
ALIGNING BR UMER{ST ARK ELEMENTS INTO A HECKE
CHARA CTER (W ORKING PAPER)

DAVID R. HAYES

Abstra ct. The Brumer{Stark conjecture generalizesStickelberger's Theorem
on Gauss sums to arbritary abelian extensions K =k of number �elds. We inves-
tigate when the Brumer{Stark elements can be aligned into a Hecke character.
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1. Not ational conventions

For a number �eld F , OF is the ring of algebraic integers in F , S1 (F ) is the
set of archimedeanplacesof F , Spl (F ) is the set of �rst degreeprime ideals of F ,
� (F ) is the multiplicativ e group of roots of unit y in F , and WF = Card(� (F )). We
denote the classgroup of F by Pic(OF ) and its cardinalit y by hF . We write EF
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for the unit group O�
F , and we write E +

F for the group of units that are positive in
every real embedding of F . Following Tate [12], we call the multiplicativ e group

F � = f x 2 F : jxjv = 1; 8v 2 S1 (F )g(1.1)

the anti-units of F . Let F ab denote the abelian closure of F . If E=F � F ab=F,
then G(E=F) is the Galois group of E=F with the Krull topology. When E=F is
�nite and z is an element or ideal of E , then we write NormE ! F (z) for its norm
down to F . We write N z for the absolute norm of z. We let Spl (E=F) denote the
primes ideals of F that split in E=F.

For �nite E=F, we also de�ne a norm N � for elements � 2 Z[G(E=F)]. For
� 2 Z[G(E=F)], let N � be any integer such that � � = � N � for all � 2 � (E ).
The integer N � is unique modulo WE , and N : Z[G(E=F)] ! Z=WE Z is a ring
morphism. The kernel of N is the ideal Ann(E=F) in the group ring Z[G(E=F)]
that annihilates � (E ). The ideal Ann(E=F) is generated as a Z-module by the
elements � � N � for � 2 G(E=F), it being understood that N � may take on any
values in its cosetmodulo WE .

Let n be a positive integer dividing WF . For a prime ideal p of F that does
not divide WF , we de�ne (�=p)n : F ! � (F ) to be the n-th power residuecharacter
on F . Given a prime l of F , let (� ; � =l)n be the local n-th power Hilb ert symbol
de�ned for � ; � in the multiplicativ e group of the completion Fl .

The general reciprocity law for F may be stated as follows (cf. Chap. 12 of [1]).
Let u; v be elements of F that are prime to WF with v totally positive. Then

�
u

(v)

�

W F

=
�

v
(u)

�

W F

�
Y

l jW F

� u; v
l

� � 1

W F

:(1.2)

The following Lemma will be useful in x3.2 below.

Lemma 1. AssumeF total ly real of degree d, and let w be a positive integer. Set
Fw = F (� (w)) , and let F + be the �eld generated over F by the w-th roots of the
total ly positive units in F . Put F +

w = Fw � F + . Then the commutator subgroup of
G(F +

w =F) is the group of squares in G(F +
w =Fw ).

Proof. The group G(F +
w =F) is the semi-directproduct of (Z=wZ)d� 1 and G(Fw =F),

the latter group acting via the map � 7! N � . Let c be the conjugation in G(Fw =F).
If s: G(Fw =F) ! G(F +

w =F+ ) is the natural section, then � 2 = � s(c)� � 1s(c) � 1 for
every � 2 G(F +

w =Fw ). Conversely, F (
p

E +
F )=F is certainly abelian.

2. The Br umer{St ark conjecture

Let K =k bean abelian extensionof number �elds with Galoisgroup G = G(K =k).
We �x a �nite set of k-placesS that contains S1 (K ) and all the placesthat ramify
in K =k. For each � 2 bG, let

L S (s; � ) =
Y

p=2 S

�
1 �

� (p)
N ps

� � 1

(2.1)

be the L-function of � deprived of its Euler factors at the placesin S.
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2.1. The Brumer elemen t ! K =k ;S . The Fourier transform of � 7! L S (0; � ) is the
element � = � K =k ;S of the complex group ring C[G] de�ned by � (� ) = L S (0; �� ) for
all � 2 bG. This element, which is an analogof the classicalcyclotomic Stickelberger
element, hasremarkable properties. In 1970,Siegel[11] showed that the coe�cien ts
of � are rational numbers. The fundamental integralit y properties of ! are stated
in the following deep theorem of Barsky, Cassou{Nogues,and Deligne and Ribet.
See[2] or [3] for the proof.

Theorem 1. If � 2 Ann(K =k), then � � 2 Z[G].

We call ! = ! K =k ;S = WK � K =k ;S 2 Z[G] the Brumer element of K =k, and we
write ! =

P
� 2 G a� � � 1. The de�ning property of the Brumer element is � (! ) =

P
� 2 G a� �� (� ) = WK L S (0; �� ) for all � 2 bG.

Corollary 1. We havea� � � N � � a� (mod WK ) for all � ; � 2 G. In particular,

! � a �
X

� 2 G

N � � � � 1 (mod WK Z[G]) ;(2.2)

where a = aS (K =k) is the coe�cient of the identity automorphism in ! .

Let e = eS (K =k) be the largest divisor of WK such that (WK =e) � 2 Z[G]. This
corollary implies that e = GCD(WK ; a) and that WK =e is the exact denominator
of each coe�cien t of � .

2.2. A prop ert y of the in tegers aS (K =k). For the remainder of this working
paper, we adopt the folowing convention. If the index n is suppressedin the power
residuesymbol (�=p)n , then n = WK .

Lemma 2. Let L=k be �nite abelian, and let k � K � L . Assumethat S contains
all the places that ramify in L=k. Let P be a prime ideal of L that is prime to S,
and let P divide the prime ideal p of K . Let 
 1; 
 2; : : : ; 
 g be a set of representatives
in H = Gal(L=K ) for the quotient H=D(p), where D(p) is the decomposition group
of p. Then for any x 2 K , we have

�
x
P

� aS (L ) � 


W L

=
�

x
p

� aS (K )

W K

(2.3)

where 
 = 
 1 + 
 2 + � � � + 
 g.

Proof. We consider the casesg = # H (i.e. D (P ) = f 1K g) and g = 1 (i.e. D (P ) =
H ) separately. The generalcasefollows at oncefrom thesetwo.

Case 1. Supposeg = # H . Then by (2.2), aS (L ) �
P g

i =1 N 
 i � (WL =WK )aS (K )
(mod WL ). Thus (2.3) follows from

�
x
P

� W L =W K

W L

=
�

x
p

�
;

which is equivalent to the congruence
�

x
N P � 1

W L

� W L =W K

� x
N P � 1

W K � x
N p � 1

W K (mod P ) :
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Case 2. Supposeg = 1 and 
 is any element of H . Since
 �xes both x and P , we
may assumethat 
 = 1. Put f = [L : K ] = # D(P ). Then we have

(WL =WK ) � aS (K ) � aS (L ) �
f � 1X

i =0

N pi (mod WL )

� aS (L ) �
N pf � 1
N p � 1

(mod WL ) :

In particular, WL =WK divides aS (L )�(N pf � 1)=(N p� 1) and aS (K ) � { (mod WK )
where

{ =
�

aS (L ) �
N pf � 1
N p � 1

� �
(WL =WK ) :

We have then
�

x
P

� aS (L )

W L

� x
N p f � 1

W L
�aS (L ) = x

N p � 1
W K

� { �
�

x
p

� aS (K )

(mod P )

which is equivalent to (2.3) in this case.

2.3. Statemen t of the conjecture. The set S must contain at least two places
except when K =k = Q=Q or when k is imaginary quadratic and K =k is unrami�ed
at every �nite place. In the �rst case,! = � 1 (since the Riemann zeta function
� (s) takes the value � 1=2 at s = 0). In the secondcase,K is a sub�eld of the
Hilb ert ClassField H k of k, and ! = � (WK =Wk ) � h(k) � N , where N 2 Z[G] is the
norm element N =

P
� 2 G � . In thesespecial cases,the Brumer{Stark conjecture is

trivially true, but requires a slightly more complicated statement than the version
we present below.

Conjecture (Brumer{Stark ). AssumeCard(S) � 2. For any fractional ideal a of
K , there is an element " (a) 2 K such that:

BS1 "(a) 2 K � .
BS2 a! = (" (a)) .
BS3 If � (a) = "(a)1=W K , then K (� (a))=k is abelian.

Note that BS1 and BS2 together determine the absolute value of " (a) at every
placeof K . Therefore "(a) is determined up to multiplication by elements of � (K ).

When S � 2, the Brumer element ! = 0 unlessk is totally real and K is totally
complex sinceotherwise all the L-functions (2.1) vanish at s = 0. This fact follows
from the functional equation for abelian L-functions. We will assumefrom now on
that Card(S) � 2, k is totally real, and K is totally complex.

2.4. Can we align the "(a) in to a Hecke character? Recall (see[15]) that a
Hecke character on K is a continuousgroup morphism � from the id�eleclassgroup
A �

K =K � of K into C� . Associated to � is a character ~� de�ned on the K -ideals
that are prime to the conductor f(� ) of � .

Fix an embedding � : K ! C, and supposethat the Brumer{Stark axiomsBS1 {
BS3 hold in the abelian extensionK =k. We therefore have elements "(a) assigned
to every ideal a in K . Unfortunately, these elements are speci�ed only up to a
multiplier in � (K ). Let us assumethat we succeedin specifying the "(a) in such a
way that the assignment ~� : a 7! � (" (a)) lifts to a Hecke character of type (A0) on
the K -idealsprime to someconductor f(� ). Sincea! is the ideal generatedby "(a),
the Brumer element ! determinesthe in�nity-typ e of ~� . So we ask \Is ! a possible
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in�nit y-type for such a Hecke character?" Put n = [K : Q], and let � K be a set
of n=2-complex embeddings of K , no two of which are complex conjugates. We
may assumethat � 2 � K . Let c 2 G be the pullback through � of the restriction
of complex conjugation to � (K ), and let H = f � � 1� : � 2 � K ; � (K ) = � (K )g.
Then H is a set of coset representativ es for f 1; cg in G. One knows (see[12]) that
(1 + c)! = 0, which implies that

! = (1 � c)
X

� 2 H

t � �(2.4)

with each t � 2 Z. Put t � = t � if � � 1� = � 2 H , and put t � = 0 otherwise. For
z 2 K , write z� = � (z).

If a 7! � (" (a)) for somechoice of the elements "(a) lifts to a Hecke character,
then (see[15], page4) there must exist integersr � ; s� such that

z � 1 (mod f(� )) =) � (z� ! ) =
Y

� 2 � K

zr �
� �zs�

�

for all z 2 K � . Now by (2.4)

� (z� ! ) =
Y

� 2 � K

�
�

z� t � � � 1 �
�

� �
�

zt � c� � 1 �
�

=
Y

� 2 � K

z� t �
� � �zt �

�

as required.

Prop osition 1. Suppose K =k � L=k for a number �eld L such that S contains
all the k-places rami�e d in L=k and also such that � (K ) = � (L ). Assumethat the
Brumer{Stark axioms hold in L=k and that the Brumer{Stark elements in L can
be aligned into a Hecke character � . Then the Brumer{Stark elements in K can
also be aligned into a Hecke character.

Proof. The id�ele group of K embeds canonically as a subgroup of the id�ele group
of L , and so the restriction of � to the K -id�eleswill be a Hecke character on K .
By the functorial properties of the Brumer{Stark axioms, the values of the ideal
character ~� of this restriction are Brumer{Stark elements in K .

3. Orient able prime ideals

Let K =k be �nite abelian. Let p 2 Spl (K ), let p = N p, and let � be a �xed
uniformizer in K p = Q p. For every p-adic unit u, there is a unique (p � 1)-st root
of unit y � such that u � � (mod p). We put sgnp(u) := � , and we extend sgnp

to all z 2 K p by de�ning sgnp(z) := sgnp(z=� vp (z) ). It is convenient also to put
sgnp(0) = 0. We note that for z 2 K ,

sgnp(z)(p� 1)=W K =
�

z
p

�
(3.1)

where (�=p) is the WK -th power residuesymbol at p.

De�nition 1. A prime ideal p 2 Spl (K ) is Q-orientable if p = N p is odd and
(p � 1)=WK is prime to WK . Let Or (K ) denote the set of Q-orientable primes of
K .
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Prop osition 2. The Dirichlet density of the set Or (K ) is � (WK )=WK , where �
is the Euler function.

Proof. The Galois group H of the extension K (� (W2
K ))=K is cyclic of order WK .

Therefore, the density of the �rst degreeprimes of K with Frobeniuselement equal
to a given generator of H is 1=WK . Since there are � (WK ) generatorsof H , the
proposition follows.

Prop osition 3. The primes in Or (K ) generate the narrow classgroup Pic+
f (OK )

of K modulo any conductor f.

Proof. Let � +
f be the Galois group of the narrow ray class �eld modulo f over

K . It su�ces to prove that the Frobenius automorphisms � p of the prime ideals
p 2 Or (K ), p prime to f, generate � +

f . Let E be the �xed �eld of the subgroup
generatedby these� p. Then E=K and K (� (W2

K ))=K are linearly disjoint because
� p �xes E but is non-trivial on every sub-�eld of K (� (W2

K ))=K . Therefore for every
� 2 Gal(E=K ), there is a p 2 Or (K ) such that � = � p. We conclude that every
� 2 Gal(E=K ) is the trivial automorphism.

3.1. Ho w to specify the ambiguous ro ot of unit y. If p 2 Or (K ), then the
map � 7! � (p� 1)=W K is an automorphism of � (K ). Let " (p) be a Brumer{Stark
element at the Q-orientable prime p. We may specify the root of unit y multiplying
"(p) by requiring that

sgnp(" (p)) (p� 1)=W K = (� 1)aS (K =k )(3.2)

where aS (K =k) is the integer de�ned in Corollary 1. Of course, this speci�cation
depends upon the choice of � . If k = Q and � = p, this determination of " (P )
de�nes one of the Jacobi sum Hecke characters of Weil (cf. [5]).

How doesthe choice of � e�ect the speci�cation of the Brumer{Stark unit " (p)?
The answer to this question, is provided by the following proposition, which follows
easily from the de�nitions and (3.2).

Prop osition 4. If � is replaced by � � , � a p-adic unit, then "(p) is replaced by
(� a=p)" (p), where (�=p) is the WK -th power residuesymbol at p.

Let " be any element of the completion K p = Q p with valuation vp(" ) = a and
satisfying

sgnp(" )(p� 1)=W K = (� 1)a :(3.3)

Choose� 2 Qab
p such that � W K = ". Let  p be the local Artin map on K p. The fol-

lowing theorem shows how to compute the Hilb ert symbol (z; "=p) := � (p) p (z) � 1

for any z 2 K �
p .

Theorem 2. Let p 2 Or (K ). When " is speci�e d by (3.3), then

(z; "=p) = sgnp(z) � a(p� 1)=W K(3.4)

for all z 2 K �
p .

Corollary 2. Let e = eS (K =k). When "(p) is speci�e d by (3.2), � (p)W K =e 2 Q p.
Therefore "(p) is an e-th power in Q p. The prime p 2 Or (K ) splits completely in
K (� (p)W K =e)=K .
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Proof of Theorem. Let 
 2 Qab
p satisfy 
 p + � 
 = 0. It follows from the Lubin{T ate

theory that


  p (z) = sgnp(z) � 1 � 
(3.5)

for all z 2 Q�
p . Now " = � a(� 1)a � u for some(p � 1)=WK -th root of unit y � and

1-unit u. If w 2 Q�
p is a WK -th root of � u, then

� W K = " = (� � )a � u = 
 a(p� 1) wW K =) � = 
 a(p� 1)=W K w(3.6)

since � is determined only up to a multiplier in � (K ). The theorem now follows
from (3.5).

Prop osition 5. The local automorphism  p(� ) �xes � .

Proof. It is clear from (3.5) that  p(� ) �xes 
 and therefore, by (3.6), � aswell.

Corollary 3. If � = p, then � (p) 2 Qp(� (p)) .

3.2. The k-orien table primes of K . Put w = WK =eS (K =k), and let K (w
p

E +
k )

be the Kummer extensionof K generatedby the w-th roots of the totally positive
units in k.

De�nition 2. A prime ideal p 2 Or (K ) is k-orientable if p splits in K (w
p

E +
k ). Let

Or (K =k) denote the set of k-orientable primes of K .

By Proposition 3, Gal(K (
p

E +
k )=K ) may be generatedby a �nite set P of primes

in Or (K ). We can chooseP in a particular e�cien t way which will be useful in
x6.3 below. Let k+ be the �eld generatedover k(� (WK )) by the WK -th roots of
the units in E +

k .
The intersection of K with k+ may contain the square roots of someunits in

E +
k . Let

Prop osition 6. Let P be the �rst degree prime of k sitting under p, and let kP

be the ray class �eld of conductor P over k. If p 2 Or (K =k), then [kP : H +
k ] is

divisible by WK .

Proof. Since p splits in the �eld of WK -th roots of the units in E +
k , each totally

positive unit � is a WK -th power mod P.

4. Eisenstein recipr ocity f or princip al ideals

In this section, we assumethat K contains the strict Hilb ert Class Field of k.
By class �eld theory, the norm down to k of any non-zero ideal a of K will then
have a totally positive generator x(a) in k� .

Lemma 3. There is an integer b > 0 such that

z � 1 (mod W b
K OK ) =)

�
z!

q

�
=

�
x(q)
(z)

� aS (K )

(4.1)

for all prime ideals q of K that are prime to WK and the conjugatesof z over k.
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Proof. Using ! =
P

� 2 G a� � � 1 and (2.2), we compute

�
z!

q

�
=

Y

� 2 G

�
z
q�

� a � � � 1

=
Y

� 2 G

�
z
q�

� aS (K )N � � � � 1

(4.2)

=
Y

� 2 G

�
z
q�

� aS (K )

=
�

z
(x(q))

� aS (K )

:

By the power reciprocity law (1.2),
�

z
(x(q))

�
=

�
x(q)
(z)

�
�

Y

l jW K

�
z; x(q)

l

� � 1

:

If b is su�cien tly large, all the local symbols are trivial, and so (4.1) is true for
someb > 0.

5. The Eisenstein recipr ocity la w in cyclotomic fields

Let S be a �xed set of placesof Q containing the archimedeanplace,and let QS
be the maximal abelian extensionof Q that is rami�ed only at the placesin S. Set
G(S) = Gal(QS=Q).

Throughout this section,K =Q is a sub-extensionof QS=Q with conductor m > 1.
We can take m to be a positive integer that is either odd or divisible by 4. By class
�eld theory, K is a sub�eld of the cyclotomic number �eld K m = Q(� m ) � QS
generatedby an m-th root of unit y � m .

The Brumer element ! K ;S is the restriction down to K of the Brumer element
! m of K m . Let

Wm =

(
2m; if m is odd
m; if m is even

(5.1)

be the number of roots of unit y in K m . For t 2 (Z=mZ) � , let � t 2 Gal(K m =Q) be
the associated Frobenius automorphism. Then (cf. [16])

! m = Wm

X

t

�
1
2

�
�

t
m

� �
� � � 1

t (t mod m; (t; m) = 1)(5.2)

where < t=m > denotesthe fractional part of t=m.
Let am = aS (K m =Q). We note from (5.2), that

am =

(
m=2 � 1; if m is even
m � 2; if m is odd.

Thus for cyclotomic �elds, eS (K m =Q) = 1.
Stickelberger'sTheoremon the prime decomposition of Gausssumsin cyclotomic

�elds implies the validit y of the Brumer{Stark axioms BS1 { BS3 for the abelian
extensionK m =Q. For p 2 Or (K m ), N p = p, the Brumer{Stark element � (p) is the
Gausssum at p divided by

p
p� , where p� = (� 1)(p� 1)=2. With this normalization,

� (p) 2 K mp . One can usethis explicit representation of the elements "(p) to give a
proof of the following reciprocity law in K (see[5] and [16]).
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Theorem 3. Assumethat axioms BS1 { BS3 are valid in all non-trivial �nite sub-
extensionsof QS=Q. Then for every p 2 Spl (K ), there is a unique choice of the
Brumer{Stark element "K =Q;S (p) such that

�
"K =Q;S (p)

b

�
=

�
N b
p

� aS (K =Q)

(5.3)

for all ideals b of K that are prime to pWK .

Corollary 4. We have"K =Q;S (p) � = "K =Q;S (p� ) for every � 2 G.

Our aim in the remainder of this section is to prove Theorem 3 directly from the
Brumer{Stark axioms without invoking Stickelberger's Theorem. Our main tool
in this enterprise will be class �eld theory over Q. We assumefrom now on that
axioms BS1 { BS3 are valid in all non-trivial �nite sub-extensionsof QS=Q.

5.1. Some class �eld theory over Q. For any prime ` and positive integer t,
let U ( t )

` be the units congruent to one modulo ` t in U ` = Z �
` . The Artin map

 : A �
Q ! G(S) restricts to an isomorphism on

Q
` 2 S U ` . When 2 =2 S, G(S) is a

pro-cyclic group; and when 2 2 S, G(S) haspro-cyclic subgroupsof index two. Let
us agreeto call a pro-�nite group almost cyclic if it contains a pro-cyclic subgroup
of �nite index.

Fix a place p 2 Spl (K ) prime to S, and let p = N p. Then the Frobenius
automorphism � p = � p 2 G(S) is well de�ned. Let < � p> denotethe pro-p subgroup
of G(S) generatedby � p. SinceG(S) is almost cyclic, < � p> is a subgroup of �nite
index in G(S). The splitting �eld L of p in QS is thereforea number �eld containing
K . Let P 1; P 2; : : : ; P g be the primes in L lying over p. These primes all belong
to Or (L ) since otherwise L would not be the �xed �eld of � p. By our hypothesis
that the Brumer{Stark axioms hold in all �nite sub-extensionsof QS , there is a
Brumer{Stark element " (P i ) 2 L for 1 � i � g. We �x the ambiguousroot of unit y
in the de�nition of the "(P i ) by the method of x3.1 with � = p.

5.2. The recipro cit y law in L . Put S0 = S [ f 2g and S0(p) = S [ f pg. Since
G(S0(p)) is isomorphic to G(S0) � U p, QS0(p) = QS0(� (p1 )). Let Q be any prime
of L that is split over Q and relatively prime to S0(p). Set q = N Q. The Frobenius
automorphism � q = � Q is a well-de�ned element of G(S0(p)).

Theorem 4. For 1 � i � g, � (P i ) 2 L(� (p1 )) and is therefore unrami�e d over
the primes of L that divide WL .

Proof. We consider�rst the casewhen S0 = S. In that case,the Kummer extension
L(� (P i )) is contained in QS(p) becauseS contains all the primes dividing WL .
The local automorphism  p(p) =  P (p) 2 G(S(p)) restricts to � p on QS and
�xes L(� (p1 )). It therefore generatesthe pro-p group Gal(QS(p) )=L(� (p1 )). By
Corollary 3,  p(p) �xes � (P ), and so � (P ) 2 L(� (p1 )).

When 2 =2 S, we have

G(S0(p)) = G(S0) � U p = G(S) � U 2 � U p = (G(S) � U p) � U 2 ;

and we know a priori only that L (� (P i )) is contained in the �xed �eld E of  p(p).
Now, since(p � 1)=2 is prime to two, p � 3 or p � 7 mod 8. Therefore, the image
of p in U 2 generatesa subgroup of index two, which must correspond to one of
the quadratic extensionsE = L(� (p1 ))(

p
� 2). Suppose� (P i ) =2 L(� (p1 )). Then



10 DAVID R. HA YES

� (P i ) = t
p

� 2 for somet 2 L(� (p1 )). But this is impossibleas � (P i ) is divisible
only by primes over p and 2 is unrami�ed in L(� (p1 )).

We are now positioned to prove the reciprocity law at P i . SinceL(� (P i ))=L is
rami�ed only over p,

1 =  (q) =  q(q) �  p(q) = � q �  p(q) =) � q =  � 1
p (q) :

By de�nition,

� (P i )
� q =

�
" (P i )

Q

�

W L

� � (P i ) ;

and by Theorem 2 with a = aS (L=Q),

� (P i )
 p (q) = sgnP i

(q) � a(p� 1)=W L � � (P i ) =
�

N Q
P i

� � a

W L

� (P i ) :

We concludethat
�

" (P i )
Q

�

W L

=
�

N Q
P i

� aS (L= Q)

W L

(5.4)

for all primes Q of L that are split over Q and prime to S0(p).

5.3. Descending the recipro cit y law to K . Put H = Gal(L=K ), and let 
 =P
h2 H h 2 Z[H ]. Since K (� p)=K is totally rami�ed over each of the placesP i , it

is linearly disjoint from L=K and the restriction map Gal(L (� p)=K (� p)) ! H is an
isomorphism. Let s be the inverseof this restriction map.

Write � (p) := � (P )s( 
 ) and "(p) := � (p)W K . We may now descendthe Eisen-
stein reciprocity law from L down to K .

Prop osition 7. The element " (p) is a Brumer{Stark elementat p in K . Further,
�

" (p)
b

�
=

�
N b
p

� aS (K =Q)

(5.5)

for all ideals b of K that are prime to pWK .

Proof. Sincethe automorphism � b � s(� b) � 1 of L (� (p)) �xes L , it is equal to � Q for
someprime ideal Q of L that is prime to S0(p). We have then

� (p) � b = � (p) � Q = � (P )s( 
 ) � Q =

" �
"L (P )

Q

�

W L

� (P )

#s( 
 )

=

" �
N Q
P

� aS (L= Q)

W L

� (P )

#s( 
 )

=
�

N Q
P

� aS (L= Q)s( 
 )

W L

� (p)

=
�

N Q
p

� aS (K =Q)

W K

� (p)

by (2.3). Therefore " (p) = � (p)W K 2 K and
�

" (p)
b

�
=

�
N Q

p

� aS (K =Q)

:(5.6)

Since � � 1
Q � b �xes � (p), N Q � N b (mod p), and this together with (5.6) implies

(5.5).
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Let O1(K ) be the group of fractional ideals generatedby the primes in Spl (K ).

Corollary 5. For any ideal a in O1(K),
�

" (a)
b

�
=

�
N b
a

� aS (K =Q)

for all ideals b of K that are prime to N a � WK .

De�nition 3. For p 2 Spl (K =k), de�ne ~� (p) = � (" (p)). Since the ideals in
Spl (K =k) generatethe freegroup O1(K), this de�nition extendsby multiplicativit y
to a character ~� : O1(K ) ! C� .

5.4. Lifting ~� to a Hecke character. In order for ~� to extend to a Hecke char-
acter of K , it is necessary, that a modulus m exists that satis�es the following
property:

(z) 2 O1(K ) and z � 1 (mod m) =) " ((z)) = z! :(5.7)

This condition is also su�cien t. If it holds, we de�ne ~� ((z)) = � (z! ) for all z 2
K satisfying z � 1 (mod m). By (5.7), this de�nition agreeswith our previous
de�nition on O1(K ). SinceO1(K ) � Supp(m) generatesthe classgroupPic+

m(OK ),
the two de�nitions patch together to de�ne the character ~� on all K -ideals that are
relatively prime to m. By de�nition, we have now

z � 1 (mod m) =) � (" ((z))) = � (z! )(5.8)

for all z 2 K � . By Weil [15], this property implies that ~� lifts to a Hecke character
of K with algebraic part ! .

Theorem 5. The ideal character ~� lifts to a Heckecharacter in K =k with algebraic
part ! . For large b, the ideal m = W b

K OK is a modulus for ~� .

Proof. Choose b so that (4.1) holds. If (z) 2 O1(K ) and z � 1 (mod W b
K OK ),

then "((z)) = � z! for a root of unit y � 2 � (K ) becauseboth "((z)) and z! are
Brumer{Stark elements at (z). By Corollary 5 and (4.1), (z=q) = 1 for almost all
prime ideals q of K , and this forces� = 1.

We have now speci�ed the Brumer{Stark elements "K =Q;S (a) at every K -ideal
a that is relatively prime to WK . Identify K with its image in C under � . The
Eisenstein reciprocity law for ~� (a) = "K =Q;S (a) may then be stated as follows.

Theorem 6 (Eisenstein Reciprocity Law). For any K -ideal a relatively prime to
WK ,

�
~� (a)

b

�
=

�
N b
a

� aS (K =Q)

(5.9)

for all ideals b of K that are prime to N a � WK .

The existenceof a Hecke character � : A �
Q ! K � � C� with in�nit y type ! and

with associated ideal character ~� satis�ng (5.9) implies the Brumer{Stark conjec-
ture for K =Q. To prove BS1 and BS2 , let e be any exponent such that ae = (z)
is principal. Then ~� (a)e = � z! , which certainly implies BS2 . This equation also
yields BS1 by (2.4). Now let � (a) be a WK -th root of ~� (a), and let m be the
conductor of K =Q. We will show that K (� (a)) is contained in Q(� (mN a)). To
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that end, let p be a prime such that p � 1 (mod mN A). Then p splits in K . If p
is a prime ideal of K over p, then by (5.9)

�
~� (a)

p

�
=

� p
N a

� aS (K =Q)
= 1;

which shows that p also splits in K (� (a)). Thus, any prime p that splits in
Q(� (mN a)) also splits in K (� (p)), and this is enough to show that K (� (a)) is
contained in Q(� (mN a)).

6. Eisenstein recipr ocity over any tot all y real base-field

Let k be a totally real number �eld of degreed, let H k be the Hilb ert ClassField
of k, and let S be a set of k-placescontaining S1 (k). Taking the pair (k; S) as
a baseobject, let kS be the maximal abelian extension of k that is rami�ed only
over the placesin S, and put Gk (S) := Gal(kS=H k ). We assumethroughout the
remainder of the paper that the Brumer{Stark axioms are valid in all �nite sub-
extensionsL=k of kS=k. Our aim is to prove an analog of Theorem 6 for any �nite
sub-extensionK =k of kS=k that contains the strict Hilb ert ClassField H +

k of k and
to use Eisenstein reciprocity to show that the Brumer{Stark elements "K =k ;S (a)
can be aligned into a Hecke character. Our proof depends on the validit y of the
Leopoldt Conjecture in k. We assumefrom now on that Leopoldt's Conjecture
holds over all rational primes that either 1) sit under a place in S or, 2) divide WK .
Let � be the union of S and the k-placesdividing WK .

As Weil observesin [15], the L-function of a Hecke character of type A0 appears
as a divisor of the zeta-function of someabelian variety. Thus, at least over pairs
(k; �) where the Leopoldt Conjecture is valid, if the Brumer{Stark conjecture is
true over k, then it must be provable from the theory of complex multiplication.

Throughout the remainder of this section, K =k is a �nite sub-extensionof kS=k
that contains H +

k ; and p is a prime ideal in Or (K ) � �. Given a prime ideal q of
K , q =2 �, that splits over k, put Q = NormK ! k (q) and q = N q = N Q. SinceK
contains H +

k , Q is a principal ideal generatedby a totally positiveelement x(Q) 2 k.
We �x a choiceof x(Q) for every such q. Wespecify a unique Brumer{Stark element
" (p) = "K =k ;S (p) by (3.2), choosing � = x(P).

Theorem 7. If p 2 Or (K =k), then "(p) is canonically de�ned.

Proof. If we choose� = � x(P) for any � 2 E +
k , then "(p) is mutates to (� =p)a by

Proposition 4. Sincep 2 Or (K =k), (� =p) = 1.

6.1. Some class �eld theory over k. For any prime ideal R of k, Ok ;R is the
ring of integers in the completion kR of k at R; and for any positive integer t,
U ( t )

k ;R is the group of units congruent to onemodulo Rt in U k ;R = O�
k ;R . We de�ne

Uk ;R = f� 1g for R 2 S1 (k).
Let S0 be a subset of � that contains S. If  : A �

k ! Gk (S0) is the Artin map,
then there is an exact sequence

1 ! E k (S0) � !
Y

R 2 S0

U k ;R
 

� ! Gk (S0) ! 1(6.1)

where Ek is the group of units of k and E k (S0) is its closure in
Q

R 2 S0 U k ;R . Let
� p = � P 2 G(S0) be the Frobeniusautomorphism at P, and let < � P > be the closed
subgroupof G(S0) generatedby � P . The �xed �eld L = L S0 of < � P > is the maximal
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sub-extensionof kS0=k in which P splits. By Leopoldt's conjecture, L is a number
�eld.

Now put S0(P) = S0 [ f Pg. The Galois groups G(S0) and G(S0(P)) �t into the
commutativ e diagram in Figure 1. The Galois group G(S0(P)) contains the local
Frobenius automorphism  P (x(P)). We have

 P (x(P)) =
Y

R 2 S0

 R (x(P)) � 1 2 G(S0(P)) ;(6.2)

x(P) being viewed as an element of both U k ;P and
Q

R 2 S0 U k ;R .

1

��

1

��

1

��
1 //E k (S0(P )) \ U k ;P

��

//U k ;P

��

 //Gal(kS 0( P ) =kS 0)

i

��

//1

1 //E k (S0(P ))

��

//(
Q

R 2 S 0 U k ;R ) � U k ;P

� S

��

 //G(S0(P ))

res

��

//1

1 //E k (S0)

��

//Q
R 2 S 0 U k ;R

��

res �  //G(S0)

��

//1

1 1 1

Figure 1. Commutativ e diagram from class�eld theory

Abusing language somewhat, we let <x(P)> � E
+
k (S0) denote the closed sub-

group of G(S0(P)) generatedby  P applied via (6.2) to the sub-groups< x(P)>
and E +

k (S0) of (
Q

R 2 S0 U k ;R ) � 1 � (
Q

R 2 S0 U k ;R ) � U k ;P . Let L (P) be the �xed

�eld of <x(P)> � E
+
k (S0) in kS0(P ) , and let H k (P) be the �xed �eld of the product

T(S0(P)) of the rami�cation groups associated to the prime ideals R 2 S0 (see
Figure 2). By Leopoldt, L (P)=H k (P) is �nite.

Lemma 4. The kernel of the restriction map res: T(S0(P)) ! G(S0) is contained
in <x(P)> � E

+
k (S0). Therefore, H k (P)=H k and L(P)=L are rami�e d only over P.

Proof. By chasing the diagram in Figure 1, oneseesimmediately that the kernel is
 (E

+
k (S0) � 1).

Corollary 6. The restriction map res: G(L(P)=H k (P)) � ! G(L=H k ) is an iso-
morphism.

6.2. The Brumer{Stark elemen ts in L over p. Let H = Gal(L=K ), and put

 =

P
� 2 H � . Fix a prime P of L lying over p. The primes P � , � 2 H , that lie

over p all belong to Or (L ) sinceotherwise L would not be the �xed �eld of � P . By
our hypothesis that the Brumer{Stark axioms hold in all �nite sub-extensionsof
kS , there are Brumer{Stark elements "(p) 2 K and "(P � ) 2 L for every � 2 H .
We specify each element " (P � ) by the method in x3.1, choosing � = x(P).
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Prop osition 8. For � 2 H , " (P ) � = "(P � ). If " � (p) := NormL ! K (" (P )) , then
" � (p) = "(p)W L =W K .

Proof. SincesgnP � (" (P ) � ) = sgnP (" (P )) by transport of structure, we have

sgnP � (" (P ) � )
p � 1
W L = (� 1)aS (L=k ) =) " (P ) � = "(P � )

by (3.2) astheseelements di�er by a multiplier in � (L ). Thus " � (p) =
Q

� 2 H " (P � ),
which implies via Corollary 1 that

sgnP (" � (p))
p � 1
W L =

Y

� 2 H

(� 1)aS (L=k ) = (� 1)aS (L=k ) 


= (� 1)W L =W K �aS (K =k ) = sgnp

�
" (p)W L =W K

� p � 1
W L

) sgnp(" � (p)) = sgnp(" (p)W L =W K ) :

Further,

" � (p)OL =
Y

� 2 H

" (P � )OL =
Y

� 2 H

P � ! L=k ;S = P 
 � ! L=k ;S

= (pOL )! L=k ;S = (pOL )W L =W K � ! = "(p)W L =W K OL :

Thus " � (p) and "(p)W L =W K have the samesignsand generatethe sameideal in L .
Sincethey further both have absolute value one at every complex embedding of L ,
they are equal.

6.3. Eisenstein recipro cit y at p. Since p 2 Or (K ), WL =WK is prime to WK .
Let w = Wp be the largest divisor of WK such that p splits in K (w

p
E +

k ). From the
de�nitions, p 2 Or (K =k) ( ) Wp = WK .

Put � = � (P )W L =W p so that � W p = "(P ). We consider �rst the caseS0 =
� � f l 2 Supp(t) : l - Wpg. In that case,the extensionL(� )=L is contained in kS0(P )

becauseS0 contains all the primes dividing Wp.

Prop osition 9. The elements"(P � )W L =W p , � 2 H , are independent of the choice
of x(P). They are therefore canonically associated to P .

Proof. If we choosea generator � x(P), � 2 E +
k , instead of x(P), then we replace

"(P � ) by (� a0
=P � )W L

" (P � ) as in Proposition 4, where a0 = aS0(L=k). Since� is a
Wp-th power mod p, � W L =W p is a WL -th power mod P � .

Corollary 7. The element � 2 kS0(P ) lies in the sub�eld L(P).

Proof. By Proposition 5, the automorphism  P (� x(P)) �xes � for all � 2 E +
k .

De�nition 4. Let s: G(L=H k ) ! G(L(P)=H k (P)) be the inverse of restriction,
and let K (P) be the �xed �eld of s(G(L=K )). De�ne

� � (p) := � (P )W L =W p �s( 
 ) = � s( 
 ) 2 K (P) :(6.3)

From this de�nition, � � (p)W p = " � (p). Therefore, if q 2 Spl (K =k) is prime to
pWK and � q = � Q 2 G(S0) is the Frobenius at q, then

� � (p) � Q =
�

" � (p)
q

�

W p

� � (p) =
�

" (p)
q

� W L =W K

W p

� � (p) :(6.4)

We may now prove the Eisenstein reciprocity law at p.
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Theorem 8 (Eisenstein reciprocity at p). Let p 2 Or (K ) � � with N p = p; and
let q 2 Spl (K =k) � � be prime to p. Then

�
" (p)

q

�

W p

=
�

x(Q)
p

� a

W p

:(6.5)

Further, this equality is independent of the choice of x(Q).

Proof. SinceK (� � (p))=K is rami�ed only over p,

1 =  (x(Q)) =  Q (x(Q)) �  P (x(Q)) = � Q �  P (x(Q))

so that � Q =  � 1
P (x(Q)). By Theorem 2,

� � (p) P (x (Q)) = � s( 
 )  P (x (Q)) = �  P (x (Q)) s( 
 )

=
h
sgnP (x(Q)) � aS (L=k )( p� 1)=W p

i 

� � s( 
 )

=

" �
x(Q)

P

� � aS (L=k ) � 


W L

#W L =W p

� � (p)

=
�

x(Q)
p

� � aW L =W K

W p

� � (p)

by (2.3). We concludethat
�

" (p)
q

� W L =W K

W p

=
�

x(Q)
p

� a�W L =W K

W p

(6.6)

which implies (6.5) as WL =WK is prime to WK .

Corollary 8. If e(p) = GCD(a;Wp), then "(p) is an e(p)-th power in K .

Corollary 9. For p 2 Or (K =k), � (p) 2 K � k+
p , where k+

p is the strict ray class
�eld mod p. In general, � (p)W K =W p 2 K � k+

p .

Proof. The prime idealsof k that split completely in K �k+
p =k are the q 2 Spl (K =k)

that may be generatedby a totally positive element x(Q) � 1 (mod p). By (6.5),
thesesameprimes split in K (� (p)W K =W p )=k.

Corollary 10. For p 2 Or (K =k), K (� (p))=K is rami�e d only over p. In general,
K (� (p)W K =W p )=K is rami�e d only over p.

Let E +
k (K ) be the subgroup of units in E +

k whosesquareroots lie in K . Since
E +

k
�= Zd� 1, we may choose a basis � 1; : : : ; � s; � s+1 ; : : : ; � d� 1 for E +

k such that
� 1; : : : ; � s is a basis for E +

k (K ). Put w = WK . The Galois group of K ( w
p

E +
k )=K

is isomorphic to the direct product of the cyclic groups Gi = Gal(K (w
p

� i )=K ), i =
1; 2; : : : ; d � 1. By Lemma 1, Card(Gi ) = WK =2 for i = 1; : : : ; s while Card(Gi ) =
WK for i = s + 1; : : : ; d � 1.

By Proposition 3, for each 1 � i � d � 1, there is a prime ideal pi 2 Or (K )
such that the Frobenius automorphism � pi generatesGi . Let O� (K ) be the group
of fractional ideals generatedby the prime ideals pi , i = 1; : : : ; d � 1 and the set
of k-orientable primes ideals Or (K =k). Let O(K =k) � O� (K ) be the subgroup
generatedby Or (K =k), the ideals pW K =2

i for i = 1; : : : ; s, and the ideals pW K
i for

i = s + 1; : : : ; d � 1. From the de�nitions, O� (K ) and O(K =k) are independent of
the choice of the pi .
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Prop osition 10. Let w = WK OK be the principal ideal generated by the integer
WK . For all r � 0, the primes in O� (K ) generate the classgroup mod wr .

Proof. Choose r large enough so that the class �eld kmr contains K ( w
p

E +
k ). By

Proposition 3, the Frobenius automorphisms of the primes in Or (K =k) generate
Gal(kmr =K ). Therefore, the Frobenius automorphisms of the primes in Or (K =k)
generateGal(kmr =K ( w

p
E +

k )). Sincethe Frobeniusautomorphismsof the primes pi ,
i = 1; : : : ; d � 1 generateK ( w

p
E +

k )=k, the proposition follows.

Prop osition 11. Choose r su�ciently large that the conductor of K ( w
p

E +
k )=K

divides m = wr . Then z � 1 (mod m) =) (z) 2 O(K =k).

Proof. Let H = Gal(K ( w
p

E +
k )=K ). The hypothesesimply that the Artin automor-

phism � z 2 H is the identit y. Let (z) =
Q

p2O � (K ) pn p . By de�nition, � p is also
the identit y in H for all p 2 Or (K =k). It follows that the Artin automorphism of
Q d� 1

i =1 p
n p i
i is also the identit y. SinceH is the direct product of the cyclic subgroups

generatedby the � pi , we must have WK =2 dividing npi for i = 1; : : : ; s and WK

dividing npi for i = s + 1; : : : ; d � 1.

Theorem 9 (Eisenstein Reciprocity Law). The map p 7! " (p) extendsby linearity
to a map a 7! " (a) on O� (K ). For a 2 O(K =k), we have

�
" (a)

q

�
=

�
x(Q)

a

� a

and any q 2 Spl (K =k) � � . This equality is independent of the choice of x(Q).

Proof. Let a =
Q

p2O (K =k ) pn p be the prime decomposition of a. We must show
that

�
" (p)

q

� n p

=
�

x(Q)
p

� an p

(6.7)

for all p 2 O(K =k). If p = pi with s + 1 � i � d � 1, (6.7) is clear as WK jnp.
Otherwise, (6.7) follows from (6.5) with Wp = WK for p 2 Or (K =k) and with
Wp = 2 for p = pi , 1 � i � s, as WK =2 divides np in that case.

De�nition 5. Fix an embedding � : K ! C. For a 2 O� (K ), de�ne ~� (a) =
� (" (a)).

6.4. Lifting ~� to a Hecke character. In order for ~� to extend to a Hecke char-
acter of K , it is necessary, that a modulus m exists that satis�es the following
property:

(z) 2 O� (K ) and z � 1 (mod m) =) " ((z)) = z! :(6.8)

This condition is alsosu�cien t if O� (K )� Supp(m) generatesthe classgroupmodulo
m. In that case,we de�ne ~� ((z)) = � (z! ) for all z 2 K satisfying z � 1 (mod m).
By (6.8), this de�nition agreeswith our previous de�nition on O� (K ). The two
de�nitions patch together to de�ne the character ~� on all K -idealsthat arerelatively
prime to m. By de�nition, we have now

z � 1 (mod m) =) � (" ((z))) = � (z! )(6.9)

for all z 2 K � . By Weil [15], this property implies that ~� lifts to a Hecke character
of K with algebraic part ! .
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Theorem 10. The ideal character ~� lifts to a Hecke character in K =k with alge-
braic part ! . For large b, the ideal m = W b

K OK is a modulus for ~� .

Proof. We must prove (6.8). Chooseb so that (4.1) holds and also large enough
that m = W b

K OK is divisible by the conductor of K ( w
p

E +
k )=K . If (z) 2 O� (K ) and

z � 1 (mod m), then "((z)) = � z! for a root of unit y � 2 � (K ) becauseboth "((z))
and z! are Brumer{Stark elements at (z). By Proposition 11 and (4.1), (z=q) = 1
for almost all prime ideals q of K , and this forces� = 1.
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Math. 51 (1979), 29-59.

[3] P. Deligne and K. Ribet, Values of L -functions at negative integers over totally real �elds,
Invent. Math. 159 (1980), 227-286.

[4] D. Hayes, Hecke Characters and Eisenstein recipro cit y in function �elds, Journal of Number
Theory 43 (1993) 251{292.

[5] D. Hayes, The conductors of Eisenstein characters in cyclotomic number �elds, Finite Fields
and Their Applications 1 (1995) 278{296.

[6] C. Popescu, Base change for Stark{t ype conjectures \o ver Z", preprin t.
[7] K. Ribet, Report on p-adic L -functions over totally real �elds, Ast �erisque, 61 (1979), 177-192.
[8] J. Sands, The conjecture of Gross and Stark for special values of abelian L -series over totally

real �elds, Ph.D. Thesis, Univ ersity of California at San Diego, 1982.
[9] J. Sands, Ab elian �elds and the Brumer{Stark conjecture, Comp. Math. 53 (1984), 337-346.

[10] J.-P. Serre, Sur la r�esidue de la fonction zêta p-adic d'un corps de nombres, C.R. Acad. Sc.
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Figure 2. Fields and Galois groups with prime ideals over P


