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Part |

Coboundary homomorphisms for stratified spaces.

Let S be a stratification of the spaéé

Let X < Y be consecutive strata, leiim X = n and dimY = k. Then one can define the
coboundary homomorphisthy y : H«(X) — Hyypo—p—1(Y).

Example 1.

Pic. 1

On the Pic.1 we have two strataX is a smooth curve iiR? andY is the complement t&. Let A be a point onX.
It represent the generator df(X). Let Nx be the boundary of a small neighborhoodXfin R®. Then there is a
smooth projectionr : Ny — X. Let B =~ '(A). ThenB represents the classy y([A]) € Hi(Y).

Note, that regularity of the stratification implies existence\af in the general case, and the choice of consecutive
strata X < Y implies thatVy N'Y has compact fibers ovey.

Theorem 1.Let X < Y be two strata. Let/, ..., Z,, be all strata such thalk < Z; < Y. Suppose
that 7y, ..., Z, are incomparable. Then

bz, yobxz Oz, vobx gz, -t oz vooxz =0

Example 2.

SZ

Pic. 2

On the Pic.2 we have the following stratification @&° : X is the origin,Z; is an open half-line starting from the
origin, Z, is a surface with an isolated singularity at the origin minus the origin, &ne: R°\ (X U Z; U Z,). We
take a small spher§* with center at the origin. Thedy 7 ([X]) € Hamz-1(Z;) is represented by the intersection
N; = S* N Z;. Take a small neighborhood af; in S°. Its boundaryD, represents the, v o ox 2 (|X]) € Hi(Y).
Then the spherg? with the neighborhoods ad¥;’s deleted gives a two-dimensional chaintinwhich boundary is
the unionD; U D,.

Application to the theory of Parshin residues.

Let ' ={V,, D --- DV} be aflag of irreducible varieties. Letbe a meromorphie-form onV,.
Consider a stratificatiof of V;,, such that

1.Vp, ...V, _1 are unions of strata;

2.w IS regular on the top-dimensional stratum.

Definition 1. We denote by the k-dimensional stratum if;.
Theorem 2.LetAp = ¢Vn_1,Vn 0+ 0 ¢%7‘71([V0]> € Hy(Vy,). Then

erpto) = ik [

Ap
whereresp(w) is the Parshin residue of at the flagF.

The next result gives a criteria for possible locations of non-trivial residues:

Theorem 3.Fix a meromorphia-formw on'V,,. Fix any stratificationS of V;,, such thatv is regular
in the top-dimensional stratum. Lét= {V,, D --- D Vj} be a flag of irreducible subvarieties, such
thatresg(w) # 0. Then all elements of the flag are unions of strata of the stratificatid

The following Parshin’s Reciprocity Law for residues now follows from Theorems 1, 2, and 3:

Theorem 4.(Parshin, Beilinson, Lomadze) Letbe a meromorphia-form onV},. Fix a partial flag
of irreducible subvarietiegV,, > --- D V.. D --- DV}, whereV. is omitted ( < £ < n). Then

Z resy 5.5xX5-oX,(w) =0,
Vi1 D XDV

where the sum is taken over all irreducidle@limensional subvarieties, suchthat’,,_; > X D V..
(In this formula only finitely many summands are non zero.)

Part Il.

Proper preimage of a hypersurface.

Definition 2. Let f : X — Y be a branched covering. Léf € Y be a hypersurface. Then the proper
preimageH ; C X of H Is the union of those irreducible componeﬁ% of the full preimagef ~'(H)

for which f(H;;) has codimensiohin Y.
Lemma 1. f[y, : Hf — H is a branched covering.

Resolution of Singularities for Flags.

Theorem 5.Let V' be an algebraic variety. L€k}, ..., Yy be closed subvarieties IN. Then there
exists a resolution of singularities: X — X such that:

1.Foranym = 1,..., K the preimager—!(Y;,) is a union of exceptional hypersurfaces;

2.LetH;, H; be exceptional hypersurfaces afghH; # (). Thenn(H;) C = (H;)orn(H;) D m(H});

3.LetH;,, ..., H; beexceptional hypersurfaces,= H; N---NH; # 0,andr(H; ) C --- C ©(H;,).
ThenC'is irreducible andr (C') = n(H;,).

The existence of a resolution satisfying conditiofollows from the classical Hironaka’s Theorem.
In order to obtain condition3 and3 one needs to do some additional blow-ups with centers in the
Intersections of exceptional hypersurfaces.

Example 3.

XNY X

Pic. 3

Suppose that we have a smooth spd@and two smooth hypersurfac&sandY intersecting transversally. From the
first sight it looks like there is nothing to resolve: one just needs to sayMlaaidY are exceptional hypersurfaces.
However, the conditiof is not satisfied. To obtain conditiodsand3 one needs to blow-up the intersecti®dm Y :

pI(XNY)
X I

Pic. 4

Easy to see that now conditiodsnd3 are satisfied.
Parshin residues via resolution of singularities.

Let ' ={V, D --- D Vy} be aflag of irreducible subvarieties atacbe a meromorphie-form on
Vi,. We apply Theorem 5 t&;, with subvarietied’,_1, ..., V, and the divisor of poles a¥.

Letw: V,, — V, be the resolution an®® = { {1, ..., Hy} be the set of exceptional hypersurfaces.

LetD, = {H; € D : n(H;) =V} andD, = |J H;. LetalsoV,_; D --- D V| be the flag of
H,eD,
consecutive proper preimages of the flag> --- D 1} (i.e. V. is the proper preimage df. under

ﬂ-’karl)'
Lemma 2.V, =D,_1N---NDandVis smooth foralk = 0,...,n.

V is a finite set of point. At each point &f, exactlyn exceptional hypersurfaces meet.

Definition 3.Leta € V and (xy,...,x,) be local coordinates neas, such that the exceptional
hypersurfaces coincide with the coordinate hyperplanes in a neighborhaodaihote

Ya — {‘ml‘ — ‘$2‘ — = ’x’n‘ — 6}'

Theorem 6.

1 %
resp(w) = i) Z /7T (w)

acVy Va

We also use the resolution of singularities to study the local geometry near thg,flag - - O V4.

In particular, we study the area of convergence of the iterated Laurent power series, involved in the

original Parshin’s definitions.



