_4z3+3

(a) f(2)

Solution: The function f(z)

C = {z||z] = 1} and of order 1, and it also has one simple pole at 0 inside C. By the
Argument Principle, we have

L C = {z]]2] = 1.
B 423 +3

-3
has 3 zeros (T)%’ all of which are inside

Acargf(z) =2n(Z — P) =2m(3 — 1) = 4.

(b) f(z) =tanz; C ={z||z| = 1.0}.

R . sinz | . .
Solution: Since tanz = ——, its zeros occur when sinz = 0, and its poles occur

Ccos z
when cosz = 0. It follows from simple computations that f(z) = tanz has 7 zeros

{0, £7, £27, £37} inside C' = {z||z] = 10}, all of which are of order 1, and it has 6

3
simple poles {:I:g, :l:%r + %} inside C'. By the Argument Principle, we have

Acargf(z) =2n(Z — P) = 2n(7 — 6) = 2.

7. Determine the number of roots, counting multiplicities, of the following equations in the given
regions.

(a) 224+ 22 +1024+3=0; D1 = {z||2] <1}, Dy = {z]|]2| < 2}, and D3 = {z]1 < |2| < 2}.
Solution: 1. Dy = {z]|z| < 1}.
Let f(z) = 10z, and g(z) = 2° + 22 + 3. Both are analytic in D;. When z is on |z| = 1,

|f(2)| =10, and |g(2)| = |z5 + 22 +3| < |z|5 + |z|2 +3=5.

It follows that |f(z)| > |g(z)| when z is on |z| = 1.

By Rouché’s theorem, f(2)+ g(z) = 2° + 22+ 102+ 3 = 0 has the same number of roots,
counting multiplicities, as f(z) = 10z = 0 in D;. Since 10z = 0 has exactly one root 0
of order 1, we conclude that z° + 22 + 10z + 3 = 0 has one root in D;.

2. Dy ={z||7] < 2}.
Let f(z) = 2°, and g(2) = 2? 4+ 10z + 3. Both are analytic in D;. When z is on |z| = 2,

1£(2)| = |2°] = |2|° = 32, and |g(2)| = 2% + 10z + 3| < |2|? + 10|2| + 3 = 27.

It follows that |f(2)| > |g(z)| when z is on |z| = 2.

By Rouché’s theorem, f(z)+¢g(z) = 2° + 22 + 102+ 3 = 0 has the same number of roots,
counting multiplicities, as f(z) = 2% = 0 in Dy. Since 2% = 0 has one root z = 0 of order
5, we conclude that z° + 22 4+ 10z 4+ 3 = 0 has 5 roots, counting multiplicities, in Ds.

3. D3 ={z|1<|z| < 2}.
It follows from the above that 2° + 22 4+ 10z 4+ 3 = 0 has 4 roots, counting multiplicities,
in D3.



(b) 52° =cosz+1; D= {z||2| < 1}.
Solution: Let f(z) = 525 and g(z) = —cosz — 1. Both are analytic in D. When z is

on |z| = 1 we have |f(2)| = [52°] = 5|2|% = 5, and
1z —iz 1z —iz
|g(z)\:|—cosz—1|:|%+e2 +1) < |%|+|€2 |+1§§+§+1:e+1.
Here we have used
|€iz‘ _ |ei(r+iy)| _ |67y+ix‘ —e¥<e
since —y < 1 on the circle |z| = 1; and similarly we have |e=**| < e. It follows that

|f(2)| > |g(z)| when z is on |z| = 1.

By Rouché’s theorem, f(2) + g(z) = 52% — cos 2 — 1 = 0 has the same number of roots,
counting multiplicities, as f(z) = 52% = 0 in D. Since 52° = 0 has one root 0 of order
6, we conclude that 525 — cos z — 1 = 0, or equivalently, 2% = cos z + 1 also has 6 roots,
counting multiplicities, in D.



