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Abstract

We develop new comparison principles for viscosity solutions of Hamilton-
Jacobi equations associated with controlled gradient flows in function spaces
as well as the space of probability measures. Our examples are optimal
control of Ginzburg-Landau and Fokker-Planck equations. They arise in
limit considerations of externally forced nonequilibrium statistical mechan-
ics models, or through the large deviation principle for interacting particle
systems. Our approach is based on two key ingredients: an appropriate
choice of geometric structure defining the gradient flow, and a free energy
inequality resulting from such gradient flow structure. The approach allows
us to handle Hamiltonians with singular state dependency in the nonlinear
term, as well as Hamiltonians with a state space which does not satisfy the

Radon-Nikodym property. In the case where the state space is a Hilbert
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space, the method simplifies existing theories by avoiding the perturbed

optimization principle.

1. Introduction

In this paper, we develop new comparison principles for viscosity so-
lutions of Hamilton-Jacobi equations associated with controlled gradient
flows in function spaces as well as the space of probability measures. The
examples considered here are motivated by the optimal control of conserv-
ative as well as non-conservative Ginzburg-Landau models, and equations
of Fokker-Planck type. Theses controlled PDEs arise as limits of externally
forced nonequilibrium statistical mechanics models, or through the large de-
viation principle for interacting particle systems. Our approach is based on
two key ingredients: an appropriate choice of geometric structure defining
the gradient flow, and a free energy inequality resulting from the gradient
flow structure. As a result, we can handle Hamiltonians with singular state
dependency in the nonlinear term, as well as Hamiltonians with a state space
which does not satisfy the Radon-Nikodym property. In the case where the
state space is a Hilbert space, the method simplifies existing theories by
avoiding the perturbed optimization principle.

The theory of Hamilton-Jacobi equations in infinite dimensions was first
introduced and developed in a series of publications by Crandall and Li-
ons [7]. Their analysis relies on the introduction of a suitable weak ( i.e. vis-

cosity) solution framework, guaranteeing existence and uniqueness of solu-
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tions under regularity assumptions. Here, we consider first order Hamilton-

Jacobi equations of the type

1(p) — aH (p.grad () = hlp), p€E, (1)

where o > 0 is some constant, (E,r) is a metric space, p is a typical ele-
ment in F and grad f is a suitably defined notion of gradient for a real valued
function f defined on E. The above equation can be considered more gen-

erally from a functional analytic point of view. Using the operator notation

Hf(p) = H(p,gradf(p)), (1) becomes
(I—aH)f=h, (2)

where [ is the identity map. Unlike the finite dimensional viscosity solution
theory [9], available theories for general infinite dimensional cases (e.g. [7],
[35] and [8]) require restrictive regularity assumptions on the solution f and
the state space E. On the other hand, numerous important applications can
be cast into such an infinite dimensional Hamilton-Jacobi theory framework.
These applications range from the optimal control of PDEs to the proof of
the probabilistic large deviation principle for general Markov processes.
This article develops applicable conditions for the Hamilton-Jacobi the-
ory for a special class of optimally controlled PDEs (i.e. Examples 1, 2, and
3). These controlled PDEs can all be represented as an infinite dimensional
gradient flow for a free energy functional — see (6). In the absence of control,
some of these problems have been studied by [29], [23]. The controlled prob-

lems arise naturally from microscopic statistical mechanics considerations



4 JIN FENG, MARKOS KATSOULAKIS

of interacting particle systems [20]. In this context, the control corresponds
to an external field to the underlying microscopic system. Furthermore,
similar control problems also arise in derivation of PDEs as scaling limit
of stochastic interacting particle systems using the large deviation theory
(Appendix B). In this case, the controlled problem is associated with the
large deviation principle, and it gives us information about convergence to
the most probable trajectory of the system as well as the rate of deviation
from atypical trajectories. The connection between large deviation and con-
trol theory was first pointed out by [15], in the context of finite dimensional
Markov processes, using a logarithmic transformation. See also [16] and the
book [17]. Recently, a framework for handling general metric state spaces
is proposed in [18]. A key step in this approach is the comparison princi-
ple for (2), which we prove in this paper for the examples in Appendix B.
The topic of large deviation for interacting particle systems, especially un-
der the hydrodynamic scaling, has been a primary point of focus in the
recent probability literature. See for example [24], [36], and the review book
[25]. In these works, the large deviation principles are established through
pure probabilistic techniques, such as the super-exponential estimates for
handling the multi-scale averaging effects, the Girsanov transformation for
estimating deviation rate about regular trajectories, and an analytic approx-
imation argument for transferring the estimates about regular trajectories to
irregular ones. We expect, more generally, these problems can also be treated

using multi-scale convergence of Hamilton-Jacobi equations for controlled
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PDEs, and by establishing the corresponding comparison principles. When
the comparison principle becomes available, the Hamilton-Jacobi equation
approach provides an alternative method, which can be useful when the ap-

proximation step in the pure probabilistic approach is difficult to establish.

We next discuss the connections between our results and the existing
viscosity solution theories. The definition of wiscosity solution introduced
by Crandall and Lions [6], in the setting of £ C R?, can be viewed as
a way of extending H while preserving its dissipative property. The ideas
involved in the generalization to infinite dimensions are along the same lines.
However, the lack of local compactness on E creates substantial technical
obstacles. The current PDE literature focuses mainly on the case where F
is a Hilbert space. Crandall and Lions [7],[8] as well as Tataru [35] offered
several definitions of viscosity solutions which can be consolidated in this
case as follows:

Let « > 0, (E,r) be a metric space, M (E) be the space of measurable
functions on E taking values in R, and M (E, R) the space of measurable
functions on E which take values in the extended real line R = RU {£oc}.
By an operator H, we mean a map in M(E, R) with its domain D(H) C

M(E,R) and its range R(H) C M(E, R).

Definition 1. f € M(FE) is a subsolution of (2), denoted

(I_QH)TS h7
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if and only if for each fo € D(H) which is bounded from below, there exists

po € E such that

(f = fo)(po) = Slelg(f — fo)(p) (3)

and

(f = h)(po) < a(H fo)*(po), (4)

where (H fo)* is the upper semicontinuous smoothing of H fo.

f € M(E) is a supersolution of (2), denoted
(I —aH)f >h,

if and only if for each f; € D(H) which is bounded from above, there exists

p1 € E such that

(fl—f)(m):s‘lg(fl—f)(ﬂ) (5)

L e L
and

(f = h)(p1) = a(H f1)+(p1),

where (H f1). is the lower semicontinuous smoothing of H f;.

If f is both a subsolution and a supersolution, it is called a wviscosity
solution.

If for every upper-semicontinuous subsolution f and every lower semi-
continuous supersolution f, we have f< f, we say that the comparison

principle holds.
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In addition, f is a strong subsolution of (2) if for every pg satisfying (3),
(4) holds. The concept of strong supersolution and strong viscosity solution

are defined similarly.

The relationship between strong sub- (super-) solution and sub- (super-)
solution is analogous to that between strong dissipativity and dissipativity
of operators in Banach space B(E). See Sato [31] and Sinestrari [32].

It is important to clarify a number of points regarding the above defini-
tion. First, one needs to exercise caution when choosing D(H). Having too
many test functions in D(H) will make the existence proof harder, while
having too few of them will make the uniqueness impossible. Therefore,
it is best to keep only those test functions which are absolutely essential
in uniqueness proofs. For instance, in the heuristic discussions motivating
origins of Examples 1,2 and 3 below, we will first consider ”obvious” test
functions (13) which are very smooth. They are useful to reveal a hidden
controlled gradient flow structure of H (see (10)) at an informal level. How-
ever, in later rigorous development for a uniqueness theory through the
comparison principle, we will only need functions closely related to (40)
and (41) in the domain, and discard the smooth test functions (13). See
Conditions 1, 4 regarding general results in Theorems 3 and 5, and see (54)
for D(H) for the examples treated in Theorems 6, 7 and 8 in Section 3.
Test functions (13) are un-desirable in the rigorous development because
they cause problem in applying Definition 1 — there is no a priori guarantee

that the maximum and minimum points pg, p1 ever exist (see the next para-
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graph). There are ways of further extending definition of viscosity solution
so that these smooth test functions can be used to play important roles
in existence and convergence theory. We refer to Feng and Kurtz [18] for
details on these issues as well as on how different notions of solutions relate
to each other. Finally, we point out that when considering subsolution, the
above definition excludes test functions which are not bounded from below.
Therefore (3) and (4) are only applied to fos in (40), excluding fis in (41).
Similarly, when considering supersolution, we only use the fis, excluding

the fos.

While the supremum (or infimum) of any function can be approximated
by a sequence of its values, it is generally not true that the extremal values
can be attained in an infinite dimensional state space. Current proofs of the
comparison principle for (2) rely on Definition 1 as the point of departure.
Usually, by building test functions and by invoking variants of the perturbed
optimization principle (Stegall [33] or Ekeland [13]), the extremal points in
Definition 1 can be produced. See [7,8,35] for instance. Stegall’s principle
works on Banach state space which is Radon-Nikodym (e.g. Hilbert spaces).
Ekeland’s principle works in general metric space. However, the need of a
norm-like differentiable functions for the regularity of H eventually limit ap-
plication of the Ekeland principle approach to non-Banach space or Banach
space without Radon-Nikodym property. When handling controlled PDEs,
we could encounter state space which is L' or even the space of probability

measures (with weak convergence of probability measure topology) as in
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Example 3. L' space do not satisfy the Radon-Nikodym property, and the
space of probability measure with the weak topology is not even a Banach
space. In addition, the Hamiltonian H could contain a singularity in co-
efficients as in (27). In the case of (27), even if we view probability with
Lebesgue density as a subspace of L', the Lipschitz in coefficient type con-
dition in available literature is not satisfied. Both these difficulties cause the
available comparison results in [7], [8], [35] to not apply. In this paper, we
avoid invoking the perturbed optimization method. We carefully define the
notion of gradient for functions and select a special class of semicontinuous
test functions (40) and (41), by exploring the underlying geometry of the
control problem (see Section 1.2.2) and by noting a free energy inequality
(28) which holds for gradient systems (see Section 1.2.1). The use of free
energy function as part of the test functions localize everything to compact
set where the maximum /minimum points in Definition 1 always exists. This
helps us consider problems in more general state spaces. We would like to
mention that, in a Hilbert space setting, the use of similar type special
test functions first appeared in Ishii [22]. Crandall and Lions, Cannarsa and

Tessitore [4], Gozzi and Swiech [21] also have used similar techniques before.

Finally, in the case of Examples 1 and 2, the state spaces are Hilbert
spaces and their Hamiltonians are non-singular. With appropriate exten-
sions, existing theory [7,8,35] also apply. However, in the case of Example 3,
the Hamiltonian contains singularity, and it is natural to consider the state

space as the space of probability measures with the weak topology rather
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than a Banach space. The comparison principle in this case is no longer

covered by any existing theory.

1.1. Examples of abstract controlled gradient flows in infinite dimensions

The discussion in this section is heuristic. Rigorous results will be de-
veloped in later sections. Our presentation here is inspired by Otto [29].

First of all, we introduce an abstract controlled gradient flow. Let E
be a Riemannian manifold, and let the tangent space T,E at p € E be
modeled by some Hilbert space with metric tensor g,(-,-) which is bilinear.

We consider controlled gradient flows on E:
p = —grad€ + u(t), (6)

where € : E — (—o00, +00] is a functional called the free energy, and u(t) €
T, E is a control. For any function f : E — R, we use df (po) to denote the
differential of f at pg, which belongs to the cotangent vector field; grad f(po)
denotes the gradient at pg, which belongs to the tangent vector field 7,  E.

They are related through the identity

(ar(on))o = i L) = T(00)

0+ n = Ypo (’U, gfadf(ﬂo)) (7)

for a large dense class of v € T,  E, where evolution p”(t) is defined by

Pt =v(t), p°(0) = po.

We consider optimal control of (6) with cost function

Lpyu) = 300l ). ¥
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That is, we consider the maximization problem

£(po) = sup{ / e (h(p(®)~L(p(t), u(t)) ) dt : (p,u) satisfies (6) with p(0) = po}.
0
(9)
where h € C,(E). The fj is called the value function of the optimal control

problem.

Next, we define Hamiltonian operator

Hf(p) = sup {g,(—grad€(p) + u,gradf(p)) — %gp(u,U)} (10)

ueT,FE

= gp(~8rad€ (p), gwad () + p(evad (o). gradf (o).

By the dynamic programming principle, the functional f defined in (9) is
formally a solution of (2), see [9] for a rigorous proof in the finite dimensional
case, as well as [8] for some infinite dimensional settings.

We discuss three examples of controlled PDEs which are special cases of
(6). The form of the control variable in (6), as well as the cost (8) are sug-
gested by a microscopic statistical mechanics perspective, where the control
is the external field in the free energy £.

Throughout the paper, we denote (p,u) = [w(z)p(z)dz or its linear

extension if u is a Schwartz distribution and p is a smooth function.

Ezample 1. [Controlled Allen-Cahn equation] Consider the domain O =
[0,1] ¢ R? with periodic boundary condition. Let F be a function on

R satisfying F(r) > ¢172 + ¢, where ¢; > 0,¢3 € R, and F" € Cy(R). We
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define the free energy

3 z)2dx z))dz, when 1
£(p) = 5 Jo IVp(@)Pdz + [, F(p(x))dz, when pe H'(O) "

+00 otherwise.

Let us take £ = L*(O) with the norm topology |||/ .2(0), then T,E = L*(0)
with metric tensor g,(-,-) = (-,-), where (-,-) is the usual inner product in
L?(0). Tt follows that £ has compact level set in E. In Section 3.3, we
rigorously define the gradient according to (7) for a large class of smooth

vector fields v. See Definition 2. We show that
grad€(p) = —Ap+ F (p),

and

adf () = 3 = 3 duellp. &) (. )6 (12)
k=1

for test functions of the form

f(p) = p((p; &), (P, &m)) = w({p; €))s (13)

where £ = (&1,...,&n) € C®(0),p € C?*(R™), and m=1,2,.. ..
In this case, the controlled gradient flow (6) becomes the controlled

Allen-Cahn equation
0 ,
aP ~ Ap +F (p(t,2)) —ult,z) =0, z€0, (14)

furthermore L in (8) reduces to

1
L(p,u) = §||U||2Lz(0)a
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and the H in (10) becomes

HI) = (40~ F'(0). 51 + 515 20 (15)

for f of the form (13).

Ezample 2. [Controlled Cahn-Hilliard equation] Let O, F, € be defined as in

Example 1. We consider

E:{pELQ(O):/p(z)dz:O}

(@]

with the norm metric | - || 12(0), and define H~!(O) as the completion of £

under the norm

ol = s (20p.0)~ [ (Vo). (19)
peC>=(0

H~1(0) is a Hilbert space with inner product

(w1, 12) 1 = Jur + w22y — [lur — w22,
1,U2)—-1 = 4 .

It follows that £ has compact level set in E. We set T,E = H~!(0) with

metric tensor

gp(ur,u2) = (u1,u2)—1 =/ Vp1Vpadz = (p1,uz),
o

for all uy,us € H-Y(O), where —Ap; = u;. In Section 3.4, following a
rigorous definition of gradient (Definition 3) motivated from (7), we show
that

grad€(p) = —A(=Ap+ F'(p)),

and

A%

gradf(p) = 5
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for f of the form (13).

Therefore, (6) becomes the controlled Cahn-Hilliard equation

0 p=4(~ 29+ F (plt,))) +utt, ),
or

9 /

—p=A(= A9+ F (p(t,2) — plt,)) (1)
where u = —Ap. Here, either u or p can be viewed as the control vari-

able. The particular way the control enters into the equation follows from
statistical mechanics derivations of (17) and related equations, where p cor-
responds to an external field to an underlying microscopic particle system.

See Langer [26], Giacomin and Lebowitz [20]. The cost L in (8) reduces to
Lo
Lip,u) = 5 llull=;. (18)

The choice of such L is partly motivated by the form of large deviation
action functional derived from stochastic Ginzburg-Landau equations of the
type (B.101). The connection between large deviations of (B.101) and the
controlled problem (17) and (18) is discussed in Example 5 in Appendix B.
See Feng and Kurtz [18] for details.

Finally, for f of the form (13), the Hamiltonian (10) becomes

/ 1) ]
HIp) = (A(-2p+ F (0), )+ 3 IVE oo (19)

Ezample 3. [Controlled Fokker-Planck equation] Unlike the previous two ex-

amples, we consider O = R?. Suppose 0 < ¥ € C2%(R?) is semi-convex in
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the sense that there exists Ly € R satisfying
(V&(z) = VE(y)) - (x —y) > Lulz - y|*. (20)

We also assume that

v (x)
lim = +00. 21
|z|—+o00 |(E|2 ( )

We consider the (order)-2-Wasserstein metric space

E={peP(RY: [ laPplde) < +oc}

with a metric d defined by (53). (F, d) is complete and separable. See Propo-
sition 7.4.2 of Ambrosio, Gigli and Savaré [1]. A remark immediately after
the proof of that proposition also shows that (F,d) is not locally compact.
See also Chapter 7 of Villani [37] for properties of this space.

We denote the Gibbs measure
poo(dz) = Z7 e 2@z € P(RY), (22)

where

Z:/ e 2% (@) dg.
Rd

We define the free energy functional

1 d
E(p) = 1 / log 2 dp>0, peP(RY (23)
2 Jpa dpso

where dp/dps denotes the Radon-Nikodym derivative and £(p) = +o0 if p
does not have a Lebesgue density. Suppose p(dx) = p(x)dz has a Lebesgue

density and p € F,

&) = 3loeZ+3 [ pa)lozpa)ds + [ vl
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Because of (21), £ has compact level set in E (Lemma 2).

Let p € E. We introduce weighted Sobolev space Hp_l(Rd) as in Appen-

dix A.2. This is a Hilbert space and its inner product and norm are denoted

respectively by (-,-)-1,, and || - || =1 ,. We set T,E = H,'(R?) with metric

tensor

gp(r.ua) = ()= [ V(@) pa@lple) = (i) 24

for every uy,us € T,E with representation —V-(pVp;) = u; (see Lemma 4).

In Section 3.5, following the formal suggestion of (7), we define gradient by

Definition 4, then (see (63))
1
grad€(p) = — (aAp +V. (pV!P))

for £(p) < +o0, and for f of the form (13),

vof

gradf(p) ==V -(p 5

).

Therefore, (6) yields the controlled Fokker-Planck equation

1
§Ap+ V- (pV¥) + u,

o’ =
or
9] 1
0 =349+ V- (V7 +p) (25)
where u = =V - (pVp). As in Example 2, we can view either u or p as the

control. Furthermore, (8) becomes

1 1
L) = 3 [ Vo) plde) = 5ul,
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Again, choice for such L is motivated by large deviation considerations of
stochastic interacting particle systems. See example 6 in Appendix B. and
detailed analysis in [18].

Finally, for f of the form (13) with &, € C°(R?)

1) = [ GaT v v yin) + 5 [ 9L, oo

where

(;_f _ Z 8k90(<p, §1>, cey <P7 §m>)§k
-

An additional feature of the Hamiltonian defined by (26) is that it is
strongly singular in the following sense. Suppose p(dx) = p(z)dz has a

Lebesgue density, then

0 )
110 = [ (A% w09 )@ p(a))da (27)
1 of (\p2
+3 [ o) vE @,
where the state dependent coefficient term o(r) = /7 is non-Lipschitz.

Available comparison techniques in both finite dimensional [9] and Banach
space settings [7,8,35] require ¢ to be Lipschitz continuous. Here, we prove
a comparison principle for (26) in the presence of such a singularity, by
exploiting the formal Riemannian structure (24) and properties given by the

mass transport theory. See the discussion prior to Lemma 1 in Section 3.5.

1.2. Main ideas and sketch of the proofs

As discussed above, there are two main difficulties in studying the Hamilton-

Jacobi equation in (2) with the H given by (10): first, the lack of local
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compactness in some infinite dimensional situations such as those in Ex-
amples 1, 2 and 3, and second, the presence of a strong singularity in the
Hamiltonian, such as that in Example 3.

To address the first issue, we build test functions by exploring compact
level set property of the free energy functionals, and by using the gradient
flow structure of (6). We avoid the use of perturbed optimization principle
arguments. The second issue is handled by introducing a component of the
test function which exploits the Riemannian geometric structure of the state

space. Below, we outline these two ideas.

1.2.1. Free energy and comparison principles A common feature for
all the above examples is that, £(p) is nonnegative, lower semicontinuous

with compact level sets, and at least formally

HE(p) = 3 g,(erad€ ), grad€ (p)) < 0. (28)

Furthermore, if f is a subsolution of (2), then heuristically we have

F(p) — aH(p,gradf(p)) < h(p).

We can now define a perturbation f,. of the subsolution by
f=0—-r)f.,+rE, 0<r<l.
By the convexity of H in the argument gradf we have

1—r)f, <f<aHf+h<(1-kr)aHf, +rkaHE+ h, (29)
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which in turn implies (due to (28)) that £, is a subsolution to the perturbed

equation
(1= aH)F, < (1— k)b (30)

The case of a supersolution f can be handled similarly. Comparison princi-
ple for the perturbed equation (29) is much easier to study than (2): The
compact level set assumption on &, and hence on f, , guarantees the exis-
tence of a minimizing/maximizing point pg in Definition 1. In this case the
comparison principle for the perturbed equations follows similarly to the
finite dimensional case [9], allowing us to conclude f, < f, +o(k). Then
if the finite energy states {p : £(p) < 400} are dense in E, and if T,i are
continuous, we can pass € to zero and obtain the comparison f < f. The
perturbed optimization principle is absent throughout such argument.

We formally consider a situation where a test function fo is bounded
and H fo is bounded. We observe that, if f is bounded, letting po attains
the supreme of f,. — fo, then from (30) we expect Hf, (po) < H fo(po) (the
subsolution property (4) is essentially a statement of this kind). Combined
with (29), then HE(pp) > —oo, giving important a priori regularity estimate

on pg. For instance, in Example 2, HE(p) > —oo implies
IV(=4p+ F (p))ll2(0) < +00,
hence p € H3(O); and in Example 3, HE(p) > —oo gives

Vel
I(p) :/ %‘”dpoo < 400.
(@] oo
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I is known as the Fisher information, and plays an important role in mass
transport inequalities such as the log-Sobolev inequalities. See [37], Appen-
dix A. See also the Appendix of [18].

In rigorous formulation of the above argument, we would like to transfer
the perturbation (the +x& term) of subsolution f to that of test function fo,
making the new test functions fo unbounded from above (for the subsolution
case). Statements such as (30) will then be reformulated using the new

unbounded test functions fy (instead the unbounded subsolution f,).

1.2.2. Distance functions and comparison principles In order to
prove the comparison principle, standard viscosity solution literature re-

quires the following regularity on the Hamiltonian: for each m > 0,

(Hmd*(,7)) (0) = (H(=md?(p,))) (7) < w(md?(p,7) + d*(p, 7)) (31)

where function w : [0,00) — R is continuous at 0, w(0) = 0 and d is a
distance function on state space E. Such requirement is discussed in [9]
for finite dimensional state spaces with d the Euclidean norm, and [7] for
Banach state spaces with d the norm of the space. The need for a general
distance function d was noted in Part I of [7] and in [27]. In [27], Lions
commented that the general d is motivated for two reasons: first, in order to
have a condition valid for manifolds; second, to have a condition invariant
under change of variables. These papers then immediately require either
colz — y| < d(z,y) in the finite dimensional case or collp — ¥|| < d(p,7) <

c1]|p—| for the norm of a Banach space in the infinite dimensional case, for
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some 0 < ¢g < ¢1. Therefore, the results of these papers cannot be applied
to singular Hamiltonians such as Example 26 or even its finite dimensional
analog. Here, we refine (31) and claim that for Hamiltonians of the form

(10), with or without singularity, it is good enough to choose

&(po,70) = inf{ / o (). P s (1) € BO< 1< 1, (32)
p(0) = po, p(1) = 7o}
Such d turns out to be the L? norm for Example 1, the H~(O) norm (16)
for Example 2, and the order-2-Wasserstein metric (53) for Examples 3.
We justify this claim by using the decomposition
H=H+H,
where H; f = g,(—grad€, gradf) is the linear part, and Hy f = %gp(gradf, gradf)

is the nonlinear quadratic part. A formal solution to the Cauchy problem

Dt p0) = Hyu(t, o), (0. p0) = h(po) (33)

is given by the Hopf-Lax formula

o) = suplhip) = 5 [ g0 (G0 pNAsy (39
_ d*(po,70)
= sup {hv0) - —5—}.

By setting

h(p) = —ocl(p #v) +0I(p =)

in (34), where v € E, we obtain u(t, p) = —d?(p,v)/(2t),t > 0. In particular,

at time ¢t = 1, we have
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Therefore
1,202 ) = L) = (1,200 ), (35)
Furthermore, if
d*(p(t), (1)) < e"'d*(p(0),7(0)), some L € R (36)
holds for every
p=—grad(p), <= —gradf(v), (37)
then
(Hid (7)) (0) ~ (Hi(~(p. 1)) < Ld(p. 7). (39)

Combining (38) with (35) gives

(Hmd?(-,))(p) — (H(=md?(p,))(7) < Lmd(p,7), ¥m = 0. (39)

The heuristic arguments in Sections 1.2.1 and 1.2.2 suggest that, having
only test functions of the form (13) in the domain of H is not good enough,

we would like to include test functions fo, f1 of the following form:

fo(p) = (1 — k)md>(p,~) + x&(p) + constant, (40)

and

f1(7) = =m(1 4+ k)d*(p,7) — KE(7) + constant, (41)

where 0 < kx < 1 and ~,p € E.
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In Section 2, we will formulate the above informal arguments into a
rigorous comparison theorem (Theorem 5). We will then apply it to Exam-
ples 1, 2 and 3, obtaining respective comparison principles in Theorems 6,
7, and 8. In the last example where d is the order-2-Wasserstein metric (53),
our analysis will heavily rely upon mass transport techniques [28], [19] and

[37]. We review the techniques in Appendix A.

2. A comparison principle

We identify operator with its graph. Let Ho, H; C M(E,R) x M(E,R),

ho, h1 € Cp(E) and o > 0. Suppose f € B(E) is a viscosity subsolution of
(I — aHo)f = ho, (42)
and f € B(FE) is a viscosity supersolution of
(I —aH)f = hi. (43)

We are interested in the comparison between f and f. We assume through-
out this paper that Hy, H; are invariant under translation by a constant:
Ho(f +C) = Hof and Hi(f + C) = Hyf for C € R. The most common

situation is Hy = Hy = H and hg = hy = h.
Condition 1 Let (E,r) be a complete metric space.

1. There exists a function & € M(E,R), £ # +o0, (hereafter referred to
as the energy function) which is nonnegative, lower semicontinuous and

has compact level sets; and a distance function d(p,~y) which is lower
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semicontinuous (with respect to the product topology on E x E induced

by r x r) such that
(1 — k)md*(-,70) + kE(:) + C € D(H,y),
and
—(1+ &)ymd*(po, ) — kE(-) + C € D(H),

forevery0 <k <1, m>0,C € R and po,v € E such that E(po) +
8(70) < +o00;

2. For each 0 < k < 1, there exists w,; : [0,00) — [0, 4+00] satisfying

lim inf lim inf w,(r) < 0.
k—0+ r—0+

Furthermore, for every po,vo € E satisfying E(po) + E(70) < +00,

{1 i P (Ho(m(l — K)d*(-,70) + nﬁ))*(po) (44)
1

_1—|—f€

(H1(=m(1 + ©)d(po, ) = KE()) ()}

< we(md?(po,Y0) + d*(po,70));

Note that in general, d and r may induce different topologies on E.
Throughout this paper, unless specified otherwise, convergence in FE is al-
ways under the topology by r. We also require some regularity information

on the f and [

Condition 2 f and f are d-continuous in the sense that: for every p., po €

E satisfying lim,,—, 4o d(pn, p) = 0, it follows that

lim f(pn) = F(po) and  lim f(pn) = f(po)-

n—-+oo
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Moreover, finite energy states are d-dense in the state space E: for any

po € E, there exists p, € E,

lim d(pn,p0) =0, E(pn) < +oo.

n—-+4oo

Theorem 3. Let f be a bounded upper semicontinuous strong subsolution
of (42), and [ be a bounded lower semicontinuous strong supersolution of
(43), which both satisfy Condition 2.

Assume that Conditions 1 hold, that o > 0, and that one of the hg,h1 €

Cy(E) 1is uniformly continuous with respect to d in the following sense

lim sup  |hi(p) — hi(7)] = 0.

70T (py)d(py)<e
Then
222(7(@ —[(p) < igg(ho(p) — hi(p)).
Proof. Let
P(p,7) = 1 i —f(p) = 5 i —f(9) =md*(p,7) = T——E(p) — 7 : —£(7).

Let 0 < k < 1,m > 0 be fixed. By the assumptions on f, f, and lower
semicontinuity of d> and £, and by the compact level set assumption on &,

there exists compact K C F and (pg,70) € K x K such that

D(po,v0) = sup P(p,y)= sup D(p,7). (45)
(py)EEXE (p,v)EKXK

Let

folp) = (1 = w)md*(p, 7o) + KE(p).
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Then, by (45) and the strong viscosity subsolution property of f,

T(Po) — folpo) = SUP(T(P) — fo(p)), (46)

peEE

and

oL (F = ho)(po) < (Hofo)" (po) = (Ho((1 = mymd®(,70) + K€)) (po)ed7)

Similarly, let
fi(y) = =1+ K&)md*(po, ) — KE()-

Then by the strong viscosity supersolution property,

fi(v0) = f(0) = sup(f1(v) = f(7)),

~en
and
o™ (f = h)(0) = (Hifi)s(0) (48)
= (Hi(=(1 + mymd (po.) = 5E)) (0).
Therefore,
Egg(l i —f(p) = 7 i ~f(p) - 13—'225@)) = iggé(m p)

< sup  D(p,7) = D(po,v0)

" (p)EEXE
< 17— /(po) - 1%@1(%)
< ol (Ho((1 ~ Kyma(70) + rE())) (o)
o (=04 R0, ) = REC) (0)

1 1
+(ho(po) — h1(0)) + (|m — 1{[| Aol + |m = 1{[|Ra]))

< aw,.(md*(po, v0) + d*(po,70)) + (ho(po) — k1 (7))

1

+a(|1_

1
— 1{||A — —1}||h
= = lloll + [ — Ul
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where the third inequality above follows by (47) and (48), and the fourth
inequality follows by (44). By a well-known argument (e.g. Proposition 3.7

of 9]),

lim  md?(po,0) = 0.

m——+oo

Therefore letting m — 400, then k — 0,

flp) = f(p) < Slellé(ho(W) —h1(7)), Vp such that £(p) < o

We conclude by Condition 2 and the continuities of f and /-

Remark 1. The inequality (44) in Condition 1 is intimately related to as-
sumption (H3) of Part I of Crandall and Lions [7], see also the discussion

in Section 1.2.2. Suppose that Hy = H; = H,
E,md*(-,),—md*(p,-) € D(H), ¥Ym >0,p,v € E; (49)
and that H is convex in the sense that
H(1-kr)f+rg) <(1—kr)Hf+rHg, YO<k<1,f geDH).
We also assume
Co =sup HE(p) < 0. (50)

peEE

Then for the fy in (40)

H folp) = H((1 = £)md®(-.7) + KE()) ()

< (1= &) (Hmd* (7)) (p) + RHE(p),
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and for the f; in (41),

H( = md*(p.1))(7)
1

< T H( - QU Rmd(p0.) = REC)) (1) + T HER)
= o HAG) + T HE)

If in addition, the H fy, H f1 are continuous functions, then (44) follows from
the much simpler estimate (31). However, for the Hs in Examples 1, 2 and
3, it is too strong to require (49) and the continuity of H fo(p), H f1(v) for
all p,v € E. The inclusion of the small perturbation term <& allows us to
essentially only consider (44) at points p,~y which are regular in the sense

that (€ — HE)(p) + (€ — HE)(v) < +oo.

In Theorem 3, we required that f and [ be respectively strong viscos-
ity sub- and super- solutions. The following result (Chapter 9, Feng and

Kurtz [18]) removes the ”strongness” assumption.

Condition 4 Let Condition 1 be satisfied.
For each 0 < k < 1, m = 1,2,... and po,y0 € E satisfying E(po) +

E(v0) < +o0, the following holds:
1. There exists a lower semicontinuous go such that
(1 — k)md?(-,70) + KE(-) + go € D(Hy),
9o(po) =0, go(p) >0 for p # po, and

(Ho((1 = wymd? (- 70) + 5E() + g0) ) (o) (51)

< (Ho((1 = ymd?(70) + KE()) (po)-
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2. There exists a lower semicontinuous g1 such that
—(1+ r)md*(po,-) = KE() — g1 € D(Hn),
91(70) =0, g1(7) > 0 for v # 70, and

(H2 (=1 + K)m(po, ) = KE() = 1)) (20) (52)

> (Hi(=(1+ 0)md(po, ) = kE())) (0)

Theorem 5. Let f be a bounded upper semicontinuous subsolution of (42),
and f be a bounded lower semicontinuous supersolution of (43), which both
satisfy Condition 2.

Assume that Condition 4 holds, that o > 0, and that one of the hg,h1 €

Cy(E) 1is uniformly continuous with respect to d:

lim sup  |hi(p) — hi(7)] = 0.
=0F (p,y):d(p,y)<e

Then

225(7(@ — f(p)) < 2gg(ho(p) — hi(p)).

Proof. We only need to modify the proof of Theorem 3 slightly.
For the pg, 7o in the proof of Theorem 3, let gy be the lower semicontin-

uous function in Condition 4, and let fo = fo + go. Then

F(po) = fo(po) = F(po) = folpo) = F(p) = folp) > F(p) — folp), p# po.

Hence py is the unique maximum of f— fo. Therefore by viscosity subsolution

property and Condition 4,

a ' (f = ho)(po) < (Hofo)*(po) < (Hofo)*(po)-
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Hence we arrive at (47) again.
Similarly, using the super-solution property, we can obtain (48).

The rest of the proof follows that in Theorem 3.

3. Examples

We now apply Theorem 5 to establish comparison principles for Exam-
ples 1 (see Section 3.3), 2 (see Section 3.4) and 3 (see Section 3.5). The
general program is as follows: First, we identify the d in Theorem 5 using
(32), as well as the right notion of gradient for each example using informal
geometrical argument. We then apply test functions fo, f1 (in (40) and (41))
to the operator H in (10). We find that H fo, H f1 are rigorously well de-
fined functions taking values in the extended reals (i.e. they could be either
+00 or —oo but not both). Additionally, they are semicontinuous functions.
Finally, we resort Theorem 5 for a rigorous, but non-geometric proof of the
respective comparison principles. It is important to take such a practical
approach in the proof, because infinite dimensional geometry in the context

we discuss here is usually problematic to justify rigorously.

3.1. Identification of d.

We consider Examples 1 and 2 first. For any given point p € F, the tan-
gent spaces are respectively T,E = (L*(0), (-,-)), and T,E = (H*(O), (-,-)-1)-
The tangent spaces are indeed state independent, therefore d should coin-

cide with the local distance induced by the norm of the respective tangent
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space. That is, d(p,v) = ||p—7| £>(0) for Example 1 and d(p, ) = [[p—7| -1
for Example 2.

The case of Example 3 is more involved, and we only provide a ref-
erence here. The informal geometric structure we used in that example is
introduced by Otto [29], where the d satisfying (32) is identified as the

order-2-Wasserstein metric:

d*(p,v) = inf{ |z — y|?dr : m € P(R x RY), (53)
RIx R4

(- RY) = p(-), m(R%,-) = ()}

8.2. The domain of H and a convexity structure

As emphasized by the discussions following Definition 1, the choice of
D(H) can be subtle in any infinite dimensional context. Here, we explicitely

specify D(H) for the examples coming up next.

D(H) = {fo, f1, fo+ g0, fr — g1} (54)

where fo, f1 are defined respectively by (40) and (41) with d, £ specified on
case specific basis in Sections 3.3, 3.4 and 3.5. The go, g1 are defined by (60)
and (61) in the Allen-Cahn case as well as the Cahn-Hilliard case, and by
(72) and (73) in the Fokker-Planck case. We will show that Hf € M(E, R)
is well defined for each f € D(H).

We observe the following identities and convex inequalities.

By the bilinear property of g,(-,),

Hfo(p) = (1 — k)mg,(—grad&(p), gradd®(-,~)(p)) (55)
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+Mgp(gradd2(u 7)(p), gradd® (-, 7)(p))
—(k = g)gp(gradﬁ (p), gradé(p))
+mr(1 — r)gp(gradd® (-, 7)(p), grad€ (p)).
By convexity,
Hfo(p) < (1 = &) (mg,(—grad€ (p), gradd?(-,7)(p)) (56)

+ 559y (gradd? (,7) (p). gradd? (,7) ()

4~ 50 (Erad€ (o), grade (1))

Similarly,
Hf1(7) = (1 + k)mg,(—grad€ (v), —gradd®(p, -)(7)) (57)
7 g gradd (. ) (), exadd . )(7)
+(x+ %z)gw (grad€(v), grad€(v))
+m#(1 + k)gy(gradd®(p,-)(7), grad€(v));
and
Hf1(7) = (1+ 1) (mg, (grade (7), gradd®(p, ) (7)) (58)

+ g, (gradd?(p, ) (7). gradd? (p. ) (7))

K
+59 (grad&(y), grad&(y)).

3.8. Optimal controlled Allen-Cahn equation

Let O, F, € be defined according to Example 1, E = (L?(0), ]| - || 12(0))-
We use (-, -) to denote either the usual inner product in L?(0O), or its exten-

sion as a dual pairing if Schwartz distributions are involved. Following the
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geometric discussions in Example 1, we choose g,(u,v) = (u,v) and define

the gradient for a function on F as follows:

Definition 2 (Gradient). Let f be a function which maps E into the
extended reals, and pg € E. For any p € C*°(0) C L*(O) and any t, let
p(t) = po + tp be a flow generated by p starting at position pg. We say that
the gradient gradf(pp) exists at po, if and only if it can be identified as the

unique element in the distribution space D’ (O) through identity
1 .
lim ~(£(p(t)) = f(p0) ) = (grad(p0).p) ¥p € C=(O).

It follows that, for the free energy £ defined in (11), and p satisfying
E(p) < +oo, grad€(p) = —Ap+ F'(p) in the distribution sense; and that

for f of the form (13),

_of

gradf(p) = 50

and that for f(p) = [|p — 'Y”%z(o)a
gradf(p) =2(p—7), p,vEE.

We choose d(p,7) = |lp =7 L2(0), and € by (1). Then (55) and (57) are

both well-defined. We illustrate (55) only: let

folp) = (1 = w)mllp = 3720) + KE(p) + ¢, (59)
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where m > 0,0 <k < 1,¢ € R, v € L*(O), then

(1—r)2m{Ap—F (p),p— )
+(1 = r)22m?|p = (720
Hfo(p) = —k(1=5)1Ap = F (01320,

+2mr(1 = k) (=Ap+F'(p),p =) if p€ H*O),

—00 otherwise;
< (1—k) (2m<—Ap +F (p),p— ) +2m?[lp — vlliz(m)

K ’
—5lldp—F (0)172(0):

In the above, the right hand side of the inequality is understood as —oo when
p & H?(O). The perturbation by x > 0 introduces a small but important
higher order term —%||Ap — F (p)||%2(0). It is because of this term, that
Hfy € M(E, R) becomes well defined and is upper semicontinuous in (E, r).
Similarly, the H f1 in (57) is well defined and is lower semicontinuous in
(E,T).

We verify Condition 4 next. Let
{ao(z) = 1, a9 1(z) = V2 cos(2mjz), anj(x) = V2sin(2mjz) : j = 1,2,...}

and

)\0 = 07)\2]‘_1 = )\gj = 47T2j2.

FOI‘k:(kl,...,kd), ki:172,...7 let

ep() = ap, (1) - oy (@a)y A=Ay + oo+ Mgy
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Then {e1,...,€k,...} € C°(0O) is an orthonormal basis of eigenfunctions

for —A in E = L*(O) with \; as the corresponding eigenvalues:

—Aek = /\kek.
For each pg € E, let
90(p) =Y _27(p = po, ex)’. (60)
k

Then
gradgo(p) = Z 27" (p— po, ex)er.
k
gradgo(po) = 0. Let fj be defined as in (59), then H(fo+ go) is well defined
as in the case of H fy. Furthermore, (H(fo+go))*(po) = (H fo)*(po) so (51)
holds. Similarly, for each vy € F, we define

g1(7) =Y 27 (v =0, ex)”. (61)

k

Then (52) holds.

Theorem 6. Suppose ho,h1 € Cy(E) and one of them is uniformly con-
tinuous. Let 7,i € Cy(E) be respectively sub- and super-solution of (42)
and (43) with Hy = Hy = H, where the H is defined as above with D(H)

consists of test functions fo, fo+ go and f1, f1 — g1. Then

sup(f(p) — f(p)) < sup(ho(p) — hi(p)).
peE peE

Proof. We choose

(p,7) = lp =720y,
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and verify (44). Let pg,v0 € E, then (56), (58) and the semicontinuities of

H fy, H f1 mentioned prior to Theorem 6 imply that

- i - (H(m(l — K)d*(-,70) + ﬁ5(~)))*(po)
=1 i —H(m(1 - K)d*(-,70) + KE(+)) (po)
1 Jlr —H(=m(1+ K)d*(po,-) = KE())(70)
< 2m{(Apo — F (po)) — (Avo — F (7)), po — 0)
_’i(l_’{)ilnA _F’( 2 _M Ay — ' 2
—5 —|l4r0 po)llz2(0) B 1A% = F (70)[172(0

<2Lrmllpo = 01720y

where Lp is the Lipschitz constant of F'. As before, the right hand side on
the first inequality above is understood as —oco when either pg & H?(O) or
Yo & H?(O).

By Theorem 5, the conclusion follows.

3.4. Optimal controlled Cahn-Hilliard equation

Following the notation and assumptions of Example 2, we consider the
comparison principle for the controlled Cahn-Hilliard equation. With the
geometrical intuitions in Example 2 in mind, we choose the metric tensor

gp(u,v) = (u,v)—1, and next define the gradient of a function on E:

Definition 3. Let f : E — R. Let py € E. For every p € C*°(0) and
u = —Ap, we generate a flow p(t) such that p(0) = pg and p = ug = —Ap.

We say the gradient of f at pg exists, and denoted by gradf(po), if and only
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if it can be identified as the unique element in distribution space D' (O)

through identity

1

Jm = (f(p(t) = £(p(0))) = (gradf(po).p), Vp € C=(O).

In this notation,
grad £(p) = —A( = 2+ F (p), () <0
and

A%

gradf(p) = 59

for f of the form (13).
Following the heuristics of Example 2, we choose d(p,7y) = |[p — v|| -1
Then (55) and (57) are both well defined. We only illustrate (55). First,

note that the definition of || - ||-1 in (16), and note that
2y ={(=A)""p.p), VpeE.
Let
folp) = (L= r)mllp =21 + KE(p) +¢, m>0,0<k<1,y€E,
and consider &£(p) < 4+o00. Then
gradd®(-,7)(p) = 2(p—7), —gradé(p) = A(~Ap+F (p)),

gp(gradd® (-, 7)(p), gradd®(-,7)(p)) = 4llp — 7|21

In addition,

gp(grad€ (p), grad€ (p)) = || — A(=Ap + F (0))||>1,
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and when the above term is bounded, the following is finite

gp(gradd®(-,7)(p), grad€ (p)) = 2(—Ap + F (p), p — 7).

Therefore the following is well defined and takes values in [—oc0, +00)

Hfolp) = —2m(1 = &)*(=Ap+ F (p), p = 7) + 2(1 = £)*m?||p — 7|12,
K/2 ’
—(k =P = A(=4p+ F ()12
< (1= r)( = 2m(=2p+ F (p),p = 7) + 2m2llp = 1112, )

_gH — A(=Ap+F (p)]?,.

where the right hand side is understood as —oco when ||V(—A,0)||2L2(O) =
|—A(=Ap)||2; = +o0. Once again, because of the higher order perturbation
term, for any 0 < k < 1, H fy is well defined and is upper semicontinuous
in E. Recall that we use the L?-norm to induce the metric r in (E,r).

Let g1, go be defined according to (60) and (61) in the previous example.

Then similar calculations show that Condition 4 holds.

Theorem 7. Let hy,hy € Cy(E), and let one of them be uniformly contin-

wous in d (i.e. the || - ||=1 norm):

lim sup |hi(p) — hi(y)] = 0.
=0+ p e B p—l-1<e

Suppose f is a bounded upper-semicontinuous viscosity subsolution of (42)
on E, and that f is a bounded lower semi-continuous supersolutions of (43)

on E. Hy = Hy = H, where H is defined as above with D(H) consists of

test functions fo, f1, fo + 90, fo — 91-
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Assume that both f and [ are continuous in d. Then

sup(f(p) — f(p)) < sup(ho(p) — hi(p)).
peE peE

Remark 2. Section 3.6 outlines the construction of f, [ satisfying the above

requirements.

Proof. We only need to verify (44). Let pg, 7o € F, then as in the proof of

Theorem 6,
L (Hn(1 — K (20 + RECD) (po)

1
14+ &

1—+x

(H(=m(1 + 0)d(p0,) = KE())) (0)

1

= 7 H(m(1 = 8)d*(,70) + £E())(po)

1
14+ &

< 2m{(Apo — F (po)) — (Avo — F (70)), po — 0)

H(=m(1+ r)d*(po, ) = KE())(70)

KR

A=A+ F (o)) 12,

K

sl A A0+ F o),

IN

—2m|[V(po = 70)[1 220y + 2mLrllpo = Y0ll72(0)

< =2m||V(po —0)lI72(0) + 2mLE IV (o = v0) |l 2(0) 100 = Y0l -1

A

1
< §L2Fm||P0 —l%1,

where

F'(s)-F
Lp =sup M < +o0.
rts s —

The right hand side of the first inequality above is understood as —oo when

either po & H3(O) or vy & H3(O).
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3.5. Optimal controlled Fokker-Planck equations

Following the notations of Example 3, we prove the comparison principle
for the controlled Fokker-Planck equation. Throughout this section, d is the
Wasserstein metric in (53) and £ is defined in (23).

We define a notion of gradient which is motivated by the geometric per-
spectives in Example 3. Formally, we would like to take g,(u,v) = (u,v)_1,

where the latter is defined in Appendix A.2. We recall that, for each pg € F

and p € C2°(R%), there exists a unique weak solution p(t) € E for

p==V-(pVp), p(0)= po. (62)

Definition 4 (Gradient). Let f : E — R. We say the gradient of f at pg
exists, which is denoted by gradf(po), if and only if it can be identified as a
unique element in the Schwartz space of distributions D' (R%) through the
identity

i F0(0) = F(6(0))

= [e'S) d
t—0+ t - <grad f(p0)5p>7 Vp S Oc (R )7

where the p(t) on the left hand side is the solution to (62).

We explicitly compute the gradient for test functions £ and d?(-, ) next.
According to (37) and (38) of [23], if £(po) < +00 and p(t) is a solution

o (62), then for each p € C°(R?),

i, SO —Ele) __

t—0+ t lAp(I)pO (dCC) + \/];d VW(CC) ' Vp(z)po(d:c),

a?2

therefore

1
grad E(po) = —§Ap0 — V- (poV¥) € D'(RY). (63)
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Let po,v0 € E, and pg have a Lebesgue density. According to mass trans-
port theory (Theorem 9 in Appendix A), there exists a convex lower semi-
continuous ¢, , : R4 — RU{+00} such that mo(dz, dy) = po(dx)6v 4, . (x)(dY)
satisfies

d*(po, o) :/Ix—yIdeO:/IVppomIdeo,

where ppg o (2) = 32| —©pq.0 (@) Let p € C2°(R?) and p(t) be the solution

to (62). Following computations on page 11 of [23],

3d%(p(t),7) — 5d*(po,7)

tli>%l+ t (64)
= / (x —y) - Vp(z)mo(dz, dy)
— [ (@ = Vo )@) - To@hpo(d) = [ Vipo(a) - Tpla)onlie).
Therefore
grad%d2(-,70)(po) ==V (p0VDpy,0)- (65)

Next, we define the Fisher information functional. Let po, be the Gibbs

measure in (22), for p € E, we define

|V 722 |? d 1 d
J —%=—dps when V7 € L;, (R?),
Ip)={" = : (66)
400 otherwise;

where the convention 0/0 = 0 is used.
We will prove the following in Appendix A. Let p have Lebesgue density,

then (by (A.84))

Ypo (gradd2(-,'yo)(p0), gradd2(~,”yo)(po)) = 4/Rd |Vppom|2dpo = 4d2(ﬂoﬁo)-
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Let E(p) + I(p) < 400, then (by (A.88))

0 (xad (), Brad€ (p) = 11(0):

moreover, Vp € L! (R?) (Theorem 10) and by Lemma 6,

loc

Vp+ pV(2¥)

p (x)p(z)d.

gp(grad&(p), gradd®(-,7)(p)) = — /R , Vppq(2) -

As in the previous two examples, we now consider test functions

folp) = (1 = w)md*(p,70) + KE(p) + ¢, (67)

and

Fi(7) = =m(1 + K)d*(po, ) — KE(Y) + ¢, (68)

where m > 0,0 < k < 1,p9,7 € F and ¢ € R.
We now rigorously define H fy, H f1 (in view of the formal definition of

H in (10) and Appendix A.2) as follows:

-m(1 - k)? fRd Voo wdp
H fo(p) = +(1 = K)22m*d*(p, o) — £(1 — §)11(p), if I(p) < 400

—00 otherwise.

(69)
and
m(1+ £)? [ra Vay,po - wdv
Hfi(Y) =9 +(1+r)22m2d?(po,7) + (1 + §)11(7),  if I(7) < +00

+00 otherwise.
(70)
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where

1 1
Poo(T) = §|$|2 — oo () Gypo(y) = §|y|2 — Yy (V)
and ¢, o, ¥y,p, are the lower semicontinuous convex functions

Voor#pr =", Viyp#Y = po.

See Definition 5 for the notation #.

As before, by convexity in k € (0,1),

HfO(p) < (1—:“6)(_7”‘/Rd VPPKYO vp++v<2gp)dp (71)
+2m’d(p,0)) — £1(p).
and
Hfi(3) 2 (1+ ) (m /R Voo wdv

K
+2m?d(po, ) ) + S 1(3).

Like the previous two examples, the small perturbation x > 0 intro-
duces an extra higher order term I in H fy, H f1, and we expect it ensures

semicontinuity property for H fo, H f1. This is made precise below.

Lemma 1. H fy in (69) is upper semicontinuous, and H fy in (70) is lower

semicontinuous in (E,d).
Proof. The conclusion follows from Lemma 7 of Appendix A.
Let E(po) + E(0) < +00. By mass transport inequality (A.98),

(1—£)""H fo(po) — (1 + £) " H f1(v0) < —2Lymd*(po,70)-
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We note that if either I(pg) = +o00 or I(7) = +00, the inequality is trivial.
This verifies (44).

We now verify (51) and (52) in Condition 4. Let {ei,...,ex,...} C
C>(R%) be a dense subset of C,(R?) in the bounded uniform convergence

on compact topology. Let
mi = (sup(lex ()| + | Aex(@)] + [Ver(2)])).

We denote (ex, p) = [ ex(z)p(dz). For each py € E, we define

90(p) = > 27 (1 +my) M er, p— po)*. (72)
k
Then
)
gradgo(p) = =V - (pV%)
p
where

0
5%? = 27 (1 4 ) ew p — po)er
k

In particular,

690 <990 990 d
—,V—, — € C,(R%).
50" Y 80" 0p © (R%)
Therefore, the H(fo + go) (where the H is given by (10)) is well defined.

Moreover, (51) holds:

(H(fo+ 90))"(po) = (H fo)"(po)-

Similarly, for each vy € E, we can define

1) = 3 5 = 0,er)?, (73)
k

and verify that (52) holds.



HJB equation in infinite dimensions. 45

In order to apply Theorem 5, we still need £ to have compact level set

in (E,d).
Lemma 2. Let (21) hold. Then £ has compact level set in (E,d).

Proof. (21) implies the existence of a measurable function G : [0, +00) —
[0,00) and € > 0 such that limy 4 o t 7' G(t) = +o0 and [p, G2 =20 (@) gy <
+o00.

By a well-known variational representation of relative entropy (e.g. Corol-

lary 6.2.3 and 6.2.13 of [11])

26(p)= sup {[ dp—log / e¥dpoc}
p€B(R?) JRd Rd

Hence for each M > 0,

/ €G(|z|*) A Mdp < 28(p) + log/ eeG(‘zP)AMdpoo.
R4 R

This implies

sup /G(|z|2)dp < +o0.
PEEE(p)<C

Therefore, {p € E : E(p) < C} is relatively compact in F for each C' < +o0.

Combine the above conclusions, we verified all the requirements of The-

orem 5, and arrive at the following conclusion.

Theorem 8. Let ho, h1 € Cy(E) be uniformly continuous with respect to d.
Suppose (21) is satisfied.
We assume 7,i € Cy(E) is respectively viscosity subsolution of (42) and

supersolution of (43), where Hy = Hy = H and H is defined as above with
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D(H) consists of test functions of the form fo, f1, fo + 90, /1 — g1. Then

225(7@) — f(p)) < 2gg(ho(p) — hi(p)).

3.6. Ezistence of viscosilty solutions

The remaining open question is the existence of sub and super solutions
as well as viscosity solutions for the equation (2) which satisfy Condition 2,
i.e. d-continuity on metric space (E, r). For all three model problems treated
in Section 3, a complete detailed construction of sub- and super- solutions
can be found in Feng and Kurtz [18]. The method there relies on a con-
nection of the H operator with the probabilistic large deviation theory for
Markov processes, on a generalization of the Barles-Perthame [2],[3] tech-
nique, and on operator extension techniques adapted to the viscosity solu-
tion context. It is important to point our that, in general infinite dimensional
context, there are known examples where the Barles-Perthame procedure
fails. The key ingredient to the generalization in [18] relies on a special
property regarding resolvents for some convergent sequence of Hamilton-
Jacobi equations. Using the probabilistic connection, such property can be
translated into a uniform concentration of probability measures on compact
set property (i.e. the exponential tightness) for the associated sequence of
Markov processes. Such probabilistic property can be verified using a type
of Lyapunov function technique for the three examples in this article.

Another direct approach to the existence issue can be based on dynamic

programming principle for the optimal control problem (see Section 1.1)
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associated with the H operator. In finite dimensional optimal controlled
problems, such method is standard (e.g. [17]). In the infinite dimensional
context, certain important technical a priori estimates are needed. We dis-

cuss the details of such construction in a separate future publication.

Appendix A. A summary of mass transport theory with

quadratic cost

We provide some technical estimates used in Example 3.5. Most of the
material regarding mass transport theory are taken from Villani [37]. See
also [19,28,14,1], and Appendix D of [18].

Throughout, E denote the space of probability measures on R¢ with

finite second moment.

Definition 5 (Push-forward of a probability measure). Let 7' : RY —
R? be a measurable map, and py € P(R?). The image measure of py by T,
denoted as (T#po)(A) = po(T~1(A)) for all Borel measurable A C R%, is

called the push-forward of pg.

Appendiz A.1. The Kantorovich duality and mass transport maps

For each ¢ : R? — R U {4}, we introduce the Legendre transform

©"(y) = sup {z -y —p(z)}.
rERA
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If ¢ # 400, then ¢* is convex and lower semicontinuous. We also denote

Let po, Y0 € P(R?), we define
_ 1 1 . |z — y|2
P(po,70) = {(p,a) € L (dpo) x L™ (do) : p(z) +a(y) < —5—},
and
I(po,y0) = {m(dz,dy) € P(R* x R?),7(-, RY) = po(-), m(R?,") = 70(")}.
Let d be defined as in (53):
d*(po,v0) = inf{ |z — y*m(dz, dy) : m € II(po,0)}-

Rdx R4

Theorem 9. Suppose pg,vo € E. Then

a). There exists o € II(po,0) and a lower semicontinuous convex function

Pporvo € M(R, R) such that
1 2 1 2 *
Ppoo () = §|33| — oo (T)s Qpo,ye(¥) = §|y| ~ %po.v0 (y),

(pP01707 qPoﬁ’Yo) € 43(90)70): and that

5 (00.0) = supl [ pdp+ [[ady s (.0) € @020} (AT

— [ oo @(d) + [ ool
Rd R4

1

! / & — y[?mo (da, dy).
2 RIx R4

b). Suppose moreover that py has a Lebesgue density. The mo in part a) is

unique. The my and the @, ~, in part a). have to satisfy

mo(dz, dy) = po(dz)dvy,, . (x)(dy), (A.75)
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which implies fRd VD0 (@))% po(dx) = f |z—y|%mo(dz, dy) = d*(po,Y0)-

Moreover,

VSDPO,Vo#pO = "0- (A76)

Furthermore, Vp, ~, 5 the unique (dpo-almost everywhere) gradient of

a convez function satisfying (A.76).

Proof. The existence of mp and the first and the last equalities in (A.74)
are known as the Kantorovich duality. See Theorem 1.3 of Villani [37]. The
existence of pp, s o,y and the second equality in (A.74) follows from
Theorem 2.9 of [37].

Part b) follows from Theorem 2.12 of [37].

Appendiz A.2. Weighted Sobolev spaces H},(R%) and H'(R%)
Let u € P(R?), we define
Pl = [ | IVoPdn vpe C(RY)

and

H}L(Rd) = the completion of C2°(R?) under || - |1,

For each u € D' (RY), we define

lull?y ,, = Sude){2<u7P> —IplI% .} (A.T7)

peEC(

we also introduce space

H;l(Rd) = {equivalent class of u € D (R?) : ||u||2_1M < 4o0}.
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Direct verification shows that (H,(O), ||-[l1,,) and (H,"(O), |- |-1.4)

are Hilbert spaces. The inner product and norm satisfy

1
(w0 = e+ ollE = llu=vlE} b =-11. (A.78)

Let p,q € H}L(Rd). For each ¢ fixed, I4(p) = (p, @)1, is a linear functional

in p satisfying

|0, vl < WPl = gl ullVpllz, Vo e CZ(RY). (A79)

Next, we use this functional to extend the nation of Vg from ¢ € C°(R%) to
all g € H llt(Rd). We denote such extension Vq. The argument is extracted
from Dawson and Gértner [10].

Let L be the collection of maps x — Vp(x) for p € C°(R?). L is a linear
subset of L?(u). Let L o (R?) be the closure in L?(p) of L (elements in this
space are equivalent classes). Since p «» Vp is a one to one correspondence
between C°(R?) and L, I, can be viewed as a linear functional on L as well.

By (A.79), such functional can be linearly extended to all p € H,, (R?) and

the extension is bounded by ||g||1,,. By the Riesz representation theorem,

there exists a unique § € Li)v(Rd) such that

L) = [ & Vpdn, o e C(RY, (A.80)

We define such £ = Vq. We have

lalf, = sw {20)~ [ VoPdu) = [ Falfiag.
peC (RY) R

The above construction gives us the following property
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Lemma 3. There is a one to one correspondence between H}L(Rd) and Li)v(Rd).

For each p,q € H}L(Rd), we have representation
(P @)1 = / VpVady = / VpVady.
R4 R4
We have the following concerning H(R?) and H,*(R%).

Lemma 4.

1. For each u € H,*(RY), there exists a unique p € Hy ,(R®) such that
u=—V-(uVp) € D'(R?).

—1(pd d
2. H;'(R") and H}(R") are dual space of each other.

3. For each
u=-=V-(uVp), v=-V-(uVq) (A.81)
where p,q € Hllt(Rd),
o) = [ Vp-Vadu=wg) = v). (A52)
Proof. Let u € H,;'(R?) and ¢ € C*(R"). By the definition of || - || -1 ,,
) = [ Vel full s, >0

implying

(u, 0) < el pullull-1,u- (A.83)

Define I(p) = (u, ¢), then [ is a bounded linear functional on H;(Rd).
By (A.83) and the Riesz representation theorem using the H\(R?) inner

product, there exists pg € H lﬁ(Rd) such that

() = /V@@pod#, Vo € C°(RY).
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Therefore

u==V-(uVpo).

Because of (A.83), HA(RY)  (H;*(RY))  and H, ' (RY) € (H;(Rd))*.

Since Hilbert space is reflexive,
(HARY) = m (R, (H(RY) = HA(RY).

Assuming representation (A.81) holds, using approximation, the supreme

in A.77 is given by
Jul? s = [ 9P
Ra

By (A.78), then (A.82) holds.

Appendix D of [18] explicitly identifies a number of interesting class of
functions p where @p = Vp. Vp denote the Schwartz distributional deriv-
ative. In particular, let p(dz) = p(z)dx € E have a Lebesgue density and
v € E. Let ¢ be convex so that Vip#p = v (part b). of Theorem 9). Let
p(x) = 3|z|*—p(x). Then pis locally Lipschitz (by convexity) in the interior

of the support of p and by the above discussions, p € H;(Rd) and Vp = Vp

and
ol = [ 19pPdp = & (p.). (A81)
Appendiz A.3. The Fisher information functional

Let poo be defined as in (22) poo(dz) = Z e 2¥@)dx, and the Fisher

information function I be defined by (66). We additionally assume ¥ > 0.
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When p(dz) = p(x)dz, dp/dpeo(z) = Zp(x)e?? ®). Hence, provided ei-
ther Vp € L}, (R?) or V(pe*¥) € L} .(R?), local integrability of the other

loc

also holds and
V(pe??) = e*'Vp + ¥ pV (20) € Li,.(RY). (A.85)

Therefore, we also have

0 Jpa |Vp(m)Jﬂpp((gﬁff:))VW(:c)|2dz when p(dx) = p(z)dz, Vp € LL (R?)
p) =

00 otherwise.

At least formally, there are other equivalent representation of I. Let

4 [ra [V /22 Pdpoe when p << pog and V/ 2 € L}, (RY),
Li(p) =
(0.}

otherwise;
Then similar to the derivation of (A.85), V(\/pe?) € L}, .(R?) is equivalent

loc

loc

to V/p € L}, (R?) and

V(/p@)e"®) = POV /(@) + VI (@)

therefore

4 [pa IV/p(x) + V¥ (2)[*dz when p(dz) = p(x)dz, V/p € L}, (R?),

Li(p) =
00 otherwise;

The functional 47113 : E — [0, +00] is a Dirichlet form associated with
a reversible Markov process. More specifically, let Y be the solution to

stochastic differential equation

dY (t) = =2V (Y (t))dt + V2dW (t).
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Then p is the stationary distribution for Y, and Y is reversible with respect

t0 poo in the sense that

/ FT(t)gdpos = / GT(0)fdpse,  ¥f.g € Co(RY

where T'(t)f(x) = E[f(Y(t))|[Y (0) = 2] for f € B(R%). Let B be the weak
infinitesimal generator of the continuous time process Y. That is, for f €

D(B),

supt™t sup |T(t)f(x)—f(z)| < +oo, Bf(x)= lim t~(T(t)f(x)—f(z)),x € R%.
t>0 zERd t—0+

We can identify

Byp(z) = Ap(z) — 2V¥(2)Ve(z), Yy € CZ(RY).

We define
By
I = - inf —dp. A.86
5(p) pE€D(B),infy p(y)>0 ® P ( )
By Theorem 7.44 of Stroock [34],
Ii(p) = 41B(p). (A.87)

The above I; is defined for all p € P(R?), I; is lower semicontinuous in the
weak convergence of probability measure topology, and it is convex.

We introduce two more functionals: First, let

Lp) =4 sup (=M +V(2¥) Vi —|Vy[* )
beCE (RY)

1
=2 sup (—Ap+ Ve V(¥)- §|V<P|2,p>
peC (R?)

= 4p+ V(pV (D)2,
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The last identity follows from the definition of || - | -1, norm in (A.77). By
definition Iy < Iy, Is > 0, I is convex and is lower semicontinuous in the

weak convergence of probability measure topology.

We also define

. 1
13(/)) =2 sup <_d1V§+2£vw_ §|§|27p>7
£€Ce(RY)

where ¢ is an R%-valued function. Clearly, I3 > I.
Appendix D.6 of Feng and Kurtz [18] proves that all these functionals

are equivalent.

Lemma 5.

I(p) = Ii(p) = L2(p) = I3(p), p€EE.

Let & be the free energy function defined by (23) and let gradient be

defined according to Definition 4 . Then by (63) and the definition of I,
I(p) = 4||grad€(p)|\2717p whenever £(p) < 0. (A.88)

We summarize the above results.

Theorem 10. (A.88) hold. I is lower semicontinuous in E. If I(p) < oo,
then p(dz) = p(x)dx has a Lebesque density and V./p € LI (R%) and

Vp € L}, (dx). Furthermore

1v
VP = 57; e L2 (R%). (A.89)

In view of the explicit expression of grad £ in (63 and grad d?(-,7v) in

(65), and in view of Lemma 4, we expect

(—grad€ (p)7grad%d2(-m)(p)>—1,p (A.90)
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- /Rd Vqu’Y( ) (2 p((E) +vw)p( )d )

where p, »(z) = |z|?/2—p, ~(z) and ¢, , is the lower semicontinuous convex

function Ve, ,#p = v (Theorem 9). We prove this next.
Lemma 6. Let E(p) + I(p) < oo and v € E, then (A.90) holds.

Proof. By approximation, there exists a sequence of p, € C>°(R%) such

that lim, . ||[pn — Pp,yll1,p = 0, or equivalently (by (A.82))
. Lo
Jim || = V(pVps) — gradzd™(p, 7)ll-1,, = 0.

Since —V(pVp,) € Hp_l(Rd), replacing the ¥ by ¥ + p,, and apply

(A.88), using the definition of I,

[ 13D kg Pote)ie = | - grad () + (VT
Rd 2 p(w)

Similarly, replacing ¥ by ¥ — p,,

— [ 15 v = p) ot = || - grad€ (o) + (V)P
re 2 p(x)

Therefore, by the polarization identity (H,'(R?) is a Hilbert space)

(~grad€(p), ~V (pVp)) -1, = — / pu(@)- (4 foz<)>

R4

+ V&)p(z)dz.

Sending n — oo, we arrive at (A.90).

Appendiz A.4. Mass transport inequalities and reqularities

Lemma 7. Suppose that sup,,_, 5 I(pn) < 400 and that lim,, . 4 oo d(pn, po) =

0 where py € E. (By lower semicontinuity of I, this implies I(pg) < +00, by
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definition of I, this implies that p,(dx) = pn(x)dx and po(dz) = po(x)dx
have Lebesgue densities). Further suppose that ~v,,v0 € E have Lebesgue

densities and limy,— 4 o0 d(Yn,70) = 0.

Then
. Von + pnV(20)
lim ————= (VD yu/Pn)dx A91
n—oo Rd /pn ( P i p ) ( )
Vo + poV(2¥)
= ——  (V v/po)d
/Rd VPo (VPou0v/po)de

Where Do, vn»Ppo,yo 0T defined following the notational convention in The-
orem 9.

Note that by sup,,_q;  I(pn) < 400 and by (A.84), the integrals in

yees

(A.91) are well defined finite quantities.

Proof. To simplify notation, let

Vpn + pn V2V
En = L() = 2(V/pn + V/PuV¥) € L*(RY)
VPn
and
Vpo + poV (29
gy = Y H VRV oG o e € L2(RY),
Vv Po
Since

| / gn(vppn)'YH V pn)d‘r - / go(vpp0)'70p0)dw|
R4 R4
<| /d (VDo v VP = VDpy o v/Po)dT] + | /d(fn — £0)VPpo 70/ Pod|,
R R

and since
sw [ JeaPdo= sup 1(p,) < .
n=0,1,... J Rd n=0,1,...
sup / |Vppm%,/pn|2dx: sup d2(pn,7n)<<>o7
n=0,1,... J Rd n=0,1,...



58 JIN FENG, MARKOS KATSOULAKIS

(A.91) holds if {¢&,} converges weakly to & in L2(R4):

(€nsq) — (S0,9), g € L*(RY), (A.92)

and the following norm convergence in L?(dx) holds:

VDo A0V P = VDpo 50\ P0- (A.93)

Indeed, because

v/Rd | v anme’Yanm = d2(pm'7n) - d2(p0770) - ‘/]%d |\/p_0vPP0;V0|2dx7

even (A.93) is implied by the seemingly weaker statement:

VPV D =" POV Dpoe i LP(dz). (A.94)
By
sup [ (VEP + 16PNz =sup [ (VFP + 417+ VAV
n R4 n R4
=sup(l+ I(py)) < oo,

if we denote O, = {z € R? : |z| < m} for m = 1,2,..., then for each m

fixed,
sup [ (VP + 9yl < .

That is, {\/pn} is bounded in H*(O,,). Therefore, for the m fixed, by se-

lecting subsequences if necessary, we can find n € L?(0,,,) such that
Jim [lv/pu = nllzzo,) = 0. Vvpu =" Vi in L(On).
In particular, this implies

/ 1pn = 1P1dz < I/ = ll 2o | Vom + 1l 20,y — 0.

m
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By assumption, p, converges to pg in the 2-Wasserstein metric, we can
identify that n?(z) = po(z) for € O,, a.e-dz. Hence
V/pn =% Vy/po in L*(O,,).

By the arbitrariness of m, (A.92) follows. Furthermore,

nli_’r{>10||\/pn—\/p_0|\Lz(@m) =0, VYm=12,.... (A.95)

We will need this to verify (A.94) next.

Since

1(VPon ) v Pn||2L2(Rd) = /Rd |Vppn,'yn|2dpn = d*(pn, ) < C < o0,

{/PnVDp, .~ } is uniformly bounded in L?(R%). For any L?(R®)-weakly con-

vergent limit point & € L2(R?), at least along subsequences

lim [ (Vpp, . )v/Pnnde = / ¢ndz, n e L*(RY).
Rd

n—oo [pd

In particular, since \/py € L2(R?), for each xy € C°(RY),

i [ (Vo W0 = [ (V.

n—oo Jpd

Combined with (A.95), this implies

n—oo

fim [ (Vo) Vin (Vroide = [ 6y xda, x e O (R
(A.96)

This is because for m large enough so that O, O supp(x),

|/Rd(van7’Yn)\/pn(\/ Pn — \/%) : del
) 1/2
([ 190 o) 17 = Vil s, stp ()

IN

— d(pnu/yn)” \/p’ﬂ - \/p_0||L2((’)m) sup |X(£L’)| - Oa
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where the limit is taken as n — oo.

Following the notations of Theorem 9, we define
T (dz, dy) = 0v,,, .. (@) (dY)pn(z)dz, mo(dx,dy) = 0vy, . (2)(dY)po(T)dz.

Since d(pn, po) + d(Yn,70) — 0, sup, [pay ga(l2]* + |y|?)dm, < oo, hence
7y, is tight. By Lemma 9, Proposition 10 of McCann [28], and Rockafellar’s
theorem [30] on convex function characterization of cyclically monotone set
in RY x R, 7, = 7 in the topology of weak convergence of probability

measures. Therefore,

| Fomnle) x@mlads = [ (@) x(e)imo(ds.dy
Rd

Rex R4
= lim (x —y) - x(x)dm, (dz,dy) = lim / VDo v (@) - X () pr(x)dx
n—00 [pdy Rd n—0o0 JRd
- [ $@Vo@) s, xec (),
where the last step follows from (A.96). Hence § = Vp,, 4,/po, giving

(A.94).
By interpolation inequality (Theorem 9.17 of [37]),

Elp) <E() + %d(p, NVI(p) — =d*(p,7),

where Ly € R is the constant in (20). In particular, the finiteness of I(p)
and &(v) implies the finiteness of £(p). The following is a refinement of the

above inequality.
Lemma 8. Let p,y € E both have Lebesgue density
p(dx) = p(x)dz, ~(dy) = y(y)dy.

We denote pp.~,qp~ following the notations in Theorem 9. Then
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1.4f I(p) < 400,

E()=E(p) + /Rd V() - (% fo()g)

£V @)pla)dr + L P(p,)
(A.97)

2.4fE(p) + E(y) + L(p) + I(7) < +o00, then

/R | Vppa (@)
+ [ Ve

Vp+pV(2P) PV (2%) (x)p(z)dx (A.98)

Vy +4V(2V¥)
v

(W (y)dy > 2L d*(p, 7).
Proof. By symmetry, we only need to prove (A.97).

When both p,~ are compactly supported, (A.97) is Theorem 4.1 of
Cordero-Erausquin, Gangbo and Houdré [5]. The general case follows by
approximating general probability density functions by densities with com-

pact support and by using the convergence result of Lemma 7, and by the

lower semicontinuity of £.
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Appendix B. Connections with large deviation theory

The H operators in Examples 1, 2 and 3 also arise naturally from large
deviation of stochastic interacting particle systems. Indeed, such large de-
viation connection gives a direct approach to the construction of sub and
super viscosity solution of (2). For a rigorous exposition on this approach
in the context of general Markov processes, see [18].

Let py(t), 0 <t < 400 be an E-valued Markov process with trajectories
in space C([0,00); E). By the large deviation principle for the {p, : n =

1,2,...}, we mean the following probabilistic asymptotic is satisfied:

lim < log Ppa(-) € B) = — inf I(p) (B.99)

n—-+oco N pEB

for all "nice” measurable set B C C([0,00), E). Or heuristically,
Ppn() € B) ~ Z; ' exp{—n inf 1(p)},
pEB

where Z, is some normalizing constant growing at sub-exponential rate of
n. I(-): C([0,00); E) — [0, +0o0] is called the action functional.

The connection between large deviation (B.99) and Hamilton-Jacobi
equation (2) can roughly be described as follows: Let A,, be the linear gen-
erator [12] of the process p,. We introduce transformed nonlinear operator
H,f = %e_"-fAne"f. Suppose that H, — H in a certain sense and that
pn(t) is concentrated in compact set of E with high probability (see [18]),
then there exists bounded upper semicontinuous subsolution and bounded

lower semicontinuous supersolution to

(I—aH)f = h,
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where o > 0,h € Cp(F). Moreover, if the comparison principle holds for
“sufficiently many” hs, then the large deviation principle (B.99) holds. Fur-
thermore, if the H corresponds to a control problem, then the action func-

tional I can be identified as the running cost of the control structure.

Example 4. Let O, F be defined according to Example 1, and let p,, be the
solution to stochastic PDE

o , 1 W (ot,ox)
gpn = Apn - F (pn(lf, w)) + ﬁw, (BlOO)

where W (t, x), (t,x) € [0,00) x O is a scalar valued time-space Brownian
sheet.
If we view p,,(t) as E = L?(O)-valued diffusions, and take test functions

of the form (13), then by Ito’s formula

Hof(p) =D _ 0ie((p, €0)(Ap = F' (p), &) + : D 0l(p, )04 €D &)
o Y B, )6

Consequently, limy, . oo Hy f(pn) = H f(p) whenever lim,, . 1 || pn—pl|2(0) =

0, where H is defined by (15).

Example 5. Now we consider a stochastically perturbed Cahn-Hilliard equa-
tion, which models the evolution of conserved quantity [ p, (¢, z)dz = con-
stant:

1 W(or, 833)) (B.101)

) ,
P =V (V(—Apn + F (pn)) + NI

where W (t,z) = (Wi (t,x),..., Wy(t,z)) is an R%valued Brownian sheet

and F is as in Example 2.
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Similar to Example 4, taking test functions of the form (13) and apply

Ito’s formula,

m

Hof(p) =Y 0io((p, A= Ap + F (p(x))), &)
=1

+3 2 el (0. 8)) [ V6 Vesda

255 ©

b O el [ Ve Ve

ij=1 o
Therefore limy, . 1 oo Hy, f(pn) = H f(p) whenever lim,, . 1 [|pn — pll 2(0) =

0, where H is given by (19).

In general, stochastic partial differential equations (B.100) and (B.101) do
not always have function valued solutions, the calculations above are there-
fore only formal. To make the argument rigorous, for the practical purpose
here, we can discretize the space and the Brownian sheet on a finite lat-
tice. Then, as n goes to infinity, provided the lattice mesh size go to zero
slowly enough, the same H can still be derived as a limit from the H,s

corresponding to the discrete system.

Ezample 6. Let ®,¥ € C?(RY) and &(z) = &(—z). We consider a system

of weakly interacting particles governed by the stochastic differential equa-

tions:
1 n
dXi(t) = —VII/(XM(t)) --y V@(Xm-(t) _ Xn,j(t))dt AW, (1),
j=1
(B.102)
where W;(t),i = 1,2,...,n are R3-valued independent standard Brownian

motions. Because each particle plays a symmetric role in (B.102), instead
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of the vector valued process (X, 1(¢), ..., Xnn(t)), we can equivalently con-
sider the process of empirical measures py, (t,dx) = n=' 3 6x, ) (dz).

Apply Ito’s formula, for the f in (13) with &, € C°(R%),

Hof(0) = 32 00, o, B)E) + 5 3 00, )05((0.€) 0, VE: - VE;)

i=1 ij=1

Z@Jw ({0, ))(p, V& - V&),

3,5=1

where
B(p)¢ = (%A — (V& + V& p) - v)g.
Let d be the order-2-Wasserstein metric. Suppose lim,, d(p,,p) = 0 in
the topology of weak convergence of probability measures, and that V&(z)

has sub-quadratic growth as z approaches infinity. Then H,, f(p,) — H f(p)

where

k k

Hf(p) = dio((p, p)){p, B(p)pi) + % > die((p, p))050((p, p)) s (Vi) Vpy)

i=1 i,j=1
~ B+ 5 [ VR = B0 5+ 5 [ 195 R
Setting ¢ = 0, we arrive at the H in (26) as a special case. In such situation,
each particle in (B.102) evolve independently of the other, with transition
probability density governed by the Fokker-Planck equation given by gen-
erator B*p = £ Ap + V(pV¥).
We assumed ¢ = 0 in the proof of the comparison Theorem 8. The

general case, however, follows from minor modifications of the same proof.

A careful comparison between the above Hs and those in the comparison

Theorems 6, 7 and 8 reveals a gap. The H in the comparison theorem is
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always ”larger” than that we derived here, in the sense that the larger H
contains a richer class of test functions (40) and (41). These test functions
played key roles in the proof of the comparison results, and they are semi-
continuous but not continuous. Indeed, Definition 1 of viscosity solution is
inappropriate to use for equation defined by the ”smaller” H, because there
is no a priori guarantee that those extremal points in the definition exists
any more. Such a gap can be filled either by directly working with test func-
tions (40) and (41) when deriving the limit of H,,, or by a viscosity extension
technique in [18]. By this technique, we prove that any sub- (respectively
super-) viscosity solution of (2) for the smaller H in a different sense, is
also a sub (respectively super-) solution of the equation for the larger H in
the sense of Definition 1. See Chapter 13 of [18] for detail. Viscosity exten-
sion for the case of the probability-measure-valued state space example is

so involved that a whole section 13.3.3 in [18]is devoted for the proof.
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