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1. Intr oduction

This paper is motivated in part by the observation that a portion of the Deligne-
Ribet 2-adic congruencesfor special valuesof L -functions may be derived from the
standard congruencesproved in their paper [3] and also by Barsky and Cassou-
Nogues[1]. Let k be a totally real number �eld, amd let K =k be a �nite abelian
extension with Galois group G. Let G1 be the subgroup of G that is generated
by complex conjugations, and let K 1 be the �xed �eld of G1 . Powers of two
accumulate in the coe�cien ts of the Stickelberger elements as you restrict them
down a chain of quadratic sub-extensionsof K =K1 , ending at the CM sub�eld of
K . For details see[5].

A similar con�guration arises in trying to align Brumer-Stark elements into a
Hecke character (cf. [6]). Let ` be a rational prime dividing Card(� (K )). Assume
that ` has a prime divisor in k which does not ramify in K =k. Let H ` be the
sub�eld of the Hilb ert ClassField of K generatedby `-th roots of totally positive
units in k. Do these assumptions imply that ` must divide the coe�cien ts of the
Brumer element of K ? Since H ` =k is rarely abelian, in order to apply an analog
of the 2-adic techniquesmentioned in the previous paragraph to this question, one
needsto de�ne appropriate non-abelian Stickelberger elements in the group ring
C[Gal(HK =k)].

Our aim in this paper is to de�ne a Stickelbergerfunction for any non-abelian Ga-
lois extensionK =k of global �elds and prove that it enjoys functorial properties like
those of the abelian Stickelberger functions. The non-commutativ e Stickelberger
elements associated to K =k are then the values of this function at non-positive
integral valuesof s.

2. Class equa tions of a finite gr oup

Let G be a �nite group of order g, and let C1; C2; : : : ; Cr be the conjugacy
classesof G. For 1 � i � r , let gi be the number of elements in Ci . We may
identify each classCi with the element

P
� 2 C i

� of the complex group ring C[G].

We write C � 1
i

def=
P

� 2 C i
� � 1 for the inverse class to Ci . The subring

C[G]�
def= C[C1; C2; : : : ; Cr ]

Date : March 5, 2003.

1



2 DAVID R. HA YES

generated by the conjugacy classesis the center of C[G]. De�ne integers hij k ,
1 � i; j ; k � r , by the equations

Ci � Cj =
rX

k=1

hij k Ck :(2.1)

The equations (2.1) are the classequations of G.
A complex valued function f on G extends by linearit y to a function on C[G].

In particular, any action of G on a �nite dimensional complex vector spaceV gives
rise to a character � V : G ! C, which is constant on the classesof G. Then we
write

� V (Ci ) =
X

� 2 C i

� V (� ) = gi � V (� i )

where � i is any element Ci .
Let � 1; � 2; : : : ; � r be the irreducible characters of G, and for 1 � p � r , put

dp = deg� p. The following theorem (cf. [7], x5, Hilfssatz 5.11and x2 below) asserts
that the integershij k determine the characters of G.

Theorem 2.1. Given an irr educible character � p, de�ne

� p(Ci ) =
� p(Ci )

dp
(2.2)

for every conjugacy classCi . The C-linear extension of the map Ci 7! � p(Ci ) is a
ring homomorphismfrom C[G]� into C. Further, every homomorphismfrom C[G]�
into C is one of the � p.

This theorem assertsthat the vectors

(x1; x2; : : : ; xn ) def=
�
� p(C1)=dp; � p(C2)=dp; : : : ; � p(Cr )=dp)

�

for p = 1; 2; : : : ; r are the non-zerosolutions of the quadratic system of equations

x i x j =
rX

k=1

hij k xk :(2.3)

We may compute dp from a given non-zero solution from the row orthoganality
property of the character table of G as follows.

1
g

rX

i =1

gi j� p(� i )j2 = 1 ) dp = g
1
2

"
rX

i =1

1
gi

�
�
�
�
� p(Ci )

dp

�
�
�
�

2
#� 1

2

) dp = g
1
2

, vu
u
t

rX

i =1

g� 1
i jx i j2

(2.4)

Example 2.2. Take G = S3, the symmetric group on f 1; 2; 3g. The classesare
C1 = 1, C2 = (12) + (13) + (23), and C3 = (123) + (132). In this example,
Equations 2.1 become

C2
2 = 3C1 + 3C3

C2
3 = 2C1 + C3(2.5)

C2 � C3 = 2C2;
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and so we may contruct the character table for S3 by solving the system

x2
2 = 3x1 + 3x3

x2
3 = 2x1 + x3(2.6)

x2x3 = 2x2:

The solutions are (1; 3; 2), (1; � 3; 2), and (1; 0; � 1). From (2.4) and the counts
g1 = 1, g2 = 3, g3 = 2, we �nd d1 = 1, d2 = 1, and d3 =

p
6=(1+ 1

3 � 0+ 1
2 � 1)1=2 = 2.

Thesevalues lead to the familiar character table for S3.

C1 C2 C3

� 1 1 1 1
� 2 1 -1 1
� 3 2 0 -1

Table 1. Character table for S3

3. The central or thogonal idempotents of C[G]

For 1 � p � r , the elements ([4], x18.3)

zp =
dp

g

X

� 2 G

� p(� � 1) � � =
dp

g

rX

i =1

1
gi

� p(Ci ) � Ci 2 C[G]�(3.1)

are orthogonal idempotents, each generating one of the r minimal ideals of C[G].
This follows from the column orthogonality of the character table of G. By the
row orthogonality of the character table and (2.2), it follows that � p(zp) = 1 and
� p(zq) = 0 for p 6= q. Thus, Theorem 2.1 is a consequenceof the orthogonality
relations for the characters of G. We observe also that the homomorphisms � p

form a basis for the C-linear dual of C[G]� .

Prop osition 3.1. For each classCi and idempotent zp,

zp � Ci =
� p(Ci )

dp
� zp:(3.2)

Proof. If q 6= p, then � q applied to either side of (3.2) yields zero; and � p applied
to either side of (3.2) yields equality by de�nition of � p.

Example 3.2. For the group S3, we seefrom Table 1 that the central orthogonal
idempotents are

z1 =
1
6

(1 + C2 + C3) =
1
6

�
1 + (12) + (13) + (23) + (123) + (132)

�

z2 =
1
6

(1 � C2 + C3) =
1
6

�
1 � (12) � (13) � (23) + (123) + (132)

�
(3.3)

z3 =
1
3

(2 � C3) =
1
3

�
2 � (123) � (132)

�
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We know further from the Wedderburn theory that z3 = z0
1 + z0

2, where z0
1 and z0

2
are orthogonal idempotents in the minimal ideal C[S3] � z3 of C[S3]. As the reader
may check,

z0
1 =

1
3

�
1 + ! (123) + ! 2(132)

�

z0
2 =

1
3

�
1 + ! 2(123) + ! (132)

�
;

(3.4)

where! is a primitiv e cube root of unit y. The idempotents z0
1 and z0

2 are two of the
three central orthogonal idempotents in the subring C[f 1; (123); (132)g] of C[S3].
This subring is isomorphic to the group ring of the cyclic group of order 3.

4. C[G] as a Bana ch algebra

We may regard C[G] as the L 2-functions on G in the discreteHaar measurethat
givesevery singleton set measureone (counting measure). Thus if � =

P
� 2 G c� �

and � =
P

� 2 G d� � , then

h� ; � i def=
X

� 2 G

c� d�(4.1)

de�nes an inner product that gives C[G] the structure of a Hilb ert space; and
C[G] becomesa Banach algebra under the 2-norm associated to the self-dual Haar
measureon G. Explicitly ,

jj � jj2
def=

"

g
X

� 2 G

jc� j2
# 1

2

:(4.2)

Prop osition 4.1. For 1 � p � r , jjzp jj2 = dp.

Proof. By (3.1) and (4.2), jjzp jj2
2 = (d2

p=g) �
P

� 2 G j� p(� )j2 = d2
p via the row orthog-

onality property of the character table of G.

We may usethe 2-norm topology to de�ne the standard functions

ez =
1X

n =0

zn

n!
and log(1 � z) =

1X

n =1

(� 1)n � 1 zn

n
(4.3)

for z 2 C[G]. The exponential series converges for all z 2 C[G], whereas the
logarithmic seriesconvergesonly in the open unit ball B = f z 2 C[G] : jjzjj2 < 1g.

5. Non-commut ative Stickelber ger functions

Let K =k be a �nite Galois extensionof global �elds with Galois group G, and let
S be a �nite set of placesof the base�eld k that contains all the placesthat ramify
in K =k and alsoany archimedeanplaces. Let � be the character of a representation
of G obtained from the action of G on a �nite dimensionalC-vector spaceV . Then
the imprimitive Artin L -function L K =k ;S (s; � ) of � is de�ned as follows:

L K =k ;S (s; � ) def=
Y

p =2 S

det
�

1 �
� (p)
N ps

�
�
�V

� � s

(5.1)

where � p 2 Ci (p) , the Frobenius classassociated to p. If the Artin conjecture holds
for K =k, then L K =k ;S (s; � ) is holomorphic in the whole complex plane, except
possibly for a simple pole at s = 1. One knows (see[8]) that the Artin conjecture
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is true when the group G is supersolvable. In any case,we know by the theorem of
Brauer (see[8]) that L K =k ;S (s; � ) is meromorphic in the whole complex plane.

De�nition 5.1. The meromorphic function

� K =k ;S (s) def=
rX

p=1

L K =k ;S (s; � p) � zp(5.2)

taking values in C[G]� is the S-Stickelberger function associated to K =k.

Prop osition 5.2. For 1 � p � r , we have

� p(� K =k ;S (s)) = L K =k ;S (s; � p)(5.3)

for all complex s where � K =k ;S (s) is de�ned; and this property uniquely de�nes
� K =k ;S (s).

De�nition 5.1 exhibits the Stickelberger function as a linear combination of the
central idempotents of C[G]. We may also write it as a linear combination of the
classesCi as follows:

� K =k ;S (s) =
rX

i =1

� K =k ;S (s;Ci ) �
1
gi

C � 1
i :(5.4)

We call � K =k ;S (s;Ci ) the partial zeta-function associated to the classCi . Applying

� p to both sidesof (5.4), we obtain

L K =k ;S (s; � p)) =
1
dp

rX

i =1

� K =k ;S (s;Ci ) � � p(� i ):(5.5)

6. The restriction pr oper ty of � K =k ;S (s)

If H is a normal subgroup of G with �xed �eld K 0, then (see [9], Chapitre 0,
x4) the L-function of a character � of G0 = Gal(K 0=k) is the L-function of the
in
ate d character � � res of G, where res = resK ! K 0 : G ! G0 is the restriction
homomorphism. Thus, � K =k ;S (s) determines � K 0=k ;S (s). The following theorem
shows how one may compute � K 0=k ;S (s) from � K =k ;S (s).

Theorem 6.1 (Restriction) . The function � K 0=k ;S (s) = resK ! K 0(� K =k ;S (s)) .

Proof. Let � p0 bean irreducible character of G0, and let � p = � p0 � resbe its in
ation
to G. Then � p is an irreducible character of G of degreedp = dp0; and we have

� p0(� K 0=k ;S (s)) = L K 0=k ;S (s; � p0) = L K =k ;S (s; � p) = � p(� K =k ;S (s)) ;(6.1)

the secondequality arising from the in
ation property of Artin L -functions. Thus
by (2.2), the restriction of � K =k ;S (s) to C[G0]� has the de�ning property (5.3),
which uniquely determines� K 0=k ;S (s).

Equation (6.1) may be formulated as a relation betweenthe partial zeta-functions
of K and K 0. To easenotation, put b� = res(� ) for each � 2 G. If C is a classof G,
the restriction bC of the set of elements of C to G0 is a classin G0; and conversely,
the inverseimage res� 1(C0) of the set of elements in the classC0 of G0 is the union
of classesof G. Now if C0 = f b� 1; b� 2; : : : ; b� g0g, then

res� 1(C0) = � 1H [ � 2H [ � � � [ � g0H:(6.2)
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SinceH is normal, conjugation by an element � 2 G permutes thesecosets.Thus,
if C is a classin res� 1(C0) and { r = � � 1

r (C \ � r H ), then

C = � 1{ 1 [ � 2{ 2 [ � � � [ � g0{ g0;(6.3)

and each subset � r { r contains Card(C)=g0 elements.

Corollary 6.1. For a classCj of G, we have

� K 0=k ;S (s; bCj ) =
X

i
bC i = bC j

� K =k ;S (s;Ci ):(6.4)

Proof. Applying res: Z[G] ! Z[G0] to both sidesof (5.4), we obtain

� K 0=k ;S (s) =
rX

i =1

� K =k ;S (s;Ci ) �
1
gi

res(C � 1
i ):(6.5)

by Theorem 6.1. Let C0 be the set theoretic restriction of the classC = C � 1
j to G0.

By (6.3),

1
gj

res(C) =
1
gj

res

 
X

� 2 C

�

!

=
1
gj

g0
X

r =1

res(� r )
X

� 2 { r

res(� )

= (Card(C)=gj ) �
1
g0 C0 =

1
g0 C0

(6.6)

as gj = Card(Cj ) = Card(C � 1
j ) = Card(C). Write g

0

j = g
0

= Card( bCj ). We have
now shown that

� K 0=k ;S (s) =
X

j

0

@
X

bC i = bC j

� K =k ;S (s;Ci )

1

A �
1
g0

j

bC � 1
j ;(6.7)

which implies (6.4).

7. The reduction pr oper ty of � K =k ;S (s)

If H is a subgroup of G with �xed �eld k0, then (see [9], Chapitre 0, x4) the
L-function of a character � of H equals the L-function of the induced character
Ind � = IndG

H � on G. Thus, � K =k ;S (s) determines� K =k 0;S 0(s). In this section, we
de�ne the inhomogeneous norm INormG! H : C[G]� ! C[H ]� and show that

� K =k 0;S 0(s) = INormG! H (� K =k ;S (s)) :(7.1)

If f is a function on G, then Res f denotesthe restriction of f to H . If f is a
function on H , then the function Ind f de�ned for � 2 G by

(Ind f )( � ) def=
1

Card(H )

X

� 2 G
� � � � 1 2 H

f (� � � � 1)(7.2)

is the induced function on G. For z 2 C[H ]� , we de�ne

Ind z def=
1

Card(G=H)

X

� 2 G=H

� z� � 1;(7.3)

where � runs through a set of left cosetrepresentativ esfor H in G. The right hand
side is clearly independent of the choice of the representativ e elements � .
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Prop osition 7.1. For any z 2 C[H ]� , Ind z 2 C[G]� .

Proof. For any 
 2 G, we have


 (Ind z)
 � 1 =
1

Card(G=H)

X

� 2 G=H

(
 � )z(
 � ) � 1:(7.4)

Now, as � runs through left coset representativ es for H , so does
 � .

De�nition 7.2. Let W be a �nite dimensionalC[G]-module, and let � be its char-
acter as a representation of G. For 1 � p � r , let np be the number of times the
irreducible character � p appears in � . We call

Sig(� ) def=
n1

d1
z1 +

n2

d2
z2 + � � � +

nr

dr
zr 2 C[G]�(7.5)

the signi�er of � .

Let � 0
p0, 1 � p0 � r 0, be the irreducible charactersof H , and let z0

p0 be the central
orthogonal idempotent in C[H ]� associated to � 0

p0.

Theorem 7.3. The element(1=dp0)Ind zp0 is the signi�er of the induced character
Ind � 0

p0.

Proof. First, we evaluate the irreducible character � p on Ind zp0. We have

� p(Ind zp0) =
1

Card(G=H)

X

� 2 G=H

� p(� zp0� � 1) = � p(zp0)(7.6)

since� p is a classfunction. Now by the de�nition (3.1) of zp0,

� p(zp0) =
dp0

Card(H )

X

� 2 H

� 0
p0(� � 1) � (Res � p)( � )

=
dp0

Card(G)

X

� 2 G

(Ind � 0
p0)( � � 1) � � p(� ):

(7.7)

by Frobenius reciprocity. SinceInd � 0
p0 =

P r
q=1 nq� q, we have

� p(zp0) =
dp0

Card(G)

rX

q=1

nq

X

� 2 G

� q(� � 1)� p(� ) = dp0np(7.8)

by the row orthogonality of the character table of G. Thus,

� p(Ind zp0) = � p(Ind zp0)=dp = (dp0np)=dp = dp0� p(Sig(Ind zp0));

which implies the result.

Example 7.4. Take G = S3 with H = f 1; (123); (132)g. We have three central
orthogonal idempotents

z0
1 =

1
3

(1 + (123) + (132))

z0
2 =

1
3

�
1 + ! (123) + ! 2(132)

�

z0
3 =

1
3

�
1 + ! 2(123) + ! (132)

�
;

(7.9)
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and we compute

Ind z0
1 =

1
2

(z0
1 + z0

1) = z0
1 = z1 + z2

Ind z0
2 =

1
2

(z0
2 + z0

3) =
1
2

z3

Ind z0
3 =

1
2

(z0
3 + z0

2) =
1
2

z3:

(7.10)

Thus, if � 0
1, � 0

2, and � 0
3 are the characters of H corresponding respectively to z0

1,
z0

2, and z0
3, then Ind � 0

1 = � 1 + � 2 while Ind � 0
2 = Ind � 0

3 = � 3.

7.1. The inhomogeneous norm INorm. Let r 0 denote the number of classes
of H . For 1 � p0 � r 0, let � 0

p0 be the p0-th character of H , and let z0
p0 be the

corresponding central idempotent in C[H ]� .

De�nition 7.5 (INorm) . Let X = (x1; x2; : : : ; x r ) be a vector of indeterminates.
For 1 � p0 � r 0, set

M p0

G! H (X ) def=
rY

p=1

xn p (p0)
p ;(7.11)

where np(p0) is the number of times � p appearsin Ind � 0
p0. We call M p0

G! H (X ) the
monomial of the representation � 0

p0; and we call

PG! H (X ) def=
r 0

X

p0=1

M p0

G! H (X ) � z0
p0 2 C[H ]�(7.12)

the polynomial of the subgroupH . For a given element z = c1z1 + c2z2 + � � �+ cr zr 2
C[G]� , we de�ne

INormG! H (z) def= PG! H (c1; c2; : : : ; cr ):(7.13)

Prop osition 7.6. We have � K =k 0;S 0(s) = INormG! H (� K =k ;S (s)) .

Proof. From De�nition 7.5,

� K =k 0;S 0(s) =
r 0

X

p0=1

L K =k 0;S 0(� 0
p0; s) � z0

p0 =
r 0

X

p0=1

L K =k ;S (Ind � 0
p0; s) � z0

p0

=
r 0

X

p0=1

M p0

G! H

�
L K =k ;S (� 1; s); L K =k ;S (� 2; s); : : : ; L K =k ;S (� r ; s)

�
� z0

p0(7.14)

= INormG! H (� K =k ;S (s)) :

Thus, INorm maps the S-Brumer element of K =k onto the S0-Brumer element of
K =k0.

In what senseis the function INorm a \norm" from C[G]� into C[H ]� ? We �rst
observe that INorm has two properties that are sharedby all norms. We then show
that when H is abelian, INorm can be computed as a determinant in much the
sameway as one computesstandard norm maps.

Theorem 7.7. Let G � H � I be subgroups of G. Then for � ; � 2 C[G]� ,

INormG! H (� � ) = INormG! H (� ) � INormG! H (� )(7.15)
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and

INormH ! I
�
INormG! H (� )

�
= INormG! I (� ):(7.16)

Proof. Property (7.15) is clear since INorm is de�ned by monomials. For (7.16),
we seefrom the de�nition (7.13) that

INormH ! I

 

INormG! H

 
rX

p=1

xpzp

! !

= INormH ! I

0

@
r 0

X

p0=1

M p0

G! H (x1; x2; : : : ; x r ) � z0
p0

1

A

=
r 00

X

p00=1

M p00

H ! I

�
M 1

G! H (X ); M 2
G! H (X ); : : : ; M r 0

G! H (X )
�

� z
00

p00

=
r 00

X

p00=1

0

@
r 0

Y

p0=1

�
M p0

G! H (X )
� n p 0(p00)

1

A � z
00

p00:

Now, we have

r 0
Y

p0=1

�
M p0

G! H (X )
� n p 0(p00)

=
r 0

Y

p0=1

rY

p=1

x
n p (p0) �n p 0(p00)
p

=
rY

p=1

x
P r 0

p 0=1 n p (p0) �n p 0(p00)
p

(7.17)

and sowemust show that
P r 0

p0=1 np(p0)np0(p00) = np(p00). This last equation is easily
seento be equivalent to the standard property IndG

H (IndH
I � 00

p00) = IndG
I � 00

p00.

7.2. The homogeneous norm. Any set 
 1; 
 2; : : : ; 
 m of left coset representa-
tiv esfor H , m = Card(G=H) = g=h, is a freebasisfor C[G] asa right C[H ]-module.
For � 2 C[G], write

� � 
 j = 
 1� 1j (� ) + 
 2� 2j (� ) + � � � + 
 m � mj (� );(7.18)

where � ij (� ) 2 C[H ] for 1 � i; j � m.

De�nition 7.8. The matrix M (� ) def= (� ij (� ))1� i;j � m is the matrix of left multi-
plication by � over the sub-algebraC[H ] of C[G].

The map � 7! M (� ) is a representation of C[G] over C[H ]. In this section, we
focus on the restriction of this representation to C[G]� . We begin by computing
the matrices M p = M (zp) for 1 � p � r .

Lemma 7.9. For 1 � p � r , we have

� ij (zp) =
dp

g

X

� 2 H

� p(� � 1
 � 1
i 
 j ) � � :(7.19)



10 DAVID R. HA YES

Proof. For 1 � j � m,
g
dp

zp � 
 j =
X

� 2 G

� p(� � 1) � � 
 j =
X

� 2 G

� p(
 j � � 1)�

=
mX

i =1

X

� 2 H

� p(
 j � � 1
 � 1
i ) � 
 i �

=
mX

i =1


 i �
X

� 2 H

� p(� � 1
 � 1
i 
 j ) � ;

(7.20)

arranging the summation over � into left cosetsof H .

Write zp(H ) def= (dp=g)
P

� 2 H � p(� � 1) � . Clearly, zp(H ) 2 C[H ]� , and we have

� ii (zp) = zp(H )(7.21)

for 1 � i � m.

Corollary 7.10. If dp = 1, then

� ij (zp) =
1
g

� p(
 � 1
i 
 j )zp(H )(7.22)

for all 1 � i; j � m.

Prop osition 7.11. If � 2 C[G]� , then

� ij (� )� i 0j 0(� ) = � i 0j 0(� )� ij (� )(7.23)

for all 1 � i; i 0; j ; j 0 � m .

Proof. Since� = x1z1 + x2z2 + � � � + x r zr with the x i 2 C, it su�ces to verify that
� ij (zp) commutes with � i 0j 0(zq) for 1 � p;q � r . Now

X

� 1 2 H

� p(� � 1
1 
 � 1

i 
 j )� 1 �
X

� 2 2 H

� q(� � 1
2 
 � 1

i 0 
 j 0)� 2

=
X

� 2 H

 
X

� 1 � 2 = �

� p(� � 1
1 
 � 1

i 
 j )� q(� � 1
2 
 � 1

i 0 
 j 0)

!

�

and the inner sumon the right remainsinvariant if we interchangethe triples (p; i; j )
and (q; i 0; j 0). By (7.19), this provesthe proposition.

Proposition 7.11justi�es the following de�nition of a secondnorm map on C[G]� .

De�nition 7.12. Given � 2 C[G]� , we de�ne NormG! H (� ) to be the determinant
of the matrix M (� ). We call NormG! H (� ) the homogeneous norm on C[G]� .

As we show next, the homogeneousnorm maps C[G]� into C[H ]� and is closely
related to the inhomogeneousnorm INorm.

Let X = (x1; x2; :::; x r ) be a vector of complex numbers, and put

M (X ) def=
rX

p=1

xpM p:(7.24)
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Since� 7! M (� ) is a representation, we have M 2
p = M p and

P r
p=1 M p = I m , where

I m is the m � m identit y matrix. In order to compute det(M (X )), we will apply
the exponential function from x4. We �nd

eM (X ) = I m +
1X

� =1

1
� !

M (X ) � = I m +
1X

� =1

1
� !

� rX

p=1

xpM p

� �

= I m +
1X

� =1

1
� !

rX

p=1

x �
pM p = I m +

rX

p=1

M p

1X

� =1

x �
p

� !

= I m +
rX

p=1

M p(ex p � 1) = I m +
rX

p=1

ex p M p �
rX

p=1

M p

=
rX

p=1

ex p M p:

(7.25)

It follows now from (7.21) that,

det
� rX

p=1

ex p M p

�
= eTr(M (X )) = e

P r
p =1 x p Tr(M p )

= e
P r

p =1 x p mz p (H ) =

"
rY

p=1

ex p zp (H )

#m

:

(7.26)

As in x7.1, let np(p0) be the number of times the character � p appearsin Ind � p0.
We know by Frobenius reciprocity that np(p0) is also the number of times � p0

appears in Res � p. Thus

Res � p =
r 0

X

p0=1

np(p0)� p0(7.27)

and so

zp(H ) =
dp

g

X

� 2 H

� p(� � 1)� =
dp

g

X

� 2 H

� r 0
X

p0=1

np(p0)� p0(� � 1)
�

�

=
dph
g

r 0
X

p0=1

np(p0)
dp0

� dp0

h

X

� 2 H

� p0(� � 1)�
�

=
dp

m

r 0
X

p0=1

np(p0)
dp0

zp0 =
1
m

r 0
X

p0=1

a(p;p0)zp0;

(7.28)

where a(p;p0) = dpnp(p0)=dp0, a non-negative integer.
Returning to (7.26), we seethat

det
� rX

p=1

ex p M p

�
=

rY

p=1

ex p
P r 0

p 0=1 a(p;p 0)zp 0 :(7.29)
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Now

ex p
P r 0

p 0=1 a(p;p 0)zp 0 = 1 +
1X

� =1

1
� !

�
xp

r 0
X

p0=1

a(p;p0)zp0

� �

= 1 +
1X

� =1

1
� !

x �
p

r 0
X

p0=1

a(p;p0) � zp0

= 1 +
r 0

X

p0=1

zp0 �
1X

� =1

1
� !

a(p;p0) � x �
p

= 1 +
r 0

X

p0=1

zp0

�
ea(p;p 0)x p � 1

�

=
r 0

X

p0=1

zp0 � ex p a(p;p 0)

(7.30)

as
P r 0

p0=1 zp0 = 1. Therefore, we concludethat

det
� rX

p=1

ex p M p

�
=

rY

p=1

r 0
X

p0=1

zp0ex p a(p;p 0)

=
r 0

X

p0=1

zp0

rY

p=1

ex p a(p;p 0)

=
r 0

X

p0=1

� rY

p=1

ex p dp n p (p0)=dp 0

�
zp0:

(7.31)

Sinceex takeson any non-zerocomplex number whereaslim x !�1 ex = 0 along the
real axis, we may replacethe exponentials in (7.31) by any complex values. Thus,
we conclude�nally that

det
� rX

p=1

xpM p

�
=

r 0
X

p0=1

� rY

p=1

x
dp n p (p0)=dp 0
p

�
zp0:(7.32)

Theorem 7.13. If H is an abelian subgroup of G, then

� K =k 0;S 0(s) = det
� rX

p=1

L(s; � p)1=dp � zp

�
:(7.33)

Proof. SinceH is abelian dp0 = 1 for all 1 � p0 � r 0. Therefore, (7.33) follows from
(7.32) with xp = L(s; � p)1=dp for 1 � p � r .

Example 7.14. Take G = S3 and H = f 1; (123); (132)g, with notation as in Ex-
ample 3.2. By (7.19), we have

� 11(z1) = � 12(z1) = � 21(z1) = � 22(z1) =
1
6

(1 + (123) + (132)) =
1
2

z0
1

and so M 1 = 1
2 z0

1

�
1 1
1 1

�
: Similarly, we �nd M 2 = 1

2 z0
1

�
1 � 1

� 1 1

�
: For multiplica-

tion by z3, we �nd � 11 = � 22 = z3 = z0
2 + z0

3 and � 12 = � 21 = 0, and therefore
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M 3 = (z0
2 + z0

3)
�
1 0
0 1

�
: Thus,

M (X ) =
3X

p=1

xpM p =
�

1
2 (x1 + x2)z0

1 + x3z0
2 + x3z0

3
1
2 ((x1 � x2)z0

1
1
2 (x1 � x2)z0

1
1
2 (x1 + x2)z0

1 + x3z0
2 + x3z0

3

�

and so

det M (X ) =
1
4

(x1 + x2)2z0
1 + x2

3(z0
2 + z0

3) �
1
4

(x1 � x2)2z0
1

= x1x2z0
1 + x2

3z0
2 + x2

3z0
3:

Let K =k be an extension of number �elds with Galois group G isomorphic to S3,
and let � 1, � 2, and � 3 be the characters of S3 from Table 1. Choose k0 as the
sub�eld �xed by the cyclic group of order 3. By Theorem 7.13

� K =k 0;S 0(s) = L S (s; � 1)L S (s; � 2)z0
1 + L S (s; � 3)z0

2 + L S (s; � 3)z0
3:(7.34)

as the degreeof � 3 is d3 = 2.
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