
HOMOGENIZA TION FOR SOME PERIODIC AND RANDOM
NONLINEAR SCHR •ODINGER MODELS

J. FENG AND P.G. KEVREKIDIS

Abstra ct. In the present communication, we derive homogenizedequations for nonlinear
Schr•odinger settings with periodic as well asergodic random potentials. Our caseexamples
are motivated by recent experimentally accessibleapplications in soft-condensedmatter,
as well as in optical physics. Particular features of the resulting equations are compared
directly with corresponding predictions of the original model and good agreement is found
betweenthe two. Higher order corrections to the leading order homogenizationresults are
also discussed.

1. Intr oduction

In the past few years, there has been an explosionof interest in nonlinear Schr•odinger
equationsin periodic media [1, 2, 3, 4]. This has beenparticularly fueled by the numerous
experimental e�orts in soft-condensedmatter physicsof Bose-Einsteincondensates(BECs)
in optical lattices [2, 3, 5, 6] and by the equally proli�c experimental e�orts in photonic
crystal lattices in photorefractive materials [7, 8].

In the atomic/soft-condensedmatter physics of BECs, optical lattice potentials are gen-
erated through the interferenceof counter-propagating laser beamsand can be generated
equally e�cien tly in one [2, 3, 5] as well as in two [9] and three [10] dimensions. In this
framework, recent experimental �ndings include the formation of solitary waves (so-called
\gap solitons") [11], the observation of the modulational instabilit y of quasi-uniform states
[12], the observation of Landau-Zenertunneling between the di�erent bands of the peri-
odic potential [13] and the observation of parametric resonancesfor time-dependent optical
lattices [14], among many others. In this case,the fundamental nonlinear model that has
beenvery successfulin capturing this phenomenologyis the nonlinear Schr•odingerequation
(NLS) with a periodic potential in 1, 2 andeven3 dimensions(dependingon the experimental
framework).

On the other hand, the suggestionfor the generationof optically-induced lattices in pho-
torefractive materials (such as SBN) [15], has led to a large volume of literature on the
formation of nonlinear waves and coherent structures in this periodic nonlinear setting.
Among the prominent examplesare the observation of regular discretesolitons, dipole soli-
tons, soliton-trains, soliton-necklaces and vector solitons [7], while, last year, two groups
were independently able to experimentally producerobust discretevortex states[8]. In this
setting, however, the prototypical model that has been used to capture the relevant phe-
nomenologyencompassesthe photorefractive nonlinearity proposedin [16]. Another twist in
this caseis that the periodic potential is an e�ective potential that arisesdue to the inter-
action of the two polarizations of light in the crystal; the �rst is the so-calledextraordinary,
weak probe beamthat is nonlinear in its evolution, while the secondis the ordinary, strong
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beam which is linear in its evolution and forms a standing wave. The latter is \p erceived"
by the probe beamas an external periodic potential [15, 16, 17].

Furthermore, very recent work in ultracold atom systemsand BECs hasallowed to impose
not merely periodic but alsorandom potentials [18, 19] and to observe various featuressuch
ascollective oscillationsof the condensatesin theserandom landscapes. Another direction of
very controllable (and potentially random) variation is the experimental abilit y to control the
scattering length of inter-particle interactions in the condensates,via the so-calledFeshbach
resonancetechnique [20, 21]. The latter empowers a periodic or even random variation of
the strength of the NLS nonlinearity prefactor, a feature that can be used in a variety of
ways, including the avoiding of wave collapsein higher dimensions[22].

In view of the above developments, the aim of the present work is to develop an aver-
aging/homogenizationapproach that will highlight the leading e�ective dynamics (in some
caseseven explicitly) in the context of such periodic and random potentials motivated from
these recent studies. We will, in particular, derive averagedequations to leading order,
providing as well, the secondorder correctionsand testing the e�ectivenessof such predic-
tions by comparing the solitary wave featuresof the resulting e�ective equationswith the
original ones. We will also touch upon random settings, providing a homogenerizedtheory
for a potentially random, Feshbach-resonanceinduced, tuning of the nonlinearity. We will
seethat the latter will lead to a number of interesting directions as regardsthe numerical
implementation of both the original model, as well as the e�ective equation.

Our presentation is structured as follows. We �rst present the deterministic homoge-
nization results for a generalexternal potential, along with the speci�c applications in the
photorefractive and BEC context. We then examine the caseof random variation of the
scattering length, motivated by the freedomin the variation of the nonlinearity prefactor
available in BECs. Finally, section4, wesummarizeour �ndings and present our conclusions,
as well asa number of directions of interest for future studies.

2. Deterministic Homogeniza tion With Spatiall y Periodic Coefficients

We are interestedin the large n behavior of the following two NLS equationsin 1-D

(2.1) i
@
@t

u(t; x) = � � xx u(t; x) + V0 sin2(nx)u(t; x) + ju(t; x)j2u(t; x):

and

(2.2) i
@
@t

u(t; x) = � � xx u(t; x) +
1

1 + a0 sin2(nx) + ju(t; x)j2
u(t; x) + V(x)u(t; x);

The �rst oneof thesemodelsarisesin the study of BECs in optical lattices [2, 3], while the
secondone is relevant to photonic crystal lattices in photorefractives[15, 7, 8, 16].

The above equationsare special casesof

i
@
@t

u(t; x) = � � xx u(t; x) + F (x; nx; ju(t; x)j2)u(t; x):(2.3)

by taking
F (x; y; r ) = V0 sin2(y) + � r; � = � 1;

and
F (x; y; r ) = (1 + a0 sin2(y) + r ) � 1 + V(x); r � 0;

respectively.
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Throughout, we assumethat F is su�cien tly smooth in all variablesand is periodic in y
with periodicity � . Theseare satis�ed by the exampleswe have in mind.

Let
Ang(x) = � i

�
� � xx g(x) + F (x; nx; jg(x)j2)g(x)

�
:

Equation (2.3) can be written in the usual evolution equation form

@tun = Anun :

Looselyspeaking,we are interestedin identifying the e�ective dynamicsgoverning the �rst
two order terms in asymptotic expansionof un in the form

un (t; x) = u0(t; x) + n� 1v0(t; x) + o(n� 1):(2.4)

Our result shows that u0 is described by (2.7) and v0 by (2.10).

2.1. Leading order homogenization. Supposethe limiting u0 satisfy

@tu0(t; x) = Au0(t; x):

We identify the operator A below.
Informally apply the results in semigrouptheory (seee.g. Kurtz [23]), A should be the

operator graph limit of the Ans, in the sensethat for each test function f in the domain of
A, there should exist f ns in the domain of An , such that f n ! f and An f n ! Af . In the
speci�c context here,we claim that it is su�cien t to choosef n accordingto the form

f n (x) = f (x) + n� 2g(x; nx):

We verify this claim and identify the g next.
First, denote

g11(x; y) = � xx (x; y); g12(x; y) = r x � r yg(x; y); g22(x; y) = � yyg(x; y);

then
� xx f n (x) = � f (x) + n� 2g11(x; nx) + 2n� 1g12(x; nx) + g22(x; nx)

so

An f n (x) = � i
�

� � f (x) � g22(x; nx) + F (x; nx; jf (x)j2)f (x)
�

+ O(n� 1)

Viewing nx as a new variable y, we seethat the above expressesa separation of variable
at two di�erent scales. In order for An f n (x) to be asymptotically independent of n (hence
having a limit), we needto chooseg(x; y) = gf (x; y) so that

� � xx f (x) � � yyg(x; y) + F (x; y; jf (x)j2)f (x) = h(x)(2.5)

for someh = hf independent of y. The resulting limit of An f n then becomes

Af (x) = � ih (x):

Let O = [0; � ) with periodic boundary. By Fredholmalternative, then (2.5), asan equation
in y with x �xed, is solvable provided

Z

O
(� � xx f (x) + F (x; y; jf (x)j2)f (x) � h(x)) � (dy) = 0;

where� is the measuresuch that: letting T(t) be the semigroupgeneratedby �, then

lim
t ! + 1

t � 1
Z t

0
T(s)f (x)ds =

Z

O
f (y)� (dy); 8f 2 Cb(O); 8x 2 O:(2.6)

3



With the periodic boundary condition on O, � (dy) = (2� ) � 1dy. Hence(2.6) implies

h(x) = � � xx f (x) + �F (x; jf (x)j2)f (x)

where
�F (x; r ) =

Z

y2O
F (x; y; r )� (dy):

In conclusion,the limiting u should satisfy

(2.7) i
@
@t

u0(t; x) = � � xx u0(t; x) + �F (x; ju0(t; x)j2)u0(t; x):

2.2. Order- n� 1 correction. The above analysissuggeststhat we can approximate un by
u0. Below, we analyzethe error of such approximation. Let

vn (t; x) = n(un (t; x) � u0(t; x)) :

We show that vn ! v0 wherev0 is described by (2.10).
We start by observingthat the evolution of (vn ; u0) form a closedsystem

i
@
@t

vn (t; x) = � � vn (t; x) + n
�

F (x; nx; ju0(t; x) + n� 1vn (t; x)j2)(u0(t; x) + n� 1vn (t; x))

� �F (x; ju0(t; x)j2)u0(t; x)
�

i
@
@t

u0(t; x) = � � u0(t; x) + �F (x; ju0(t; x)j2)u0(t; x):

Thinking (vn (t); u0(t)) t � 0 in terms of a solution semigroupon the spaceof two squareinte-
grable complexfunctions, its generatoris given by

�
Bn (v; u)

�
(x) = � i

�
� � v(x) + nF (x; nx; ju(x) + n� 1v(x)j2)(u(x) + n� 1v(x))(2.8)

� n �F (x; ju(x)j2)u(x); � � u + �F (x; u(x))u(x)
�

= � i
�

� � v + F (x; nx; ju(x)j2)v(x)

+ F3(x; nx; ju(x)j2)(u(x)v� (x) + v(x)u� (x))u(x)

+ n(F (x; nx; ju(x)j2) � �F (x; ju(x)j2)u(x)) ;

� � u + �F (x; u(x))
�

+ O(n� 1);

where

F3(x; y; r ) =
@
@r

F (x; y; r )

and v� is the complexconjugatefor v.
Again, we expect the limit of Bn shouldbe given in the operator graph convergencesense,

and denotethe limit operator B :

9(vn ; un) ! (v; u); such that Bn (vn ; un) ! B (v; u):

We claim that it is good enoughto considervn ; uns of the following form with f ; g to be
identi�ed later

vn (x) = v(x) + n� 1f (x; nx) + n� 2g(x; nx); un (x) = u(x):
4



Noting

� xx vn (x) = � xx v(x) + n� 1(f 11(x; nx) + 2nf 12(x; nx) + n2f 22(x; nx))

+ n� 2(g11(x; nx) + 2ng12(x; nx) + n2g22(x; nx));

= nf 22(x; nx) + � xx v(x) + 2f 12(x; nx) + g22(x; nx) + O(n� 1);

the �rst component in Bn (vn ; un) (see(2.8)) becomes

� i
�

� � xx v(x) � 2f 12(x; nx) � g22(x; nx) + F (x; nx; ju(x)j2)v(x)

+ F3(x; nx; juj2)(u2(x)v� (x) + ju(x)j2v(x))

+ n(� f 22(x; nx) + (F (x; nx; ju(x)j2) � �F (x; ju(x)j2))u(x))
�

+ O(n� 1):

As in last section, we would like to select f and g approporiately depending on v; u so
that the above term is asympototically independent of nx. To annihilate the order-n term,
we needto solve

� yyf (x; y) = F (x; y; ju(x)j2)u(x) � �F (x; ju(x)j2)u(x)

for all x; u(x) �xed. By de�nition of �F , this equation hasa solution which is given by

f (x; y) = (�) � 1(F (x; �; ju(x)j2) � �F (x; ju(x)j2))( y)u(x)

= f
Z 1

0
T(t)(F (x; �; ju(x)j2) � �F (x; ju(x)j2))dtg(y)u(x);

whereT(t) is the semigroupgeneratedby �. Or equivalently, let W(t) bea Brownian motion
on the torus O, then

f (x; y) = u(x)E[
Z 1

0
(F (x; W(t); ju(x)j2) � �F (x; ju(x)j2))dtjW(0) = y]:

For the order-1 term to be independent of nx asymptotically, we needto solve

� � xx v(x) � 2r yr x f (x; y) � � yyg(x; y) + F (x; y; ju(x)j2)v(x)

+ F3(x; y; ju(x)j2)(u2(x)v� (x) + ju(x)j2v(x)) = h(x)

for someh independent of y. This equation for y will have a solution if only if (again, by
the Fredholm alternative)

Z

O
(� � xx v(x) � 2r yr x f (x; y) + F (x; y; ju(x)j2)v(x)(2.9)

+ F3(x; y; ju(x)j2)(u2(x)v� (x) + ju(x)j2v(x)) � h(x)) � (dy) = 0

where � is the uniform measureon O, the ergodic measurefor the semigroupT(t). We
notice that Z

O
(r yr x f (x; y))1dy = 0

therefore(2.9) imples

h(x) = � � xx v(x) + �F (x; ju(x)j2)v(x) + �F3(x; ju(x)j2)(u2(x)v� (x) + ju(x)j2v(x))

where
�F3(x; z) =

Z

y2O
F3(x; y; z)� (dy):
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In conclusion,v0(t; x) (the limit of vn ) should satisfy a linear Schr•odinger equation with
an e�ective potential which dependson u0 in (2.7):

(2.10) i
@
@t

v0 = � � xx v0 + �F (x; ju0j2)v0 + �F3(x; juj2)(u2v�
0 + juj2v0)

2.3. Examples and numerical results.

Example 2.1 (Equation (2.1)). In this case,

F (x; y; r ) = V0 sin2(y) + � r;

(where � = � 1) we have

�F (x; r ) = (� ) � 1
Z

y2 (0;� ]
F (x; y; r )dy =

1
2

� V0 + � r;

and

F3(x; y; r ) =
@
@r

F (x; y; r ) = �

and
�F3(x; r ) = (� ) � 1

Z

y2 (0;� ]
F3(x; y; r )dy = � :

So (2.7) reducesto

i@tu0 = � � xx u0 +
1
2

V0u0 + � ju0j2u0;

and (2.10) reducesto

i@tv0 = � � xx v0 +
1
2

V0v0 + � ju0j2v0 + � (u2
0v

�
0 + ju0j2v0):

We now comparethesepredictions to direct numerical results. In this context, it is in-
teresting to note that the equation for u0 is nothing but a regular NLS equation with a
renormalizedfrequency. I.e., for ~u0 = u0 exp(� iV0t=2), the equation for ~u0 is nothing but a
regular NLS. If we considermore speci�cally the caseof � = � 1, a standard solution for ~u0

comesin the form of solitons

~u0 =
p

2�sech
� p

�( x � � )
�

exp(i � t);(2.11)

where � is the (arbitrary) frequency of the solution and � its arbitrary center location.
Solutionsfor u0 canbeobtainedimmediately thereafteranddirectly comparedto the solution
of the full problem in the presenceof the periodic potential, for various valuesof n, so that
the rangeof validit y of the averagingtheory can be elucidated. This is donein Fig. 1, where
the normsof the full (dashed)and averaged(solid) solutionsare comparedand their pro�les
are also explicitly given for a rangeof valuesof n. It is clear that for large n the theory is
practically exact and the rescalingof the frequencyfully capturesthe e�ect of the periodic
external potential. However, as n decreases,the two pro�les start deviating, especially as
the size of the soliton becomescomparableto the size of the lattice spacingbetween the
potential wells. The corrections could, in principle, be captured by analyzing the linear
correction problem (which is explicitly solvable due to the completeintegrability of the NLS
equation [24]). However, given the e�ectivenessof the approximation (essentially even down
to n = 1) we will not proceedin that direction here.
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Figure 1. The left panelshowsthe norm of the averagedexactsolution for u0

(solid line) versusthe oneof the full problem for di�erent valuesof n (dashed
line). The right panel comparesthe two solution pro�les (averagedby solid
line, versusfull in dashedline) for di�erent n's, namely for n = 5 (top left),
n = 2:5 (top right), n = 1:5 (bottom left) and n = 0:5 (bottom right). The
corresponding potentials are shown by dash-dottedlines in all cases.

Example 2.2 (Equation (2.2)). In the casewhere

F (x; y; r ) = (1 + a0 sin2(y) + r ) � 1;

we have
�F (x; r ) = (� ) � 1

Z

y2 (0;� ]
F (x; y; r )dy =

1
p

(1 + r )(1 + a0 + r )
;

and

F3(x; y; r ) =
@
@r

F (x; y; r ) = � (1 + a0 sin2(y) + r ) � 2

and
�F3(x; r ) = (� ) � 1

Z

y2 (0;� ]
F3(x; y; r )dy = �

1 + a0=2 + r
(1 + r )3=2

p
1 + a0 + r

:

So (2.7) reducesto

i@t u0 = � � xx u0 +
1

p
(1 + ju0j2)(1 + a0 + ju0j2)

u0;(2.12)

and (2.10) reducesto

i@tv0 = � � xx v0+
1

p
(1 + ju0j2)(1 + a0 + ju0j2)

v0�
1 + a0=2 + ju0j2

(1 + ju0j2)3=2
p

1 + a0 + ju0j2
(u2

0v
�
0+ ju0j2v0):

Herealso,we can comparethe relevant homogenizationprediction with the corresponding
full numerical result. However, in this case,the homogenizedequation cannot be solved
analytically (to the best of our knowledge) for the solitary wave pro�le and the relevant
result needsto be obtained numerically as well. This is to someextent a drawback of the
application of the method in the present case,however the homogeneousproblem of Eq.
(2.12) is considerablyeasierto solve than the full problem of Eq. (2.2), as there is no need
for the careful numerical resolution of the lattice details. In addition, as we seein Fig. 2,
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Figure 2. The panelsare identical as those of Fig. 1, but for the photore-
fractive nonlinear PDE of Eq. (2.2). Onceagain, V0 = 0:5 is used.

the result of the homogenizationtheory remainsvalid practically down to the n = 1 in this
setting as well.

3. The Case of Stochastic Homogeniza tion For Random Nonlinearity
Coefficients

Our motivating examplein this caseis

i
@
@t

un (t; x) = � � xx un (t; x) + V(x)un (t; x) + � n (Y(n2t)) jun(t; x)j2un (t; x):(3.1)

In the above, � n : S ! R is a function controlling the strength of particle-particle interaction
(in BECs). It is modulated by an externalenvironment factor modeledby a stochasticprocess
Y(n2�) on a compact metric spaceS. We are interested in the asymptotic behavior of the
solution when n ! + 1 ; that is, when the random environment becomeshighly oscilating.
We will rescale� n in a way to be explainedbelow. A good exampleto keepin mind is that
� n switchesbetween� 1 and +1, depending on the value of Y(n2t).

3.1. Structural assumptions. By taking Fn (x; y; r ) = V(x) + � n (y)r , the above model
can be written in a generalform (where Fn is real valued)

i
@
@t

un (t; x) = � � xx un(t; x) + Fn (x; Y(n2t); jun(t; x)j2)un (t; x):(3.2)

There are several possiblescalingswhich will give meaningful limits. We consideronly the
case

� n (y) = � 0(y) + n� 1(y);
and

(3.3) Fn (x; y; r ) = G(x; y; r ) + n� 1(y)U(r )

with a centering condition
Z

y2 S
� 1(y)� 0(dy) = 0:(3.4)

It follows that (3.1) is a special situation of the above model by taking

G(x; y; r ) = V(x) + � 0(y)r; U(r ) = r:
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3.2. Asymptotic limit. To avoid unnecessarycomplex variable notations, we view (3.2)
as a systemof real valued PDEs. Throughout, we use

u(x) = v(x) + iw(x)

where v; w are real valued functions, to represent the complex valued solution u of (3.2).
Therefore,

@tvn = � � xx wn + Fn (x; Y(n2t); v2
n + w2

n )wn(3.5)

@twn = � xx vn � Fn (x; Y(n2t); v2 + w2)vn :

In deriving the deterministic homogenizationproblemsin earlier sections,we madeessen-
tial useof semigroup/generator-graphconvergenceapproach. In this probabilistic example,
we modify the approach to incorporate the randomness.We will make useof the so-called
martingale problemmethod due to Stroock and Varadhan [26]. SeeEthier and Kurtz [25]
for generalizationsof the method allowing the situation here. We stressthat our derivation
is only semi-formal. A rigorous derivation would also involve additionally proving tightness
(i.e. relative compactness)of the sequenceof solutions f un : n = 1; 2; : : :g, and showing
uniquenessof the martingale problem for A (i.e. uniquenessof the stochastic PDE (3.7)).

For smooth test functions f (v; w), we de�ne the �rst and secondvariational derivative
accordingto Taylor expansion

f (v + �v; w + �w) � f (v; w)

= h
� f
� v

; �vi + h
� f
� w

; �wi

+
1
2

Z Z � � 2f
� v2

(x1; x2) �v(x1) �v(x2) +
� 2f
� w2

(x1; x2) �w(x1) �w(x2) + 2
� 2f

� v� w
�w(x1) �v(x2)

�
dx1dx2

+ o(kvk2
L 2 + kwk2

L 2 )

Let real valued functions ' k 2 C1
c and real valued function  2 C1(R2m ). We �rst

considertest functions of the form

f (v; w) =  (h' 1; vi ; : : : ; h' m ; vi ; h' m+1 ; wi ); : : : ; h' 2m ; wi );(3.6)

It follows then

f (vn (t); wn(t)) � f (vn (s); wn(s))

=
Z t

s

� mX

k=1

@k  (h' 1; v(r )i ; : : : ; h' m ; v(r )i ; h' m+1 ; w(r )i ); : : : ; h' 2m ; w(r )i )

�h� � w(r ) + Fn (�; Y(n2r ); v2(r ) + w2(r ))w(r ); ' k i

+
2mX

k= m+1

@k  (h' 1; v(r )i ; : : : ; h' m ; v(r )i ; h' m+1 ; w(r )i ); : : : ; h' 2m ; w(r )i )

�h� v(r ) � Fn (�; Y(n2r ); v2(r ) + w2(r ))v(r ); ' k i
�

dr

=
Z t

s

�
h� � w(r ) + Fn (�; Y(n2r ); v2(r ) + w2(r ))w(r );

� f
� v

i

+ h� v(r ) � Fn (�; Y(n2r ); v2(r ) + w2(r ))v(r );
� f
� w

i
�

dr:
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However, the evolution of (vn ; wn ) alone is not a closedsystem,we should include Y(n2�).
Therefore,our smooth test function f shouldalsohave a y variable in general.Let B be the
generatorfor Y(�) (see[25]), then (vn ; wn ; Y(n2�)) is a Markov processwith generatorAn to
be determinedbelow. For test functions of the form

f (v; w; y) =  (h' 1; vi ; : : : ; h' m ; vi ; h' m+1 ; wi ); : : : ; h' 2m ; wi ; y);

we de�ne

An f (v; w; y) = h� � w + Fn (�; y; v2 + w2)w;
� f
� v

i + h� v � Fn (�; y; v2 + w2)v;
� f
� w

i
�

+ n2By f (v; w; y):

In the above, By (we will omit the subscript y later) meansB acts on the y variable of f
only. In the martingale problem formulation of Stroock and Varadhan [26],

f (un(t); Yn(t)) � f (un(s); Yn(s)) �
Z t

s
An f (un(r ); Yn(r ))dr = M f

n (t) � M f
n (s);

whereM f is martingale.
The generatorfor the Markov process(vn (�); wn(�); Y(n2�)) is then

An f (v; w; y) = h� � w + Fn (�; y; v2 + w2)w;
� f
� v

i

+ h� v � Fn (�; y; v2 + w2)v;
� f
� w

i + n2Byf (v; w; y):

Choose
f n (v; w; y) = f (v; w) + n� 1g(v; w; y) + n� 2h(v; w; y)

where f (v; w) is of the form (3.6), and g and h will be decidedusing concretecalculations
next. Then

An f n (v; w; y)

= n
�

� 1(y)hU(v2 + w2)w;
� f
� v

i + � 1(y)h� U(v2 + w2)v;
� f
� w

i + Bg(v; w; y)
�

+
�

h� � w + G(�; y; v2 + w2)w;
� f
� v

i + h� v � G(�; y; v2 + w2)v;
� f
� w

i

+ � 1(y)hU(v2 + w2)w;
� g
� v

(�; y)i + � 1(y)h� U(v2 + w2)v;
� g
� w

(�; y)i + Bh(v; w; y)
�

+ O(n� 1):

As in the previous examples,our task is to derive a limit of An f n , independent of y, by
selectingg; h carefully.

A word of caution is necessary, the form of g and h will indeednot be of the form (3.6)
any more. However, given the density of the classof test functions of the form (3.6), we
expect An should not changeits form (expressedin terms of variational derivatives) even if
we replacef by the f n . This can alsobe veri�ed directly.

In order for An f n not to blow up as n ! + 1 , we have to chooseg so that

� 1(y)hU(v2 + w2)w;
� f
� v

i + � 1(y)h� U(v2 + w2)v;
� f
� w

i + Bg(v; w; y) = 0:

De�ning

� (y; dz) =
Z 1

0
(P(Y(t) 2 dzjY(0) = y) � � 0(dz))dt:

10



As far as Y is su�cien tly ergodic (for instance, the speed of convergenceto the unique
equilibrium measure� 0 is of order O(t � 2) at large time), then the above quantit y existsand
is well de�ned. Noting (3.4), the following is a �nite, real valued function

(P� � 1)(y) � B � 1(� � 1)(y) =
Z

z2 S
� 1(z)� (y; dz):

Recalling that f is of the form (3.6), we thereforehave

g(v; w; y) = P� � 1(y)
�

hU(v2 + w2)w;
� f
� v

i � hU(v2 + w2)v;
� f
� w

i
�

:

Consequently,

� g
� v

(x; y)

= P� � 1(y)
n mX

l ;k=1

@2
lk  (h' 1; vi ; : : : ; h' m ; vi ; h' m+1 ; wi ); : : : ; h' 2m ; wi )hU(v2 + w2)w; ' k i ' l (x)

�
2mX

k= m+1

mX

l=1

@2
lk  (h' 1; vi ; : : : ; h' m ; vi ; h' m+1 ; wi ); : : : ; h' 2m ; wi )hU(v2 + w2)v; ' k i ' l (x)

+2U0(v2(x) + w2(x))v(x)w(x)
� f
� v

(x)

�
�

U(v2(x) + w2(x)) + 2U0(v2(x) + w2(x))v2(x)
� � f

� w
(x)

o
:

Similarly,

� g
� w

(x; y)

= P� � 1(y)
n 2mX

l= m+1

mX

k=1

@2
lk  (h' 1; vi ; : : : ; h' m ; vi ; h' m+1 ; wi ); : : : ; h' 2m ; wi )hU(v2 + w2)w; ' k i ' l (x)

�
2mX

k;l= m+1

@2
lk  (h' 1; vi ; : : : ; h' m ; vi ; h' m+1 ; wi ); : : : ; h' 2m ; wi )hU(v2 + w2)v; ' k i ' l (x)

+
�

U(v2(x) + w2(x)) + 2U0(v2(x) + w2(x))w2(x)
� � f

� v
(x)

� 2U0(v2(x) + w2(x))v(x)w(x)
� f
� w

(x)
o

:
11



Therefore

An f n (v; w; ; y)

! h� � w + G(�; y; v2 + w2)w � � 1(y)P� � 1(y)U2(v2 + w2)v;
� f
� v

i

+ h� v � G(�; y; v2 + w2)v � � 1(y)P� � 1(y)U2(v2 + w2)w;
� f
� w

i

+ � 1(y)P� � 1(y)
n mX

l ;k=1

@2
kl  (h' 1; vi ; : : : ; h' m ; vi ; h' m+1 ; wi ); : : : ; h' 2m ; wi )

hU(v2 + w2)w; ' k ihU(v2 + w2)w; ' l i

�
2mX

k= m+1

mX

l=1

@2
kl  (h' 1; vi ; : : : ; h' m ; vi ; h' m+1 ; wi ); : : : ; h' 2m ; wi )

hU(v2 + w2)v; ' k ihU(v2 + w2)w; ' l i

�
2mX

l= m+1

mX

k=1

@2
kl  (h' 1; vi ; : : : ; h' m ; vi ; h' m+1 ; wi ); : : : ; h' 2m ; wi )

hU(v2 + w2)w; ' k ihU(v2 + w2)v; ' l i

+
2mX

k;l= m+1

@2
kl  (h' 1; vi ; : : : ; h' m ; vi ; h' m+1 ; wi ); : : : ; h' 2m ; wi )

hU(v2 + w2)v; ' k ihU(v2 + w2)v; ' l i
o

+ Bh(v; w; y):

As in the deterministic examples,selecth to annihilate the y-variable dependenceabove.
Let

�G(x; r ) =
Z

S
G(x; y; r )� 0(dy);

and

� 2 =
Z

S
� 1(y)P� � 1(y)� 0(dy) � 0:

Then the limit operator is

Af (v; w) = h� � w + �G(�; v2 + w2)w � � 2U2(v2 + w2)v;
� f
� v

i

+ h� v � �G(�; v2 + w2)v � � 2U2(v2 + w2)w;
� f
� w

i

+ � 2
�

h(U(v2 + w2)w) 
 (U(v2 + w2)w);
� 2f
� v2

i

�h (U(v2 + w2)w) 
 (U(v2 + w2)v) + (U(v2 + w2)v) 
 (U(v2 + w2)w);
� 2f

� v� w
i

+ h(U(v2 + w2)v) 
 (U(v2 + w2)v);
� 2f
� w2

i
�

;
12



wherefor any two singlevariable functions f = f (x); g = g(x), we denotea double variable
function

(f 
 g)(x; y) = f (x)g(y):

Let u(t; x) = v(t; x)+ iw(t; x). At leastformally, the stochastic partial di�erential equation
which alsosolvesthe martingale problem for A is

i@tu(t; x) = � � xx u(t; x) + �G(x; ju(t; x)j2)u(t; x) � i� 2U2(ju(t; x)j2)u(t; x)(3.7)

+
p

2� U(ju(t; x)j2)u(t; x)@tW(t);

whereW(t) is a real valued standard Brownian motion.

3.3. Conserv ation law. For the caseof equation (3.1),

G(x; y; r ) = V(x) + � 0(y)r; U(r ) = r:

Hence

�G(x; r ) = V(x) + �� 0r; where �� 0 =
Z

S
� 0(y)� 0(dy);

and and stochastic PDE (3.7) reducesto

i@tu = � � xx u + V(x)u + �� 0juj2u � i� 2juj4u +
p

2� ju(t; x)j2u(t; x)@tW(t)(3.8)

In the above stochastic PDE,

� i� 2juj4u

can be viewed as a dissipation term and

p
2� ju(t; x)j2u(t; x)@tW(t)

canbe viewed asa 
uctuation term. Their combined contributions result in the conservation
of power functional. We make this precisebelow.

Let

P(u) =
Z

x
ju(x)j2dx =

Z
u(x)u� (x)dx:

At least formally, the co-quadraticvariation

[u(�; x); u� (�; x)](t) = [(i ) � 1
p

2
Z t

0
� ju(s;x)j2u(s;x)dW(s); (� i ) � 1

p
2

Z t

0
� ju(s;x)j2u� (s;x)dW(s)]

= 2� 2
Z t

0
ju(s;x)j6ds:

13



By Ito's formula,

d
�

u(t; x)u� (t; x)
�

= u� (t; x)du(t; x) + u(t; x)du� (t; x) + d[u(�; x); u� (�; x)](t)

= (i )� 1
�

� u� (t; x)� xx u(t; x) + V(x)ju(t; x)j2 + �� 0ju(t; x)j4 � i� 2ju(t; x)j6
�

dt

+( i )� 1
p

2� ju(t; x)j4dW(t)

+( � i ) � 1
�

� u(t; x)� xx u� (t; x) + V(x)ju(t; x)j2 + �� 0ju(t; x)j4 + i� 2ju(t; x)j6
�

dt

+( � i ) � 1
p

2� ju(t; x)j4dW(t)

+2� 2ju(t; x)j6dt

= (i )� 1
�

� u� (t; x)� xx u(t; x) + u(t; x)� xx u� (t; x)
�

dt:

Therefore
Z

x
ju(t; x)j2dx = constant ; 8t � 0; a.s.

3.4. Large deviation result and phase transition. The e�ective stochastic dynamics
(3.7) displays noiseactivited phasetransitions (induced by the Brownian motion term). In
the small noise limit (i.e. � ! 0+), the di�cult y of such transitions can be characterized
using the theory of large deviations of the Freidlin-Wentzell type [27]. For instance, in the
special caseof (3.8), at least formally, we can roughly estimatethe probability on path space

P(u(�) 2 A) � expf� � � 1 inf
u2 A

I (u(�))g; as � ! 0+;

where

I (u(�)) =
1
2

inf f
Z 1

0
jp(s)j2ds : p = p(t) satisfying

i@t u = � � xx u + V(x)u + �� 0juj2u +
p

2ju(t; x)j2u(t; x)@tp(t)g:

In the above, p(t) is a real valued function in t only (no x dependence).p can be viewed as
an e�ective control variable (given by the noise) that steer the dynamicsto yield u.

Many questionsregarding phasetransition for the system can be quanti�ed by I . For
example,let

V(t; u; v) = inf f I (u(�)) : u(0) = u; u(t) = vg:

Then by the so called contraction principle in probabilistic large deviation theory,

P(u(t) 2 B ju(0) = u) � expf� � � 1 inf
v2 B

V(t; u; v)g;

in the small � limit. V canbeviewedasde�ning a quasi-potential. As in classicalmechanics,
the time evolution of V is characterizedby a �rst order Hamilton-Jacobi PDE. The state
space,however, is in�nite dimensional(complex function valued).

14



3.5. An example. We now consider a simple special caseof Y, where it is a two state
Markov chain on S = f� 1; 1g: Y(t) = Y(0)(� 1)N (t) where N (t) is a Poissonprocesswith
intensity � > 0. Then

� 0(dy) =
1
2

�
� � 1(dy) + � 1(dy)

�
:

Using the representation

� (y; dz) =
Z 1

0
(P(Y(t) 2 dzjY(0) = y)dt;

and the fact that

P(N (t) = even) =
1
2

(1 + e� 2�t );

we have

� (1; 1) =
Z 1

0
(P(N (t) = even) �

1
2

)dt = (2� ) � 1

� (1; � 1) =
Z 1

0
(P(N (t) = odd) �

1
2

)dt = � (2� ) � 1

� (� 1; 1) =
Z 1

0
(P(N (t) = odd) �

1
2

)dt = � (2� ) � 1

� (� 1; � 1) =
Z 1

0
(P(N (t) = even) �

1
2

)dt = (2� ) � 1:

The centering condition (3.4) now requiresthat

� 1(� 1) + � 1(1) = 0:

Plugging in the above explicit expressionof � and � , we can identify the parameters� and
�� 0 in (3.8)

�� 0 =
1
2

(� 0(� 1) + � 0(1)); � 2 =
1

2�
(� 1(1) � � 1(� 1))2:

4. Conclusion

In this work, wehaveexaminedsomeperiodic and randomcoe�cien t modelsof the nonlin-
ear Schr•odinger classmotivated by recently developed applications both in nonlinear optics
and in soft condensedmatter physics. In the deterministic cases,after developing the gen-
eral homogenizationtheory for the leading order, we also found the relevant equation for
the order n� 1 correction, wheren is the parameter that characterizesthe fast variable (nx)
of the periodic potential. In thesecases,we found excellent agreement, in the two speci�c
examplesconsidered,betweenthe prediction of the e�ective theory and the solution of the
original problem, even considerablybeyond the limit wherethe homogenizationis expected
to be relevant.

We also studied a NLS model with random nonlinear coe�cien ts, deriving an e�ective
stochastic partial di�erential equation for its dynamics. We showed that this equation has
dissipation and 
uctuation terms that conspireto preserve the ensemble averageversionsof
the deterministic conservation laws. We alsogave a speci�c exampleof the calculation of the
coe�cien ts of the stochastic PDE, for a two-state Markov chain jump in the nonlinearity.

In the latter case,a natural extension of the present work would consist of developing
numerical integrators for the stochastic PDE, in order to monitor its solution in comparison
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with that of random coe�cien t model. Our preliminary computations indicate that this is
a non-trivial task that only high order schemesmay be able to tackle, especially becauseof
the Brownian motion term of the equation. The low order schemesthat we tried (�rst and
secondorder \standard" schemes)were not e�cien t in that respect. This is an interesting
direction and we will pursuedit elsewhere.
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