HOMOLOGICAL PROJECTIVE DUALITY FOR Gr(3,6)

Introduction

e Homological Projective Duality (HPD) is a homological extension of the classi-
cal notion of projective duality and came as an attempt to answer the question of
whether having a semiorthogonal decomposition on D?(X) allows one to construct
a decomposition of D’(X ), where X is a hyperplane section of X. In general the
answer is no, however in the context of HPD much can be said about this.

e One starts with a smooth (noncommutative) algebraic variety X with a map
X — P(V) and associaties to it a smooth (noncommutative) algebraic variety Y
with a map Y — P(V*) into the dual projective space (the classical projective
dual variety of X will be given by the critical values of this second map). This

construction will depend on a specific kind of a semiorthogonal decomposition of
DP(X) called a Lefschetz decomposition.

Definitions

Let X be an algebraic variety with Ox (1) an ample line bundle on it.

Definition. A Lefschetz decomposition of the derived category D°(X) is a
semiorthogonal decomposition of the form D°(X) = ( Ay, Ai(1), ..., Ap_1(k—1)),
where 0 C Aj_1 C Aj_» C ... C Ay C D(X) is a chain of admissible subcate-
gories of D'(X) and (i) means twisting by O(3).

Definition. An algebraic variety Y with a projective morphism g : Y — P(V*)
is called Homologically Projective Dual to f : X — P(V) with re-
spect to a given Lefschetz decomposition as above, if there exists an object
E € D'(X xpynY) (where X C X x P(V*) is the universal hyperplane section
of X ) such that the kernel functor ® = ®¢ : DY) — D' X) is fully faithful
and gives the following semiorthogonal decomposition

D(X) = (®(D"(Y)), Ai(1) & D'(P(VH), ..., A_1(k — 1) ® DY(P(V*))).

Homological Projective Duality
Given a linear subspace L C V*, where dim(V') = N, we consider the linear sec-
tions of X and Y: X = X xp(y, P(L+) and Y, = X X p(y+ P(L), where Lt cCcV
is the orthogonal subspace to L C V™.

Theorem (A.Kuznetsov).
IfY 1s Homologically Projective Dual to X then

(i) Y is smooth and DY) admits a dual Lefschetz decomposition D°(Y) =
(B; 1(1—=3),...., Bi(=1),By), where 0 C B,y C B; o C ... C By C D(Y).

(1) For any linear subspace L C V*, dim(L) = r, such that dimX; =
dimX —r and dimY, = dimY +r — N, there exists a trianqulated category Cy,
and semiorthogonal decompositions D*(X1) = (Cr, A, (1), ..., Ai_i(i — 1)) and
Db(YL) — <Bj_1(N — T —j), ...,BN_T(—l),CL>.
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Gr(3,6)

Let W be a vector space, dim W = 6 and let X = Gr(3, W) be the Grassmannian
of planes in W. Let U be the tautological rank 3 vector bundle on Gr(3, W).

We will now define a Lefschetz collection for X', then describe the main constructions
necessary to define the HPD of X and finally state the main result.

Lefschetz collection
The bundles Ey = Ox, E, = U*, By = N°U*, E; = X>1U* are exceptional on X.
Define ./40 — .Al — <E(), El, EQ, E3> and Az — <EQ, El, E2>, for v = 2, c. ,5.

Proposition. On X, the subcategories A; C ... C Ay C Ay give a Lefschetz
decomposition D°(X) = (A, Ai(1), ..., A5(5)).

This is proven using an induction step (considering 0 # s € H(X,U*) and tak-
ing its zero locus Zs = Gr(3,5) C X) and some manipulations with exact sequences.

Main Constructions

e Consider the universal discriminant Z C P(W) x P(A*W*), where Z consists of
pairs (w, A) such that Gr(2, 5),NH) is singular ( Gr(2,5),, C Gr(3,6) C P(A*(W))
is the fiber of Py (U) — P(W) and Hy C P(A*(WW)) is the hyperplane correspond-
ing to \). Actually Z = {(w, \) | rank(A.w) < 2}.

e Geometric considerations that we will mention later imply that the HPD of X will
be a category C such that D’(Z) will be generated by 3 copies of C, which roughly
means that we can find a structure Z — M of a P*-bundle on Z.

o Use that GL(W) acts on A*(W) with an open orbit. A generic 3-form can be
written as xg A x1 A x9 + x3 N\ 4 A\ x5, so the generic fibers of 7 — P(Agw*) are
Z)\ = {CL’Q — X1 — X9 = O} L {$3 — Xy — Xy = O} = IP)Q L] IP)Q. Stein factorization
then gives Z — M — P(A*W*), where the first map is generically a P*-bundle and
the second one is a double cover.

e The generic form of A shows that the map

Y = Porawaxaran(O(—1,0) (00, —1))) --» P(A*W*) is a rational map on
the 2-fold covering M, which after blowing up the diagonally embedded Gr(3, W*)
oives a regular map p: Y — M.

e Look at Y — Gr(3, W*)x Gr(3, W*) and consider A and B to be the tautological
bundles on the respective Grassmannians. We denote their pullbacks to Y (and Y')
with the same letters and we use O(—1) for the pullback of O(—1) from P(A*WW*)
to Y.

e Consider now the following bundles on Y
Fy is the nontrivial extension 0 — O(—1) — Fy — AR A*(B) — 0, I} = A*(B),
F2 — A, F3 — Of/ Let F' = FQ@Fl @FQ@Fg and define R = p*EndF

o [.ct Bz — <FQ,F1,F2,F3>, for 0 S ) S 13 and Bj — <173>7 for 14 S ] S 17. Define
C = (By7(—17),..., Bi(—1), By).

Theorem. The noncommutative resolution of singularities (M, R) of M is Ho-
mologically Projective Dual to the Grassmannian X = Gr(3, W) with respect
to the Lefschetz decomposition constructed above. The corresponding Lefschetz
decomposition of D’ (M, R) is given by the B;’s above.

How does the HPD come up

e For a smooth projective variety X C [P(V) with a Lefschetz decomposi-
tion of DY X) corresponding to Ox(1), and for any hyperplane section Xp
of X, we have that D*(Xy) = (Cy, Ai(1),..., Ar_1(k — 1))} (the composition
Ai(i) — D"(X) — D'(Xp) is fully faithful). We consider the family {Cp}yepq)-
Finding the homological projective dual Y as above means that this family is “geo-
metric”, i.e. for Y — P(V*) and for all H we have that Cy = DY), where Yy

)

is the fiber over H € (V™).

e The way to do this is to actually look at the universal variant of this. If we let

X C X x P(V*) be the universal hyperplane section of X, we have a decomposition
D'(X) = (C, A (1)x D"(P(V*)), ..., Aj_1(k — 1) R D*(P(V*))) and check that C is
equivalent to D*(Y).

e Now for Gr(3,6), look at D*(Px,(U))). Notice that the fibers of Py, (U)) —
P(W) are hyperplane sections of Gr(2,5) and that Py, (U)) — Xy is a P*-bundle.
Since the derived category of a hyperplane section of Gr(2,5) is known to have

some nontrivial part only if it is singular, we get that D°(Zy) (where Zy is the
discriminant locus of the first map) should contain 3 copies of Cp.

e Thus D’(Z) should have 3 copies of C and since Z — M is generically a P bundle,
we see that D’(M) appropriately resolved should contain one copy of C.

Proof ingredients
e Show that on X x Y there is a complex of vector bundles

{EQ&FO%El@Fl@EQ&FQHEg&Fg}gi*g,

that is quasiisomorphic to a coherent sheaf £ supported on the incidence variety
[(X,)Y) = X xY (where I(X,Y) & X xp- Y is the preimage of the incidence
variety on [P x P¥).

e Use that X is a divisor inside X x IP* (and j is the embedding) and thus we have
a distinguished triangle of functors D°(X) — D'(X)

7 js — id — Oxp(—1,—1)|2]

e Conclude that the functor ®; ¢ : D*(Y) — DY(X) gives a fully faithful embedding
of C into D°(X).

e Note that ¢f com* : D*(X) — DY) (where 7 : X — X)) is fully faithful on the
subcategory Ay C D’(X) and that its image is By C D°(Y") and use a theorem of
Kuznetsov to conclude that D°(M, R) is the HPD of X.

Future

e Apply the main theorem to linear sections.
e Do a similar construction for Gr(3,7).



