FROM PARTICLES IN RANDOM POTENTIALS TO A NONLINEAR
VLASOV-FOKKER-PLANCK EQUATION

JIN FENG

ABSTRACT. We consider large time and infinite particle limit for system of particles with
random potential functions. The randomness enters the potential through an external er-
godic Markov process, modeling oscillating environment with good statistical averaging
properties. At large time, the ergodic process in the potential converges to its equilibrium
measure and an averaged (with respect to such measure) macroscopic equation for the whole
system is derived.

From each individual particle’s point of view, both law of large number and central limit
theorem type of averaging are possible in this context. Models of this type are known as
random evolutions. Instead of one particle, we focus on the collective behavior of infinite
particles. We separately rescale potential functions (type one) which annihilates the equi-
librium measure of the ergodic environment process, and the potential functions which may
not annihilate such measure (type two). Appropriately rescaled to the macroscopic limit,
type two potentials give a transport term while type one potentials give a nonlinear diffu-
sion term. The resulting equation is a version of nonlinear Vlasov-Fokker-Planck equation.
The solution of such equation is unique and we will verify this using a probabilistic particle
representation method.

1. INTRODUCTION

We rigorously derive a version of nonlinear Vlasov-Fokker-Planck equation

(1.1)
Oip(t, ,v) +v - Vop(t,m,v) — (px * VO, + V) (¢, ) - Vop(t, z,v) = alpx; x) - D2 p(t, z,v)

as multi-scale limit of infinite interacting particles with random potential. See Theorem 6.9.

In equation (1.1), x,v € R%, D? is the Hessian matrix where the derivatives are only taken
with respect to v; a is some square matrix specified in (1.19) using potential functions defining
the dynamic at the microscopic level; and by M - N for two d x d matrices M = (m;;)dxd
and N = (n;j)axd, We mean

d

1,j=1

The whole equation (1.1) is understood in the weak (Schwartz distributional) sense, where
in particular p(t, z,v) is understood as a probability measure in x, v-variables, and py is the
r-marginal probability measure of p (i.e. px(dz) = p(dz, RY)).

We prove that probability measure valued solution for (1.1) is unique. This is proved in
Section 6 using a probabilistic method (Theorem 6.8) known as the particle representation
method.

Date: Sept. 28, 2005.
I thank Thomas G. Kurtz for explaining the particle representation method to me.
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1.1. The microscopic model. Let z = (z1,...,xy) denote the position of N-particles,
N =1,2,.... Each z; € R?. Similarly, we also use v; to denote the velocity of the i-th
particle. We assume that each particle has unit mass. Let ® : R? — R be an even function,
modeling pair-wise interaction potential between two particles. In the absence of external
force, the N-particles © = 1,2,... | N follows Newton’s law

(1.3) () = ()
a(t) = —%Z(V@)(wi(t) ().

In this article, we consider a situation where the interaction potential is subject to in-
fluence by a random environment factor. Let S be a compact metric space modeling the
state of a particle in the random environment. When particles ¢ and j are in their respec-
tive "environmental” state y;, y; € S, their interaction potential function is modeled using
D(z;9i,v5) : (2,u1,9;) € RT x S x S+ R. Out of physical considerations, we assume that
these functions are even in the z-variable

(1.4) D(z;y1,12) = P(2592,51),  P(2591,42) = P(—2;91,92).

We only consider the case where the random environment is provided by a large external
Markov process Y (t) = (Yi(t),...,Yn(t)) € SV with generator B. Generalizations to sta-
tionary non-Markovian process is possible but will not be pursued here. To free us from
possible complications caused by boundary conditions in the z-variable, we also introduce
an external potential WU(z;y), acting on each individual particle at location x when the en-
vironment is in state y. The defining system of equations for the N-particles then becomes

(1.5) i(t) = w(?)

N
) 1
B(t) = = DoV (ilt) = 250 Yilnt), Vi (n8) ) = (V) (wi(0); Vint) )
j=1
where i =1,2,..., N. We adapt the following notational convention throughout this article:
(1.6) VO(z;y1,42) = Va®(w391, 1), VU(259) = V. ¥ (7;9).

The n in Yj(nt) can be viewed as a scaling parameter which measures the degree of sepa-
ration of time scales between the environment process and the particle process. The above
system of equations is a convienient way of modeling "random exchange of momentum” type
phenomenon which is typical in plasma physics, statistical physics, among other applications.

To explain (1.5), we introduce a family of energy functions indexed by ¥ = (y1,92, ... ,yn)

N N N
1 _
Eng =5 D ol + Y Walziws) + N7' Y @ulws — 25:31,3).
1 i=1

i= = ij=1

The dynamic given by (1.5) can be viewed as a mixture of two motions: First, a ran-
dom hopping among the different energy surfaces dictated by the large Markov processes
(Yi(nt),... ,Yn(nt)); Second, the deterministic motion on the energy surface it is currently
on, the energy function is constant along the trajectory of this motion.

We are interested in large time behavior of the system. Therefore, we introduce the

following further rescaling: let the new position and velocity vectors for the i-th particle be
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2" (t) = zi(nt) and v\ (t) = ™ (t) = nv;(nt). Then

(1.7) iMe) = oM@
0000 = nf = 5 Y (700 — 7 0 ¥it), Vi)

—V (2 (1) Yi(n) }.

Under appropriate smoothness and growth conditions on ¥,,, ®, and regularities on Y,
the above equation has a unique solution.

1.2. Structural assumptions. To highlight ideas, we only consider the setting where all
Y;s are independent Markov process with weak infinitesimal generator B in C(.S) in the
following sense. For bounded measurable function f, let

S(t)f(y) = E[f(Yi(t))[Yi(0) = y].
By the Markov property of Y;, we have
S(t+r)=S(t)S(r), t,r>0.

We assume that S(t) : Cp(S) — Cp(S). We define the domain D(B) of B to be functions
such that

lim sup sup t~|S(t) f(y) — f(y)] < +o0
t—0 yeSs

and that the limit
Bfty) = Jlim (S0 ) ~ fw)

t—0+

exists. We define B f as the above limit.
Similarly, we define generator B for Y = (Y7,...,Yy). The relation between B and B is

BQO(yl, 7yN> = ng(ylv s Yi—15 5 Yit1y - - - 7yN)(yZ)

I

Whenﬁver QO(yla s Yie1s 5 Yig, - 7?JN) € D(B) and B@(yla s Yie1s 5 Yig, - 7yN)(yi) €
Cy(SN).

We assume that Y; has the following ergodic properties.

Condition 1.1. Let Y be the Markov process on a compact metric space S with weak infin-
itesimal generator B.

1. Y has a unique stationary probability measure mo(dy) in the sense that

t——+o0 t—+o00

lim S(t)f(z) = lim E[f(Y(2))[Y(0) = z] = /f(y)ﬂo(dy) =Prf, Vz€S
2. for each bounded measurable function h, there exists constant Cj, > 0 such that

[S(t)h(x) — moh(z)| < Cu(1+¢%)7".
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Typical examples satisfying the above requirements are random walks (continuous time)
with a communication condition (in the sense that there is positive probability to reach each
point from any other point), Brownian motions on compact manifold, etc, etc. By the second
part of Condition 1.1, the measure

vy, dz) = / T(POY() € dz]Y(0) = y) — mol(d=))d

is well defined. Let ¢ € B(S). We will write

(Po)(y) = / o(ly, d2).

Then using the semigroup property, it follows that for ¢ satistying Pr,¢ = 0,

(1.8) BP,p = —¢.
For general ¢ € Cy(S), since BPy ¢ =0 and Py, (¢ — Pr,¢) = 0, consequently
(1.9) BP,e(y) + ¢(y) = Proyp.

Similarly, we can state a multi-variate version of the above result using B. Let ¢ =

(Pro..ovp) Wi, o s Ym) = / o / (215 2m)V(Y1,d21) oo V(Y d2im)-
S s
Then

(1.10) BPs. cve(Yt, - s Um) + (Y1, s Ym)
By Prs..ovp(yis - ym) + -+ By, Pog.ove(Yr, - Ym) + €Y1, - Ym)
Prog..omP-
The following notation will be useful. For a smooth function f on R? we denote
ak
D f(0) = > == f(@)], zeR"

i i
Tk Ozt ...0x,

Without pursuing generality, we assume the following working conditions on potential func-
tions throughout the article. We also assume a scaling relation between n and V.

Condition 1.2.
1. &, and V,, satisfy

(L11) @ (z391,92) = n "5 y1,v2) + Po(@syr,v2),  Ua(zsy) = n "W (25y) + Ua(z;y)

where

2 [ Ve (e =0, [ Vi gm(dy) =0
SxS S
(recall (1.6) for the notation V®o, Vs ); and
2. VO, (z;y1,92), VOao(2; 91, 12) € Cp(RE x S x S) and

sup  (|D'®a(z, 51, y2)| + [D*@2(2, 1, y2)]) < 400,
z€RY Y1 ,y2€8

where the D k = 1,2 applies to the z-variable; and
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3. @, U >0, VUy(z;9) € Co(RY x S); and for each x € R, VU (z;-) € Cy(S), ¥, €
C(RY), and
lim inf W(z) = +oo.
M—+o00 |2[>M
See (1.14) for definition of V.
4. The number of particles N and the multiple time scale parameter n satisfy
(1.13) lim nN~'=0.

n—-4o0o

From now on, we write
(114) By(x) = / / By (s 1, y) o (dyn o (dys), W () = / U, (2, y)mo(dy).
sJs yes

1.3. Main result. The symmetry among particle labels suggests that we can identify the
(z;(+),v;(+), Yi(n?:))-system with its empirical measure without any lose of generality:

N
1
(1.15) Yt da, dv, dy) = + Zl 84t .0 (1 v2 20y (42, AV, ).

Let N be fixed and n — +o0, the Y = (Y1, ...,Yn) dependence in (1.7) can be averaged out
in at least two ways — law of large number and central limit theorem. In the central limit
scaling, it is known that (;ng"), e ,xg\?); ’UYL), e ,v](?)) converges to a R??-valued stochastic
diffusion given by Ito’s equation. The law of large number is simply an averaged ODE with
the Y; variables replaced by integration with respect to their stationary measures. Such
problems are called random evolution, see Chapter 12.4 of Ethier and Kurtz [3]. Also see
the end of that chapter for a review of history for random evolution problems. On the
other hand, if we directly look at these weakly interacting stochastic diffusion equations (we
can view these as the limiting case of n = 400 with N finite but fixed), and then pass
N to infinity for the empirical measures (1.15), it is known that we will end up with some
deterministic partial differential equation describing transport plus diffusion behaviors. Such
limiting procedure is known as the McKean-Vlasov limit (e.g. Dawson and Gartner [2]).

The basic message of this article is that (1.1) can be viewed as a limit of (1.7) when
both n and N go to infinity at the same time, with appropriate speed. We provide rigorous
justification of such view through an infinite dimensional generalization of the techniques
used for random evolution problems as discussed in Ethier and Kurtz [3] using martingale
problem method.

In the above discussed limit, we expect the dy component in 7, to be averaged out.
Therefore, we introduce notation p,, to denote the (X, V')-marginal probability measure of

Vn'

(1.16) pn(t, dz, dv) = v, x v (t,dx,dv) = v,(t, dz, dv, S).
Similarly, we denote the X-marginal of p, (¢, dz,dv) by
(1.17) pn.x(t, dr) = p,(t, do, RY).

More generally, for any probability measure v € P(R? x R? x S), we denote p(dz,dv) =
y(dz,dv,S) and px(dr) = p(dr, R?). In other words, p will always be used as the z,v-

marginal of corresponding measure v which has three arguments z, v, y.
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In Theorem 4.4, we show that {p,(:) : n = 1,2,...} is a tight sequence as stochastic
processes with trajectories in the space Cp(gayga)[0,400). In Theorem 5.1, we conclude
that any limit point of the above sequence is a solution to the stochastic Vlasov-Fokker-
Planck equation (1.1). Finally, with additional smoothness hypothesis on ®;, ¥; i = 1,2, in
Theorem 6.9, we show that solution to (1.1) is unique, hence p,, converges to the solution of
(1.1).

We specify the coefficients in (1.1) next: Recall the definition of ®; and ¥, in (1.14), we
let

(1.18) bafein) = | [ @ulwiy ol d)m(dy)

yeS JzeS
and define the d x d square matrix a(p, ) = (a;;(p, x))i j=1,.. 4 to be
(L19)  ay(p,x) = aiylpx, )

1 | = )
= —§Pm{ (Py(px « VO Dy () + VO (a; y)))
By (Pulpx + VO (w;) + VO 0s(;1)))
+<P,,(px « VOO, (z;y) + VO, (; y)))

B (P (px * VOO, (z;y) + Wz(%?J)))}
= E(B,(px * VODy(z; ) + VO (7)),
P,(px * VO Dy(25 ) + VD Wy(z;-))))

where £ is the Dirichlet form associated with B:
1
&(f.9) =5 [(FBa+ gBf)dm, f.g€ D).

By symmetry property of £, a(p; z) is a non-negative definite matrix.

Our program for the proof is described as follows. First, 7, (-) is a measure valued Markov
process. We identify its infinitesimal generator A,, through the associated martingale problem
(in the sense of Stroock and Varadhan [9], see also Ethier and Kurtz [3]): for a class of test
functions f, (with precise form to be identified later),

Sn(m () = fa(1n(0)) — /0 Anfa(a(s))ds = M]"(t)

where MJ» is a martingale. Second, we show that for a sufficiently large class of smooth test
function of the form f(v) = f(p) (i.e. f only depends on 7 through its X, V-marginals), we
find f, € D(A,),

fa(v) = f(p) + 1 g(v) + n (7)),

such that there is a limit operator A with domain containing functions fs, in the sense that

Anfn(n) — Af(p)

whenever the X, V-marginal of 7,, converges to p in weak convergence of probability measure

sense. Third, we show that {v,(-) : n = 1,2,...} is a relatively compact sequence. Then,
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putting every step together by passing n — +oo, we have that for any limit point p of the
relative compact sequence from p,,, it satisfies

F(o(#)) — £(p(0)) — / Af(p(s))ds = 0.

We show that this is just another way to express the weak (Schwartz distributional) solution
of (1.1). Finally, we demonstrate such solution is unique and consequently conclude that
the previous convergence along subsequence claim is true for convergence along the original
sequence.

1.4. Notations. For any two vectors £ = (£1,...,&),n = (1,...,m4) € R, we define
matrix

(1.20) & xn=(&ny)ij-

If Ey is a metric space, we use B(Ey) to denote bounded measurable functions, C'(Ep)
continuous functions, Cy(Ey) bounded continuous functions, P(Ey) the space of probability
measures on Fy, and My (Ey) the space of signed Borel measures on Fy. Let f € B(Ey), we
denote ||f|| = sup,ep, |f(2)]. For a function g : v € My(Ey) — R, we define its first and
second variational derivatives as functions

5 52
9 By—R I .EyxE—R

o7y 0~y?
satisfying the Taylor’s expansion
0g 1., 0%
(1.21) 90 +17) = g(n) = H7) + §t2<5—72, Y ®9) +o(t?)

for each v € My(Ey) with compact support. In the above, v/ ® 4/ means the product
measure on Fy x Ej.
As an example, we consider test function

(1.22) FO) =v{e1,7), - (Pms1)) 0 r € B(RY x R x S), 4 € C*(R™)
for v a signed measure on R x R? x S. Then
of "
ﬂ(%?’%y) = Zakw(<gpla7>7 ey <S0m77>>90k(x>vay)a
k=1
and
o f o SN -
W($av7y;$avvy) = Z akl,lvb((@lfy% ce 7<S0m77>>90k(x>vvy)¢l(xv 7y)

k=1

We also consider another class of test functions. To simplify notation we consider the general
case where F is a metric space. Our main interest is when Fy = R x R? x S. Let

f() :/E /E (w1, T2, T3, 24)Y(dr1 )y (do)y(dws)y(drs) « Mi(Ep) — R,
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where ¢ is bounded and continuous. Then

/Eo [Eo [EOSD(Lx2>f’33a$4)7(dx2)7(dx3)7(dx4)

[EO/E /EO (1, @, 3, x4)y(dxy)y(dzs)y(day)
[ et s

i / O /E 0 /E 2 (e ) ),

Taking another variational derivative, the expression of (62/8v?)f(x,Z) can be similarly
expressed. It is involved with more terms.
Throughout this paper, we denote

[=}

N
(1.23) E! ={y(dz,dv,dy) = N! Zé{x“%yi}(d:p, dv,dy) : v;,v; € R* y; € S},

i=1
and
(1.24) E, = {p(dz,dv) = y(dx,dv;S) : v € E! }.

We also denote £ = P(R? x R?) the space of probability measures on R? x R¢ with a typical
element written p = p(dx,dv). Similarly, we denote £ = P(R? x R? x S) with a typical
element v = ~y(dzx, dv, dy). Unless specified otherwise, the topology on these spaces we use
is always the weak convergence of probability measure topology.

We note that for p € E,, it has moments upto all orders (both in z and in v variables).

For an operator B, D(B) denote the domain of B. If f = f(z,v,y) : R x R* x S +— R
and f(z,v,-) € D(B), we write B, f(z,v,y) = (Bf(z,v,))(y).

For any sequence of problem measures p,,, p on a complete separable metric space, p, = p
denote convergence under the weak convergence of probability measure topology.

2. MARTINGALE PROBLEM

First, we identify A,, for a relatively simpler class of test functions (1.22). Later, we will
find that another type of test functions is also needed. The procedure explained below can
be then analogously applied to derive the extension to the new test functions.

We let 7' = o(Yi(r) :n = 1,2,... ,N;0 < r < n’t}. Let ¢ = ¢(z,v;y), Vo, Vo €
C(R*x R x S), and ¢(x,v,-) € D(B) and Byp(z,v,y) is bounded continuous. Then for
every t > s > 0,

e (1), 0 (s i) — (ol (5), o (5)s Vi)
= [ {0) aplal0), o 01 i)
_"(/R V0@ () = 25X ) da, do, dy)

FVOL @ (1) Vi) ) - Vap(al” (1), 0" (1), Vi) i
8



and
Ep(x(" (5), 01" (s), Yi(n?t)) — (z{" (s),0{" (s), Yi(n?s))| 7]
= B[ W Bl 6), 0" 6) Vil
Therefore, by Lemma 4.3.4 of Ethier and Kurtz [3],

P00 0.,000) = [ (0T lal? 1) ). Vil

—n(/ Vq)n(:cz(.") (r) — 2; Y3 (n*r), y)yn(r; dz, dv, dy)
RIxRIxS

FV, (2" (1) Yi(n?r))) - V(@™ (), 0™ (r), Yi(n?r))
—n?Bip(a" (r), v (r >,n<n2r>>)ds MY (2);

is a martingale. Let
(01, 02)B(7,v,y) = By(192) (2, v, y) — 1(, v, y) Bypa (@, v,y) — p2(z, v, y) Bypr(z, v, ).
Then the co-quadratic variation process

t
(M7, MP?](t) = / n2(1, @2) 5™ (r), v (r), Yi(n?r))dr, when i = j; and =0, when i # j,
0

First, we consider test functions of the form (1.22). Noting the process v,(t) in (1.15) is
essentially identified from a finite dimensional dynamic, by the classical finite dimensional
Ito’s formula, if we define

(2.1) Anf(v)
RAXRIXS ol

+2”—N<% Y RUpr ) s (P V) Pk 21) )

kl=1
of
= (v,v- V Vo, (z ,9)y(dz, dv, dy) + VU (z; y)) V, ﬂ>
o of
+n<% ( Vs (a — 3y, 5)9(ds, dv, dj) + V¥a(r,9)) - V.22)
RixRixS v
of
+n2<’}/, Byﬁ>
n? 5 f
o (00 Bg( 2,0 ))

2

I o°f o
_2<7(dl‘7 dU, dy) & 5{x,v,y}(dx7 dU7 dl/)a Byé-—,yz(x7 v,Y,T,, y)>>7

(2.2) F () = Fal0)) — / Auf (a(s))ds
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is a martingale. That is, A, is the generator for the martingale problem determining the
probability-measure-valued process 7,(+).

Having only test functions f of the form (1.22) is not good enough. Later, we need to
consider test functions of the form such as ¢ in (3.4) and h in (3.5). These are special cases

of
100 = oo o)) [ [ [ [ stoinizisin 500000
v(dz, dv, dy)y(dz, dv, dy)~y(dz, dv, dy)y(dz, dv, dy),

where o € C°(R? x R%), ¢; € C?(R™) and ¢y, ¢35 are bounded continuous functions. For
such case, at least when v € E’, the first two variational derivatives 6 f/dy and 6%f /6>
are well defined smooth functions — see the second example of variational derivatives in
last section. For such f, we define A, f using variational derivatives by (2.1). Note that
Tn(t) € E! (defined in (1.15)) is identified with a finite dimensional stochastic dynamic.
Therefore, essentially the same arguments as in the early part of this section applies, and
finite dimensional Ito’s formula allow us to conclude that (2.2) is still a martingale.

3. GENERATOR CONVERGENCE FOR A CLASS OF PERTURBED TEST FUNCTIONS

Again, throughout this paper, p denote the X, V-marginal of v (i.e. p(dx,dv) = vy(dz, dv, S)).
We will find a particular sub-class of test functions of (1.22) useful and we define

(3.1) Do={f(p) =¢({p1.p)-- (pm:p)) = on € CF(R! x RY), ¢ € C*(R™)}.

In this section, we want to identify an operator A C Cy(E) x Cy(FE) which is the limit for
A, C Cy(E,) x Cy(E,) in the sense that: for every f € D(A) = Dq (see (3.1) and note that
f = f(p) only depends on p), there exists f, € D(A,) such that

lim fo () = f(p), Him Ay fo(1n) = Af(p)

n—-4o0o

whenever E, 3 p, = p € E (note that p, is the x, v-marginal of ,, € E! ). Additionally, we
will show

sup sup | fu(7)] < +oo,

n YEE]
and there exists Cy, C > 0,
(32) a0 < ot nC [ oldy, 7 € B
We claim that such f,, can be taken to be
(3.3) fa() = f(p) +n""g(7) + 1" *h(y)
with
(3.4)

)
00) = = [ [ (Peas ¥l = 510.9) + PV Wa(o.9)) - 9, 3 oot o gy o i),
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where P,g, V®s(2;y,7) = [,cq [ocs VO2(z; 2, 2)v(y, d2)v(7, dZ); and with

(35)h(7) = / (=) (2, y) - vv%x, oyy(de, dv, dy)

)
+ / / Pron VO, (1 — T:4.7) - vvéu, o)(de, dv, dy)y(dz, v, dg)

0
/// I/®I/®Va’l xz ya$ y,f y) D?}v(;f( )

v(dz, dv, dy)y(dz, dv, dy)~(dz, dv, dy)

A 0
//// V®V®V®Va2xyajg7fgvxy) VV(SJ;( )

v(dz, dv, dy)y(dz, dv, dy)~y(dz, dv, dy)y(dz, dv, dy).

See (3.14) and (3.15) for the definition of matrices aj,as. In the above (and below), we
denote matrix

62 f

V;Vvé—pz

Therefore,

m

Z klw P Spl 7<p7 Spm>)vv90k(§ i) ' PI/®V®V®V&2($ yvi‘ gaj ﬂ,i ﬁ) Vv¢l($vv)'

Since 0f/6p € C.(R?x RY),5%f /6p* € C.(R? x RY x R x R), both g, h € Cy(E"). Below,
we explain the choice of g and h, together with the convergence of H, f, to H f, through
explicit calculations.

By the martingale problem (2.2), for f,, of the form (3.3),

(3.6)  Aufu(y) =Auf(y) +n " Aug() + n 2 Ash(y)
of

)
= (o0l = ([ Ve -zt dosdg) + Vi) - 9.5

sn=([ Ve -z gnlde dody) + Ta(o,y)
RAXRIxS

oh
+<77 By$>

+n(y, — (/ V& (z — 2y, §)v(dz, dv, dy) + VVs(z, y)) Voo + By
RixRixS 5y

+o(1),
1



- dg N 09
_ -1 v % _ _ AR v,
o)) = w0 V.5 = ([ Ve~ s g (dn,do,d) + T a) - V. 50)
n? 5%g
o (0 B v 5.0, )(0)
0% o
—2<’7(d$, d’U, dy) X 5{x,v,y}(dx7 dU, dy)7 Bya—,)/g(Iv v,Y;T,, y)>)}
oh Sh
_2 _— e 17/ T 7 Tl . . _
{00 Va5 = ([ Vaile = 5 aa(ds, dodi) + Vi) - V.5
o oh
+n(7, ( V&y(x = T;y,5)7(dT, dv, dy) + V¥s(z, y)) Vs
RiAXRIxS Y
n? 62h
o (0 Big (e, sw0.)w)
I 6°h o
—2<’}/(dﬂf, dU, dy) & 6{I,v,y}(d'r7 dv? d@/)a ByW(x7 v,Y;Z,0, y)>> }
If g is taken to be (3.4), then following Taylor expansion (1.21), we identify
dg o of I
(3 7) 57($ v y) = - PV®VV®2($_x;y7y) ’ va(z,v)v(dx,dv,dy)
J
~ [ (P Vali = 33 Vg 3. )7 0, )
J
—P,VUy(x,y) -V, 5—f(:c,v)
// Pg, V(T — 179, y) + P, VUs(Z, ))
V;—,é—pj;(:?,@;x,v)y(df, o, dj (. do, dy).

Similarly, we can also compute d%g/dv?* explicitly. From the conditions on ®,, ¥, (Condi-
tion 1.2), it follows that

&g 52g

0g 0g o
. 99 (2, v; 99 (2, v;9), B2 L (2,0, 2,0, )(y), By o2 :
(3 8) Vx(s,y (I7 U’ y)7vvé,y(x7?j7 y)7 672 (I7 U? 7x7 U? )(y>7 y572 (x7?‘]7 y7 x? U? y)

are all bounded over their respective domain. Analogous estimates holds when ¢ is replaced
by the A in (3.5). Note that because 6 f/dp, §%f/dp* have compact support,

(3.9) va—z(:c,v;y) € CL(R' x R x 9).

To emphasize the dependence of o(1) on n and on v, we write o(1;n,v). By (3.8) and
similar bounded estimates for h and by (3.9), there exists C, Cy, C3 > 0,

(3.10) lo(L;n,7)| < nY(Cs + / o] d) + %Cg, veE..
12



Therefore

lim sup sup lo(1;n,v)| =0, VC >0.
n=EO o yeRl [ |u|dy<C
Hence o(1) is a higher order term.
We now explain the choice of g and h assuming they are well chosen so that o(1) is a
higher order term in the sense that (3.10) holds. Our point of departure is (3.6). In order
to have the above A, f,, staying bounded as we pass n — +o00, we have to choose g so that

5 5
(3.11) @,-(/Rd y SV<I)2(:c—i’;y,gj)fy(di,d17,d§)+V\I/2(x,y)> Y, 5£ +By5§>

g in (3.4) is chosen so that this is satisfied. We verify this below. dg/dv is given by (3.7).
By (1.10) and by (1.12),

312 [ B, (00,07 dos )
v

0.

— // {(By(—Pu®uV(I>2($ —Z;Y,9)) + By(—P,g, VP (z — T3y, g))) . Vv%(fﬂ, v)

o
+By(=P,V¥s(z,y)) - =

5L (.00} (do, do, dy) d do )

- / / (Vs(a — 239,5) + Via(z,y)) - vu%x, oyy(dz, do, dg)y(d, dv, dy).

Hence (3.11) is satisfied.
We can now use the above choice of g to simplify the A, f,, in (3.6), and work further on
identifying a good choice of h next. Note that

g
1 -
(3.13) Vs 5 (z,v,y)

= (- [ ResTtule - sy pntde.do.dy) - PTs(e)) - D (020)

9, [ [ (Pes¥0:la - 5:5.0) + BYW(E.1)
f
v5p2
where D, denotes the d x d Hessian matrix

2 o’ 0 (@)
D; o(x,v) = (82; D500 gp(x,v))dXd, v= (v, . v,

Vi3 (7, 0;2,0)y(dZ, dv, dy)y(dz, dv, dy).

Let matrices
(3.14)  a(z,y;7,5;7,y) = (V%(m —Z;y,9) + Wz(x,y))

% (Poey Vol = . ) + PV U (2,1)),
(see (1.20) for the definition of ” x”) and

— - = = A A

(3.15)  as(x,y;7,0;2,4;2,9) = (VP(x —Z;y,7) +V\I/2( )

y)
X(PI/®VV®2(i - '37 ?g) + PI/V\II2(‘%7 '37))
13



Then

(3.16) Anfn(7)

B B
= (v,v- Vxé — (/V@Dl(x — Ty, 9)v(dZ, dv, dy) +V‘1’1(x;y)) -V, /

7

_ ) -
(7, / / ar(,Y; 7,95 7, Y) - D3U5—f<x,v)v(d:@dﬁ,dm(d:ﬁ,d@,dﬂ»

The idea of choosing h is such that the above limit of A, f,, only depends on p (the X, V-
marginal of 7). To achieve this, we need to "average out” all the y, 7,7,y dependence in
(3.16). h in (3.5) serves such a purpose. We verify in several steps.

First, we make three interesting observations (3.17), (3.18) and (3.19) in order to sim-
plify the expression of (v, B,dh/67). Let ¢1 = ¢1(y,9,9,7) € Cp(S*) N D(B), and py =
0o(p;,v;%,0) € Cy(E x (R x RY)?) where §p,/6p is still a bounded function. By (1.10),

(317 77 //// vRrerer Pl y yay y>¢2(p7x v, T U)

y(dx, dv, dy)y(d, do, dj)y(dz, dv, dg)y(dT, b, dj))

- ////(BPV®V®V®V<P1(%@,?77ﬂ))¢2(p,xv Z,7)

y(de, dv, dy)y(di, do, dj)y(dz, dv, dy)y(dT, do, df)

= //// 901 ?j ?) + P7ro®7ro®7ro®7rOS01)<,02(p; T, i" 1:))

v(dz, dv, dy)y(dz, dv, dj)y(dz, dv, dy)y(dZ, dv, dy).

We note that

= —. = =5 ~

= P7T0®7T0®7T0®7T0{(V(I)2(x - j; Y, Zj) + V\I12(1’7 y)) X (PV®I/V¢2(‘% - i; ?7 ?J) + PI/V\I]2(‘%7 ?))
= {(ProsmB(~ Py VOs(z = 33, 3) — PV Us(x,9) )

% (Procro (P VOo(7 — :5,5) + PV (7, 7))) }

——

= 0,
14



and that

where

(3.19) //Pm@ﬁo@ﬁoal(x, y; T, ¥; T, y)y(dz, dv, dy)y(dz, dv, dy)
//Pﬂ()@m)@m){ (V(I)z(l' —T;y,9) + VUy(z, y))
x (vac@g(m — F,7) + P,V y(x, y)) }y(di’, 4o, dj)y(d%, dF, dj)
[ [ Prmon{ (= BRe Vst~ 5:0.9) + PV Us(00)
X (vac@g(m — Fy,7) + P,V y(x, y)) }y(di’, 4o, dj)y(d%, dF, dj)
//Pno{< - ByPu(V(T’z(l' —7;y) + VUy(z, y)))

(  (V®s(z — T3 y) + VUs(z,y) )} (dz, o, dj)y(d7, dF, dj),
] )
ZE,'U,y

)

N——

A
x(PAV (e — T1y) + Vs(x,y))) fro(dy)1(dz, db, df)y(dz, do, dy)
/yes {( — BP,(px * V®s(x;y) + V¥y(x, y))) X (P,,(px « Vs (27y) + Vs (z, y))) }Wo(dy),

@, (z;y) is defined in (1.18).

In view of the above three identities, the right hand side of (3.16) reduces to

(3.20)

where

(3.21)

Af(p) = (po- vx%«c,v) ~(px * V& + V) (2y) -V,

Anfuly) = Af(p)+o(1),

of
op

+alp.a) - D25 (0,0)

with @, U, defined by (1.14) and square matrix a(p, z) defined by (1.19).
Lemma 3.1. Let A be defined according to (3.21) and f, by (3.3) with g,h € Cy,(E') given

by (5.

4), (3.5). Then
lim A, fu(ym) = Af(p),

n—-+o0o

whenever p,(dx,dv) = v,(dz, dv, S) = p(dz,dv) in the weak convergence of probability mea-

sure t

Proof.

opology and sup,, [ |v|dy, < +o00. Moreover (3.2) holds.
The conclusion follows from (3.20) and (3.10). O

4. ENERGY ESTIMATES AND TIGHTNESS

Again, p, denotes the z,v-marginal of 7, € E/, C P(R? x R x S) (ie. pu(dz,dv) =

Yn(d,

dv,S) € E,). We prove that, under appropriate initial conditions, the sequence of

stochastic processes {p,(t;dz,dv),0 < t < 400 : n = 1,2,...} is tight (i.e. relatively

15



compact in weak convergence topology for the probability measures in the trajectory space).
See Theorem 4.4.

Following the general method given by Theorem 9.1 in Chapter 3 of [3], there are two
key steps in proving tightness for processes. First, we prove a compact containment prop-
erty (Lemma 4.1) by studying the time evolution of an energy function which is effectively
averaged at the macroscopic scale.

Let
(41) E(p) — / / (1P + 38u(a — )+ T (2)) ol o), dv),
and
(4.2) V(p) = log(1+ &(p)).

Since @1, ¥; > 0 and ¥, has compact level set in B¢ (Condition 1.2.3), £ and V have compact
level sets in P(R? x RY) under the weak convergence of probability measure topology.

Lemma 4.1. Suppose that

(4.3) sup E[V (pn(0))] < +oc.
Then
(4.4) hIE sup P(1,my <T) =0, VT > 0.

Consequently, we have a compact containment property: for each T > 0, € > 0, there exists
compact set K = K(T,¢) C P(R? x R%) such that

P(3t,0<t <T,pu(t) € K) <e.
Furthermore, we have energy estimate
(4.5) B[V (pu(t))] < EIV(pa(0))] 4+ £(n™" Co + [[tr(ay)l|oc)
where Cy > 0 is some deterministic constant depending on V,;, ®; and B.

We prove this result using a stochastic Lyapunov function technique. Let p € E,,.
First, we note that for ¢(z,v) : R x R? — R which is bounded from below, [@dp =

NS (i, v;) < 4oo. In particular, [(¥,(z) + [v]*)dp < +oo.

Proof. From the definition of the first two variational derivatives in (1.21), for p € E,, and
v € B, (see (1.24) and (1.23)),

@) = (14 £GP+ [ Bule -~ 2)pxldo) + Ti(0),
and

2V L N

5—p2(x,v,x,v) =1+&(p) Pi(z—2)— %(x,v)%(x,v)



We let gy = gy () and hy = hy(7y) be respectively defined as in (3.4) and (3.5) with df/dp
and 82 f /6p? replaced by §V/dp and 62V /§p?. In view of the special form for p € E,,,v € E!,,

aw(n) = —(1+E( / / P V(i = 0,5) + P,VWa(asy) ) o (de, dv, dy)y(d, do, d)

= —(1+&(p) 'N?2 Z Z (Pu®uvq)2 — 55 Y, Y5) + P,V Vs (25 yz)) - Vg5

i=1 j5=1

and

sup sup |gyv ()] < +o0.
n yEE],

Similarly, for v € E/,

h(y) = (1+E(p %//' U1)(@,y) + Poow V1 (2 — 711, 7))
(dx, dv, dy)v(dz, dv, dy)

s [ [ [ 15(Puononsto .5 5.9))3 d do. g, do, dg) (a7, d5. )

1‘|—€ //// V®V®V®Va2Iy7i‘g’jg7ig) (UXU)

v(dzx, dv, dy)y(dz, dv, dy)~y(dz, dv, dy)y(dz, dv, dy);

and it follows

sup sup |hy(7)| < +oo.
n yEE]

Furthermore, following similar computations as in (3.7) and (3.13), we can verify

(5 dgv 529V
sup sup (|(v,v -V, >| + (v, V¥ (2, y) - V, —>|+\< (z,v,y;2,0,9))]

n YEE] y 6y?
2
a4 g o
+| <,}/(dl‘7 dU, d?/) X 5{:(;,1)731} (d$7 d% dy)a ByW;/(:% v,Y,x,, y)>|) < +00.
Analogous estimates hold when gy is replaced by hy as well.

Let

Va(y) =V(p) +n"gv(v) + n *hv (7).

We extend the definition of A, to V, according to the second expression in (2.1) where
everything is expressed in terms of 6V}, /dy and §%V,,/6+v*. We now define stopping time

(4.6) Ty = Inf{t > 0: V(pn(t)) > M}.

Recall that for each fixed n, ~,(t) is a probability measure concentrated only on a finite
number of points. By the usual finite dimensional Ito’s formula,

Vit A 7)) — V(1 (0)) — / T AV (als)ds

is a martingale. We estimate A,V,, next.
17



Following similar computations as in the previous section, we have for v € E/ ,
(4.7)  AVa(y)

= (pov- Vx(;—‘;(x, V) — (p £ Vo, (z) + V\Ifl(x)> : Vvi—‘;(x,v)
talp,a)- Dzv(?/( )
+n‘1{< V —~ - /Vcb — z;y,9)y(dz, dv, dj)

2

) n 52
+w1<x;y>) Vo + o (0B @ v s0,)0))

o 0% o
—2<’}/(dﬂf, dU, dy) & 5{w,v,y}(dx7 dU7 dy)J By(s—;/(x7 v,Y;Z,0, y)>> }7

+n_2{<<%v V. M—V _ /V@l x — Ty, 9)y(dz, dv, dy) + V¥ (x; y)) Vo MW))

0y
7’L2 52hv
+ﬁ(< 7BW(ZE>U7'7x7U7')(y>>
o, 0Chy o
—2<’}/(dﬂf, dU, dy) & 6{x,v,y}(d'r7 dU, d@/)a By—Q(x7 v,Y,T,, y)>)}
oy
Ohy
+n" 1 (, / Vo dz,dv,dy) + VV¥y(z,y) | - V,
{o:( [, Vol =y )+ VUs(ry) V) |

< [ Tr(ar)lloe + 7" Co

where Cy > 0 is some deterministic constant depending on ¥;, ®; and B.
Consequently,

(4.8) EVa(u(t A Tan)] < E[Va(7a(0))] + t(n™ Co + [[tr(a) [lo0)-
For each n fixed, V(p,(t)) is a process which is continuous in time. Let 7', M > 0,
MP(ryy <T) < EV(pn(Tnsi)) Iz, sy<r] < BV (pu(T A To i) Iz, gy <7]
< EVa(lT A o)) +sup sup (™ gy (v)] +n7?|hv (7))

m yeE],

< EVa(y(0)] + T (0™ Co + |[tr(as)lloo) + sup sup (™" gy ()] + 02|y ()])-

m ~yeE;,

Therefore (4.4) follows. Let € > 0, by selecting M large enough, then the compact con-
tainment properly also follows. Finally, (4.5) follows from (4.8) by taking M — —+o00 and by
noting lower semicontinuity of V. O

We choose a special M = M,, = 2log(n), and denote

Th — Tn,Mn-
Then from this definition and the definition of V/,
(4.9) I(r < 7))n~teV/2en) < =teMn/2 — 1 1 > 0.

Lemma 4.2. For each f € Dy (see (3.1)), {f(pn(- AT2)) :n = 1,2,...} is a sequence of
relatively compact real valued processes.
18



Proof. We apply Theorem 9.4 in Chapter 3 of Ethier and Kurtz [3].
Let "> 0. Let f,, be given as in (3.3) with g, h defined by (3.4), (3.5). First, we note

sup B sup |fu(n(t A 7)) = Flon(t A7)l < n~ gl +n7*|h] — 0, as n — +oo.

This verifies (9.17) in the above mentioned Theorem 9.4 of [3].
With each n fixed, 7, really only identify with a finite dimensional stochastic dynamic
and by the finite dimensional Ito’s formula,

Bt A7) = Fula(0)) — / " A fua(r))dr

is a martingale. By estimate (3.2) (Lemma 3.1) and noting (4.9), for 7" > 0,
t

sup E[ sup | I(r < 1) Ap fr(n(r))dr]]

n=12,... 0<t<T Jo

t

< swpBlswp | [ 1<) (CotnCuyf [ ok (o)dr)

n 0<t<T Jo
t

< supE[sup | [ I(r <7,)(Co+ V2n~'Crexp{V/2(pn(r))})dr]|)

n o<t<T Jo

< (Co+20)T < +o0.

This verifies (9.18) in Theorem 9.4 in Chapter 3 of [3].
The conclusion of this lemma follows from the above two estimates. O

We conclude the tightness property.

Lemma 4.3. The sequence of measure valued processes {pn(- AN 7,) :n = 1,2,...} is tight
with trajectory in space Cp(gpay a)|0, +00).

Proof. The class of functions in Dy is closed under multiplication and linear combinations,
and separates points in P(R? x R?). In addition, for each p € P(R? x R?), we can find
f € Dy, f(p) # 0. By a generalization of Stone-Weierstrass theorem (e.g. Theorem A.8 in
Appendix A of Feng and Kurtz [6]), Dy is a dense subset of Cy(P(R? x R?)) in the topology
of uniform convergence on compact set.

Combining Lemmas 4.1 and 4.2, the result follows from Theorem 9.1 in Chapter 3 of
Ethier and Kurtz [3]. O

Theorem 4.4. Suppose that (4.3) hold. Then (4.5) holds and the processes {pn(-) : n =
1,2,...} is tight with trajectories in space Cpgay ga)|0, +00).

Proof. Let {p,, (-A7n,) : k=1,2,...} be a convergent subsequence with limiting point po(-).
The existence of such sequence follows from the tightness result of Lemma 4.3. Let r be any
metric which gives the weak convergence of probability measure topology on P(R? x R?).
Then for each € > 0,
P(sup m(pn(t ATn),pu(t)) >€) < P(1, <T)—0, asn— +oo.
0<t<T

Therefore by Slusky’s theorem (e.g. Corollary 3.3 in Chapter 3 of Ethier and Kurtz [3]),
{pn, () : k=1,2,...} converges in distribution to process py(-) as well.

Therefore {p,(-) : n =1,2,...} is relatively compact in the trajectory space. O
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5. IDENTIFYING THE LIMIT EQUATION

Let f,, be given by (3.3) and 7, 5s be given by (4.6). By Ito’s formula,

E[(fn(Vn(t AN Tanm)) = Fa(Wn(8 A Toar)) — / Anfn(’yn(r))dr> Hi?:lhi(pn(ti))] =0,

SN\Tn, M
and for every hy,... hy € Cp(E),0<t; < ...  txy <s<t,and k =1,2,.... Let py(-) be a
limit processes of {p,(:) : n=1,2,...} (Theorem 4.4). Then by the convergence of A, f, to
Af in Lemma 3.1,

EI(£(00(6)) = £ous) ~ [ Af(on(r))ar I s pn(t)) = 0

s

tATn, M

implying pp is a solution to the martingale problem

(5.1) F(oolt)) — F(po(0)) — / Af(po(s))ds = M (1)

where M7 is a martingale with respect to the natural filtration induced by po.
We notice that A is really a first-order differential operator in infinite dimensions in the
sense that A(fg) = fAg+ gAf,if f,g € D(A). In particular,

A(f?) —2fAf =0, fe€ D(A).
Therefore, by Exercise 29 on page 93 of Ethier and Kurtz [3], the quadratic variation

o = | (AP po(s)) = 2 (pol)) Af (p(s)))ds = 0.

This implies that M/ = 0. In particular, taking f(p) = (¢, p) for ¢ € C®(R? x RY), this
means that p is just a weak solution (Schwartz distributional sense) to (1.1). Therefore we
arrive at

Theorem 5.1. Suppose (4.3) holds. Then under Condition 1.2, stochastic process {p, : n =
1,2,...} is tight, and every convergent subsequence converges in probability to a weak (i.e.
Schwartz distributional) solution of (1.1) in the path space.

If we can show that weak solution to (1.1) is unique, then the above conclusion can
be strengthened from convergence of subsequence to convergence. We pursue this without
additional mild conditions on ®;, ¥;, 7 = 1,2 next.

6. UNIQUENESS OF THE VLASOV-FOKKER-PLANCK EQUATION - A PARTICLE
REPRESENTATION APPROACH

Uniqueness of probability-measure-valued solution for (1.1) can be proved using a proba-
bilistic approach.
First, we consider a countably infinite system of stochastic differential equations

6.1) @) = u(t)
dui(t) = px(t)* VO (zi(t))dt + VI, (2:(8))dt + V20 (p(t); 2:(t))dWi(2);

for some o such that oo’ = a. In the above equation,

n

_ 1
(6.2) p(t, dx, dv) = n1—1>1-|I-loo n Z Oz (t),v3 (t) (dz, dv),
j=1
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and (W, Wa, ... Wy, ...) is a countably infinite sequence of i.i.d. standard Brownian mo-
tions. In the above, we define o(p; ) = a'/?(p, ) where a is given by (1.19). Note that a is
non-negative definite square matrix, therefore its square root is well defined. The following
additional smoothness condition on ®5, ¥, will be useful in this section.

Condition 6.1. Vy(z;y), Po(x; Y1, y2) have continuous derivatives in the x-variable upto the
third order. Moreover,

sup | D'®a(x5y1,y2)| + | D*Po(; y1, y2)| + | D> Po(w; 41, y2)| < +00
2ERYy1,y2E€S

and

sup | D'Wy(z;y)| + | D*Wy(z;y)| + | D*Ws(z;y)| < +oo
z€RI ycS

where all derivatives are taken with respect to x.
With the above condition, by Theorem 5.2.3 of Stroock and Varadhan [9], and by the
defining structure of a in (1.19) (also noting (1.8)), a'/? is Lipschitz in the sense
ja'2(pr2) — a'(7,9)] < Ol =yl + dw(p, 7)),
where dyy is the order-0 Wasserstein metric on P(R? x R%):

63)  dw(pr) = sup | [ tdo— [ s,

FEC(REXRY),|FISL | f (z0) = f(yw) | <|z—yl+]v—u|
Condition 6.2. V®,, V¥, : R — R are Lipschitz continuous.
By Section 10 of Kurtz and Protter [8], we have the following

Lemma 6.3. Let Conditions 6.1 and 6.2 hold. Assume that the initial values are random
variables and {(x;(0),v;(0)) : ¢ = 1,2,...} is a stationary sequence. Then existence and
strong uniqueness holds for the system (6.1).

We denote Ey = R? x R?. The state space of (6.1) is
(E)™ ={(Z,V) = (T1,. .- ,Tny- v 501,00 3 Upy ) (Th,0k) € Epl

with the usual product topology. From the symmetry of labels in (6.1), if the initial
value (Z(0),7(0)) is exchangeable, then the solution (uniqueness follows from Lemma 6.3)
(Z(t), U(t)) for (6.1) is exchangeable for all t > 0. Let p be any weak (Schwartz distributional)
solution of partial differential equation (1.1). The goal of this section is to apply the Markov
mapping theorem of Kurtz [7] to show that (Theorem 6.8)

The above limit exists because that {(x;(t),v;(t)),7 = 1,2,...} is an exchangeable sequence
for all t > 0. Therefore, the uniqueness of p follows from the uniqueness of (6.1) which is
verified in Lemma 6.3. The method is known as particle representation method. We provide
the details next.

First, we express solution to (6.1) in terms of a martingale problem. We consider

(6.4) D(Ag) = {g(Z,7) = I} o (xp, vk) : px € CgO(Rd X Rd),m =1,2,... }.
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For each such g € D(Ay), we define

(6.5) Aog(F,7) = > (Mg, 05)) (vr - Vaspelan, vn)
k=1

+((Z, 0) * V1 (1) + Vi (2)) - Vor (s, k)
+a(n(F, 7). 21) - De(wn, vr))

Then by Ito’s formula, any solution to the infinite system (6.1) is also a solution to the
martingale problem

t
(6.6) g(Z(t), (t)) — g(£(0), ¥(0)) — / Aog(7(s), (s))ds = martinagle.
0
Let
H = {h(fv U) = f(zlavl> ce >$mavm) - f(xala'uala C axamavam) .
all permutation o, f € B((Ep)™),m =1,...}.
Assume additionally that the distribution vy € P((Ey)*) for ((zx(0),v,(0)) : k =1,2,...)

is exchangeable. Because of the symmetry in (6.1), exchangeability of ((z(t),vk(t)) : k
1,2,...) follows for all ¢ > 0, therefore

(6.7) E[h&(®),9t)] =0, t>0,heH.

We call (Z,7) a solution to the restricted martingale problem for (Ag, H, 1) in the sense that
both (6.6) and (6.7) are satisfied.
As in the setting of finite multi-dimensional diffusion processes, we also have the following.

Lemma 6.4. Let (Z,9) be a solution to the restricted martingale problem for (Ao, H, 1) with
trajectory in C(gy)~[0, +00) and filtration {F; : t > 0}, on a probability space (2, F, P) Then
there exists countably mﬁmte 1.2.d Brownian motions W;s and probability space (Q F, P) with
filtration F, D F; and (Z,0) on probability space (Q, F, P) with filtration F,. (&, 5) has the
same distribution as (Z,7), and (Z,0) satisfies Ito’s equation (6.1).

Proof. The same proof of Proposition 3.1 and Theorem 3.3 in Chapter 5 of Ethier and
Kurtz [3] apply to this countably infinite system setting. O]

Therefore, by Lemma 6.3, we have

Lemma 6.5. Let the initial distribution vy be exchangeable. Any solution of the restricted
martingale problem for (Ao, H,vy), with trajectory in C gy |0, +00), is unique.

Next, we define a map 7 : (Ey)™ — P(Ep) (n is the map v in Kurtz [7]’s notation). Let
70 € P(Ep) be arbitrary but fixed. We define

N(#6) = lm n Y b0 € P(Ey), (3.7) € (Ep)™

n—-4o0o
k=1

if the limit on the right hand side exists in the weak convergence of probability measure sense;
and (&, ¥) = o otherwise. We now define a transition probability measure « : P(Ey) —

(Eo)>
a(p; dZ, dv) = 1132 p(dxy, dug).

We verify another condition required by Theorem 3.2, Corollaries 3.5, 3.7 of Kurtz [7].
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Lemma 6.6. The set n='(p) = {(Z,0) € (FEy)™ : n(T,0) = p} satisfies

(6.8) alpin~t(p)) = 1.
Proof. We note that if we take (Ey)*> to be a probability space endowed with the product
measure 1122, p(dz;, dv;), then (6.8) holds because of the strong law of large number. O

We verify some regularity properties for Ay, which is needed to apply a version of the
Markov mapping theorem (Corollary 3.7) of Kurtz [7].

From (6.4), D(Ap) is closed under multiplication and separates points. It is also a pre-
generator in the sense of that paper because system (6.1) can be approximated by similar
systems when the Brownian motion terms are replaced by centered i.i.d. Poisson processes.
Furthermore, we have

Lemma 6.7. There ezists a countable subset {gr} C D(Ap) such that the graph of Aq is
contained in the bounded pointwise closure of the linear span of {(gk, Aogr)}-

Proof. Noting the form (6.5), we can always approximate the ¢ s by countable sequence of
polynomials with rational coefficients. The collection of such polynomials (and hence any
finite products of them) is countable. O

Theorem 6.8. [Uniqueness and particle representation of solution] Let Condition 1.2 hold.
Define

C = {(/g(f, v)a(-; d, dU),/Aog(f, vV)a(-, dr, dv)) : g € D(Ap)}.

Then
1. D(Ayp) consists of functions of the form

£(p) = / 97, Dops AT, di) =TI (s, p).

and

C1(p) / Aog(7,F)x(p; d7, )

[
NE

(I 05, p)) <<U Vapr + (p* VO + V) - Vg

B
Il

1

+a(p,2) - D%, or). ).

2. D(C) is closed under multiplication, C f? = 2fC'f and for each f € D(C). Any solution
to the martingale problem for C satisfies

(6.9) F(o(t)) — £(p(0)) — / C(p(s))ds = 0,

which is equivalent to (Schwartz distributional) solution of (1.1).

3. Let p € Cpraxpay|0,+00) be a solution to (6.9) with deterministic initial condition
p(0) = po € P(Ey). Let (Z,7) be the unique solution (see Lemma 6.3) to (6.1) with
initial distribution (Z,V) ~ vo(dZ, dv) = 1152, po(dx;, dv;). Assume that Conditions 6.1,
6.2 hold. Then the particle representation

p(t) = n(Z(t), v(t)).

23



holds. Consequently, solution to (6.9), in the path space Cp(giypga[0,+00), is unique.
That is, weak (Schwartz distributional) solution to (1.1) in Cp(gay ra)[0, +00) is unique.

Proof. The first two parts of the theorem follows by direct verification. Since C'f? = 2fC'f,
as in Section 5, the martingale appearing in the martingale problem for C' has to be zero
and (6.9) follows.

Part three follows by applying Corollary 3.7 of Kurtz [7] and by noting existence and
uniqueness for solution of restricted martingale problem for (Ay, H, 14) is equivalent to exis-
tence and uniqueness for infinite system (6.1) with initial condition (Z(0), ¥(0)) ~ vy. O

Using the above conclusion, we can strengthen the existence result in Theorem 5.1 to the
following.

Theorem 6.9. Suppose (4.3) hold. Then under Conditions 1.2, and 6.1 and 6.2, the sto-
chastic processes {p, :m =1,2,...} in (1.16) converges in probability to the unique solution
of partial differential equation (1.1) in Cpgay ga)|0, +00).

7. COMMENTS ON LARGE DEVIATION

Large deviation behavior is also expected to hold for (1.7). At least informally, similar
operator convergence (using perturbed test functions) method as employed in this article
can be used to prove large deviation as well. For a systematic exposition on generator
convergence approach to large deviation, see Feng and Kurtz [6].

Let

(1) Haf() = e 4,6V (3)

Then by Lemma 3.2 in Chapter 4 of Ethier and Kurtz [3],

(7.2)  exp{Nf(a(t)) = Nf(ya(s)) — / NH,f(ya(r))dr} = M (t) — M (s)

where M/ (t) is a mean one nonnegative martingale. By the main result in [6], convergence
of H, to alimit H, together with some regularities on {~, : n =1,2,...} and on H, implies
a large deviation principle satisfied by the associate processes:

1
lim —log P(p,(-) € A) = —inf I(p(-)), V sufficiently regular set A C Cp(gaiyga[0,00),
n—+oo N pEA
where [ is a functional characterized by H.
For the specific application here, H is identified as follows: for each f € D(H), we select
g and h, let

(73 Fa(3) = £p) + —9(3) + 25h(3)

then
Hofu(w) — Hf(p).  whenever py(de, dv) = ,(de, dv; S) = pldz, do).

Compared to the A,, whose convergence is justified in this article, H,s are fully nonlinear.
However, the same idea on how to construct ”perturbed test function” f,s apply without
essential change. In finite dimensions, similar problems have been considered by Evans [4],

who also devised the name of perturbed test function method.
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Routine but long calculations reveal that H has to be of the following form.

) _ - o o
Hf(P) — <P,U : vx% - (PX * vq>1 + Vllll)(x>y) : vv% + a’(anx) ' D?}U%)
+/V0%(aj,v) ~a(px;x) - va(x,v)p(dx,dv).

The regularity on H needed here is a type of uniqueness (the comparison principle) result
on viscosity solution of

(7.4) (I —aH)f=h,

for sufficiently many bounded continuous h and all @ > 0. This turns out to be a hard
analysis problem and is interesting to investigate on its own right. Earlier analysis literature
had focused on simpler situations where the state space is a subset of a Banach space, instead
of space of probability measures. See Crandall and Lions [1]. Relying on mass transport
technique and exploring the probabilistic connection here, Feng and Katsoulakis [5], and
Sections 9.4 and 13.3 of Feng and Kurtz [6] made progress in extending earlier viscosity
techniques to certain problems with probability measure valued state space.

The large deviation rate function can be expressed as a type of cost functional using
a control variable p = p(t,x,v) appearing in the following controlled partial differential
equation of the Fokker-Planck type

(7.5)  Op+v-Vap— (px * VO, + VU, - Voo + Vo (0V,p) = alpx; x) - D p.

Details and rigorous justifications of the above mentioned approach will be pursued else-
where.
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