HOMOGENIZA TION FOR SOME PERIODIC AND RANDOM
NONLINEAR  SCHR ODINGER MODELS
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Abstra ct. In the presert communication, we derive homogenizedequations for nonlinear
Sdredinger settings with periodic aswell asergodic random potentials. Our caseexamples
are motivated by recert experimentally accessibleapplications in soft-condensedmatter,

as well as in optical physics. Particular features of the resulting equations are compared
directly with corresponding predictions of the original model and good agreemen is found
betweenthe two. Higher order correctionsto the leading order homogenizationresults are
also discussed.

1. Intr oduction

In the past few years, there has been an explosion of interest in nonlinear Scredinger
equationsin periodic media[l, 2, 3, 4]. This hasbeenpatrticularly fueled by the numerous
experimertal e orts in soft-condensednatter physicsof Bose-EinsteincondensateBECS)
in optical lattices [2, 3, 5, 6] and by the equally prolic experimertal e orts in photonic
crystal lattices in photorefractive materials [7, 8].

In the atomic/soft-condensedmatter physics of BECs, optical lattice potertials are gen-
erated through the interferenceof courter-propagating laser beamsand can be generated
equally e ciently in one|[2, 3, 5] aswell asin two [9] and three [10] dimensions. In this
framework, recernt experimertal ndings include the formation of solitary waves (so-called
\gap solitons") [11], the obsenation of the modulational instability of quasi-uniform states
[12], the obsenation of Landau-Zenertunneling between the di erent bands of the peri-
odic potertial [13] and the obsenation of parametric resonancegor time-dependert optical
lattices [14], among many others. In this case,the fundameral nonlinear model that has
beenvery successfuln capturing this phenomenologyis the nonlinear Schredinger equation
(NLS) with aperiodic potertial in 1, 2 and even 3 dimensiong(dependingon the experimertal
framework).

On the other hand, the suggestionfor the generationof optically-induced lattices in pho-
torefractive materials (sudh as SBN) [15], has led to a large volume of literature on the
formation of nonlinear waves and coheren structures in this periodic nonlinear setting.
Among the prominert examplesare the obsenation of regular discrete solitons, dipole soli-
tons, soliton-trains, soliton-ned&laces and vector solitons [7], while, last year, two groups
were independerly ableto experimertally producerobust discretevortex states[8]. In this
setting, howewer, the prototypical model that has beenusedto capture the relevant phe-
nomenologyencompassethe photorefractive nonlinearity proposedin [16]. Another twist in
this caseis that the periodic potertial is an e ective potential that arisesdue to the inter-
action of the two polarizations of light in the crystal; the rst is the so-calledextraordinary,
weak probe beamthat is nonlinearin its ewlution, while the secondis the ordinary, strong

Date: Oct, 30, 2005.



beamwhich is linear in its ewlution and forms a standing wave. The latter is \p erceived"
by the probe beamas an external periodic potertial [15, 16, 17].

Furthermore, very recent work in ultracold atom systemsand BECs hasallowed to impose
not merely periodic but alsorandom potentials [18 19| and to obsene various featuressud
ascollective oscillationsof the condensates$n theserandom landscages. Another direction of
very cortrollable (and potentially random) variation is the experimertal ability to cortrol the
scattering length of inter-particle interactionsin the condensatesyia the so-calledFestbacd
resonancetechnique [20, 21]. The latter empowers a periodic or even random variation of
the strength of the NLS nonlinearity prefactor, a feature that can be usedin a variety of
ways, including the avoiding of wave collapsein higher dimensions[22].

In view of the above dewlopmens, the aim of the presen work is to dewlop an aver-
aging/homogenizationapproad that will highlight the leading e ective dynamics (in some
caseswven explicitly) in the cortext of sud periodic and random potertials motivated from
these recent studies. We will, in particular, derive averagedequationsto leading order,
providing as well, the secondorder correctionsand testing the e ectivenessof sud predic-
tions by comparing the solitary wave featuresof the resulting e ective equationswith the
original ones. We will alsotouch upon random settings, providing a homogenerizedheory
for a potentially random, Festbad-resonancenduced, tuning of the nonlinearity. We will
seethat the latter will lead to a number of interesting directions as regardsthe numerical
implemertation of both the original model, aswell asthe e ective equation.

Our presetation is structured as follows. We rst presen the deterministic homoge-
nization results for a generalexternal potertial, along with the speci ¢ applications in the
photorefractive and BEC context. We then examinethe caseof random variation of the
scattering length, motivated by the freedomin the variation of the nonlinearity prefactor
availablein BECs. Finally, section4, we summarizeour ndings and preser our conclusions,
aswell asa number of directions of interest for future studies.

2. Deterministic  Homogeniza tion With Spatiall y Periodic Coefficients

We are interestedin the large n behavior of the following two NLS equationsin 1-D

@

(2.1) i@u(t; X) = Ut X) + Vosin?(nx)u(t; X) + ju(t; X)j?u(t; x):
and
(2.2) i@u(t; X) = w U(t; X) + 1 u(t; x) + V(x)u(t; x);

1+ agsinf(nx) + ju(t; x)j?

@

The rst oneof thesemodelsarisesin the study of BECs in optical lattices [2, 3], while the
secondoneis relevant to photonic crystal lattices in photorefractives[15, 7, 8, 16.
The above equationsare special casesof

(2.3) igu(t; )= (6 X) + F 06X jult )i Ut x):
by taking

FOGyir)= Vosin’(y)+ ;= 1
and

FOGy;r)= (L+agsin’(y)+r) "+ V(x); r 0
respectively.



Throughout, we assumethat F is su ciently smooth in all variablesand is periodic in y
with periodicity . Theseare satis ed by the exampleswe have in mind.
Let

Ang(x) = i w9(X) + F (x; nx; jg(x)j9)g(x)
Equation (2.3) can be written in the usual ewlution equation form
@u, = Apuy:

Looselyspeaking, we are interestedin identifying the e ective dynamicsgoverning the rst
two order terms in asymptotic expansionof u, in the form

(2.4) Un(t; X) = Uo(t; X) + N *vo(t;x) + o(n *):
Our result shaws that ug is described by (2.7) and v, by (2.10).

2.1. Leading order homogenization. Supposethe limiting ug satisfy
@uo(t; X) = Auo(t; X):
We idertify the operator A below.

Informally apply the results in semigrouptheory (seee.g. Kurtz [23]), A should be the
operator graph limit of the A,s, in the sensethat for eat test function f in the domain of
A, there should exist f,s in the domain of A,, such that f,! f and A,f, ! Af. In the
speci ¢ cortext here,we claim that it is su cient to choosef, accordingto the form

fa(x) = f(xX) + n 2g(x; nx):

We verify this claim and identify the g next.
First, denote

Gu(XyY) = w(GY); g(Gy) =1« ryay); Ga(XY) = oY)
then
wfn(X) = F(X)+n 2gu(x;nx) + 2n 1gip(X; NX) + Goo(X; NX)
SO
Anfa(x) = i f(X)  Gaa(x; nX) + F(x; nx; jf (X)j))f (x) + O(n %)
Viewing nx as a new variable y, we seethat the above expressesa separation of variable

at two di erent scales.In order for A,f,(x) to be asymptotically independen of n (hence
having a limit), we needto chooseg(x;y) = ¢ (X;y) sothat

(2.5) of (X)) a0 y) + F Gy f ()jDF (x) = h(x)
for someh = h; independent of y. The resulting limit of A,f,, then becomes
Af (x) = ih(x):

Let O = [0; ) with periodic boundary. By Fredholmalternative, then (2.5), asan equation
in y with x xed, i% sohable provided

( FO)+ FOGyiif (0i9f (x) h(x)) (dy) = 0;

O
where is the meas%resuch that: Iettirgg T(t) be the semigroupgeneratedby , then
t
(2.6) t'Iir+n1 tt T(s)f (x)ds=  f(y) (dy); 8f 2 Cy(O);8x 2 O:

0 (0]
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With the periodic boundary condition on O, (dy) = (2 ) *dy. Hence(2.6) implies
h(x) = wf (x) + F(xjf Qi) (%)

where 7
F(x;r) = F(x; y;r) (dy):
y20
In conclusion,the limiting u should satisfy
@7 DX = clot ) + F (X ot X))ol ):

2.2. Order- n ! correction. The above analysissuggeststhat we can approximate u, by
Uo. Below, we analyzethe error of sud appraximation. Let

Vi (t; X) = n(un(t; X)  uo(t; x)):

We shaw that v, ! vy wherevy is described by (2.10).
We start by observingthat the ewlution of (v,; ug) form a closedsystem

igvn(t; X) = Vo(t:X) + n F (X nx; juo(t; X) + n vy (t; X)j?)(uo(t; X) + n vy (t: X))
F (X; juo(t; X)j?) Uo(t; X)
D) = Ul )+ FOG Ut X))ot X

Thinking (vn(t); Uo(t)): o in terms of a solution semigroupon the spaceof two squareinte-
grable complexfunctions, its generatoris given by

(2.8) Bn(v;u) (x)

[ v(x) + nF (x; nx; ju(x) + n 'v(x)j?)(u(x) + n *v(x))
nF (x; ju(x)j)u(x);  u+ F(x; u(x))u(x)
= v+ F(x; nx; ju(x)j?)v(x)
+F3(x; nX; ju(X)j?)(u(x)v (x) + v(x)u (x))u(x)
+n(F (x; nx; ju(x)j®)  F (X ju(x)j?)u(x));
u+ F(xu(x) +O(n %);
where
Fa(X;y;r) = gF(x;y;r)

and v is the complexconjugatefor v.
Again, we expect the limit of B, shouldbe givenin the operator graph corvergencesense,
and denotethe limit operator B:
9(Vh;up) ! (v;u);  sudthat Bp(vh;un) ! B(v;u):
We claim that it is good enoughto considerv,;u,s of the following form with f;g to be
iderti ed later

Vo (X) = v(X) + n M (x;nx) + n 2g(x;nx); u,(X) = u(x):
4



Noting
wV(X) + n H(F1a(x; nx) + 2nf 15(X; NX) + n3f55(X; NX))
+n ?(gua(X; NX) + 2ng12(X; NX) + NGo(X; NX));
Nfoo(X; NX) + o V(X) + 2f 15(X; NX) + Goa(X; NX) + O(n 1);

xx Vin (X)

the rst componert in B, (vy; Uu,) (see(2.8)) becomes
i o V(X) 2 1(% X)) Gaa(X; NX) + F (X; nX; ju(x)j?)v(x)
+ F3(x; nx; jui?)(u?(x)Vv (x) + ju(x)j?v(x))
+n( f206nx) + (FOnx ju(x)i?)  F;jux)i?)ux)) + O(n *):
As in last section, we would like to selectf and g approporiately depending on v;u so

that the above term is asympototically independen of nx. To annihilate the ordern term,
we needto solwe

ywf (6 y) = FOGy:ju()i?u(x)  F(x;ju(x)i®)u(x)
for all x; u(x) xed. By de nition of F, this equation hasa solution which is given by

fixy) = (%11(F(X; Ui F 06 ju()i?)(y)u(x)

= fo T()(F( ;ju(x)i®)  F(x; ju(x)j®)dtg(y)u(x);

whereT (t) is the semigroupgeneratedby . Or equivalertly, let W (t) be a Brownian motion

on the torus O, then
1

f(xy) = u(x)E[ . (F (6 W(t);ju(x)i?)  F(x;ju(x)j?))dtjw (0) = y]:
For the order-1term to be independen of nx asymptotically, we needto solve
wV(X) 20y F (YY) g% ) + F (X Y;ju(x)i?)v(x)
+F3(x; y; Ju)i?)(u(x)v (x) + ju(x)j?v(x)) = h(x)

for someh independen of y. This equation for y will have a solution if only if (again, by
the Fredholm glternative)

(2.9) O( wV(X) 2r yr (X y) + F (XY ju(x)i?)vx)

+F3(x; y; Ju)i?)(u(x)v (x) + ju(x)j?v(x))  h(x)) (dy) =0
where is the uniform measureon O, the ergadic measurefor the semigroupT(t). We
notice that Z

(ryr xf(x;y))ldy= 0
O
therefore (2.9) imples
h(x) = xV(X) + F(X;ju(x)j?)v(x) + Fa(x; ju(x)j?)(u?(x)v (x) + ju(x)j?v(x))
where 7

Fa(x; z) = Fs(x;y;2) (dy):
y20 c



In conclusion,vg(t; X) (the limit of v,,) should satisfy a linear Strodinger equation with
an e ectiv e potertial which dependson ug in (2.7):

L@ - . N
(2.10) i—Vo= Vot F(X jug®)Vo+ Fa(X; juj?)(u?vy + juj?vo)

@

2.3. Examples and numerical results.
Example 2.1 (Equation (2.1)). In this case,
F(X;y;r) = Vosin?(y) + r;

(where = 1) we have .
Fox;r)=()1* F(x;y;r)dy= 1 Vo+ T;
y2(0; 1 2
and @
Faliyin) = g Oeyin =
and Z
Fa(r)=()* Fa(x; y;r)dy =
y2(0; 1]
So(2.7) reducesto
) 1 .
i@ug = xx Ug + §Vouo+ juj®uo;
and (2.10) reducesto
. _ 1— . 2 2 . 2 .
i@V = xVot 2VoVo+ jUoj“Vo +  (UgVo * jUoj“Vo):

We now comparethese predictions to direct numerical results. In this cortext, it is in-
teresting to note that the equation for ug is nothing but a regular NLS equation with a
renormalizedfrequency l.e., for ty = ugexp( iVot=2), the equation for ty is nothing but a

regular NLS. If we considermore speci cally the caseof = 1, a standard solution for try
comesin the form of solitons

P_— P— .
(2.11) tg = 2sech (x ) exp(i t);

where is the (arbitrary) frequency of the solution and its arbitrary certer location.
Solutionsfor ug canbe obtainedimmediately thereafterand directly comparedto the solution
of the full problemin the presenceof the periodic potential, for various valuesof n, sothat
the rangeof validity of the averagingtheory canbe elucidated. This is donein Fig. 1, where
the norms of the full (dashed)and averaged(solid) solutionsare comparedand their pro les
are also explicitly given for a range of valuesof n. It is clearthat for large n the theory is
practically exact and the rescalingof the frequencyfully capturesthe e ect of the periodic
external potertial. Howewer, as n decreasesthe two pro les start deviating, especially as
the size of the soliton becomescomparableto the size of the lattice spacingbetween the
potertial wells. The corrections could, in principle, be captured by analyzing the linear
correction problem (which is explicitly solvable due to the completeintegrability of the NLS
equation[24]). Howewer, given the e ectivenessof the approximation (essetially even down
to n = 1) we will not proceedin that direction here.
6
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Figure 1. The left panelshonsthe norm of the averagedexactsolution for ug
(solid line) versusthe one of the full problem for di erent valuesof n (dashed
line). The right panel comparesthe two solution pro les (averagedby solid
line, versusfull in dashedline) for di erent n's, namely for n = 5 (top left),
n = 2:5 (top right), n = 1.5 (bottom left) and n = 0:5 (bottom right). The
correspnding potertials are shavn by dash-dottedlinesin all cases.

Example 2.2 (Equation (2.2)). In the casewhere
F(x;y;r)= (1+ agsin’(y)+r) %

we have 7 1
F(x;r) = ! F(x;y;r)dy= p ;
x;r)=() o] (X y;r)dy P T e
and
Fa(xy;r) = gF(x;y;r) = (1+ apsin’(y)+r) ?
and 7 )
Cry — 1 - _ 1+ ag=2+r .
Rabar) =) = RyinNdy = Gt s

So0(2.7) reducesto
l .
p N > . > Uo;
(1 + juoj?)(1 + @ + juoj?)

(2-12) i@uq = xx Up t

and (2.10) reducesto
1 1+ @=2+ jug)?

T jud)+ a0+ jugd) | L+ jugd)d2 1+ a+ juojz( oVo+ JUoj Vo)

i@vo = xx Vo

Herealso,we can comparethe relevant homogenizationprediction with the correspnding
full numerical result. Howewer, in this case,the homogenizedequation cannot be solved
analytically (to the best of our knowledge) for the solitary wave pro le and the relevant
result needsto be obtained numerically aswell. This is to someexternt a drawbadk of the
application of the method in the presen case,howewer the homogeneougproblem of Eq.
(2.12) is considerablyeasierto solwe than the full problem of Eq. (2.2), asthere is no need

for the careful numerical resolution of the lattice details. In addition, as we seein Fig. 2,
7
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Figure 2. The panelsare identical asthose of Fig. 1, but for the photore-
fractive nonlinear PDE of Eq. (2.2). Onceagain, Vp = 0:5 is used.

the result of the homogenizationtheory remainsvalid practically down to the n = 1 in this
setting aswell.

3. The Case of Stochastic Homogeniza tion For Random Nonlinearity

Coefficients
Our motivating examplein this caseis
(3.1) igun(t; )= lin(tX) + VOQUAEX)+ (Y (028))]Un (6 X)1Un(t; X):

In the above, , :S! Risafunction cortrolling the strength of particle-particle interaction

(in BECs). It ismodulated by an externalenvironmernt factor modeledby a stochastic process

Y (n?) on a compact metric spaceS. We are interestedin the asymptotic behavior of the

solution whenn ! +1 ; that is, when the random ervironmert becomeshighly oscilating.

We will rescale ,, in away to be explainedbelowv. A good exampleto keepin mind is that
» Switchesbetween 1 and +1, dependingon the value of Y (n?t).

3.1. Structural assumptions. By taking Fn(x;y;r) = V(x) + ,(y)r, the above model
can be written in a generalform (where F, is real valued)

(3.2) igun(t; X) = o Un(t: X) + Fa(X: Y (n%1): jun(t; X)j?)un(t; X):

There are se\eral possiblescalingswhich will give meaningful limits. We consideronly the
case

n(Y) = oly) + n a(y);

and
(3.3) Fa(X y;r) = G(xy;r) + n 1(y)U(r)
with a certering condition 2
(3.4) 1(Y) o(dy) = O
y2S

It followsthat (3.1) is a special situation of the above model by taking

G y;r)=V(X)+ ofy)r; U(r)=r:
8



3.2. Asymptotic limit. To avoid unnecessarycomplex variable notations, we view (3.2)
as a systemof real valued PDEs. Throughout, we use

u(x) = v(x) + iw(x)

where v;w are real valued functions, to represemn the complex valued solution u of (3.2).
Therefore,

(3.5) @, = xxWn + Fn(X; Y(nzt);vﬁ + Wﬁ)Wn
@NVn = wVn o Fa(X Y(N2); V2 + WAV,

In deriving the deterministic homogenizationproblemsin earlier sections,we made essen-
tial useof semigroup/generator-graphconvergenceapproad. In this probabilistic example,
we modify the approad to incorporate the randomness.We will make use of the so-called
martingale problemmethal due to Stroock and Varadhan [26]. SeeEthier and Kurtz [25]
for generalizationsof the method allowing the situation here. We stressthat our derivation
is only semi-formal. A rigorous derivation would alsoinvolve additionally proving tightness
(i.e. relative compactness)of the sequenceof solutionsfu, : n = 1;2;:::g, and showving
uniquenessof the martingale problem for A (i.e. uniquenessof the stochastic PDE (3.7)).

For smooth test functions f (v;w), we de ne the rst and secondvariational derivative
accordingto Taylor expansion

f(v+v,w+w) f(v;w)

= h—fV;vi + h—f;wi
lZ ZN 2 2f 2
+5 7(xl;xz)v(xl)v(xz) + W(xl;xz)w(xl)w(xz) + 2 y WW(Xl)V(Xz) dx1dx,

+0(kvkZ; + kwk?;)

Let real valued functions ' ( 2 C! and real valued function 2 C(R?"). We rst
considertest functions of the form

(3.6) f(v;w)= (R gvi;iin B vig R ey wi); o BHoomwi);
It follows then
fZ(Vn (1);Wn(t))  f(Va(S);Wn(S))

- @ (M v(r)isos o msv(n)is i e w(r)i)s s ioom; w(r)i)
- h w(r) + Fa(;Y(n?r); v3(r) + w2(r)w(r);" «
+ X @ (H v(r)isosss o msv(n)is i mes s w(r)i)s s iooms w(r)i)
, o h v(r)  Fa(5Y(n®r);vA(r) + wi(r))v(r);" «i dr

h  w(r)+ Fa( ;Y (n%r);v3(r) + Wz(r))w(r);—fvi
+h v(r) Fa(:Y(N?r);V3(r) + wz(r))v(r);—fwi dr:
9



Howeer, the ewlution of (v,;w,) aloneis not a closedsystem,we should include Y (n?).
Therefore,our smaoth test function f shouldalsohave ay variable in general. Let B be the
generatorfor Y () (see[25]), then (v,;wn; Y (n?)) is a Markov processwith generatorA, to
be determinedbelow. For test functions of the form

f(viwyy)= (R o;visiin B osvig i e swi); i Hoomswisy);
we de ne
Af(v;w;y)=h w+ Fn(;y;v2+wz)w;—fvi+h v Fn(;y;v2+wz)v;—fwi + n?B,f (v;w;y):

In the above, By (we will omit the subscripty later) meansB acts on the y variable of f
only. In the martingale problem formulation of Stroock and Varadhan[26],
YA t
f(un(t); Ya(t))  f(un(s); Yn(s)) Anf (Un(F); Ya(r))dr = M{(t) M (s);

S

whereM " is martingale.
The generatorfor the Markov process(v,( ); W, ();Y(n?)) is then

Anf(viw;y) = h w+ Fo(Gyivi+ WZ)W;—fVi
+h v Fu(:y;Vv2+ Wz)v;—fwi + n?B,f (v;w;y):
Choose

fa(v;w;y) = f(v;w) + n tg(v;w;y) + n 2h(v;w;y)

wheref (v;w) is of the form (3.6), and g and h will be decidedusing concretecalculations
next. Then

Anfn(viwiy)
= n WA+ ()N U WA+ Bo(vw;y)

+ h w+G(;y;v2+ WZ)W;—fVi+h v G(;y;vi+ Wz)v;—fwi
+ o 2 2y 7 o 2 v 9o - 1y.
1(Y)hJ(v™ + w)w; v(’y)l + a(y)h U(ve+ wo)yv; W(,y)l + Bh(v;w;y) + O(n 7):

As in the previous examples,our task is to derive a limit of A,f,,, independen of y, by
selectingg; h carefully.

A word of caution is necessarythe form of g and h will indeed not be of the form (3.6)
any more. Howewer, given the density of the classof test functions of the form (3.6), we
expect A,, should not changeits form (expressedn terms of variational derivatives) even if
we replacef by the f,,. This canalsobe veri ed directly.

In order for A,f, not to blowupasn! +1 , we haveto chooseg sothat

1(Y)U(VZ + w?)w; —fvi + 1(Y)h UV + w?)y; —fWi + Bg(v;w;y) = O
De ning z,
(yid) = (P(Y() 2dZY(0)=y) o(d2)dt:

0
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As far as 'Y is suciently ergadic (for instance, the speed of corvergenceto the unique
equilibrium measure ¢ is of order O(t 2) at largetime), then the above quartity existsand
is well de ned. Noting (3.4), the following is a nite, real valued function

Z
(P () B o(y= 1(2) (y:d2):

z2S

Recallingthat f is of the form (3.6), we therefore have

glv;w;y) = P 1(y) hU(VZ+ w?)w; —fvi hU(vZ + w?)v; —fWi .

Consequetly,
g, .
—V(X,Y)
n
= P 4(y) @ (HogvigiisH o ovicH e wi); i H oo wi)HU(VZ+ w2)w; ' (it ((X)
k=1
Xm
@ (Hvi; R s vish e wi) sl oo W)UV + W2y it (%)
k=m+1 I=1

+2080200) + W2 )VOOWX) . (3)

(0]

U(V3(X) + WA(X)) + 2UYVA(X) + W?(x))VZ(X) —fW(X) ;

Similarly,
—V%(x;y)
n xm
= P () @ (H pvi;nH visH e wi); i i oamswi) UV + wiw; ' (i ()
I=m+1 k=1
@ (N Vi vigH e wi); i i oo, wi)RU(VZ + W2y gi' 1(X)
k;l=m+1

£ U200 + W) + 2097200 + WIWo() —(x)
0]
209020 + WOONVOOW) ()
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Therefore
Anfn(v;w;;y)

R W GGYVEWIW ()P U+ WY, i

+h v GG y;v2+w)v  4(y)P 1(y)U2(v2+w2)w;—fWi

I;k=1
hU(V2 + wH)w; "' ihU(v2 + wH)w;" i

)’(m
@ (N gvisiin i mvisH e wi); oo Hoomswi)
k=m+1 [=1
hU(vZ + w2)v;' (ihU(V? + wH)w; " i
Xm o
@l (R i B iR ey wi)s oo Boomwi)
I=m+1 k=1
U(VvZ + wd)w;"' (ihU(VZ + wW?)v;' i
Xm
+ @ (N gvisiin i mvisH e wi);on Hoomswi)
k;l=m+1
0
U(VZ + wW2)v;' (ihU(V? + W2)v;' i
+Bh(v;w;y):

As in the deterministic examples,selecth to annihilate the y-variable dependenceabove.
Let
Z

G(x;r) = SG(X; y;r) o(dy);

and ~
2= 1(Y)P 1(y) o(dy) O

S
Then the limit operator is

Af (v;w) = h  w+ G(;v2+wHw  2U3(v? + wd)v; —fvi

+h v G(;V?+wd)v 2U%(V%+ WZ)W;—fWi
b2 UGS wAW) (VG2 + wAw); i
DU+ W) (U W) + (U W) (U wow)—
FHUWE S W) (U + W)~
2




wherefor any two singlevariable functions f = f (x);g = g(x), we denotea double variable
function

(f9xy) = f(x)a(y):

Let u(t; x) = v(t; x)+iw(t; x). At leastformally, the stochastic partial di erential equation
which also solvesthe martingale problem for A is

B.7) i@u(tx) = o Ut X) + G(x; ju(t; X)jAu(t; x) i 2U(ju(t; x)j?)u(t; x)
+P3 U(ju(t x)i?)u(t; x)@W (t);

whereW (t) is a real valued standard Brownian motion.

3.3. Conserv ation law. For the caseof equation (3.1),

G y;r) = VX)) + oy)r; U(r)=r:

Hence
Z
G(x;r) = V(x)+ or; where o= o(y) o(dy);
S
and and stochastic PDE (3.7) reducesto
(3.8) i@u= U+ VXU+ jujlu i ujtu+ p§ ju(t; x)j2u(t; x) @W (t)

In the above stochastic PDE,
i Zjuj*u
can be viewed as a dissipation term and

P2 jutt )2 ) @w (1)

canbeviewed asa uctuation term. Their conmbined cortributions resultin the conseration
of power functional. We make this precisebelow.

Let
Z Z

P(u)= juX)j’dx=u(x)u (x)dx:

At least formally, the co-quadratic variation
Z t Z t
H 1p 5 H . 12 . . : 1p 5 H . 12 .
[() = 2 ju(six)jcu(s;x)dW(s);( 1) = 2 ju(s;x)j“u (s;x)dW(s)]
7 . 0 0
2 2 ju(s;x)jds:
0

[u(;x);u (;5x)1(t)

13



By Ito's formula,

d u(t; x)u (t; x)

u (t; x)du(t; x) + u(t; x)du (t; x) + diu( ;x);u (;x)](t)

(i) 1 utx) Ut x)+ VUt X)jZ+  ojutx)j* i Fu(t x)j® dt
+(i) 1p§ ju(t; X)j*dw (t)

) YUt x) U (BX)+ VX)jult x)iF+ oju(t x)j*+ i Zju(t x)j° dt
1) 2 ju( ) 'aw()
+2 Zju(t; x)jodt
(i)' u(tx) wu(tx)+ ultx) xwu (tx) dt

Theref
erefore 7

ju(t; X)j’dx = constart; 8t O; a.s.

X

3.4. Large deviation result and phase transition. The e ective stochastic dynamics
(3.7) displays noiseactivited phasetransitions (induced by the Brownian motion term). In
the small noiselimit (i.,e. ! 0+), the dicult y of sud transitions can be characterized
using the theory of large deviations of the Freidlin-Wertzell type [27]. For instance,in the
special caseof (3.8), at leastformally, we canroughly estimatethe probability on path space

P()2A) expt  tinfi(u())g;  as ! O+;

where
T
L(u()) = inff jp(s)j2ds: p = p(t) satisfying

0
@U= Ut VOOUE ouiPut " it x)iPu(t X) @) g:

NI

In the above, p(t) is a real valued function in t only (no x dependence).p can be viewed as
an e ective cortrol variable (given by the noise)that steerthe dynamicsto yield u.

Many questionsregarding phasetransition for the systemcan be quartied by |. For
example,let

V(t;u;v) = inffl (u()) : u(0) = u;u(t) = vg:

Then by the so called cortraction principle in probabilistic large deviation theory,

P(u(t) 2 Bju(0) = u) expf 1\39& V(t; u;v)g;

in the small limit. V canbeviewedasde ning a quasi-potertial. As in classicalmedanics,
the time ewlution of V is characterizedby a rst order Hamilton-Jacobi PDE. The state

space,howewer, is in nite dimensional(complex function valued).
14



3.5. An example. We now considera simple special caseof Y, whereit is a two state
Markov chainonS = f 1;1g: Y(t) = Y(0)( 1)N® whereN (t) is a Poissonprocesswith
intensity > 0. Then

NI =

o(dy) = 1(dy) + 1(dy)

Using the represeration 5

(y;dz) = (P(Y(t) 2 dZY(0) = y)dt;

0

=

and the fact that 1
P(N(t) = ewen) = §(1+ e 2');

we have z ., .
G = PNO=ew) =)
® 1 = i%mNm=wm D= (2) !
(11) = i%mNm:mm D= (2) !
(1 1) = ilmouo=ewm D= (2) "

The certering condition (3.4) now requiresthat
1 D+ (D=0

Plugging in the above explicit expressionof and , we canidentify the parameters and
o0 in (3.8)
1

0= 3ol D+ o@) = (4@ D

4. Conclusion

In this work, we have examinedsomeperiodic and random coe cien t modelsof the nonlin-
ear Sdredinger classmotivated by recenly deweloped applications both in nonlinear optics
and in soft condensednatter physics. In the deterministic cases after deweloping the gen-
eral homogenizationtheory for the leading order, we also found the relevant equation for
the order n ! correction, wheren is the parameterthat characterizesthe fast variable (nx)
of the periodic potential. In thesecaseswe found excelleh agreemety in the two specic
examplesconsidered,betweenthe prediction of the e ective theory and the solution of the
original problem, even considerablybeyond the limit wherethe homogenizationis expected
to be relevant.

We also studied a NLS model with random nonlinear coe cien ts, deriving an e ective
stochastic partial di erential equation for its dynamics. We showed that this equation has
dissipation and uctuation termsthat conspireto presene the ensenble averageversionsof
the deterministic consenration laws. We alsogave a speci ¢ exampleof the calculation of the
coe cien ts of the stochastic PDE, for a two-state Markov chain jump in the nonlinearity.

In the latter case,a natural extensionof the presemn work would consist of deweloping

numerical integrators for the stochastic PDE, in order to monitor its solution in comparison
15



with that of random coe cient model. Our preliminary computations indicate that this is
a non-trivial task that only high order shhemesmay be able to tackle, especially becauseof
the Brownian motion term of the equation. The low order schemesthat we tried (rst and
secondorder \standard" sdiemes)were not e cient in that respect. This is an interesting
direction and we will pursuedit elsewhere.
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