
ROBER T MA CPHERSON AND ARITHMETIC GR OUPS

PAUL E. GUNNELLS

Dedicated to Robert MacPherson on the occasion of his sixtieth birthday

Abstra ct. We survey contributions of Robert MacPhersonto the theory of arith-
metic groups. There are two main areaswe discuss: (i) explicit reduction theory
for Siegelmodular threefolds, and (ii) constructions of compacti¯cations of locally
symmetric spaces.The former is joint work with Mark McConnell, the latter with
Lizhen Ji.
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1. Intr oduction

1.1. Arithmetic groups sit at the crossroadsof many areasof mathematics. On
one hand, they lead to beautiful manifolds with intricate geometry, and to moduli
spacesfor many important objects in arithmetic. On the other, they are conjoined
with the theory of automorphic forms, and provide one path to understanding the
mysteries of the absolute Galois group of the rationals. The study of arithmetic
groupsis a beautiful blend of algebraictopology, algebraicand di®erential geometry,
representation theory, and number theory, and includessomeof the most fascinating
and inscrutable phenomenain mathematics.
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1.2. In this survey we discussRobert MacPherson'scontributions to arithmetic
groups. We focuson two of his collaborations. The ¯rst (x3) is joint work with Mark
McConnell, and appears in the papers Explicit reduction theory for Siegel modular
threefolds(Inv. Math 111 (1993)) [39]and Classical projective geometry and modular
varieties (Proceedingsof JAMI 1988)[38]. The second(x4) is joint work with Lizhen
Ji, and appears in Geometry of compacti¯cations of locally symmetric spaces (Ann.
Inst Fourier, Grenoble 52 (2002)) [31]. We also provide (x2) somebackground on
arithmetic groupsand their relationship to number theory and automorphic forms.

1.3. There are two other contributions of MacPhersonto arithmetic groups that
we unfortunately will not discuss,the topological trace formula and the geometric
approach to the fundamental lemma. To compensatefor this omission,we say a few
words here.

In [2], using his trace formula, Arth ur derived an expressionfor the Lefschetz
number of the action of a Hecke correspondenceon the L 2-cohomologyof a modu-
lar variety. In view of the Zucker conjecture (proved by Saper and Stern [46] and,
independently, by Looijenga [36]), which identi¯es this L 2-cohomologywith the in-
tersection cohomologyof the Baily{Borel compacti¯cation (x4.2), Casselmanand
Arth ur asked whether Arth ur's formula could be interpreted as a Lefschetz ¯xed
point formula for intersection cohomology, and in particular whether each term in
Arth ur's formula might correspond to a single¯xed point component. The ingredients
(volumesof centralizers, orbital integrals, and averageddiscreteseriescharacters) in
Arth ur's formula did not, initially , look like the local contributions onemight expect
from a Lefschetz ¯xed point formula.

Nevertheless,Arth ur and Casselman'ssuggestionwaseventually realizedin a series
of papers [19{21,25{27] in which it was shown that each term in Arth ur's formula
corresponds to a sum of (Lefschetz) contributions over a certain collection of ¯xed
points. New techniqueswere developed including (i) a general topological formula
for the local contribution to the Lefschetz number from \h yperbolic" ¯xed points;
seealsothe closelyrelated results of Kashiwara and Schapira [32]; (ii) the \w eighted
cohomology"of modular varieties(similar to the intersectioncohomology, but involv-
ing a weight truncation rather than a degreetruncation), later shown [43] to coincide
with the weighted L 2-cohomology of Franke [17]; and (iii) a combinatorial formula for
the charactersof discreteseries,somewhatdi®erent from the formulas [29] of Herb.
For more details about the actual constructionsinvolved in this program, we refer to
the announcement [25].

For the geometricapproach to the fundamental lemma,wehaveconsiderablylessto
say. This programis still underdevelopment, with somepublicationsavailable [22,23]
andothersin preparation. Recently Laumon{Ngoextendedand improvedthe original
strategyof Goresky{Kottwitz{MacPhersonand completeda proof of the fundamental
lemmafor unitary groups,a spectacularadvance[34]. It is prematureto predict where
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all this will lead, but someexperts sharea certain optimism. In any case,writing
a detailed survey of this subject would require a long and complicatedarticle of its
own.

1.4. Ac knowledgmen ts. I thank Avner Ash, Mark Goresky, Lizhen Ji, and Mark
McConnell for helpful comments. I alsothank the editors for inviting meto write this
article. Finally, I'm glad to thank (in print) Bob MacPherson,not only for helping
to create such beautiful mathematics, but also for being a patient and benevolent
teacher.

2. Arithmetic gr oups

2.1. In this section we review background on algebraicgroups, arithmetic groups,
and discusstheir relationshipsto geometryand number theory.

2.2. Linear algebraic groups.

2.2.1. The starting point is G, a connectedlinear algebraicgroup de¯ned over Q.
For our purposes,this meansthe following [44, x2.1.1]:

(1) The group G has the structure of an a±ne algebraic variety given by an
ideal I in the ring C[x ij ; D ¡ 1], where the variables f x ij j 1 · i; j · ng
should be interpreted as the entries of an \indeterminate matrix," and D is
the polynomial det(x ij ). Both the group multiplication G £ G ! G and
inversionG ! G are required to be morphismsof algebraicvarieties.

The ring C[x ij ; D ¡ 1] is the coordinate ring of the algebraic group GLn .
Hencewe are viewing G as a subgroup of GLn de¯ned by the vanishing of
polynomial equationsin matrix entries.

(2) De¯ned over Q means that the ideal I is generatedby polynomials with
rational coe±cients.

(3) Connected meansthat G is connectedas an algebraicvariety.
Givenany subringR ½ C, wecanconsiderthe groupof R-rational points G(R). As

a setG(R) is the setof solutionsto the de¯ning equationsfor G with coordinatesin R.
Especially important in the following will be the groupsof real points G(R), rational
points G(Q), and integral points G(Z). Following a usual convention, we denote
algebraicgroupsby bold letters and their groupsof real points by the corresponding
Roman letter. Hencewe write G = G(R), P = P(R), and so on.

2.2.2. A linear algebraicgroup G is reductive if its maximal connectedunipotent
normal subgroupis trivial, and semisimpleif its maximal connectedsolvable normal
subgroupis trivial.

The prototypical exampleof a reductive group is G = GLn , the split general linear
group. For any ring R ½ C, the groupGLn (R) is the groupof n£ n invertible matrices
with entries in R.
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There are two basicexamplesof semisimplegroupsthat will be important for us.
The ¯rst is the split special linear group G = SLn . For any ring R ½ C, we have
G(R) = SLn (R), which is the group of all n £ n matrices with entries in R and
with determinant equal to one. The secondis the split symplectic group Sp2n . The
group of real points Sp2n (R) is the automorphism group of a ¯xed nondegenerate
alternating bilinear form on a real vector spaceof dimension2n.

For somenonsplit examples,let F be an algebraicnumber ¯eld. Then there is a Q-
group GF satisfyingG(Q) = SLn (F ). The group GF is constructedvia the technique
of restriction of scalars from F to Q; the notation is G F = R F =Q SLn [44, x2.1.2].
For example,if F is totally real, the group R F =Q SL2 plays an important role in the
study of Hilbert modular forms.

2.2.3. Another family of examplesis provided by tori . A torus is a linear algebraic
group T such that T ' D n , whereD n ½ GLn is the subgroupof diagonal matrices.
We have T (C) ' (C£ )n . The number n is called the (absolute) rank of T . A torus
is said to be Q-split if T (Q) ' (Q£ )n , wheren is the absoluterank of T , and if the
isomorphismis de¯ned over Q. The Q-rank of G is de¯ned to be the dimensionof a
maximal Q-split torus. For example,the Q-rank of SLn , or moregenerallyR F =Q SLn ,
is n ¡ 1.

2.3. Symmetric spaces.

2.3.1. Let G be connectedsemisimple,and let G = G(R) be the group of real
points. Then G is a connectedLie group. Let K ½ G be a maximal compact
subgroup. The quotient X := G=K is calleda (global) Riemannian symmetric space;
it is di®eomorphicto a contractible smooth real manifold.

For example,if G is the special linear group SLn , then G is the Lie group SLn (R).
For a maximal compact subgroup K we can take SO(n), the special orthogonal
group. This is the group of n £ n real matrices A with A ¡ 1 = A t and detA = 1.
Thus X = SLn (R)=SO(n). It is easy to compute that dim X = n(n + 1)=2 ¡ 1.
The most familiar examplefrom this family of symmetric spacesis n = 2. We have
SL2(R)=SO(2) ' H, where H ½ C is the upper halfplane of complex numbers with
positive imaginary part.

If G = Sp2n (R), then K = U(n), the unitary group of all n £ n complexmatrices
A with A¤ = A ¡ 1, where the star denotesconjugate transpose. One can show that
the symmetric spaceX , called the Siegel upper halfspace, hasreal dimensionn2 + n.

2.4. The nonsplit exampleslead to more complicated geometry. Consider G =
R F =Q SL2, where F is a quadratic extension of Q. Any such ¯eld has the form
F = Q(

p
d), where d 6= 0; 1 is squarefree.There are two casesto consider,F real

and F imaginary.
If F is real, then d > 0. There are two ways to embed F as a sub¯eld of R,

corresponding to the two choicesfor the squareroot of d. Denote theseembeddings
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by a 7! a(i ) , i = 1; 2. We have G = G(R) = SL2(R) £ SL2(R). A maximal compact
subgroupis K = SO(2)£ SO(2), and the symmetric spaceis X = H £ H.

Now supposeF is imaginary. This time G = SL2(C) and K = SU(2); the sym-
metric spaceX is the hyperbolic 3-spaceH3.

2.5. Lo cally symmetric spaces.

2.5.1. Let ¡ ½ G(Q) be an arithmetic group. By de¯nition this is a subgroup
commensurablewith G(Z), which means¡ \ G(Z) has ¯nite index in both ¡ and
G(Z). For example,¡ = SLn (Z) ½ SLn (Q) is arithmetic, as is any conjugateg¡ g¡ 1,
whereg 2 SLn (Q).

2.5.2. The left action of ¡ on the symmetric spaceX is properly discontinuous.
Suppose¡ is torsion-free. Then ¡ nX is a manifold, and is called a locally symmetric
space.

2.6. Cohomology of arithmetic groups.

2.6.1. We continue to assumethat ¡ is torsion-free. SinceX is contractible, ¡ nX is
an Eilenberg{Mac Lane spacefor ¡. In particular ¼1(¡ nX ) ' ¡, and all other homo-
topy groupsvanish. The group cohomologyof ¡ (with trivial complexcoe±cients) is
isomorphic to the complexcohomologyof the quotient ¡ nX :

(2.6.1) H ¤(¡; C) ' H ¤(¡ nX ; C):

In fact (2.6.1) remainstrue even if ¡ has torsion, sincewe are using complexcoe±-
cients.(1)

More generally, let M be a complex ¯nite dimensional rational representation of
G. Then M is alsoa ¡-mo dule, and onecan de¯ne the group cohomologyH ¤(¡; M )
of ¡ with coe±cients in M . One can associate to M a locally constant sheafM on
¡ nX so that

H ¤(¡; M ) ' H ¤(¡ nX ; M ):

Again, this remainstrue even if ¡ hastorsion, although we must uselocally constant
sheaveson orbifolds.

2.6.2. It turns out that the cohomologygroups H ¤(¡; M ) are intimately related
to automorphic forms. The simplest interesting example is G = SL2. The basic
arithmetic group here is G(Z) = SL2(Z), which acts on the symmetric spaceH by
fractional linear transformations:

µ
a b
c d

¶
¢z =

az + b
cz + d

;
µ

a b
c d

¶
2 SL2(Z); z 2 H:

1The isomorphism (2.6.1) is not true for integral coe±cients if ¡ has torsion. Similar remarks
apply to more generalcoe±cient modules M than those we consider in this paper.
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The group SL2(Z) is the most obvious arithmetic group in SL2(Q), but there are
many others. For any N ¸ 1, let ¡ 0(N ) ½ SL2(Z) be the subgroupof matrices that
are upper triangular modulo N . The locally symmetric spaceY0(N ) = ¡ 0(N )nH is
the (open) modular curveof levelN . Topologically, Y0(N ) is a punctured surfacewith
genus roughly N=12. The Eichler{Shimura isomorphismconnectsthe cohomologyof
Y0(N ) with holomorphic modular forms. In particular, we have

H 1(¡ 0(N ); C) = H 1(Y0(N ); C) ' S2(N ) © S2(N ) © Eis2(N );

where S2(N ) is the spaceof weight 2 cuspidal modular forms of level N , the bar
denotescomplexconjugation, and Eis2(N ) is the spaceof weight 2 Eisensteinseries
of level N . More generally, if k ¸ 0, let M k = Symk(C2) be the kth symmetric
power of the standard representation of ¡ 0(N ), and let M k be the associated locally
constant sheafon Y0(N ) Then we have, in obvious notation,
(2.6.2)

H 1(¡ 0(N ); M k) = H 1(Y0(N ); M k) ' Sk+2 (N ) © Sk+2 (N ) © Eisk+2 (N ) k ¸ 0:

Hencethe group cohomologyfor thesemodules is directly related to modular forms
of level N .

2.6.3. Similar phenomenaoccur for our nonsplit examples. Let G = R F =Q SL2,
whereF is the quadratic ¯eld Q(

p
d). Inside F is a certain subring OF , the ring of

algebraic integers, that plays the samerole for F that the ring Z does for Q. We
have OF = Z[

p
d] unlessd = 1 mod 4, in which caseOF = Z[(1 +

p
d)=2]. The basic

arithmetic group here is ¡ = G(Z) = SL2(OF ).
SupposeF is real. Then ( a b

c d ) 2 ¡ acts on the symmetric spaceX = H £ H by
fractional linear transformations, where on the factors we use the two embeddings
F ! R to map SL2(OF ) into SL2(R):

µ
a b
c d

¶
¢(z1; z2) =

µ
a(1) z1 + b(1)

c(1) z1 + d(1)
;
a(2) z2 + b(2)

c(2) z2 + d(2)

¶
; (z1; z2) 2 H £ H:

The quotient ¡ nX is an algebraicsurface,calleda Hilbert modular surface. Its coho-
mology can be described explicitly in terms of Hilbert modular forms.

If F is imaginary, the group ¡ is called a Bianchi group. The quotient ¡ nH3 is a
3-dimensionalhyperbolic orbifold, and its cohomologycanalsobe computedin terms
of appropriate automorphic forms.

2.6.4. For a generalarithmetic group ¡, the relationship betweencohomologyand
automorphic forms is captured by the following deeptheoremof Franke [17].

Assumethe ¡-mo dule M arisesfrom a complex ¯nite-dimensional rational repre-
sentation of G asin x2.6.1. Then Franke'sresult says that the cohomologyH ¤(¡ nX ; M )
can be systematically built out of automorphic forms attached to G and to certain
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subquotients of G. Speci¯cally, we have a decomposition

(2.6.3) H ¤(¡; M ) = H ¤
cusp(¡; M ) ©

M

f P g

H ¤
f P g(¡; M );

where the direct sum is taken over the set of classesof associate proper Q-parabolic
subgroupsof G (x4.4.3). The summandH ¤

cusp(¡; M ) correspondsto the full group G,
and is known as the cuspidalcohomology; this is the subspaceof cohomologyclasses
represented by cuspidalautomorphic forms. The remainingsummandsconstitute the
Eisenstein cohomology of ¡. In particular the summandindexed by f Pg is built of
Eisensteinseriesand their residuesattached to suitable cuspidal automorphic forms
on the Levi quotients (x4.4.4) of elements of f Pg; theseare the subquotients alluded
to above.

For G = SL2(R), this decomposition is exactly the right side of Eichler-Shimura
isomorphism(2.6.2). The cuspidal cohomologyis the subspaceSk+2 (N ) © Sk+2 (N ),
and the Eisensteincohomologyis the subspaceEisk+2 (N ).

For an exposition of Franke's result, as well as more information about the coho-
mology of arithmetic groups,we highly recommendthe recent survey [35].

3. Reduction theor y f or Siegel modular threef olds

3.1. Reduction theory.

3.1.1. Let G be a connectedsemisimplegroup, let X = G=K be the associated
symmetric space,and let ¡ ½ G(Q) be an arithmetic group. The goal of reduction
theory is understanding the action of ¡ on X . In particular, one wants to ¯nd a
\nice" fundamental domain for the action of ¡ on X . This should be an open set
­ ½ X such that

(1) the union of the ¡-translates of the closure­ is all of X , and
(2) for all ° 2 ¡ with ° 6= 1, we have ° ­ \ ­ = ? .

Of course,what \nice" meansis a matter of taste, but commonly this is taken to
mean that ­ is locally homeomorphicto a polytope, and is of ¯nite type in some
sense.

3.1.2. The prototypical example is ¡ = SL2(Z) and X = H. The classicalfunda-
mental domain ­, shown in the left of Figure 3.1, is the set

­ =
©

z 2 H
¯
¯ jzj > 1; ¡ 1=2 < =z < 1=2

ª
:

This example is also the sourceof the name reduction theory. There is a close
connection between H and the spaceof binary positive de¯nite quadratic forms
Q(x; y) = Ax 2 + Bxy + Cy2 (x3.3). The ¡-action on H corresponds to unimodu-
lar changeof variables: the matrix ( a b

c d ) takesQ(x; y) to Q(ax + cy; bx+ dy).
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This changeof variables is a natural equivalencerelation on quadratic forms for
the following reason.Given a positive de¯nite binary quadratic form Q, we can form
the theta series

£( Q) =
X

x;y 2 Z

qQ(x;y ) ; whereq = exp(2¼iz); z 2 H:

Writing £( Q) =
P

N aN qN , we seethat the coe±cient aN is the number of integral
solutionsof the equationQ(x; y) = N . Hence£( Q) encodesall positive integersthat
canbe represented by Q, alongwith the multiplicit y of each representation. If Q and
Q0 are related by the ¡-action, then £( Q) = £( Q0); in particular Q and Q0 represent
the sameset of integers,each with the samemultiplicit y.

Now given Q, we can usethe ¡-action to ¯nd a form Q0 equivalent to Q and such
that the correspondingpoint z(Q0) 2 H lies in the domain ­ . Moreover Q0 is uniquely
determinedif z(Q0) 2 ­. The quadratic form Q0 is calledreduced, sinceits coe±cients
A; B ; C are small.

3.1.3. Sometimesin reduction theory one considersweaker conditions on ­ than
thoseabove. For example,sometimesonereplacesitem (2) in x3.1.1with the require-
ment that f ° j ° ­ \ ­ 6= ? g is ¯nite . The middle of Figure 3.1 shows an example;
this set is three times as large as the exact domain on the left of Figure 3.1, and is
stabilized by a subgroupof ¡ of order 6. Although this domain is larger than a true
fundamental domain, it has the nice property that ° ­ \ ­ is either empty or equals
­. One may even drop this condition, and merely require that f ° j ° ­ \ ­ 6= ? g
is ¯nite and that that ­ has an easily described form. This is useful in the theory
of automorphic forms, when one wants good control over certain analytic objects
related to ­ without fretting too much about the exact geometryof ­. The right of
Figure 3.1 shows an exampleof this kind of domain, a Siegel set in H [8, I.1].

PSfrag replacements

¡ 1 ¡ 111 10

1

Figure 3.1. Various notions of reduction domainsfor SL2(Z)

3.2. Reduction theory and cohomology.
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3.2.1. There is another application of reduction theory that is lessfamiliar: com-
putation of the cohomologyH ¤(¡; M ). Explicit knowledge of a precisereduction
domain ­ allows one to chop X up into subsets. Thesesubsetspassto subsetsof
the quotient ¡ nX , and even ¡ 0nX where ¡ 0 ½ ¡ is a ¯nite-index subgroup. These
subsetscan be usedwith standard methods of combinatorial topology to build chain
complexesto compute the cohomologyof ¡ and its ¯nite-index subgroups.

3.2.2. We will make this discussionmore precisein a moment, but the generalidea
can already be seenfor ¡ = SL2(Z). Let N ¸ 1, and let ¡( N ) ½ SL2(Z) be the
principal congruence subgroup of matrices congruent to the identit y modulo N .(2)
For N ¸ 2 the group ¡( N ) is torsion-free. The quotients Y(N ) = ¡( N )nH are
punctured topological surfaceswith genus roughly N 3=24.

Let ­ be the ideal triangle in H with vertices at 0; 1; 1 , as in the middle of
Figure 3.1. Then the SL2(Z)-translates of ­ passto a \punctured triangulation of
Y(N )," by which we mean the following. The surfaceY(N ) sits naturally inside a
compact surfaceX (N ) obtained by ¯lling the punctures with points, and there is
a triangulation of X (N ) such that the vertices are the punctures. For example, if
N = 3 (respectively, 4, 5) then the genus of Y(N ) is 0, and Y(N ) equipped with
this structure is isomorphic to a tetrahedron (resp., octahedron, icosahedron)with
puncturesat its vertices.

3.2.3. Here is how this structure can be usedto compute H ¤(¡( N ); M ). Consider
the tessellation of H given by the SL2(Z)-translates of ­, where ­ is as in x3.2.2.
There is a regular triv alent graph W embeddedin H dual to this tessellation(Figure
3.2). In other words, W has a vertex for each triangle in the tessellation,and two
vertices are connectedby an edgeif and only if the corresponding triangles meet
along an edge.

Modulo ¡( N ), the graph W is ¯nite. For example,for N = 3 (respectively, 4, 5),
the quotient ¡( N )nW is isomorphicto the 1-skeletonof the tetrahedron (resp., cube,
dodecahedron).In fact, ¡( N )nW is naturally a deformation retract of ¡( N )nH: the
retraction is given by pinching Y(N ) along its punctures to enlargethem. Thus the
cohomologyof ¡( N )nW equalsthat of Y(N ). Since ¡( N )nW is a simplicial com-
plex, it can be usedwith standard techniquesof combinatorial topology to explicitly
compute H ¤(¡( N ); M ). Similar considerationsapply to any ¯nite-index subgroup
¡ ½ SL2(Z).

3.2.4. The construction of W revealsmore about the cohomologyof ¡. The dimen-
sion of H is 2, so a priori H ¤(¡ nH; M ) can be nonzeroin degrees0; 1; 2. But since
¡ nW is a graph, its cohomologyvanishesin degree2. This is a special caseof a
theoremof Borel{Serre,which implies that for any arithmetic group ¡ ½ G(Q) with

2A congruence subgroup of SL2(Z) is one that contains ¡( N ) as a subgroup for someN . Hence
the groups ¡ 0(N ) from x2.6.2 are congruencesubgroups.
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Figure 3.2. The graph W inside the tessellationby ¡-translates of ­

M as in x2.6.4,we have H k(¡; M ) = 0 if k > º := dim X ¡ q, whereq is the Q-rank
of G. Thus for exampleif ¡ ½ SLn (Z), we have º = n(n ¡ 1)=2; for ¡ ½ Sp2n (Z) we
have º = n2. The number º is called the virtual cohomological dimension of ¡. Since
for SL2(Z) the number º is 1, the graph W is optimal from a computational point of
view: it is exactly the right dimensionto usein investigating the cohomology. It is
alsooptimal from an ½sthetic point of view, sinceW is beautifully embeddedin H.

Hencewe have the following natural problem: Given an arithmetic group ¡, ¯nd
a subspaceW of the associated symmetric spaceX such that the following hold:

(1) W is a locally ¯nite regular cell complex (a regular cell complex is a CW
complexsuch that the attaching map from each closedcell into the complex
is a homeomorphismonto its image[13]);

(2) W admits a cellular ¡-action such that if ¡ 0 µ ¡ is a torsion-free¯nite-index
subgroup,¡ 0nW then is a regular cell complex;

(3) W is a ¡-equivaraiant deformation retract of X ; and
(4) W hasdimensionº (¡).

This is the problem solved in [38,39] for G = Sp4.

3.3. The cone of positiv e-de¯nite quadratic forms.

3.3.1. To explain the results in [38,39], we ¯rst needto understandhow to ¯nd W
for the special linear group SLn . Indeed, the constructions here play a key role for
Sp4 through the natural inclusion Sp4(R) ½ SL4(R).

Onetechniqueto construct W for SLn builds on work of Vorono·³'s theory of perfect
quadratic forms [50]. We recall the de¯nitions. Let V be the R-vector spaceof all
symmetric n £ n matriceswith entries in R, and let C ½ V be the subsetof positive-
de¯nite matrices. The spaceC can be identi¯ed with the spaceof all real positive-
de¯nite quadratic forms in n variables: in coordinates, if x = (x1; : : : ; xn )t 2 Rn

(column vector), then the matrix A 2 C inducesthe quadratic form

x 7¡! x tAx:
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It is well known that any positive-de¯nite quadratic form arisesin this way. The
spaceC is a cone,in that it is preserved by homotheties: if x 2 C, then ¸x 2 C for
all ¸ 2 R> 0. Let D be the quotient of C by homotheties.

3.3.2. The casen = 2 is illustrativ e. We can take coordinates on V ' R3 by
representing any matrix in V as

µ
x y
y z

¶
; x; y; z 2 R:

The subsetof singular matrices Q = f xz ¡ y2 = 0g is a quadric conein V dividing
the complement V r Q into three connectedcomponents. The component containing
the identit y matrix is the coneC. The quotient D can be identi¯ed with an open
2-disk.

3.3.3. The group G = SLn (R) acts on C on the left by

(g; c) 7¡! gcgt :

This action commutes with that of the homotheties,and thus descendsto a G-action
on D. Onecanshow that G actstransitiv ely on D and that the stabilizer of the image
of the identit y matrix is K = SO(n). Hencewe may identify D with the symmetric
spaceX SL = SLn (R)=SO(n). Wewill do this in the sequel,usingthe notation D when
we want to emphasizethe coordinates coming from the linear structure of C ½ V,
and the notation X SL for the quotient G=K .

The G-action inducesan action of SLn (Z) on C. This is the unimodular changeof
variablesaction on quadratic forms as in x3.1.3. Under our identi¯cation of D with
X SL, this is the usual action of SLn (Z) by left translation from x2.5.2.

3.4. The Vorono·³ polyhedron.

3.4.1. Recall that a point in Zn is saidto beprimitive if the greatestcommondivisor
of its coordinatesis 1. In particular, a primitiv e point is nonzero.Let P ½ Zn be the
set of primitiv e points. Any v 2 P , written as a column vector, determinesa rank-
onesymmetric matrix q(v) in the closureC via q(v) = vvt . The Vorono·³ polyhedron
¦ is de¯ned to be the closedconvex hull in C of the points q(v), asv rangesover P .
Note that by construction, SLn (Z) acts on ¦, sinceSLn (Z) preservesthe set f q(v)g
and acts linearly on V.

3.4.2. The polyhedron ¦ is quite complicated: it has in¯nitely many faces,and is
not locally ¯nite. However, one of Vorono·³'s great insights is that ¦ is actually not
as complicated as it seems.To explain his insight, we needthe notion of a perfect
quadratic form.

For any A 2 C, let ¹ (A) be the minimum value attained by A on P , and let
M (A) ½ P be the set on which A attains ¹ (A). Note that ¹ (A) is positive and
M (A) is ¯nite sinceA is positive-de¯nite. Then A is calledperfect if it is recoverable
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from the knowledgeof the pair (¹ (A); M (A)). In other words, given (¹ (A); M (A)),
we can write a systemof linear equations

(3.4.1) mZ mt = ¹ (A); m 2 M (A);

whereZ = (zij ) is a symmetric matrix of variables. Then A is perfect if and only if
it is the unique solution to the system(3.4.1).

3.4.3. We can now summarizeVorono·³'s main results:
(1) There are¯nitely many equivalenceclassesof perfect formsmodulo the action

of SLn (Z). Vorono·³ evengavean explicit algorithm to determineall the perfect
forms of a given dimension.

(2) The facetsof ¦, in other words the codimension1 faces,are in bijection with
the rank n perfect quadratic forms. Under this correspondencethe minimal
vectors M (A) determine a facet FA by taking the convex hull in C of the
¯nite point set f q(m) j m 2 M (A)g. Hencethere are ¯nitely many facesof ¦
modulo SLn (Z), and thus ¯nitely many modulo any ¯nite-index subgroup¡.

(3) Let V be the set of conesover the facesof ¦. Then V is a fan, which means
(i) if ¾2 V , then any faceof ¾is also in V ; and (ii) if ¾; ¾0 2 V , then ¾\ ¾0

is a commonfaceof each.(3)
(4) The Vorono·³ fan V provides a reduction theory for C in the following sense:

any point x 2 C is contained in a unique ¾(x) 2 V , and the stabilizer
subgroupf ° 2 SLn (Z) j ° ¢¾(x) = ¾(x)g is ¯nite. Vorono·³ alsogavean explicit
algorithm to determine¾(x) given x, the Vorono·³ reduction algorithm.

The number of equivalenceclassesof perfect forms modulo the action of GLn (Z)
grows rapidly with n. Vorono·³ computed the equivalenceclassesfor n · 5 [50].
Currently the largestn for which the number is known is n = 8: Dutour{Schurmann{
Vallentin recently showed that there are 10916equivalenceclasses[15]. For a list of
perfect forms up to n = 7, see[12].

3.5. The Vorono·³ decomp osition and the retract.

3.5.1. Here is how the Vorono·³ fan V can be usedto construct higher-dimensional
analoguesof the tessellationin Figure 3.2. The idea is to usethe conesin V to chop
the quotient D into pieces.

For any ¾2 V , let ¾± be the open coneobtained by taking the complement in ¾of
its proper faces.Then after quotienting by homotheties,the conesf ¾± \ C j ¾2 V g
passto locally closedsubsetsof D. Note that ¾± \ C may be empty. If ¾± \ C 6= ? ,
and c is the imageof ¾± modulo homotheties,we say ¾± induces c. Note that each c
is a cell, in other words is homeomorphicto an open ball, sinceit is the quotient of
an open polyhedral coneby homotheties.

3Strictly speaking,Vorono·³ actually showed that every codimension1 coneis contained in exactly
two top dimensional cones.
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3.5.2. Let C be the set of cellsc induced from the Vorono·³ cones.Clearly C is the
union of all cones¾that induce cells in C. SinceC comesfrom the fan V , the cells
in C have good incidenceproperties: the closurein D of any c 2 C can be written
as a ¯nite disjoint union of elements of C. Moreover, C is locally ¯nite: by taking
quotients of only the ¾± meeting C, we have eliminated the open coneslying in C,
and it is the latter conesthat are responsiblefor the failure of local ¯niteness of V .

We summarizethese properties by saying that C gives a cellular decomposition
of D. Clearly SLn (Z) acts on C, sinceC is constructed using the fan V . Thus we
obtain a cellular decomposition of ¡ nD for any ¯nite-index ¡ ½ SLn (Z). We call C
the Vorono·³ decomposition of D.

3.5.3. Now we explain how V can be usedto construct the cell complex W. The
¯rst step is to enlargethe coneC to a partial Satakecompacti¯cation C¤. Let H be
a hyperplane in V, and let C be the closureof C in V. We say H is a supporting
hyperplane of C if H is rational and H \ C = ? but H \ C 6= ? . Since C is
convex, these conditions imply that C lies entirely in one of the two closedhalf-
spacesdeterminedby H .

Given a rational supporting hyperplaneH of C, let C0 = Int(H \ ¹C), whereInt( )
denotesthe interior in the linear span. Then C0 is called a rational boundary com-
ponent; it is isomorphic to a smaller dimensionalconeof positive de¯nite quadratic
forms. Let C¤ be the union of C and all its proper rational boundary components.
We can similarly form D ¤, the union of D and the imagesof the rational boundary
components modulo homotheties.OnecantopologizeD such that ¡ nD ¤ is a compact
Hausdor®space.In general¡ nD ¤ is singular.

Again, we can considertheseconstructions for SL2 and the principal congruence
subgroup¡( N ). In this caseD ¤ is H[ Q[ f1g . The quotient ¡( N )nD ¤ is isomorphic
to the surfaceX (N ) obtained by ¯lling in the puncturesof Y(N ).

3.5.4. It turns out that formation of the Vorono·³ polyhedron ¦ is compatible with
construction of the rational boundary components, which meansthe fan V actually
lies in C¤. Let B(V ) be the ¯rst barycentric subdivision of V . Take the conesin
B(V ) that are dual to the conesinducing cells in C. These conesare contained
entirely in C, and project to a collection of cells in D. By taking unions of these
cells, we build W. This strategy was devisedby Ash in [4], and used by him to
construct retracts for a large classof arithmetic groups.

Figure 3.3 shows the processin D for SL2. On the left we seepart of the Vorono·³
tessellationin D ¤, displayedin the linear coordinateson D. The gray discscorrespond
to the points in D ¤ r D. The middle shows the barycentric subdivision of this
decomposition. The right shows W, in heavy black lines. Note that edgesfrom the
centers of the triangles to the boundary components do not appear in W, sincethey
are not dual to cells in the original tessellation. Also note that the cells in W are
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formed by taking unions of cells in the barycentric subdivision. For more about W,
as well as extensionsof W to other settings, we refer to [4,5,40,49,51,52].

Figure 3.3. Forming W by taking the dual

3.6. The symplectic cell decomp osition.

3.6.1. Finally we come to the symplectic case,and to the results of [38,39]. Let
G = Sp2n , G = Sp2n (R), and ¡ = Sp2n (Z). Let X Sp be the symplectic symmetric
spaceSp2n =U(n), a real manifold of dimensionn2 + n. How can we construct W?
Unfortunately, there is no analogueof the coneC for X Sp: the Siegelupper halfspace
hasno hidden linear structure.

The main idea of [39] is extremely simple. There is an embedding Sp2n (R) ½
SL2n (R) that inducesan embedding¶: X Sp ! X SL. In terms of the linear coordinates
on D ' X SL, the image of X Sp is cut out by quadratic equations. In X SL we have
the Vorono·³ cells C that provide a cellular decomposition, and we can considerall
possibleintersectionsf c \ ¶(X Sp) j c 2 Cg. Theseprovide candidatesfor the cells in
a cellular decomposition CSp of X Sp.

However, there is a potential pitfall with this idea: how do we know that the
intersectionsc\ ¶(X Sp) areactually cells? If each c met the imageof X Sp transversely,
then we would know by a generalargument that the intersectionswould be cells.
Unfortunately, this is not the case. It seemsthat sometimesthe Vorono·³ cells meet
the Siegelspacetransversely, and sometimesnot. Thus we have no way of knowing
a priori that the setsc \ ¶(X Sp) are actually nice.

3.6.2. Becauseof this di±cult y, the authors decideto study one special case:Sp4.
There are several reasonswhy this is a good choice. First of all, the Vorono·³ complex
is only known in full detail for n · 5, so this is the only symplectic caseother
than Sp2 ' SL2 that can be studied explicitly. It is also the simplest example of
a nonlinear symmetric spaceof Q-rank > 1. This is signi¯cant, since to construct
the symplectic retract WSp the authors plan to usea Satake compacti¯cation as in
x3.5.3, and with such compacti¯cations there are signi¯cant di®erencesin passing
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from Q-rank 1 to Q-rank > 1. Finally, arithmetic quotients of Sp4(R) have always
played a special role in the literature. For one, they are moduli spacesof abelian
surfaceswith extra structure, and hencegive interesting yet tractable examplesof
Shimura varieties other than the modular curves. Also the associated automorphic
forms have long beenof interest in arithmetic, since they are the ¯rst examplesof
Siegelmodular forms that are not elliptic.

Thus to study CSp the authors resort to explicit computationsin coordinates. They
¯nd that indeedthe intersectionsc \ ¶(X Sp) are always cells,and that the collection
CSp provides a cell decomposition of X Sp.

3.7. The symplectic retract.

3.7.1. After forming the cell decomposition CSp, McConnell and MacPhersonon-
struct the symplectic retract WSp by following the strategy indicated in x3.5.3. They
enlargeX Sp to a Satake compacti¯cation X ¤

Sp, and show that the decomposition C ¤
Sp

extendsto X ¤
Sp in such a way that the compactquotient ¡ 0nC ¤

Sp is a regular cell com-
plex for any torsion-free ¯nite-index ¡ 0 ½ Sp4(Z). Then they de¯ne WSp to be the
Poincar¶e dual complexto CSp in the ¯rst barycentric subdivision of C ¤

Sp, as indicated
in Figure 3.3.

3.7.2. The di±cult y in carrying out these arguments is that they must ¯rst ver-
ify that C ¤

Sp is a regular cell complex. Again this doesn't follow from any general
principles; they really need to show that the closureof each cell in C ¤

Sp is a closed
ball. Various bad things could happen when taking the closures. For example, the
boundariesof the closurescould be non-simply-connectedhomologyspheresinstead
of true spheres.

To verify the regularity, more explicit computations are needed.They show that
the boundariesof the closuresarespheresby constructing explicit shellings.Roughly
speaking, a shelling of a simplicial complex is a total ordering of its maximal faces
satisfying certain properties that guarantee that the full complex is assembled from
the maximal facesnicely. A result from combinatorics [14] states that if a ¯nite n-
dimensionalsimplicial complex¢ is shellableand any (n ¡ 1)-simplex is contained in
exactly two n-simplices,then ¢ is homeomorphicto an n-sphere.Using a computer,
McConnell and MacPhersonconstruct shellingsof the barycentric subdivisionsof the
boundariesof the closuresof cells with with a computer; the largest complex they
shelledwas a simplicial S5 with 23232faces.

3.7.3. We concludethis sectionby describingthe geometryof the 4-dimensionalcell
complex WSp.(4) The group Sp4(Z) acts cellularly on WSp, and in the following we
say two cellshave the sametype if they lie in the sameSp4(Z)-orbit.

4The images in Figures 3.4{3.7 were produced by the author in colloboration with Mark Mc-
Connell, as a birthday present to Bob MacPherson. Happy Birthda y, Bob!
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There is one type of 4-cell. Fix a 4-cell and let P be its closure. Then P can be
realizedas a cellular ball with 40 facets,180 two-faces,216edges,and 76 vertices.

There are three types of 3-cells. In [38] their closuresare called the crystal, the
vertebra, and the pyramid (Figures 3.4 and 3.5). The pyramid has 4 triangle faces
and 1 squareface. The crystal has12 squareand 12 triangle faces.The vertebra has
2 hexagon,12 square,and 12 triangle faces.

There are two typesof 1-cellsand two typesof 0-cellsmodulo Sp4(Z).
Now wefocuson the closureP of a 4-cell,which contains 4 crystals,4 vertebrae,and

32 pyramids. Each crystal (respectively, vertebra and pyramid) lies in the boundary
of 3 (resp., 3 and 4) 4-cells. HenceP meetsthe closuresof 112other 4-cells.

How is P assembled together from its 3-faces?Unfortunately P hassomany edges
that it's di±cult to draw. The structure of P, on the other hand, is relatively easy
to describe.

Begin by connecting4 vertebrae together in pairs along their hexagonalfacesto
form a cellular solid torus. This chain of vertebraehas72 vertices,and thus accounts
for all but 4 of the verticesof P.

Embedthe chain of vertebraein the boundary@P ' S3 asa solid torus T, and let C
be an unknotted circle disjoint from T but nontrivially linking T with linking number
1. For example, if we identify S3 with the polydisc f (x; y) 2 C2 j jxj · 1; jyj · 1g,
then we can take T = fj xj = 1; jyj · 1g and C = f x = 0; jyj = 1g. The remaining 4
verticesof P can be taken to lie along the circle C. If we place 4 verticesalong C,
then any two adjacent verticesa, a0, together with certain vertices in the vertebrae,
determinea crystal.

More precisely, each vertebra meetsevery other crystal in P, meetingeach in three
2-faces(2 squaresand a triangle). This is indicated in Figure 6(a); the shaded2-
facesare thosethat meet the crystals. Each triple of shaded2-facesmeetsoneof the
crystals, and as we move around the chain T adjacent setsof triples meet the same
crystal. It follows that each crystal meetsevery vertebra. This is indicated in Figure
6(b) by the triples of shaded2-faces(note that in this ¯gure, onevertex of the crystal
appearsat in¯nit y in the Schlegeldiagram).

Figure 6(b) also shows which two of the vertices of a crystal don't lie in any
vertebrae;in the ¯gure theseverticesappear connectedto the rest with light-shaded
edges.Henceto build a crystal in P one takesadjacent pairs a, a0 of verticesalong
C and useseach of them with 8 verticesof the chain T to °esh out a crystal.

This shows how to ¯nd all the crystals and vertebraein P. The pyramids simply
plug up the gapsto ¯ll out all of @P.

Figure 3.7 shows the 1-skeleton of @P. The torus T is the central block of dark
vertices and edges;the circle C is represented by a vertical line (i.e. we've used
stereographicprojection to identify S3 r f ptg with R3), and the light vertices and
edgesare thosearising from the \°eshing out" construction described above.
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For more about the structure of WSp, as well as a beautiful way to index its cells
in terms of con¯gurations of points and lines in P3, we refer to [38].

(a) Top (b) Front

Figure 3.4. Two views of the crystal

(a) Vertebra (b) Crystal

Figure 3.5. The vertebra and the pyramid

4. Compactifica tions of locall y symmetric spaces

4.1. In tro duction.
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PSfrag replacements

at 1

(a) Vertebra

PSfrag replacements

at 1

(b) Crystal

Figure 3.6. Schlegel diagrams for the vertebra and the crystal. A
colored2-faceof the vertebra (respectively crystal) alsomeetsanother
crystal (resp., vertebra) in @P. The light vertices and edgesin the
crystal are thosenot contained in any vertebra (cf. Figure 3.7).

4.1.1. We return to the generalsetting. Let G be a connectedsemisimpleQ-group
with group of real points G, and let K be a maximal compact subgroupof G. Let
X = G=K be the associated symmetric space,and let ¡ ½ G(Q) be a torsion-free
arithmetic group. Then aswehavediscussed,the quotient ¡ nX is a smooth manifold.

Supposethe Q-rank of G is positive. Then the quotient ¡ nX is noncompact. The
basicproblem we now addressis the following: Can one ¯nd a good compacti¯cation
of ¡ nX ?

4.1.2. This problem hasa long history, and there are many beautiful and ingenious
solutions. Beforewe talk about someof them, it's usefulsay a few words about why
this question is worth asking. Why do we care that ¡ nX is noncompact?

Indeed, for many applications we don't care. The spaceX carries a natural G-
invariant complete Riemannian metric that inducesa G-invariant volume form. It
turns out that even though ¡ nX is noncompact, its volume is ¯nite (one says that
¡ is co¯nite ). For many applications this is su±cient; the noncompactnessof ¡ nX
doesn't matter.

4.1.3. Nevertheless,there are reasonswhy onewants to compactify ¡ nX :

(1) There are many tools from algebraicand di®erential topology (for example,
Lefschetz ¯xed point theorem, Morse theory) that only work on compact
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Figure 3.7. The 1-skeletonof the closureof a 4-cell in WSp. The dark
edgeslie in the chain of 4 vertebrae. The light verticesare the vertices
of the 4 crystals not already appearing in the vertebrae. If one labels
thesevertices 0; 1; 2; 3 from top to bottom, with labels taken mod 4,
then the pair (i; i + 1) lies in a singlecrystal (cf Figure 6(b))

spaces. Since the cohomologyof ¡ nX is important in number theory, we
would like to avail ourselvesof such tools to study it.

(2) For certain groups G the spaces¡ nX can be interpreted as the complex
points of a moduli space,for example for G = Sp2n . Here the space¡ nX
parametrizesn-dimensionalabelian varieties with additional structure deter-
mined by ¡.

When ¡ nX is a moduli space, the points at in¯nit y of a compacti¯ca-
tion often correspond to degenerationsof the objects parametrizedby ¡ nX .
The higher the Q-rank, the more intricate these degenerationsare. One is
interested in understanding thesepossibledegenerationsand their interrela-
tionships.
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(3) Even if ¡ nX is not a moduli space,it has additional structure coming from
the group theory of G, structure that a®ectscomputations on ¡ nX in sub-
tle ways. Perhapsthe most de¯nitiv e exampleof this phenomenonis Lang-
lands's piµecede r¶esistance,the determination of the spectral decomposition
of L 2(¡ nG) [33,41]. Other manifestations of this principle can be seenin
Franke's theorem (x2.6.4), Arth ur's trace formula [1], and the computation
of the spectrum of the Laplace operator on L 2(¡ nX ) (x4.7.2). This group-
theoretic structure alsoarisesin the constructionof compacti¯cations of ¡ nX .
Henceit is natural to understandsuch computations in the fuller context of
di®erent compacti¯cations of arithmetic quotients of X .

4.2. Examples of compacti¯cations.

4.2.1. We hope the reader is convinced that compactifying ¡ nX is pro¯table. Be-
causeof the wealth of di®erent applications of these compacti¯cations, there is a
whole zoo of them in the literature. Excellent overviewscan be found in [9,18,28].
Herewecontent ourselveswith a brief synopsisof someof the mostuseful. To simplify
notation, we write Y = ¡ nX .

4.2.2. Borel{Serre compacti¯cation Y BS [10]. From a topological perspective, this
compacti¯cation is the simplest: it is di®erentiably a manifold with corners,by which
we mean a Hausdor®spacesmoothly modeled on the generalizedhalfspacesRk £
(R¸ 0)n¡ k , k = 0; : : : ; n. Topologically Y BS is just a manifold with boundary. The
boundary @Y BS := Y BS r Y is assembled from certain ¯b er bundles over locally
symmetric spacesof lower rank (x4.6.2)

4.2.3. ReductiveBorel{Serre compacti¯cation Y RBS [19,53]. In contrast to the Borel{
Serre,Y RBS is usually singular. It is obtained asa quotient of Y BS; onecollapsesthe
¯b ers in the bundlesabove to points. Hencethe boundary @Y RBS is glued together
from locally symmetric spacesof lower rank (x4.6.2)

Why shouldoneever useY RBS insteadof Y BS? After all, Y BS is nearly a manifold
itself, and Y RBS is quite singular. Therearetwo answers. Oneis that the singularities
of Y RBS areintricate yet manageable,solittle serviceability is lost in passingfrom Y BS

to Y RBS . This feature plays an important role in the topological trace formula [27,
x1.1.4]. The other is that Y BS is de¯cient from a di®erential-geometric perspective:
the completemetric on Y becomesdegenerateon Y BS. This is not so on Y RBS ; the
metric on Y extendsto be nondegenerateon Y RBS .

4.2.4. Satakecompacti¯cations Y Sat
¿ [47,48]. Here there is not onecompacti¯cation,

but rather a wholecollectionof them. The construction is very similar to what wedid
in x3.5.3in creating C¤ from C, exceptthat now we don't have a linear model for X .
One beginsby choosingan irreducible locally faithful representation ¿: G ! GL(V)
on a ¯nite dimensionalreal vector spaceV. Not just any such ¿ will work: ¿ must
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be geometrically rational (cf. [11]). Let PSym2 V be the symmetric square of V
modulo homotheties. Then oneembedsthe global symmetric spaceX in PSym2(V)
by g 7! ¿(g)t¿(g) mod homotheties. One then takes the closure X of the image
of X in PSym2(V) and identi¯es a certain subsetof rational boundary components
X Sat

¿ ½ X .(5) After appropriately topologizing X Sat
¿ , the quotient Y Sat

¿ = ¡ nX Sat
¿ is

compact and Hausdor®. This compacti¯cation is also usually singular, in general
even more singular than the reductive Borel{Serre Y RBS .

4.2.5. Baily{Bor el compacti¯cation Y BB [6]. This compacti¯cation, and the toroidal
compacti¯cations that follow, are de¯ned for Hermitian symmetric spaces X . This
meansthat X carries a G-invariant complex structure; accordingly the quotient Y
does as well. Such X may be realized as a bounded domain in a complex vector
space.One takesthe closureX of X there and again identi¯es a certain subsetX BB

of rational boundary components. Again after de¯ning an appropriate topology, the
quotient Y BB = ¡ nX BB is compact and Hausdor®,and in fact is a normal analytic
space. After further investigation of the functions giving Y BB its ringed structure,
namely certain Poincar¶e-Eisensteinseries,one¯nds that Y BB is actually a projective
variety. Topologically Y BB can be obtained as one of the Satake compacti¯cations
( [53], cf. [11, x7]). This compacti¯cation is usually extremely singular.

4.2.6. Toroidal compacti¯cations Y § [3]. Thesecompacti¯cationswereoriginally con-
structed to resolve the singularities of the Baily{Borel Y BB . The construction de-
pendson someextra (noncanonical)combinatorial data §; this data is a collection
of rational polyhedral fans in certain self-adjoint homogeneousconesattached to G,
fans that are geometricallyvery similar to the Vorono·³ fan V in the coneof positive
de¯nite quadratic forms C (x3.4.2). Further assumptionson § guarantee that Y § is
a smooth projective variety with @Y § a divisor with normal crossings.An overview
of the construction for Siegelmodular varieties can be found in [42].

4.2.7. The simplestexamplewherethere aredi®erencesbetweensomeof thesecom-
pacti¯cations is G = SL2. ConsiderY(N ), the modular curve ¡( N )nH (x3.2.2). As
described before,Y(N ) is homeomorphicto a punctured topological surface. There
are two obvious compacti¯cations of Y(N ), one ¯lling each puncture with a single
point, and the other lining each puncture with a circle S1. The ¯rst is the reductive
Borel{Serre Y(N )RBS , as well as the Baily{Borel Y(N )BB . It is also the only possi-
ble Satake and only possibletoroidal compacti¯cation of Y(N ). The secondis the
Borel{SerreY(N )BS. In this casethe quotient map @Y BS ! @Y RBS de¯ned in x4.2.3
simply collapseseach S1 ½ @Y BS to a point.

5X itself is also considered to be a boundary component, called the improper boundary
component.
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4.2.8. For a more revealing example,let G = R F =Q SL2, whereF is real quadratic.
Let ¡ ½ SL2(OF ) be torsion-free and of ¯nite index. The locally symmetric space
Y = ¡ nH £ H has real dimension 4. Each connectedcomponent of the boundary
of the Borel{Serre @Y BS is a three manifold Z that is naturally the total spaceof a
torus bundle over a circle: T2 ,! Z ! S1.(6)

In the boundary of the reductive Borel{Serre@Y RBS , the tori in thesebundlesare
collapsedto points; hencethe boundary components are circles. This already shows
that Y RBS is singular, sincethe link of any point in the boundary is a 2-torus.(7) The
Baily{Borel Y BB is obtainedby collapsingthesecirclesto points; thus the link of any
point in @Y BB is a 3-manifold Z as above. For more details, see[45].

A toroidal compacti¯cation resolving the cusp singularities of Y BB was ¯rst con-
structed by Hirzebruch [30]. Indeed,Hirzebruch's technique wasoneof the principal
motivations for the generaltheory of toroidal compacti¯cations [3]. SinceF is qua-
dratic, there is a canonicalminimal toroidal compacti¯cation. This is not true for
higher degreeF ; compacti¯cations in this casewere ¯rst constructedby Ehlers [16].

4.3. Building compacti¯cations using geometry.

4.3.1. The compacti¯cations above all use the structure theory of G, the group
underlying the symmetricspaceX , in an essential way. The basicquestionsaddressed
by Ji{MacPherson are

² What natural compacti¯cations of Y = ¡ nX can be constructed using its
intrinsic geometry?Here by intrinsic geometrywe meanobjects such as sets
of geodesicson Y.

² What is the relationship of such compacti¯cations with the standard ones
from x4.2?

4.3.2. To illustrate the methods Ji{MacPherson have in mind, we considerM = Rn

equipped with the standard metric [31, x1.1]. How can we compactify M ?
We ¯rst needto know what the points at in¯nit y M (1 ) should be. Let m 2 M

be a ¯xed point, and let ° : R¸ 0 ! M be a geodesicray with ° (0) = m. We say ° is
based at m. Let d( ; ) be the distancefunction on M inducedfrom the metric. Any
sequenceof points f mi gi ¸ 1 ½ ° with d(m; mi ) ! 1 should convergeto a point on
M (1 ), sincethe mi go arbitrarily far from m. Moreover, all such sequencesalong °
should tend to the samepoint at in¯nit y.

6The di®erent connectedcomponents of Y BS neednot be homeomorphic.
7In a strati¯ed spaceX ½ Rn , the link L(p) of a point p in a stratum S is by de¯nition L(p) =

@B±(p) \ N \ X , where (i) N is a submanifold through p meeting all strata of X transversely, and
with dim N + dim S = n, and (ii) B±(p) is a closedball centered at p with radius 0 < ± << 1. It
is known that the homeomorphismtype of the L(p) is independent of the above choicesfor a wide
classof strati¯ed spaces,and the that the normal slice B±(p) \ N \ X is homeomorphicto the cone
on L(p). For this sameclassof spaces,the link is an invariant of the stratum S. For more details,
we refer to [24, I.1.4].
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Now considertwo geodesic rays ° ; ° 0 with distinct basepoints m 6= m0. If ° and
° 0 are not parallel, then for any two sequencesf mi gi ¸ 1 and f m0

i gi ¸ 1 with d(m; mi ),
d(m0; m0

i ) ! 1 , we have d(mi ; m0
i ) ! 1 . Hencethesesequencesshould convergeto

di®erent points at in¯nit y. On the other hand if ° and ° 0 are parallel, we can ¯nd
two such sequenceswith d(mi ; m0

i ) boundedabove. Henceit is reasonableto require
that thesesequencesconvergeto the samepoint at in¯nit y.

This leadsto the following de¯nition. As a set, M (1 ) is the set of geodesicrays
in M modulo the equivalencerelation of parallelism. For this examplethe topology
on M (1 ) is clear: if the angle betweentwo rays is small, the corresponding points
on M (1 ) should be close. With this topology, M [ M (1 ) is homeomorphicto the
closedball B n , with M (1 ) homeomorphicto Sn¡ 1.

4.3.3. Now the authors want to apply this idea to a locally symmetric spaceY =
¡ nX . The geometry here is more intricate: there are geodesic rays that don't go
cleanly o® to in¯nit y, but closeup to form immersedloops. Even worse, there are
geodesicsthat reenter a ¯xed compact set in¯nitely often. This is already visible
when Y = ¡ nH is a modular curve. If ° ½ H is a geodesicray tending to an ideal
point ® 2 R, then the behavior of the imageof ° in Y dependssubtly on the basepoint
° (0) and the arithmetic nature of ®, in particular the continued fraction expansion
of ®.

Becauseof this phenomenon,the authors de¯ne a distance minimizing ray (DM
ray) to be a geodesicray ° : R¸ 0 ! Y that givesan isometric embedding of R¸ 0 in
Y. More generally, they introduce eventually distance minimizing geodesics (EDM
geodesics); by de¯nition ° : R ! Y is EDM if there exists t0 >> 0 such that °
restricted to R¸ t0 is DM. These will be the basic objects determining points on
Y(1 ).

Next they needan appropriate equivalencerelation on geodesics.Sinceparallelism
makes no sensein Y, they generalizethe characterization of parallel rays in Rn

through distancesas in x4.3.2. They de¯ne two DM rays ° ; ° 0 to be equivalent if

lim
t !1

supd(° (t); ° 0(t)) < 1 :

In other words, as t ! 1 , the distancesbetweenthe corresponding points on ° ; ° 0

remain boundedabove.
Finally they de¯ne Y(1 ) as a set to be the set of DM rays modulo equivalence.

After de¯ning an appropriate topologyon Y [ Y(1 ), they obtain a compactHausdor®
spacesuch that each DM ray convergesto the point on Y(1 ) corresponding to its
equivalenceclass. The resulting spaceis called the geodesic compacti¯cation of Y,
and is denotedY geo.

4.3.4. The basicideaof Ji{MacPherson'sconstruction makessensefor any complete
noncompactRiemannian manifold, not just a locally symmetric space,and in fact
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the geodesic compacti¯cation appears in the literature in di®erent guises. For ex-
ample, the geodesiccompacti¯cation of a Hadamard manifold is known as the conic
compacti¯cation [7].(8)

For completenoncompactRiemannianmanifolds M , onehas a very generalcom-
pacti¯cation technique due to Gromov [7]: one embedsM in a spaceof continuous
functions usingthe distancefunction associated to the metric, and then takesthe clo-
sure. Ji and MacPhersonshow that, if M is a locally symmetric space,the geodesic
compacti¯cation coincideswith Gromov's.

4.4. More structure theory.

4.4.1. Our next goal is a descriptionof the geometryof Y geo, aswell asthe relation-
ship of Y geo to Y BS and Y RBS . This requiressubstantially more notation from the
theory of algebraicgroups(xx4.4.2{4.4.6). We give examplesof most of the following
in x4.4.7 for G = SLn ; the inexpert readermay wish to skip ahead.

4.4.2. Let S be a maximal Q-split torus of G, with character lattice (respectively,
dual lattice of one-parametersubgroups) X (S)Q (resp., X _ (S)Q). We denote by
h ; i : X (S)Q £ X _ (S)Q ! Z the natural unimodular pairing.

Let g be the Lie algebraof G, and let © = ©(G; S) be the roots of S in the adjoint
action on g. Then © is a root systemin the vector spaceX (S)R := X (S)Q ­ R. This
root systemdeterminesa hyperplanearrangement f H® j ® 2 ©g in X _ (S)R by

H® = f y 2 X _ (S)R j h®; yi = 0g:

The connectedcomponents of the complement of this arrangement are called Weyl
chambers. The Weyl group W = W(G) acts on X _ (S)R by transitiv ely permuting
the chambers. If we ¯x a chamber C, we determine a subset ©+ ½ © of positive
roots, and a subset¢ ½ ©+ of simple roots.

4.4.3. A closedsubgroup P ½ G is called parabolic if it contains a maximal con-
nected solvable subgroup, and is called Q-parabolic (or rational parabolic) if it is
de¯ned over Q.

The spherical Tits building B = B (G) is the simplicial complex constructed as
follows. Simplicesof B arein bijection with proper rational parabolic subgroupsof G.
The verticesof B correspond to the maximal parabolic subgroups;givena setof such
P1; : : : ; P k , if the intersectionQ = P 1 \ ¢¢¢\ P k is a rational parabolic subgroup,then
there is a simplexin B corresponding to Q with verticescorresponding to P 1; : : : ; P k .
It is known that B haspure dimensionequal to q ¡ 1, whereq is the Q-rank of G.

The group of rational points G(Q) acts on B through conjugation of rational
parabolic subgroups.If ¡ ½ G(Q) is an arithmetic subgroup,then ¡ acts on B , and

8A manifold is Hadamard if it is simply-connected,nonpositively curved, and complete [7]. For
example,H £ R, H £ H, and H3 are all Hadamard.
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the quotient ¡ nB hassimplicesin bijection with the ¡-conjugacy classesof rational
parabolic subgroups.It is known that ¡ nB is always ¯nite.

4.4.4. Let N P ½ P be the unipotent radical of P. The quotient L P := P=N P is
called the Levi quotient. It is a reductive group, de¯ned over Q if P is.

Let SP bea maximal Q-split torus in the center of L P . Let AP = S0
P , the connected

component of the identit y in the group SP of real points SP (R). Put

M P =
\

®2 X (L P )Q

ker®2:

The group M P is semisimple,in generalnot connected.
There is a unique lift i : L P ! P compatible with our choiceof maximal compact

subgroupK ½ G. This induceslifts of SP and M P to P that allow us to view the
groups of real points AP and MP as subgroupsof P. This leads to the Langlands
decomposition of P:

P = NP AP MP :

One can show that the map NP £ AP £ MP ! P induced by multiplication is a
di®eomorphism.

4.4.5. The Langlandsdecomposition leadsto coordinates on the global symmetric
spaceX = G=K as follows. The group P acts transitiv ely on X . Any x 2 X can be
written as x = uamx0, where u 2 NP , a 2 AP , m 2 M P are uniquely determined,
and where x0 2 X is the basepoint determined by K . Let K P = MP \ K and put
X P = MP =KP . Then X P is the product of a global symmetric spaceof noncompact
type with a possibleEuclidean factor. The decomposition x = uamx0 induces a
di®eomorphism

NP £ X P £ AP ¡ ! X

by
(u; mK P ; a) 7¡! uamx0:

4.4.6. Let P be a rational parabolic subgroup,and let aP , nP be the Lie algebrasof
AP , NP . We denoteby ©+ (P; AP ) the positive roots of the adjoint action of aP on
nP . Put

(4.4.1) A+
P (1 ) = f H 2 aP j ®(H ) > 0; (H; H ) = 1; ® 2 ©+ (P; AP )g;

where( ; ) is the Killing form on aP . Let A
+
P (1 ) be the closureof A+

P (1 ) obtained
by replacing the conditions ®(H ) > 0 in (4.4.1) with ®(H ) ¸ 0. Then A

+
P (1 ) is

homeomorphicto a closedsimplex. De¯ne a simplicial complexB(X ) by

(4.4.2) B(X ) =
[

P

A
+
P (1 )= » ;



26 PAUL E. GUNNELLS

wherethe union is takenover all proper rational parabolic subgroups,and we identify
A

+
P (1 ) with a face of A

+
Q (1 ) if the two parabolic subgroupsP, Q satisfy Q ½ P.

Then B(X ) ' B , in other words the complex B(X ) is a realization of the Tits
building B . If ¡ is an arithmetic subgroup,we similarly de¯ne

(4.4.3) B(¡ nX ) =
[

P

A
+
P (1 )= » ;

wherethe union is now takenover all ¡-conjugacy classesof proper rational parabolic
subgroups.We have B(¡ nX ) ' ¡ nB .

4.4.7. We considerthe exampleG = SLn .
The maximal Q-split torus S is the subgroupof all diagonalmatrices. The standard

choiceof positive roots is the set ©+ = f ei ¡ ej j 1 · i < j · ng, where f ei g is the
standard basis of Rn . The simple roots ¢ ½ ©+ are the points f ei ¡ ei +1 j i =
1; : : : ; n ¡ 1g, and the root lattice X (S)Q can be identi¯ed with f (x1; : : : ; xn ) 2 Zn jP

x i = 0g.
Any proper Q-parabolic subgroupis conjugateover SLn (Q) to a standard proper

Q-parabolic subgroup. The latter are indexed by orderedpositive partitions ¼of n
with at least 2 parts. Given such a partition ¼ = (¼1; : : : ; ¼k), the corresponding
parabolic subgrouphas real points

P =

(Ã P1 ¢¢¢ ¤
. . .

...
0 Pk

! ¯
¯
¯
¯
¯

Pi 2 GL¼i (R);
Y

det(Pi ) = 1

)

:

The Langlandsdecomposition P = NP AP MP is given as follows:

² MP ½ P is the subgroupof block diagonal matrices such that each block is
an element of SL§

¼i
(R). Here the § meansto take matriceswith determinant

§ 1.
² AP ½ P is the subgroupof block diagonal matrices such that each i th block

has the form ai I ¼i , whereai > 0 and I ¼i is the ¼i £ ¼i identit y matrix.
² NP ½ P is the subgroupsuch that each i th block equalsI ¼i .

The parabolic subgroupP0 corresponding to the partition (1; : : : ; 1) is called the
Borel subgroup. The Lie algebraaP 0 of AP 0 can be identi¯ed with X _ (S)R. There
are n! Weyl chambers, each of which is an open simplicial coneof dimensionn ¡ 1.
The subset A

+
P 0

(1 ) is the intersection of the closureof one of these coneswith a
sphere.For any other standard rational parabolic subgroupQ, we have an inclusion
aQ ½ aP 0 such that A

+
Q (1 ) is identi¯ed with a proper faceof A

+
P 0

(1 ).

Figure 4.1showsthe situation for SL4. The left showsA
+
P 0

(1 ) asthe dark spherical
triangle topping o®the simplicial cone. In this ¯gure we have usedthe Killing form
to identify aP 0 with its dual, which allows us to view the simple roots ®i alongside
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the cone. Each simpleroot is orthogonal to a facetof the cone. We have alsorescaled
the form in the de¯nition (4.4.1) to make the picture clearer.

There are 7 partitions ¼: 1111, 211, 121, 112, 31, 22, 13. Here we abbreviate
(¼1; : : : ; ¼k) by ¼1 ¢¢¢¼k , and in what follows denote a parabolic subgroup by its
partition and drop (1 ) from the notation. The right of Figure 4.1 shows how the
facesof A

+
1111 = A

+
P 0

(1 ) are indexedby the partitions. (To go from the left ¯gure to

the right rotate the back of the dark triangle forward.) The edgesof A
+

correspond
to partitions with 3 parts; the bottom is A

+
121, the left A

+
112, and the right A

+
211. The

verticescorrespond to partitions with 2 parts; clockwise from the top they are A
+
22,

A
+
31, and A

+
13.PSfrag replacements

®1

®2

®3

A
+
P 0

(1 )

112

121

211

3113

22

Figure 4.1. The regionA
+
1111 = A

+
P 0

(1 ) for SL4, whereP0 is a Borel
subgroup.

4.5. The geodesic compacti¯cation.

4.5.1. Wearenow readyto discussthe geometryof Y geo. Choosea rational parabolic
subgroupP, and write X = NP £ X P £ AP asin x4.4.5. If wechooseu 2 NP , z 2 X P ,
a 2 AP , and H 2 A+

P (1 ), we get a geodesic° on X by

(4.5.1) ° (t) = (u; z; aexp(tH )) ½ NP £ X P £ AP ; t 2 R;

where exp: aP ! AP is the exponential map. The authors show that the image
of ° in Y = ¡ nX is an EDM geodesic, and that in fact any EDM geodesic on Y
has the form (4.5.1) for appropriately chosenP. Moreover, two geodesics° ; ° 0 of
the form (4.5.1) project to the samegeodesic in Y, up to reparametrization, if and
only if H = H 0, loga ¡ loga0 is a multiple of H , and (u; z) = g(u0; z0) for some
g 2 ¡ P := ¡ \ P(Q). Henceall EDM geodesicson Y have an especially simple form.
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4.5.2. Next the authors investigate equivalence. It turns out that the equivalence
classof the geodesic° (t) = (u; z; aexp(tH )) dependsonly on the H component, and
not u, z, or a. This, together with the explicit realizations

B(X ) ' B ; B(¡ nX ) ' ¡ nB

from x4.4.6,shows that the boundary @Y geo is homeomorphicto ¡ nB .
This result motivatesJi andMacPhersonto de¯ne anothernatural compacti¯cation

of Y: the Tits compacti¯cation Y T . By de¯nition, the (partial) Tits compacti¯cation
of X is the union X [ B , appropriately topologizedsothat the quotient Y [ (¡ nB ) is
compactand Hausdor®.In Y T , the imageof the geodesic(u; z; aexp(tH )) converges
to the point in ¡ nB corresponding to H via the realization (4.4.3).

4.6. The Borel{Serre and the reductiv e Borel{Serre compacti¯cations.

4.6.1. The Tits compacti¯cation is a new compacti¯cation of Y constructed using
the group theory of G, and as such properly joins the list in x4.2. As we shall
shortly see,Y T is as far from Y BS as possible: if the Q-rank of G is > 1, then
the greatest common quotient of Y T and Y BS is the one-point compacti¯cation of
Y! With hindsight, it is clear that this must be the case,since the boundary of
Y T ' Y geo is constructed using rays that converge to each other at in¯nit y, and
on Y BS the metric degenerates.Henceequivalenceclassesof EDM geodesicscannot
detect points in @Y BS.

4.6.2. To understandthe exact relationship betweenY geo and Y BS, Y RBS , we must
¯rst say moreabout the construction of the latter spaces.We beginwith the globally
symmetric spaceX and construct partial compacti¯cations X BS, X RBS by gluing on
boundary components for each proper rational parabolic subgroup. Given such a
subgroupP, write X = NP £ X P £ AP . We de¯ne boundary components eBS(P),
eRBS(P) by

eBS(P) = NP £ X P ; eRBS(P) = X P ;

and set

(4.6.1) X BS = X
[

P

eBS(P); X RBS = X
[

P

eRBS(P);

wherethe unions are taken over all proper rational parabolic subgroups.
The topologieson (4.6.1) can be de¯ned by specifying the convergenceproper-

ties of sequencesof points in X and in the boundary components. For instance,
to converge to a point on eBS(P) starting from inside X , take a sequencef yng =
f (un ; zn ; exp(Hn ))g ½ NP £ X P £ AP , and supposethat

(1) un ! u1 2 NP ,
(2) zn ! z1 2 X P , and
(3) for any ® 2 ©+ (P; AP ), we have ®(Hn ) ! 1 as n ! 1 .
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Then in X BS, the sequenceyn convergesto (u1 ; z1 ) 2 eBS(P). Similarly, in the
reductive Borel{SerreX RBS , the samesequenceconvergesto the point z1 2 eRBS(P).
Other sequencescan be constructedthat convergefrom oneboundary component to
a point in another. For a full list of all the sequencesthat need to be speci¯ed to
producethe correct topologieson X BS and X RBS , we refer to [31, x7].

Appropriately topologized,the quotients by the action of any arithmetic group ¡
becomethe compactHausdor®compacti¯cations Y BS and Y RBS . We have a commu-
tativ e diagram

X BS

²²

//Y BS

²²
X RBS //Y RBS

:

The left vertical map is the identit y on X , and for each proper Q-parabolic subgroup
P is the projection NP £ X P ! X P . The right vertical map is the identit y on
Y; to understand it on the boundary components, we need more notation. Let
¡ NP = ¡ \ NP , and let UP be the nilmanifold ¡ NP nNP . Let ¡ P = ¡ \ P, and
let ¡ M P ½ MP be the discrete group obtained by projecting ¡ P to MP via P =
NP £ MP £ AP ! MP . Write Z BS

P (respectively, Z RBS
P ) for the boundary component

of Y BS (resp., Y RBS) corresponding to P. Then Z RBS
P is isomorphic to the locally

symmetric spaceYP = ¡ M P nX P . In Y BS, the component Z BS
P has the structure of a

¯b er bundle over Y P with ¯b er UP . For each P, the map Z BS
P ! Z RBS

P collapsesthe
nilmanifold UP to a point.

4.6.3. From the description of EDM geodesicson Y given in x4.5.1, it is clear that
all points in the boundaries@Y BS and @Y RBS can be reached by following an EDM
geodesicto its limit point. Hencethere shouldbesomeconstruction of Y BS and Y RBS

by putting a suitable equivalencerelation on the EDM geodesics.This is indeedthe
case,and is carried out here.

If the Q-rank of G is 1, the construction is quite simple. For the Borel{Serre, Ji
and MacPhersonprove that there is a bijection betweenthe set of all EDM geodesics
and points in @Y BS, given by taking the endpoint of an EDM geodesic° :

° 7¡! lim
t !1

° (t)

The reductive Borel{Serre Y RBS is a quotient of the Borel{Serre, so we needan
equivalencerelation on the EDM geodesics. We say two EDM geodesics° ; ° 0 are
N -equivalent (notation: ° N» ° 0) if

lim
t !1

d(° (t); ° 0(t)) = 0

for appropriate parametrizations of ° ; ° 0. Denote the N -equivalenceclassof ° by
[° ]N . Then Ji{MacPherson show that there is bijection between the set of EDM
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geodesicsmodulo N -equivalenceand the points in @Y RBS , again given by taking the
endpoint:

(4.6.2) [° ]N 7¡! lim
t !1

° (t):

Here the limit in (4.6.2) is taken in Y RBS .

4.6.4. For higher Q-ranks, similar results hold, although we needmore equivalence
relations to state them. Let ° be an EDM geodesic. We de¯ne two setsC(° ), F (° )
of EDM geodesicsrelated to ° by

C(° ) =
©

° 0
¯
¯ d(° (t); ° 0(t)) is constant for t >> 0

ª

F (° ) =
©

° 0
¯
¯ lim

t !1
supd(° (t); ° 0(t)) < 1

ª
:

The setC(° ) is calledthe congruence bundle of ° . It consistsof all the EDM geodesics
that are eventually at constant distanceto ° . The set F (° ) is called the ¯nite bundle
of ° . Note that F (° ) is actually the set of all EDM geodesicsthat are equivalent to
° in the senseusedto construct the geodesiccompacti¯cation (x4.3.3).

4.6.5. The congruencebundle C(° ) can be turned into a metric spacewith metric
± as follows. First we put ±(° 0; ° ) = c, where c is the constant in the de¯nition of
C(° ). This constant can also be recovered as lim t !1

¹d(° (t); ° 0), where ¹d(° (t); ° 0) is
de¯ned by

inf
©

d(° (t); ° 0(s))
¯
¯ s 2 R

ª
:

Via this description, we can also extend ± to all of C(° ). The authors show that
(C(° ); ±) is complete,and in fact has the following concreteform. If

° (t) = (u; z; aexp(tH )) ½ NP £ X P £ AP ;

then

(4.6.3) C(° ) ' YP £ span(H )? :

Here YP is as in x4.6.2, and span(H )? is the orthogonal complement to the line
through H in aP .

4.6.6. Now we are ready to de¯ne our next equivalencerelation. Let ° be EDM. We
de¯ne the rank r (° ) of ° by

r = r (° ) =
©

k 2 Z
¯
¯ there exists a faithful isometric action of Rk¡ 1 on C(° )

ª
:

We then say ° 0 2 C(° ) is L-related to ° (notation: ° L» ° 0) if ° , ° 0 belongto the same
Rr ¡ 1-orbit. Here the L stands for linear ; one pictures the Rr ¡ 1-action as linearly
sliding the geodesicsin C(° ) around in the span(H )? factor from (4.6.3).

The authors show that L-equivalenceextendsto an equivalencerelation on the set
of all EDM geodesics. In terms of (4.6.3), L-equivalencecan be written as follows.

If °1
L» °2, then there exists ° with ° i 2 C(° ). Write C(° ) as in (4.6.3), and write
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° i (t) = (ui ; zi ; ai exp(tH i )). Then ° 1
L» °2 meansthat the ui project to the same

point in the nilmanifold UP and the zi to the samepoint in the locally symmetric
spaceYP . From this it also follows that r (° ) is the Q-rank of P.

4.6.7. The restriction of L-equivalenceto the ¯nite bundle F (° ) also induces an

equivalencerelation. The dimensionof the quotient F (° )= L» is called the mobility
degree of ° , and is denoted¹ (° ).

Using the mobilit y degreewe can de¯ne another equivalence relation on EDM
geodesics,called R-equivalence. The R stands for rotation. Let ° 0; °1 be EDM and
let [° i ]L be their L-equivalenceclasses.We say [° 0] is R-equivalent to [° 1], and write

[°0]L
R» [°1]L , if there exists a family ° s, s 2 [0; 1] of EDM geodesicsinterpolating ° 0

and °1 with the following properties:
(1) d(° s1 (t); ° s2 (t)) = cjs1 ¡ s2jt for t ¸ 0, for someconstant c and for all s1; s2 2

[0; 1], and
(2) the mobilit y degree¹ restricted to ° s is constant.

Two EDM geodesics° ; ° 0 are said to be RL-related (notation: ° RL» ° 0) if their

L-classesare R-related: [° ]L
R» [° 0]L .

For the reductive Borel{Serre, we will need to combine RL-equivalencewith N -
equivalencefrom x4.6.3. We say ° and ° 0 areN RL-equivalent if there existsan EDM
geodesic° 00such that ° RL» ° 00and ° 0 N» ° 00.

4.6.8. We can ¯nally explain how to construct Y BS and Y RBS usingEDM geodesics.
If the Q-rank of G is biggerthan 1, then @Y BS is in bijection with the RL-equivalence
classesof EDM geodesics,via the endpoint map:

[° ]RL 7¡! lim
t !1

° (t);

wherethe limit is taken in Y BS. For the reductive Borel{Serre, the boundary @Y RBS

is in bijection with the N RL-equivalenceclassesof EDM geodesicsby the endpoint
map:

[° ]N RL 7¡! lim
t !1

° (t);

wherethe limit is now taken in Y RBS .

4.6.9. We can now ¯nally explain the relationship betweenY geo and the compacti-
¯cations Y BS, Y RBS . First we needan explicit realization of RL-equivalence.

Suppose° (t) = (u; z; aexp(tH )) and ° RL» ° 0. Then it turns out we can write ° 0(t)
in the form

° 0(t) = (u; z; a0exp(tH 0))

for the sameparabolic subgroupP. Hencetwo geodesicsare RL-equivalent if their
NP and X P components coincide;the AP part is irrelevant.
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Notice that this is exactly the opposite of the basic equivalencerelation used to
construct Y geo: for the geodesic compacti¯cation, the AP component is the only
component of an EDM geodesicthat matters; the NP and X P components play no
role (x4.5.2). This is the sensein which Y geo is as far as possiblefrom Y BS.

4.6.10. We concludeour discussionby giving fanciful pictures of the local structure
of compacti¯cations Y BS, Y RBS , and Y geo for G = SL3 near the boundary compo-
nents corresponding to the ¡-conjugacy classesof the standard rational parabolic
subgroups.

Figure 4.2 shows the Borel{Serre compacti¯cation. This ¯gure is basedon oneby
MacPherson[37]. We usethe notation of x4.4.7, so that partitions are 111, 21, and
12. If ¼is a partition corresponding to the standard rational parabolic subgroupP
with Langlandsdecomposition P = NP AP MP , we write Y¼ for the locally symmetric
space¡ M P nX P and U¼ for the nilmanifold ¡ NP nNP (x4.6.2). The codimension 1
cornersare both torus bundlesover locally symmetric spacesfor SL2. In thesecases
the unipotent radicals N12, N21 are both isomorphic to R2 with the subgroups¡ 12,
¡ 21 isomorphic to Z2 acting by translation. The alignment of the tori in the ¯gure
indicates the structure of the unipotent radicals. For example,the unipotent radical
N12 consistsof all real matrices of the form

0

@
1 ¤ ¤
0 1 0
0 0 1

1

A :

In the codimension2 cornerZ111 the locally symmetric spaceY111 is a point. Hence
all the topologyof Z111 is contained in the nilmanifold U111. This 3-manifold is known
as the Heisenberg manifold. It can be written as a bundle T 2 ! Z111 ! S1 in two
di®erent ways, re°ecting the two subgroupsN12; N21 ½ N111.(9)PSfrag replacements

Y

Y111

Y12 Y21

U12
U21

U111

Figure 4.2. Borel{Serre compacti¯cation for SL3

Figure 4.3 shows the reductive Borel{Serre compacti¯cation. In this ¯gure the
nilmanifold ¯b ershavebeencollapsedto points, and all that remainsin the boundary
are the lower-rank locally symmetric spaces.

9Incidentally , both of thesebundles are di®erent from the T 2-bundle in x4.2.8.
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PSfrag replacements Y

Y111

Y12 Y21

Figure 4.3. Reductive Borel{Serre compacti¯cation for SL3

Finally, Figure 4.4 shows the geodesiccompacti¯cation with somegeodesicssug-
gestively converging to boundary components. Here we write B ¼ for the simplex in
the building corresponding to the standardparabolic subgroupP¼. As expectedfrom
x4.6.9, the boundary components hereare in somesensetotally opposite to thoseof
Y BS and Y RBS : as the codimensionincreasesin the boundariesof Y BS and Y RBS , so
does the dimension of the corresponding boundary components of Y geo. This illus-
trates why, if the Q-rank is > 1, the greatest commonquotient of Y BS and Y geo is
the one-point compacti¯cation.

PSfrag replacements
Y

B 111
B 12 B 21

Figure 4.4. Geodesiccompacti¯cation for SL3

4.7. Complemen ts.

4.7.1. We concludeby brie°y summarizingsomeof the other material in [31].

4.7.2. Let M bea completeRiemannianmanifold, and let ¢ bethe Laplaceoperator
on L2(M ). It is known that if M is noncompact, then the continuous spectrum of
¢ (if it exists) cannot change under compact perturbation of M . Henceone has
the natural problem of trying to understand the connectionbetweenthe continuous
spectrum of ¢ and compacti¯cations of M .

In the casethat M is a locally symmetric spaceY = ¡ nX , it is known that ¢
hascontinuousspectrum thanks to Langlands'sstudy of Eisensteinseries[33,41]. Ji
and MacPhersonare able to describe the continuous spectrum of ¢ in terms of the
geometry of Y geo by reinterpreting Langlands'sfundamental work. This provides a
very accessibleand geometricintroduction to the intricate constructionsin [33,41].
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4.7.3. Let M be a completeRiemannianmanifold and let ¸ be any real number less
than the bottom of the spectrum of the Laplaceoperator ¢. Associated to this data
is a certain compacti¯cation of M , the Martin compacti¯cation M Mar

¸ . The precise
de¯nition is somewhat involved; we refer to [28] and [31, x15] for details. Using
Eisensteinseries,Ji and MacPhersonshow that for a locally symmetric spaceY the
geodesiccompacti¯cation Y geo canonically injects into the Martin compacti¯cation
Y Mar

¸ . They alsoconjecturethat this injection is in fact a homeomorphism.
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