STICKELBER GER FUNCTIONS FOR NON-ABELIAN GALOIS
EXTENSIONS OF GLOBAL FIELDS

DAVID R. HAYES

1. Intr oduction

This paper is motivated in part by the obsenation that a portion of the Deligne-
Ribet 2-adic congruencedor special valuesof L -functions may be derived from the
standard congruencesproved in their paper [3] and also by Barsky and Cassou-
Nogues|[1]. Let k be a totally real number eld, amd let K=k be a nite abelian
extension with Galois group G. Let G; be the subgroup of G that is generated
by complex conjugations, and let K; be the xed eld of G; . Powers of two
accumulate in the coe cien ts of the Stickelberger elemerts as you restrict them
down a chain of quadratic sub-extensionsof K=K, , ending at the CM sub eld of
K . For details see[5].

A similar con guration arisesin trying to align Brumer-Stark elemers into a
Hedke character (cf. [6]). Let ~ be a rational prime dividing Card( (K)). Assume
that ~ has a prime divisor in k which does not ramify in K=k. Let H- be the
sub eld of the Hilbert ClassField of K generatedby "-th roots of totally positive
units in k. Do these assumptionsimply that = must divide the coe cien ts of the
Brumer elemen of K? SinceH-=k is rarely abelian, in order to apply an analog
of the 2-adic techniques mentioned in the previous paragraph to this question, one
needsto de ne appropriate non-abelian Stickelberger elemerts in the group ring
C[Gal(Hk =K)].

Our aim in this paperisto de ne a Stickelbergerfunction for any non-abelian Ga-
lois extensionK =k of global elds and provethat it enjoys functorial propertieslike
those of the abelian Stickelberger functions. The non-comnutativ e Stickelberger
elemens assaiated to K=k are then the values of this function at non-positive
integral valuesof s.

2. Class equations of a finite gr oup

Let G be a nite group of order g, and let C;;C;;::: ;C; be the conjugacy
classesof G. For 1 i r, let g beghe number of elemens in C;. We may
identify ead classC; with the elemen 2c, Of the complex group ring C[G].

We write C, 1 def 2¢; 1 for the inverse classto C;. The subring

C[G] d:‘afC[Cl;Cz;::: 1Cr]
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generated by the conjugacy classesis the certer of C[G]. De ne integers hj y,
1 i;j;k r, by the equations
X
(2.1) G G = hj«C
k=1
The equations (2.1) are the classequations of G.
A complex valued function f on G extends by linearity to a function on C[G].
In particular, any action of G on a nite dimensional complexvector spaceV gives
rise to a character ,,: G! C, which is constart on the classesof G. Then we
write X
v(Ci) = vi)=g v(i)
2C;i
where ; is any elemen C;.
Let 1; 2;:::;  bethe irreducible charactersof G, andfor 1 p r, put
d, = deg p. The following theorem (cf. [7], X5, Hilfssatz 5.11 and x2 below) asserts
that the integersh;; « determine the characters of G.

Theorem 2.1. Given an irr educible character ,, de ne

p(Ci)

dp

for every conjugacy classC;. The C-linear extensionof the map C; 7! ,(C;) is a

ring homomorphismfrom C[G] into C. Further, everyhomomorphismfrom C[G]
into C is one of the .

(2.2) p(Ci) =

This theorem assertsthat the vectors
def

(X1;X2;::73%n) = p(C1)=h; p(Co)=dh;:::; p(Cr)=dy)

for p= 1;2;:::;r are the non-zerosolutions of the quadratic system of equations
X

(2.3) XiXj = hij KXk
k=1

We may compute d, from a given non-zero solution from the row orthoganality
property of the character table of G as follows.

" # .
1)(f : . 1 X 1 C 2 2
. gl p( i)]2 =1 ) dp = g% = Pc(j l)
Jimt - 9 p
(2.4) e
) dp = g% F gi ljxijz

i=1

Example 2.2. Take G = Sz, the symmetric group on f1;2;3g. The classesare
Ci =1 C, = (12) + (13) + (23), and C3 = (123) + (132). In this example,
Equations 2.1 become

C? = 3C;+ 3Cs

(2.5) C{ = 2C;+ C3
C, C3= 2C;
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and sowe may cortruct the character table for Sz by solving the system

X3 = 3x1+ 3X3
(2.6) X3 = 2x1+ X3
XoX3 = 2Xo:

The solutions are (1;3;2), (1; 3;2), and (1;0; 1). From (2.4) and the counts
h=1,=3g=2wend d=1d=1andd3=" 61+ 3 0+ 3 1)*?= 2.
Thesevalueslead to the familiar character table for Ss.

Ci|Cy | Cs
111]1
1711
2|10 -1

Table 1. Character table for S3

3. The central orthogonal idempotents of C[G]

Forl p r,the elemens ([4], x18.3)
d, X 1

hul ) p( 1) - P

3.1 Z =
& "9 26 9,9

(G) G 2 C[q]

are orthogonal idempotents, ead generating one of the r minimal ideals of C[G].
This follows from the column orthogonality of the character table of G. By the
row orthogonality of the character table and (2.2), it follows that ,(z,) = 1 and

p(zq) = Ofor p 6 g Thus, Theorem 2.1 is a consequenceof the orthogonality
relations for the characters of G. We obsene also that the homomorphisms
form a basisfor the C-linear dual of C[G] .

Prop osition 3.1. For each classC; and idempotent z,,

p(Ci)

(3.2) z, G = Zp:
dp

Proof. If g6 p, then 4 applied to either side of (3.2) yields zero; and , applied
to either side of (3.2) yields equality by de nition of . [l

Example 3.2. For the group Sz, we seefrom Table 1 that the certral orthogonal
idempotents are

2, = é(l +Cpt Cg) = = 1+ (12)+ (13)+ (23)+ (123)+ (132)

(I NN

(3.3) 2= %(1 Co+C3)= -1 (12) (13) (23)+ (123)+ (132)

3= %(2 Cy) = % 2 (123) (132)
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We know further from the Wedderburn theory that zz = 29 + 29, where z? and 2§
are orthogonal idempotents in the minimal ideal C[S3] z3 of C[S3]. As the reader
may ched,

0
1

z 1+ 1(123)+ ! 2(132)
(3.4)
9 1+ 12(123)+ ! (132) ;

Wk Wl

z

where! is a primitiv e cube root of unity. The idempotents z{ and z§ are two of the
three certral orthogonal idempotents in the subring C[f 1; (123); (132)g] of C[S3].
This subring is isomorphic to the group ring of the cyclic group of order 3.

4. C[G] as a Banach algebra

We may regard C[G] asthe L-functions on G in the discrete Haar mggsurethat

gives evepy singleton set measureone (counting measure). Thusif = 26 C
and = 2 d ,then

X -
(4.1) h: i %€ cd

26G

de nes an inner product that gives C[G] the structure of a Hilbert space;and
C[G] becomesa Banadh algebra under the 2-norm assaiated to the self-dual Haar
measureon G. Explicitly ,
" #
X
oo def -
(4.2) i 0= g jcf?
2G

[N

Prop osition 4.1. For 1 p 1, jjZpjj, = dp.
P
Proof. By (3.1) and (4.2), jjzji = (d3=9) 26l p( )j? = di via the row orthog-

onality property of the character table of G. |
We may usethe 2-norm topology to de ne the standard functions
X ogn ps ZN
(4.3) e = =~ and logd 2z)= ( 1)" =
n=0 n: n=1 n

for z 2 C[G]. The exponertial seriescorvergesfor all z 2 C[G], whereasthe
logarithmic seriescorvergesonly in the open unit ball B = fz 2 C[G]: jjzjj, < 1g.

5. Non-commut ative Stickelber ger functions

Let K=k be a nite Galois extensionof global elds with Galois group G, and let
S bea nite setof placesof the base eld k that contains all the placesthat ramify
in K=k and alsoany archimedeanplaces.Let bethe character of a represenation
of G obtained from the action of G on a nite dimensional C-vector spaceV. Then
the imprimitive Artin L-function Lk .s(s; ) of is de ned as follows:

(5.2) Lk=ks(s; )= det 1 ﬂV )

pZSs N pS
where , 2 Cj(,), the Frobenius classassaiated to p. If the Artin conjecture holds
for K=k, then Lk =:.s(s; ) is holomorphic in the whole complex plane, except
possibly for a simple pole at s = 1. One knows (see[8]) that the Artin conjecture

def Y
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is true when the group G is supersohable. In any case,we know by the theorem of
Brauer (see[8]) that Lk =x.s(S; ) is meromorphic in the whole complex plane.

De nition  5.1. The meromorphic function

def X _
(5.2) K =k;s (S) = Lk =k:s(S; p) Zy
p=1

taking valuesin C[G] is the S-Stickelkerger function assaiated to K =k.

Prop osition 5.2. For1 p r, wehave

(5.3) p( k=k;s(S)) = Lk=k;s(Si )

for all complexs where (.s(S) is de ned; and this property uniquely de nes
K =k:s (S)-
De nition 5.1 exhibits the Stickelberger function as a linear combination of the

certral idempotents of C[G]. We may also write it as a linear conmbination of the
classesC; asfollows:

X 1 1
(5.4) K=k;s(S) = K =k:s (S;Ci) —C;

i=1 9
Wecall |, 5(s;Ci) the partial zeta-function assciated to the classC;. Applying
" p to both sidesof (5.4), we obtain

1 X
(5.5) Lk=k:s(s; p)) =

dpi:l k=k:s(S:Ci)  p( i)

6. The restriction property of y=s(S)

If H is a normal subgroup of G with xed eld K?© then (see[9], Chapitre 0,
x4) the L-function of a character of G° = Gal(K %K) is the L-function of the
in ate d character res of G, whereres = res¢, «o: G ! GUis the restriction
homomorphism. Thus, =.s(s) determines o.s(S). The following theorem
shaws how one may compute ¢ o5 (S) from ¢ —.s(S).

Theorem 6.1 (Restriction). The function ¢ o=:s(S) = resc, gol k=k:s(9))-

Proof. Let po be anirreducible character of G% and let b= po resbeits in ation
to G. Then  is anirreducible character of G of degreed, = dyo; and we have

(6.1) po( Kko=k;s(S)) = Lko=k;s(Si po) = Lk=kis(Si p) = p( k=k;s(S));
the secondequality arising from the in ation property of Artin L-functions. Thus

by (2.2), the restriction of  =.s(s) to C[GY has the de ning property (5.3),
which uniquely determines ¢ o=.s (S). |

Equation (6.1) may be formulated as a relation betweenthe partial zeta-functions
of K and K% To easenotation, put b = req ) foreahh 2 G. If C is aclassof G,
the restriction ® of the set of elemerts of C to GCis a classin G% and conversely
the inverseimageres 1(C9 of the set of elemerts in the classCP of GCis the union
of classesof G. Now if C%= fhy:by:::: ; bgog, then

(6.2) res (CO= (H[ H[ [ gH:
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SinceH is normal, conjugation by an elemenn 2 G permutes these cosets. Thus,
if C isaclassinres }(CY and{, = ,}C\ [H), then
(6.3) C= ofal 22l [ ofg
and ead subset {, contains Card(C)=¢ elemeris.
Corollary 6.1. For a classC; of G, weQave
(6.4) Kos (S8 = K =k:s (51 Ci):
&= &,

Proof. Applying res: Z[G]! Z[GY to both sidesof (5.4), we obtain

X 1
(6.5) K o=k;s (S) = ~ k =k:s (S Ci) gres(ci h:

by Theorem 6.1. Let C°be the set theoretic restriction of the classC = G lto GO

By (6.3), |

X *° X
ires(C) = ires = 1 req ) req )
(6.6) Y9 Y 2c 9 2 2{,
1 1
= (Card(C)=q) —,C°= =C°
(Card(C)=9g) g g
asg = Card(Cj) = Card(C, 1y = card(C). Write gj0 = gD = Card(@j). We have
now shown that
0 1
X X 1
(6.7) K o=k;s (S) = @ K =k;S (s;Ci)A gT@J L
j @i:@i !
which implies (6.4). ]

7. The reduction property of (=:s(S)

If H is a subgroup of G with xed eld k° then (see[9], Chapitre 0, x4) the
L-function of a character of H equalsthe L-function of the induced character

Ind = 1IndS onG. Thus, g=xs(S) determines g -xo.s0(S). In this section, we
de ne the inhomogen@us norm INormg, 1 : C[G] ! C[H] and shaw that
(7.1) Kk =k0;50(S) = INormg: w ( k=k:;s(9)):

If f is a function on G, then Resf denotesthe restriction of f to H. If f isa
function on H, then the function Ind f de ned for 2 G by

X
def 1 1
(7.2) (Ind f)( )= Card(H) f( )
12H
is the induced function on G. For z2 C[H] , we de ne
(7.3) Ind 2% 1 X z L
' Card(G=H) , __, ’

where runs through a set of left cosetrepresenativ esfor H in G. The right hand
sideis clearly independert of the choice of the represenativ e elemeris
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Prop osition 7.1. For anyz 2 C[H], Ind z2 C[G] .

Proof. Forany 2 G, we have

1 X
7.4 Ind - - 1:
(7.4) (nd2) *= =y ()20
2G=H
Now, as runs through left cosetrepresenativesfor H, sodoes . [l

Denition  7.2. Let W bea nite dimensional C[G]-module, andlet beits char-
acter as a represettation of G. For1 p r, let n, be the number of times the
irreducible character , appearsin . We call

def N1 Nz

(7.5) Sigl ) = —zn+ =
d>

2+  + 7 2C[]
dy

dr
the signi er of

Let J, 1 p° rO betheirreducible charactersof H, and let z) be the certral
orthogonal idempotent in C[H] assaiated to 80.
Theorem 7.3. The element(1=dy)Ind zp is the signi er of the induced character

Ind 80.

Proof. First, we evaluate the irreducible character , onInd zy. We have
1 X

(7.6) p(nd 200) = oy

1y —
p( Zpo 7) = p(zp0)
2G=H

since , is a classfunction. Now by the de nition (3.1) of zp,

@)= gy B (Res )

o =% T g G Y (0

Card(G) P L/

by Frobenius reciprocity. Sincelnd J = ;zl Ng g, We have
dpo X X

(7.8) p(Zpo) = a( 1) p( ) = dponp

—_— n
Card(G) -1 a re

by the row orthogonality of the character table of G. Thus,
p(Ind zpo) = p(Ind zpo)=d, = (dponp)=dy = dpo H(Sig(Ind Zpo));
which implies the result. J

Example 7.4. Take G = Sz with H = f1;(123);(132)g. We have three certral
orthogonal idempotents

2= %(1+ (123) + (132))
(7.9) 2= 2 1+!(123)+!2(132)

1+ 12(123)+ ! (132) ;

Wk Wl
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and we compute

1
- 04 5,0y = ,0_
Ind z7 = é(zl+ Z1)=21= 71+ 2

1 1

(7.10) Ind z9 = é(zg+ 29 = 523
1 1

Ind z3 = é(2‘3)+ 29) = 5%

Thus,if ¢, 9, and $ are the characters of H corresponding respectively to z9,
z9,and 2, thenInd 9= 1+ ,whieind 9=1Ind 3= 3.

7.1. The inhomogeneous norm INorm. Let r% denote the number of classes
of H. For1 p° r% let J be the p%th character of H, and let zJ, be the
corresponding certral idempotent in C[H] .

Denition 7.5 (INorm). Let X = (X1;X2;:::;X;) be a vector of indeterminates.
Forl p° r9 set
(7.11) M p° (X) def Y an(PO).
: G! H P )
p=1

whereny(p9 is the number of times |, appearsin Ind 80. We call Mg? y (X) the
monomial of the represertation go; and we call

0

def

(7.12) Po n(O)E T ME LX) 2% 2 CIH]

po=1
the polynomial of the subgroupH . For agivenelemen z = ¢c;z;+ C;z,+  +¢z 2
C[G] , wede ne

(7.13) INorma: 1 (2) € Par w(ci;coiiitir):
Prop osition 7.6. We have ¢ =o.s0(S) = INormg: n( k=k:s(S))-

Proof. From De nition 7.5,

XO 0
K =k0:50(S) = Lk =ko:s0( poiS) Zpo = Lk=ks(Ind  D0;s) 2z
po=1 po=1
0
0
(7.14) = ME 4 Lk=s( 159)iLlk=ks( 2:9)iiiLk=is( r38) 2z
p=1

INormg: H( K =k;S (s)):
Thus, INorm maps the S-Brumer elemer of K=k onto the S“Brumer elemen of
K =Kk°. [l

In what senseis the function INorm a\norm" from C[G] into C[H] ? We rst
obsenethat INorm hastwo properties that are sharedby all norms. We then show
that when H is abelian, INorm can be computed as a determinant in much the
sameway as one computesstandard norm maps.

Theorem 7.7. LetG H | besulgroupsof G. Then for ; 2 C[G],
(715) INormg; H( ): INormg; H( ) INormg; H( )
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and
(7.16) INormy, | INormg: () = INormg: | ( ):

Proof. Property (7.15) is clear since INorm is de ned by monomials. For (7.16),

we seefrom the de nition (7.13) that
Il

X
INormy, | INormg: H XpZp
p=1
0 0 1
= INormy, | @ Mg: b (X1 X255 Xe) ZgoA
po=1
X p® 1 2 ro o
= Miyr 1 Mg n (X)iMgy (X)) Mgy (X))  Zpe
p®=1
X% ° Y’ ( 00)1
0 nyo(p
= @ ME p(x) T A Z,[;Oooi
pP=1  po=1
Now, we have
0 0
n,o(p®) Y Y 0 00
g 00 2 Y e
(7.17) P .
. Y P o 0 0
— Xp pO=1 np(p) npo(p )
p=1

P o . . .
and sowemust shaw that = 1o.; Np(PINpe(p®) = np(p™). This last equationis easily

seento be equivalert to the standard property Ind§ (Ind}! g)oo) = Ind® g)oo. [l
7.2. The homogeneous norm. Any set i; »;:::; m Of left cosetrepresena-

tivesfor H, m = Card(G=H) = g=h, is a free basisfor C[G] asaright C[H]-module.
For 2 C[G], write

(7.18) i= 1 4()+t 22()+ + mom()
where ()2 C[H]for1 i;j m.
def

De niton 7.8. The matrix M( )= ( ( ))1 ij m isthe matrix of left multi-
plication by over the sub-algebraC[H] of C[G].

The map 7! M( ) is a represenation of C[G] over C[H]. In this section, we
focus on the restriction of this represenation to C[G] . We begin by computing
the matricesM, = M (z,) forl p r.

Lemma 7.9. For1l p r, wehave

d. X
(7.19) i (2p) = Ep o( 1)
2H
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Proof. For1 | m,

g _ X 1 _ X 1
a. T () = o( i )
P 26G 26G
XX
— 1 1
(7.20) = p( ] i)
i=1 2H
X 1 1
= i p( i)
i=1 2H
arranging the summation over into left cosetsof H . [l
P
Write zo(H) %' (dp=0) L, o( 1) . Clearly, z,(H) 2 C[H] , and we have
(7.21) i (Zp) = Zp(H)

forl i m.

Corollary 7.10. If d, = 1, then

(7.22) ij (zp) = é p( it §)zp(H)
foralll i;j m.

Prop osition 7.11. If 2 C[G] , then

(7.23) i () iogo( )= ioe( ) ()

foralll i;i%j;j° m.

Proof. Since = X171+ Xz, + + X,z with the x; 2 C, it su ces to verify that
i (Zp) commutes with  jo0(zg) for 1 p;q r. Now

X X
p(1li1j)1 q(zlioljo)z
12H 22H |
X X 1 1 1 1
= p( 1717 3) al 27 o7 jo)
2H 1 2=

and the inner sum on the right remainsinvariant if we interchangethe triples (p;i; j)
and (q;i%j 9. By (7.19), this provesthe proposition. O

Proposition 7.11justi es the following de nition of a secondnorm map on C[G] .

Denition  7.12. Given 2 C[G] , wede ne Normg: 4 ( ) to bethe determinant
of the matrix M ( ). We call Normg, 4 ( ) the homageneus norm on C[G] .

As we showv next, the homogeneousnorm maps C[G] into C[H] and is closely
related to the inhomogeneousnorm INorm.
Let X = (x1;X2;:::;Xr) be a vector of complex numbers, and put

X
(7.24) MX)E " XM,

p=1
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P
Since 7! M( ) is arepresenation, we have M ? = M, and ;:1 Mp = Im, where
Im isthe m m identity matrix. In order to compute det(M (X)), we will apply
the exponertial function from x4. We nd

x 1 X 1 X
eM(X):|m+ —|M(X) =1y + - XpMp
=1 ' =1 . p:j_
X X X R Xp
=Im+ = XpMp = Im + M, -
=1 "p=1 p=1 =1
(7.25) X " Xr
=lm+ M,O(eXp D=1lp+ e?<pMp Mp
p=1 p=1 p=1
= €rMy:
p=1
It follows now from (7.21) that,
X P,
det eXpMp - eTr(M(X)) =g p=t XpTr(Myp)
p=1
(7.26) " #m

P, Y
= e p=l XPmZP(H) = eXPZP(H)
p=1
As in x7.1, let ny(p%) be the number of times the character , appearsin Ind .

We know by Frobenius reciprocity that np(pY) is also the number of times o
appearsin Res . Thus

X
(7.27) Res = Np(P) po
po=1
and so
do X 1 do X 0 1
z,(H) = — () = — np(po) po( %)
9 Ly 9 Ly po=1
0
doh X n dyo X
(7.28) = 2 ‘(’j(po) o e h)
9 po=1 P’ 2H
0 0
_ Oy X np(po) _ 1 X . .
“m Cdy Zpo = m a(p; P zpo;
po=1 po=1

where a(p; p% = dynp(pY=dye, a non-negative integer.
Returning to (7.26), we seethat

X Y P .o o
(7.29) det e*M, = g pou alPip9)Zp0.

p=1 p=1
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Now

P S amp%z0 1 X
e poa ) PO =1+ — Xp a(p;po)zpo

1
(7.30) =1+ Zpo —la(p;po) Xp

-n0
= Zpo g<ra(pip’)
po=1

P o
as ;)Ozl zp0 = 1. Therefore, we concludethat

X Yy Xx° .,
det  &°M, = Zpoet»a(PP)

p=1 p=1 p°=1

(7.31) Zpo  epa(Pp?)

grdm ()0 7

p=1  p=1
Sincee* takeson any non-zerocomplex number whereaslimy,; € = 0 alongthe
real axis, we may replacethe exponertials in (7.31) by any complex values. Thus,
we conclude nally that

X X' ¥ -
(7.32) det XM, = xR 2
p=1 po=1  p=1

Theorem 7.13. If H is an akelian sulgroup of G, then

X
(7.33) k =xo:50(S) = det L(s; )" 2z,

p=1
Proof. SinceH is abelian dy = 1for all 1 p® rC Therefore, (7.33) follows from
(7.32) with xp = L(s; p)¥® forl p r. O

Example 7.14. Take G = Sz and H = f1;(123); (132)g, with notation asin Ex-
ample 3.2. By (7.19), we have

11(z1) = 12(z1) = 21(z1) = 22(z1) = %(1+ (123)+ (132)) = %Z?
o 1 1

11 o -
‘1)1 | : Similarly, we nd M, = 129 1 1

tion by z3, we nd 11 = 2 = z3 = zg + zg and 12 = 51 = 0, and therefore

and soM = %z : For multiplica-



NON-ABELIAN STICKELBER GER FUNCTIONS 13

M3z = (29 + 29) é 2 : Thus,
3(X1 + X2)Z9 + X329 + X323 (X1 X2)Z)

X
M(X)=  XxpMp=
(X) pMp Xy x2)20 5 (X1 + X2)Z9 + X3z + X323

p=1
and so

1 1
detM (X) = ,(x1+ x2)%2] + X3(23 + 23) ! x2)?z]
= X1X229 + X329 + x323:

Let K=k be an extension of number elds with Galois group G isomorphic to Ss,
and let 1, ,, and 3 be the characters of S; from Table 1. Choosek? as the
sub eld xed by the cyclic group of order 3. By Theorem 7.13

(7.34) k=k0:50(S) = Ls(S; 1)Ls(S; 2)zf + Ls(s; 5)z3 + Ls(s; 5)zd:

asthe degreeof 3isd; = 2.
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