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(1) Recall that the symmetric group S, is the group of permutations of the
set {1,2,...,n}, with operation given by composition of functions. Let
o € Sg be the permutation

U:<12345678)‘

5 6 1 8 3 7 4 2

(a) Express o as a product of disjoint cycles.

(b) What is the order of o7
)
)

(c) Is o even or odd?
d

Express o as a product of transpositions.

(
(2) Repeat Q1 for the permutation o € Sy given by

(1234567809
“\7 8369215 4)
(3) Let 0 € S, be a permutation. Then we can write o as a product
0 =TTy - - - T, of some number r of disjoint cycles 7, ..., 7.. Let [; be

the length of the cycle 7; for i =1,...,r.

(a) What is the order of o?
(b) Show that o can be written as a product of (I; — 1) + (I — 1) +
-+ + (I, — 1) transpositions.

(4) Give the definition of even and odd permutations. Define the alternat-
ing group A,. What is the order of S,,” What is the order of A,7



(5) Let H be the subgroup ((13)) = {e, (13)} of S5. Find the left cosets of
H in S3 and the right cosets of H in S3. Are the left cosets the same
as the right cosets?

(6) (a) List the elements of Ay.

(b) Let H be the cyclic subgroup of A, generated by the 3-cycle (123).
Find the left cosets of H in A4. Are the left cosets the same as
the right cosets?

(7) Recall that for a subgroup H of a group G, the index of H in G is
the number of left cosets of H in G. Let G = 7Z x Z and let H be the
subgroup of G consisting of pairs (a,b) such that a + b is divisible by
3. What is the index of H in G?

(8) (a) State Lagrange’s theorem.
(b) Let G be a finite group such that |G| is prime. Show that G is
cyclic.

(9) Find all abelian groups of order 600 up to isomorphism.

(10) Determine whether the groups Zoy X Zgg X Zyoo and Zsg X Zag X Z1s0
are isomorphic.

(11) Compute the order of the element (3,4,5) € Z1o X Z1g X Z3.

(12) Let p be a prime. How many elements of order p are there in Z,2? How
many elements of order p are there in Z, x Z,?

(13) For n > 3 the dihedral group D,, is the group of symmetries of a regular
n-gon (a polygon with n sides of equal length).

(a) What is the order of D,,?

(b) Let p € D, be the rotation about the center p of the polygon
through an angle § = 27/n anticlockwise. Let u € D, be a
reflection. Express all the elements of D,, in terms of p and pu.
[Hint: What are the cosets of H = (p) in D,,?]

(14) Show that Dg is isomorphic to the subgroup of the symmetric group
S¢ generated by the elements (123456) and (26)(35). [Hint: label the
vertices of the hexagon by 1,2,3,4,5,6.] Use this to prove that up =

2



p 'y in Dg where p and p are defined as above. [This was proved in
class for D,, by another method.|

(15) (a) Show that every proper subgroup of the dihedral group D is
cyclic.
(b) Give an example of a proper subgroup of D, that is not cyclic.
(16) What is the maximum possible order of an element of the following
groups”?
A

(a
( Zlg X 215 X Zﬁg.

)
b)
(c)
()
(e)

(17) Let G and G3 be groups. Show carefully that G; x Gy and Gy X G
are isomorphic.

S9
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(18) Let G be a finite group such that a* = e for every a € G.

(a) Show that G is abelian

(b) Show that G is isomorphic to Zg X Zg X - -+ X Zy (where there are
some number s of copies of Zs).

(19) Let G; and G5 be groups. Show that if G; x Gy is cyclic then both Gy
and (G5 are finite cyclic groups and their orders are coprime.



