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In tro duction

Let k be a number �eld, and let H and Hs be respectively the Hilb ert Class
Field and the strict Hilb ert Class Field over k. Put G = Gal(H=k), Gs =
Gal(Hs=k), and G1 = Gal(Hs=H). The group G1 is an elementary abelian
2-group generatedby the conjugations associated to the r1 real embeddings
of k. In 1967,Armitage and Fr•ohlich [A{F ] found non-trivial constraints on
the two parts of the group extension

1 ! G1 ! Gs
�! G ! 1 (1)

by an ingenious method basedon the theory of quadratic spacesover F2.
We may state their main result as follows.

Theorem 1 (Armitage and Fr•ohlic h) Let � and � s denotethe respective
2-ranksof G and Gs. Then � s� � � [r1=2], where [r1=2] is the greatest integer
in r1=2.

Since G1 is an elementary abelian 2-group, � s � � measuresthe number
of cyclic components of Gs that are generated by an element of G1 and
therefore split o� in the extension (1).

In 1976, Oriat [Or] proved that � s � � � r1=2 by a direct method that
does not require the bilinear form intro duced by Armitage and Fr•ohlich.
In this paper, we prove Theorem 1 by a re�nement of Oriat's method and
derive some further results. In particular, we show that the 2-part of (1)
never splits completely unless� s = � . Our new idea, basically, is to take a
hard look at the diagram in Figure 1. There K is the class�eld, and K s is
the strict class�eld of conductor 4. Further � s (resp. �) is the Galois group
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of K s=k (resp. K =k), and � 1 = Gal(K s=K ). The sub�elds Q, Qs, Q4, and
Qs;4 are the �xed �elds respectively of G2, G2

s, � 2, and � 2
s.

Some notation

Ok is the ring of integersof k.

I is the group of fractional ideals of k.

P � I is the subgroup of principal ideals.

P+ � P is the subgroup consisting of the principal ideals that may be
generatedby a totally positive element of k.

Pic(Ok ) = Ok=P �= G is the classgroup of k.

Pic+ (Ok ) = Ok=P+ �= Gs is the strict classgroup of k.

r1 is the number of real embeddingsof k, and r2 is the number of pairs of
complex conjugate embeddingsof k.

E = O�
k is the unit group of k, and E+ is the subgroup consisting of the

units that are positive in each of the r1 real embeddingsof k.

E4 = f " 2 E : " is a squaremod 4g.

1 2-ranks of abelian groups

If A is an abelian group, then the 2-rank rank2(A) of A is de�ned to be the
F2-dimension of

A 
 Z F2
�= A=2A :

Let T2(A) be the 2-torsion subgroup of A. For �nite A, onehas rank2(A) =
dimF2 T2(A). This follows most conveniently from dualit y theory.

For a subgroupB of A, de�ne rad(B ; A) def= f b 2 B : 9a 2 A; b = 2ag=2B .
The following lemma is then almost immediate.

Lemma 1 Let 0 ! B ! A ! C ! 0 be an exact sequence of abelian
groups. Then

rank2(B ) + rank2(C) = rank2(A) + rank2(rad(B ; A)) (2)

in the sensethat if any two of the groupsappearing in (2) have�nite 2-rank,
then so does the third, and the equality holds.
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2 Some elementary abelian 2-extensions of k

If Q (resp. Qs) denotes the composite of all the quadratic sub-�elds of H
(resp. Hs), then � = log2 [Q : k] and � s = log2 [Qs : k]. Therefore, it is sen-
sible to try to understand the quadratic extensionsof k that are unrami�ed
at every �nite prime. For this purpose,it is essential to understand also the
quadratic extensionsof k that are unrami�ed at every �nite prime except
possibly for the primes dividing 2.

Put Zs = f z 2 k� : zOk is a squarein I g, and let Z denote the set of
elements in Zs which are positive at every real place of k. Further, de�ne
X s = f x :

p
x 2 Qsg and X = f x :

p
x 2 Qg. Clearly we have X � Z ,

X s � Zs, and X = X s \ Z . Let Q4 denotethe composite of all the quadratic
extensionsk(

p
z) for z 2 Z , and let Qs;4 denote the composite of all the

quadratic extensionsk(
p

z) for z 2 Zs.

Prop osition 1 (Oriat) The 2-rank of Gal(Qs;4=k) is � + r1 + r2; and the
2-rank of Gal(Q4=k) is � s + r2.

Proof . From the de�nitions, if z 2 Zs, then there is an ideal a 2 I such
zOK = a2. We therefore have a map z 7! a from Zs onto T2(Pic(OK )),
and this map partitions Zs into 2� �b ers. Let F be one of these�b ers, and
choosez1 and z2 in F . Then (z1=z2)OK is the squareof a principal ideal,
and so there is an element t 2 k and a unit " 2 E so that z1 = "z2t2. The
squareroots of z1 and z2 will generatethe sameextensionof k exactly when
the unit " is a square. Thus there are exactly # T2(Pic(OK )) � # E=E2 � 1
quadratic extensionsof k that are generatedby the squareroots of elements
of Zs. Hence

rank2(Gal(Qs;4=k)) = � + rank2(E=E2) = � + r1 + r2

as E is the product of � (k) and a free group of rank r1 + r2 � 1.
Turning next to Q4, put � 1 = rank2(G1 ). The image of the restriction

of z 7! a to Z is isomorphic to � (T2(Gs)), where � is the map in (1). Let
� � denote the 2-rank of this image. Arguing as above, we �nd

rank2(Gal(Q4=k)) = � � + rank2(E+ =E2) :

Now rank2(E+ =E2) = � 1 + r2 by a standard calculation. Further,

1 ! G1 ! T2(Gs) ! � (T2(Gs)) ! 1

is exact, and so� � = � s � � 1 . We concludethat rank2(Gal(Q4=k)) = � s+ r2,
as required. 2
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We can usethis proposition to compute the 2-rank of each of the exten-
sionsof Q in the lower squareof the cube in Figure 1:

rank2(Gal(Qs=Q)) = � s � � : (3)

rank2(Gal(Q4=Q)) = � s � � + r2 : (4)

rank2(Gal(Qs;4=Q4)) = � � � s + r1 : (5)

rank2(Gal(Qs;4=Qs)) = � � � s + r1 + r2 : (6)

3 Some consequences of Prop osition 1

First, we prove Theorem 1. Let W = Gal(Qs;4=(Qs � Q4)) be the kernel
of the restriction map from Gal(Qs;4=Q4) to Gal(Qs=Q). Since Qs=Q and
Q4=Q are linearly disjoint, the restriction is surjective, and we can conclude
that

� � � s + r1 = � s � � + rank2(W) =) � s � � =
r1 � rank2(W)

2
: (7)

Now, the product � 2 Gal(Qs;4=Q4) of all the conjugations at the r1 real
placesof k clearly belongsto W. If r1 is odd, then � 6= 1 becauseit movesp

� 1, which obviously belongsto Qs;4. It follows that rank2(W) � 1 when
r1 is odd, and that is enoughto prove Theorem 1.

We can use(4) to generalizea result of Greither [G] (seealso [H]).

Prop osition 2 The 2-rank of the sub�eld of Q that is generated by square
roots of units is at least � 1 � [r1=2]. Thus, � � � 1 � [r1=2].

Proof . Let t = rank2(E4 \ E+ =E2). We must show that t � � 1 � [r1=2].
Now

� 1 + r2 = rank2(E+ =E2) = rank2(E+ =(E4 \ E+ )) + t

� rank2(Gal(Q4=Q)) + t = � s � � + r2 + t

which together with Theorem 1 yields the result. 2

Remark: In Theorem 1 of [A{F ], Armitage and Fr•ohlich �nd at least a
� 1 � [r1=2] dimensional spaceof 2-torsion in Pic(Ok ). This last proposition
shows that at least that much 2-torsion is contributed by square roots of
units.
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Figure 1: The ClassFields (mod 4) et al. over k
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