ALIGNING BR UMER{ST ARK ELEMENTS INTO A HECKE
CHARA CTER (W ORKING PAPER)

DAVID R. HAYES

Abstra ct. The Brumer{Stark conjecture generalizes Stickelberger's Theorem
on Gauss sumsto arbritary abelian extensions K =k of number elds. Weinves-
tigate when the Brumer{Stark elements can be aligned into a Hecke character.
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1. Not ational conventions

For a number eld F, O is the ring of algebraic integersin F, S; (F) is the
set of archimedeanplacesof F, Spl(F) is the set of rst degreeprime idealsof F,
(F) is the multiplicativ e group of roots of unity in F, and Wg = Card( (F)). We
denote the classgroup of F by Pic(Or) and its cardinality by hg. We write Eg
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for the unit group O, and we write EZ for the group of units that are positive in
every real embedding of F. Following Tate [12], we call the multiplicativ e group

(1.2) F =fx2F :jxjy=18v2S; (F)g

the anti-units of F. Let F2 denote the abelian closureof F. If E=F  F2=F,
then G(E=F) is the Galois group of E=F with the Krull topology. When E=F is
nite and z is an elemen or ideal of E, then we write Normg, ¢ (z) for its norm
down to F. We write N z for the absolute norm of z. We let Spl(E=F) denotethe
primes ideals of F that split in E=F.

For nite E=F, we alsodene a norm N for elemenis 2 Z[G(E=F)]. For

2 Z[G(E=F)], let N be any integer suc that = N foral 2 (E).
The integer N is uniqgue modulo Wg, and N : Z[G(E=F)] ! Z=WgZ is a ring
morphism. The kernel of N is the ideal Ann(E=F) in the group ring Z[G(E=F)]
that annihilates (E). The ideal Ann(E=F) is generatedas a Z-module by the
elemerns N for 2 G(E=F), it being understood that N may take on any
valuesin its cosetmodulo W .

Let n be a positive integer dividing Wg. For a prime ideal p of F that does

not divide Wg, wedene (=p)n: F! (F) to bethe n-th power residue character
on F. Givenaprime |l of F, let ( ; =), be the local n-th power Hilbert symbol
de ned for ; in the multiplicativ e group of the completion F;.

The generalreciprocity law for F may be stated as follows (cf. Chap. 12 of [1]).
Let u;v be elemerns of F that are prime to W with v totally positive. Then

(1.2) u-o -V Voouv 1

(v) We (u) We  jjwe owe

The following Lemma will be usefulin x3.2 below.

Lemma 1. AssumeF totally real of degree d, and let w be a positive integer. Set
Fw = F( (w)), and let F* be the eld geneated over F by the w-th roots of the
totally positive units in F. Put F} = F,, F*. Then the commutator sulgroup of
G(F,; =F) is the group of squaesin G(F, =Fy).

Proof. The group G(F,, =F) is the semi-directproduct of (Z=wz)¢ * and G(F=F),
the latter group acting viathe map 7! N . Let c bethe conjugation in G(F,,=F).
If s: G(Fw=F)! G(F}=F") is the ngtural section,then 2= s(c) !s(c) ! for
every 2 G(F, =Fy). Conversely F(' E;)=F is certainly abelian. |

2. The Brumer{St ark conjecture

Let K =k be an abelian extensionof number elds with Galoisgroup G = G(K =k).
We x a nite setof k-placesS that contains S; (K) and all the placesthat ramify
in K=k. Foreath 2 &, let

Y 1
(2.) Ls(s; )= 1 N(I';’Z

pzs

be the L-function of deprived of its Euler factors at the placesin S.
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2.1. The Brumer element ! (-.s. The Fourier transform of 7! Ls(0; ) isthe
elemen = s of the complexgroup ring C[G] dened by ()= Ls(0; ) for
all 2 ®. This elemen, which is an analogof the classicalcyclotomic Stickelberger
elemen, hasremarkable properties. In 1970, Siegel[11] shaved that the coe cien ts
of arerational numbers. The fundamenal integrality properties of ! are stated
in the following deeptheorem of Barsky, Cassou{Nogues,and Deligne and Ribet.
See[2] or [3] for the proof.

Theorem 1. If 2 Ann(K=k), then 2 Z[G].

We call ! 5 l'k=k:s = Wk k=s 2 Z[G] the Brumer element of K=k, and we
rite | = PreE:! 1. The de ning property of the Brumer elemeri is (1) =
,ca ()= WkLs(0; )foral 2@.

Corollary 1. We havea N a (mod W) for all ; 2 G. In particular,

X
(2.2) I a N L (mod Wk Z[G]);
2G

where a = as(K =K) is the coe cient of the identity automorphismin ! .

Let e = es(K=k) be the largest divisor of Wx sudc that (Wx =€ 2 Z[G]. This
corollary implies that e = GCD(Wk ;a) and that Wk =eis the exact denominator
of eadh coe cient of .

2.2. A prop erty of the integers as(K=Kk). For the remainder of this working
paper, we adopt the folowing convertion. If the index n is suppressedn the power
residue symbol ( =p)n, then n = Wy .

Lemma 2. Let L=k be nite akelian, andletk K L. Assumethat S contains
all the placesthat ramify in L=k. Let P be a prime ideal of L that is prime to S,

in H = Gal(L=K) for the quotient H=D(p), where D (p) is the decomposition group
of p. Then for any x 2 K, we have

ag (L) as (K)

(2.3)

o X

X
P W|_ WK

whee = 1+ o+ + 4.

Proof. We considerthe casesg= #H (i.e. D(P)=flcg) andg= 1(i.e. D(P) =
H) separately The generalcasefollows at oncefrom thesetwo.

P
Case 1. Supposeg = #H. Then by (2.2), ag(L) ig:l N i (WL=Wk)ag(K)
(mod W_). Thus (2.3) follows from

W =W
X L K '
™ - )
P w,

o | X

which is equivalent to the congruence

NP 1 WL =Wk NP 1 Np 1
X Wi X Wk X Wk (modP):
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Case 2. Supposeg= 1and isany elemen of H. Since xes both x and P, we
may assumethat = 1. Putf = [L: K]= #D(P). Then we have
k1
(WL=Wk) as(K) ag(L) Np' (mod W)

i=0
N pf

S T
In particular, W, =Wy dividesag(L) (N p" 1)=(Np 1)and ag(K) { (mod Wg)
where

(mod W) :

Np' 1
= L) —— W =Wy ) :
{ as(L) Np 1 (WL =W )
We have then
ag (L) ag(K)
x " T as () o N x (mod P)
P ow, p
which is equivalent to (2.3) in this case. |

2.3. Statemen t of the conjecture. The setS must cortain at least two places
exceptwhen K=k = Q=Q or when k is imaginary quadratic and K =k is unrami ed
at every nite place. In the rst case,! = 1 (since the Riemann zeta function

(s) takesthe value 1=2 at s = 0). In the secondcase,K is a subeld of the
Hilb ert ClassField Bk ofk,and! = (Wg=Wk) h(k) N, whereN 2 Z[G] is the
norm element N = o - In thesespecial casesthe Brumer{Stark conjectureis
trivially true, but requiresa slightly more complicated statemert than the version
we present below.

Conjecture (Brumer{Stark ). AssumeCard(S) 2. For any fractional ideal a of
K, there is an element"(a) 2 K suchthat:

BS1 "(a) 2K .

BS2 a = ("(a).

BS3 If (a) = "(a)¥™W«, then K( (a))=k is abelian.

Note that BS1 and BS2 together determine the absolute value of "(a) at every
placeof K. Therefore"(a) is determined up to multiplication by elemerns of (K).

When S 2, the Brumer elemeri ! = 0 unlessk is totally real and K is totally
complex since otherwise all the L-functions (2.1) vanish at s = 0. This fact follows
from the functional equation for abelian L-functions. We will assumefrom now on
that Card(S) 2, k istotally real, and K is totally complex.

2.4. Can we align the "(a) into a Hecke character? Recall (see[19]) that a
Hedke character on K is a continuous group morphism  from the idele classgroup
A=K of K into C . Asscciated to is a character ~ de ned on the K -ideals
that are prime to the conductor f( ) of

Fix anembedding : K ! C, and supposethat the Brumer{Stark axiomsBS1{
BS3 hold in the abelian extensionK =k. We therefore have elemerns "(a) assigned
to ewery ideal a in K. Unfortunately, these elemeris are specied only up to a
multiplier in (K). Let us assumethat we succeedin specifying the "(a) in suc a
way that the assignmen ~: a7! ("(a)) lifts to a Hede character of type (Ag) on
the K -ideals prime to someconductor f( ). Sincea is the ideal generatedby "(a),
the Brumer element ! determinesthe in nity-typ e of ~. Sowe ask\ls ! a possible
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in nit y-type for such a Hede character?" Put n = [K : Q], and let ¢ be a set
of n=2-complex embeddings of K, no two of which are complex conjugates. We
may assumethat 2 . Let ¢2 G be the pullback through of the restriction
of complex conjugation to (K), andletH = f % : 2 : (K)= (K)g
Then H is a set of cosetrepresettativ esfor f1;cg in G. One knows (see[12]) that
(1+ ¢)! = 0, which implies that

X
(2.4) '=(1 o t

2H
with eaht 2 Z. Putt =t if ' = 2H,andputt = 0 otherwise. For
z2 K,write z = (2).

If a7! ("(a)) for somechoice of the elemens "(a) lifts to a Hede character,

then (see[15], page4) there must exist integersr ;s such that

Y
z 1 (modf()) =) (z ') = Al
2 k
forall z2 K . Now by (2.4)
z') = Y 2zt ! At
2Y|<
— Zt Zt
2

asrequired.

Prop osition 1. Suppse K=k L=k for a number eld L suchthat S contains
all the k-placesramied in L=k and also suchthat (K) = (L). Assumethat the
Brumer{Stark axioms hold in L=k and that the Brumer{Stark elementsin L can
be aligned into a Hecke character . Then the Brumer{Stark elementsin K can
also be aligned into a Hecke character.

Proof. The idele group of K embeds canonically as a subgroup of the idele group
of L, and so the restriction of to the K -ideleswill be a Hede character on K.
By the functorial properties of the Brumer{Stark axioms, the values of the ideal
character ~ of this restriction are Brumer{Stark elemerns in K. |

3. Orient able prime ideals

Let K=k be nite abelian. Let p 2 Spl(K), let p= Np, and let bea xed
uniformizer in K, = Q,. For every p-adic unit u, there is a unique (p  1)-st root
of unity  such that u (mod p). We put sgn,(u) := , and we extend sgn,
to all z 2 K, by dening sgn,(z) := sgn,(z= *»(*). It is corveniert alsoto put
sgn,(0) = 0. We note that for z 2 K,

(3.1) sgn,(z)(P V=W =

where ( =p) is the Wy -th power residue symbol at p.

De nition 1. A prime ideal p 2 Spl(K) is Q-orientable if p = Np is odd and
(p 1)=Wg is prime to Wk . Let Or (K) denote the set of Q-orientable primes of
K.
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Prop osition 2. The Dirichlet density of the set Or (K) is (Wk )=Wk , where
is the Euler function.

Proof. The Galois group H of the extensionK ( (W?))=K is cyclic of order W .
Therefore, the density of the rst degreeprimes of K with Frobeniuselemen equal
to a given generator of H is 1=Wy . Sincethere are (W ) generatorsof H, the
proposition follows. O

Prop osition 3. The primes in Or (K) geneate the narrow classgoup Pic; (Ok )
of K modulo any conductor f.

+

Proof. Let ; be the Galois group of the narrow ray class eld modulo f over
K. It suces to prove that the Frobenius automorphisms , of the prime ideals
p 2 Or(K), p prime to f, generate ;. Let E bethe xed eld of the subgroup
generatedby these ,. Then E=K and K ( (W2))=K are linearly disjoint because
p Xes E but is non-trivial on every sub- eld of K ( (W2 ))=K. Thereforefor every

2 Gal(E=K), thereisap2 Or(K) such that = . We concludethat every

2 Gal(E=K) is the trivial automorphism. J

3.1. How to specify the ambiguous root of unity. If p2 Or(K), then the
map 7! (P D=W« js an automorphism of (K). Let "(p) be a Brumer{Stark
elemen at the Q-orientable prime p. We may specify the root of unity multiplying
"(p) by requiring that

(32) sgny("(p) P P = (1)l
where as(K =K) is the integer de ned in Corollary 1. Of course,this speci cation
depends upon the choiceof . If k = Q and = p, this determination of "(P)

de nes one of the Jacobi sum Hedke characters of Weil (cf. [5]).

How doesthe choiceof e ect the speci cation of the Brumer{Stark unit "(p)?
The answer to this question, is provided by the following proposition, which follows
easily from the de nitions and (3.2).

Prop osition 4. If is replacd by , a p-adic unit, then "(p) is replacd by
( 2=p)"(p), where ( =p) is the W -th power residuesymtol at p.

Let " be any elemer of the completion K, = Q, with valuation vy(") = a and
satisfying

(3.3) sgry(M)P VWK = (1)

Choose 2 Q% sudthat W« =". Let , bethe local Artin maponK. The fol-
lowing theorem shows how to compute the Hilb ert symbol (z;"=p) := (p) p(2) 1
forany z2 K, .

Theorem 2. Letp2 Or(K). When" is speci e d by (3.3), then
(3.4) (z;"=p) = sgn,(z) 2P D=V«
forall z2 Ky, .

Corollary 2. Let e = es(K=k). When "(p) is specied by (3.2), (p)WK *2 Qp.
Therefore "(p) is an e-th powerin Q. The prime p 2 Or (K) splits completely in
K( ()" ™)=K.
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Proof of Theorem. Let 2 ng satisfy P+ = 0. It follows from the Lubin{T ate
theory that

(3.5) P(?) = sgn,(z) !

forallz2 Q,. Now " = ?( 1) u for some(p 1)=W -th root of unity and

1-unit u. If w2 Q, is a Wk -th root of u, then
(3.6) Wi = n = ( )a u= a(p 1)WWK :) — ap 1):WKW

since is determined only up to a multiplier in (K). The theorem now follows
from (3.5). O

Prop osition 5. The local automorphism ,( ) xes

Proof. It is clearfrom (3.5) that ,( ) xes andtherefore,by (3.6), aswell. [

Corollary 3. If = p, then (p) 2 Q,( (p))-

3.2. The k-orien table primes of K. Put w = Wy =es(K =k), and let K(Q E;)
be the Kummer extensionof K generatedby the w-th roots of the totally positive
units in k.

De nition 2. A prime ideal p 2 Or (K) is k-orientable if p splits in K (Q E;). Let
Or (K =k) denote the set of k-orientable primes of K .

By Proposition 3, Gal(K (p E, )=K) may be generatedby a nite setP of primes
in Or (K). We can chooseP in a particular e cien t way which will be useful in
x6.3 below. Let k* be the eld generatedover k( (Wk)) by the W -th roots of
the units in E, .

The intersection of K with k* may contain the squareroots of someunits in
Ey . Let

Prop osition 6. Let P be the rst degree prime of k sitting under p, and let kp
be the ray class eld of conductor P over k. If p 2 Or(K=Kk), then [kp: H{] is
divisible by Wy .

Proof. Sincep splits in the eld of Wk -th roots of the units in E, , ead totally
positive unit  is a Wy -th power mod P. ]

4. Eisenstein recipr ocity for princip al ideals

In this section, we assumethat K contains the strict Hilbert Class Field of k.
By class eld theory, the norm down to k of any non-zeroideal a of K will then
have a totally positive generatorx(a) in k .

Lemma 3. Thereis an integer b> 0 suchthat

! as(K)
(4.1) z 1 (modWpPOk) =) % - %

for all prime ideals q of K that are prime to Wk and the conjugatesof z over k.
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P
Proof. Using! = ,ca land(2.2), we compute
| Y a ! Y as (K)N 1
q 26 U 26 U
Y 2 as(K) 7 as(K)
T, O T (@)
By the power reciprocity law (1.2),
z _ ox@ Y ozx@ b
(x(a)) @

If bis sucien tly large, all the local symbols are trivial, and so (4.1) is true for
someb> 0. [

5. The Eisenstein recipr ocity law in cyclotomic fields

Let S bea xed setof placesof Q containing the archimedeanplace, and let Qg
be the maximal abelian extensionof Q that is rami ed only at the placesin S. Set
G(S) = Gal(Qs=Q).

Throughout this section,K =Q is a sub-extensionof Qg =Q with conductorm > 1.
We cantake m to be a positive integer that is either odd or divisible by 4. By class
eld theory, K is a sub eld of the cyclotomic number eld K, = Q( m) Qs
generatedby an m-th root of unity .

The Brumer elemer ! . is the restriction down to K of the Brumer elemert
' m of K. Let

(5.1) W, = 2m; !f m ?s odd
m; if miseven
be the number of roots of unity in K,. Fort 2 (Z=mz) ,let ;2 Gal(Kn,=Q) be
the assaiated Frobenius automorphism. Then (cf. [16])
X 1 t 1

(5.2 'm = Wp > P t (t mod m; (t;m)=1)
t

where < t=m > denotesthe fractional part of t=m.
Let an = as(Kn=Q). We note from (5.2), that

a = m=2 1; if miseven
m m 2 if m is odd.
Thus for cyclotomic elds, es(Kn,=Q) = 1.

Stickelberger'sTheoremon the prime decomposition of Gausssumsin cyclotomic
elds implies the validity of the Brumer{Stark axioms BS1{BS3 for the abelian
extensionK ,=Q. Forp2 Or (Kn), Np = p, the Brumer{Stark elemert (p) isthe
Gausssum at p divided by " p, wherep = ( 1)® D=2 With this normalization,

(p) 2 Kmp . One can usethis explicit represertation of the elemerts "(p) to give a
proof of the following reciprocity law in K (see[5] and [16]).



ALIGNING BRUMER{ST ARK ELEMENTS 9

Theorem 3. Assumethat axioms BS1{BS3 are valid in all non-trivial nite sub-
extensionsof Qg=Q. Then for every p 2 Spl(K), there is a unique choice of the
Brumer{Stark element" -o.s(p) suchthat

"k=gs(p) _ Np 29
(5.3) S =

for all ideals b of K that are prime to pWk .
Corollary 4. We have"k -qg.s(p) = "k-o:s(p ) for every 2 G.

Our aim in the remainder of this sectionis to prove Theorem 3 directly from the
Brumer{Stark axioms without invoking Stickelberger's Theorem. Our main tool
in this enterprise will be class eld theory over Q. We assumefrom now on that
axioms BS1{BS3 are valid in all non-trivial nite sub-extensionsof Qs=Q.

5.1. Some class eld theory over Q. For any prime ~ and positive integer t,
let U be the units congruert to one modulo~t in U- = Z. . The Artin map

1 Ag ! G(S) restricts to an isomorphismon ~.,5U-. When 22 S, G(S) is a
pro-cyclic group; and when2 2 S, G(S) has pro-cyclic subgroupsof index two. Let
us agreeto call a pro- nite group almost cyclic if it corntains a pro-cyclic subgroup
of nite index.

Fix a placep 2 Spl(K) prime to S, and let p = Np. Then the Frobenius
automorphism , = , 2 G(S) iswell de ned. Let < ,> denotethe pro-p subgroup
of G(S) generatedby ,. SinceG(S) is almost cyclic, < ,> is a subgroup of nite
indexin G(S). The splitting eld L of pin Qg is thereforea number eld containing

to Or (L) since otherwise L would not be the xed eld of ,. By our hypothesis
that the Brumer{Stark axioms hold in all nite sub-extensionsof Qg, there is a
Brumer{Stark elemen "(P;)2 L forl i g. We x the ambiguousroot of unity
in the de nition of the "(P;) by the method of x3.1 with = p.

5.2. The recipro city law in L. Put S°= S[ f2g and Sqp) = S[ fpg. Since
G(SYp)) is isomorphic to G(S% Uy, Qsopy = Qso( (p*)). Let Q be any prime
of L that is split over Q and relatively prime to Sqp). Setq= N Q. The Frobenius
automorphism ¢= , is a well-de ned elemen of G(SYp)).

Theorem 4. For1 i g, (P;)2 L( (p*)) and is therefore unramied over
the primes of L that divide W, .

Proof. We consider rst the casewhenS®= S. In that case the Kummer extension
L( (Py)) is cortained in Qg(,) becauseS cortains all the primes dividing W, .
The local automorphism ,(p) = 5 (p) 2 G(S(p)) restricts to , on Qg and
xes L( (p')). It therefore generatesthe pro-p group Gal(Qs(py)=L( (p*)). By
Corollary 3, p(p) xes (P), andso (P)2L( (p')).

When 2 2 S, we have

G(SAp) = G(S) Up=G(S) Uz Up=(G(S) Up) Uy;

and we know a priori only that L( (P;)) is corntained in the xed eld E of ,(p).
Now, since(p 1)=2is prime totwo,p 3orp 7 mod 8. Therefore, the image
of p in U, generatesa subgroup of indebx two, which must correspond to one of
the quadratic extensionskE = L( (p! ))(C 2). Suppose (P;) 2L( (p')). Then
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(P = tp7 for somet 2 L( (p' )). But this is impossibleas (P;) is divisible
only by primes over p and 2 is unramied in L( (p')). |

We are now positioned to prove the reciprocity law at P;. SinceL( (P;))=L is
rami ed only over p,

1= (@@= @ p@= q p(@ =) a= p YQ):
By de nition,

GORENE S S CBE
and by Theorem 2 with a = as(L=Q), "
() #0 = sanp, @ @ D (p)= L2 Wa (Py):
We concludethat L
(5.4) % = I\;)Q v
Wy iowy

for all primes Q of L that are split over Q and prime to SYp).

.3. Descending the recipro city law to K. Put H = Gal(L=K ), and let =
hay N2 Z[H]. SinceK ( ,)=K is totally ramied over ead of the placesP;, it
is linearly disjoint from L=K and the restriction map Gal(L( ;)=K( p)) ! Hisan
isomorphism. Let s be the inverseof this restriction map.
Write (p) := (P)S() and"(p):= (p)V*. We may now descendthe Eisen-
stein reciprocity law from L down to K .

Prop osition 7. The element"(p) is a Brumer{Stark elementat p in K. Further,
n ag (K=Q)
55) () Nb
b P
for all ideals b of K that are prime to pWk .
Proof. Sincethe automorphism 1, s( ,) *of L( (p)) xes L, it is equalto q for
someprime ideal Q of L that is prime to SYp). We have then

. (P #s()
M= @e= PrOe= 80 p
Q w,
" _ #s() _
_ NQ as(L=Q) _ NQ as(L=Q)s( )
= P " (P) = P " (P)
_ w as(K=Q)
= 0w (P
by (2.3). Therefore"(p) = (p)Wx 2 K and
") _ NQ =9
(5.6) B .

Since o' b xes (p), NQ Nb (mod p), and this together with (5.6) implies
(5.5). 0
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Let O1(K) bethe group of fractional ideals generatedby the primesin Spl(K).
Corollary 5. For any ideal a in O1(K),
"(a) Nb as (K=Q)

b a
for all ideals b of K that are prime to Na Wk .

De nition 3. For p 2 Spl(K=k), dene ~(p) = ("(p)). Since the ideals in
Spl (K =k) generatethe free group O(K), this de nition extendsby multiplicativit y
to a character ~: O3(K)! C .

5.4. Lifting ~to a Hecke character. In order for ~to extend to a Hedke char-
acter of K, it is necessary that a modulus m exists that satis es the following
property:

(5.7) (2)204(K) and z 1 (modm) =) "((2)=72:

This condition is also su cien t. If it holds, we de ne ~((z)) = (z') for all z 2
K satisfying z 1 (mod m). By (5.7), this de nition agreeswith our previous
de nition on O;(K). SinceO;(K) Supp(m) generatesthe classgroupPic,,(Ok ),
the two de nitions patch together to de ne the character ~on all K -idealsthat are
relatively prime to m. By de nition, we have now

(5.8) z 1 (modm) =) ("(2 = (@)

forall z2 K . By Weil [15], this property implies that ~ lifts to a Hedke character
of K with algebraicpart ! .

Theorem 5. The ideal character ~ lifts to a Hecke character in K =k with algebaic
part ! . For largeb, the ideal m= W® Ok is a modulus for ~.

Proof. Chooseb so that (4.1) holds. If (z) 2 O4(K) and z 1 (mod W2 Ok ),

then "((2)) = Z' for aroot of unity 2 (K) becauseboth "((z)) and z' are
Brumer{Stark elemers at (z). By Corollary 5 and (4.1), (z=q) = 1 for almost all
prime ideals q of K, and this forces = 1. |

We have now speci ed the Brumer{Stark elemers "¢ -q.s(a) at every K -ideal
a that is relatively prime to Wy . Identify K with its imagein C under . The
Eisensteinreciprocity law for ~(a) = "« -q.s (a) may then be stated as follows.
Theorem 6 (Eisenstein Reciprocity Law). For any K -ideal a relatively prime to
Wk,
~a) Np 2=
b a
for all ideals b of K that are prime to Na Wk .

(5.9)

The existenceof a Hedke character : Ay ! K C with innit y type! and
with assaiated ideal character ~ satis ng (5.9) implies the Brumer{Stark conjec-
ture for K=Q. To prove BS1 and BS2, let e be any exponert suc that a® = (2)
is principal. Then ~(@)® = Zz', which certainly implies BS2. This equation also
yields BS1 by (2.4). Now let (a) be a Wk -th root of ~(a), and let m be the
conductor of K=Q. We will showv that K( (a)) is contained in Q( (mNa)). To
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that end, let p be a prime suchthat p 1 (mod mN A). Then p splitsin K. If p
is a prime ideal of K over p, then by (5.9)

~(@) p sl _
T Na T
which shows that p also splits in K( (a)). Thus, any prime p that splits in

Q( (mNa)) also splits in K( (p)), and this is enoughto show that K( (a)) is
cortained in Q( (mN a)).

6. Eisenstein recipr ocity over any tot all y real base-field

Let k be atotally real number eld of degreed, let Hy bethe Hilbert ClassField
of k, and let S be a set of k-placescortaining S; (k). Taking the pair (k;S) as
a baseobject, let ks be the maximal abelian extension of k that is ramied only
over the placesin S, and put G¢(S) := Gal(ks=Hg). We assumethroughout the
remainder of the paper that the Brumer{Stark axioms are valid in all nite sub-
extensionsL=k of ks=k. Our aim is to prove an analog of Theorem 6 for any nite
sub-extensionK =k of ks=k that contains the strict Hilb ert ClassField H; of k and
to use Eisenstein reciprocity to shov that the Brumer{Stark elemers ", _, 5(a)
can be aligned into a Hede character. Our proof depends on the validity of the
Leopoldt Conjecture in k. We assumefrom now on that Leopoldt's Conjecture
holds over all rational primesthat either 1) sit under a placein S or, 2) divide W .
Let bethe union of S and the k-placesdividing Wk .

As Weil obsenesin [15], the L-function of a Hedce character of type Ag appears
as a divisor of the zeta-function of someabelian variety. Thus, at least over pairs
(k; ) where the Leopoldt Conjecture is valid, if the Brumer{Stark conjecture is
true over k, then it must be provable from the theory of complex multiplication.

Throughout the remainder of this section, K=k is a nite sub-extensionof ks=k
that cortains Hy ; and p is a prime ideal in Or (K) . Given a prime ideal q of
K, g2 , that splits over k, put Q = Normg, x(q) andg= Ng= NQ. SinceK
cortains H, , Q is a principal ideal generatedby atotally positive elemen x(Q) 2 k.
We x achoiceof x(Q) for every such g. We specify a unique Brumer{Stark elemen

"(P) = "k =k:s (P) by (3.2), choosing = X(P).
Theorem 7. If p2 Or(K=k), then"(p) is canonically de ned.

Proof. If we choose = x(P) forany 2 E;, then "(p) is mutates to ( =p)® by
Proposition 4. Sincep 2 Or (K=k), ( =p) = 1. |

6.1. Some class eld theory over k. For any prime ideal R of k, Ok.r is the
ring of integersin the completion k; of k at R; and for any positive integer t,
U(kt;)R is the group of units congruert to onemodulo R' in Uxr = Oy ;. Wede ne
Ur = 1gfor R 2 S (k).

Let S°be a subsetof that cortains S. If : A, ! Gy(S9 is the Artin map,
then there is an exact sequence

n Y
(6.1) 1! Ex(SY ! Ukr ! Ge(SH! 1
R2S0
where Ey is the group of units of k and E(S9 is its closurein Qsto Ukr. Let

p= p 2 G(SY bethe Frobeniusautomorphism at P, and let < > be the closed
subgroupof G(S9 generatedby . The xed eld L = Lso of p> Is the maximal
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sub-extensionof kso=k in which P splits. By Leopoldt's conjecture, L is a number
eld.

Now put SqP) = S°[ fPg. The Galois groups G(S% and G(SYP)) t into the
commutativ e diagram in Figure 1. The Galois group G(SYP)) cortains the local
Frobenius automorphism  (x(P)). We have

Y

(6.2) p(X(P)) = rR(X(P)) *2 G(SAP));
R2S°

x(P) being viewed as an elemert of both Uy and Q rR2so UkR-

1— B (SAP)\ Ui IUyp IGal(ksoqp) =kso) —1

14/&(5003)) 4/(Qston;R) Up —Josqp)y) —— 1

S res

lglﬁk(so)—/Qstouk:R = le(s9) h

Figure 1. Commutativ e diagram from class eld theory

Abusing language somewhat, we let <x(P)> E; (SY denote the closed sub-
group of G(SYP)) generatedby »p @;pplied via (6.2) to the sub-groups<x(P)>
and E; (S9Y of (Tros0Ukr) 1 ( gosoUkr) Ukp. Let L(P) bethe xed
eld of <x(P)> ﬁ; (S9 in ksopy, and let H(P) bethe xed eld of the product
T(SYP)) of the rami cation groups assaiated to the prime ideals R 2 S° (see
Figure 2). By Leopoldt, L(P)=Hy(P) is nite.

Lemma 4. The kernel of the restriction map res: T(SYP)) ! G(S9 is contained
in <x(P)> E, (S9. Therefore, Hy(P)=H and L(P)=L are ramied only over P.

Proof. By chasingthe diagram in Figure 1, one seesmmediately that the kernelis
(Ex(S9 1) 0

Corollary 6. The restriction map res: G(L(P)=H«(P)) ! G(L=H) is an iso-
morphism.

6.2. Ehe Brumer{Stark  elements in L over p. Let H = Gal(L=K ), and put

= oy - Fix aprime P of L lying over p. The primesP , 2 H, that lie
over p all belongto Or (L) sinceotherwiseL would not bethe xed eld of . By
our hypothesisthat the Brumer{Stark axioms hold in all nite sub-extensionsof
ks, there are Brumer{Stark elemens "(p) 2 K and"(P ) 2 L for every 2 H.
We specify ead element "(P ) by the method in x3.1, choosing = x(P).
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Prop osition 8. For 2 H, "(P) ="(P ). If " (p):= Normy, ¢ ("(P)), then
" (p) = "(p)M T

Proof. Sincesgn ("(P) ) = sgns ("(P)) by transport of structure, we have

b1 -
sgp ("(P) )V = (0 5 () =P )

by (3.2) astheseelemerns di er by amultiplier in (L). Thus" (p) = on (P ),

which implies via Corollary 1 that

1 Y
sgnp (" (M) = (1)) = ()t
2H

(YW B = sgry, (e T

) sgnp(" (p) = sgny (" (PR )
Further,
Y | '
" (pP)OL = "(P )OL = P ‘tkis = p Lks
2H 2H
= (pOL)' s = (pO )Wt Wr ! = (W =Wk O :

Thus" (p) and "(p)"W+ =W« have the samesignsand generatethe sameideal in L.
Sincethey further both have absolute value one at every complex embedding of L,
they are equal. ]

6.3. Eisenstein recipro city at p. Sincep 2 Or(K), W, =W s prime to W .
Let w = W, bethe largest divisor of Wx sud that p splits in K (* E; ). From the
de nitions, p2 Or (K=k) () W, = Wk.
Put = (P)Wt"W» sothat We = "(P). We consider rst the caseS° =
f12 Supp(t): | -Wpg. In that case,the extensionL( )=L is cortained in Kgop)
becauseS° cortains all the primes dividing Wp,.

Prop osition 9. The elements"(P )W:“We 2 H, are independent of the choice
of x(P). They are therefore canonically assiated to P.

Proof. If we choosea generator x(P), 2 E;, instead of x(P), then we replace
"(P ) by ( a’—p Jw, "(P ) asin Proposition 4, where a’= ago(L=k). Since isa
Wp-th power mod p, Wt=Wr is a W, -th power mod P . O

Corollary 7. The element 2 Kgo(p) lies in the sub eld L(P).
Proof. By Proposition 5, the automorphism p( x(P)) xes foral 2E;. O

Denition 4. Let s: G(L=Hg) ! G(L(P)=H«(P)) be the inverse of restriction,
and let K (P) bethe xed eld of s(G(L=K)). De ne

(6.3) ()= (PYWeWos() = 30 2 K (P):
From this de nition, (pWe =" (p). Therefore, if q 2 Spl(K=Kk) is prime to

pWk and 4= o2 G(SY is the Frobenius at g, then
n n W|_ ZWK
(6.4) o= P = W OF
a w, a w,

We may now prove the Eisensteinreciprocity law at p.
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Theorem 8 (Eisensteinreciprocity at p). Let p2 Or(K) with Np = p; and
let g2 Spl(K=K) be prime to p. Then
n a
(6.5) o xQ "
q WP p WP
Further, this equality is independent of the choice of x(Q).

Proof. SinceK ( (p))=K is rami ed only over p,
1= (x(Q) = ox(Q) rXx(Q)= o ~rX(Q)
sothat = ,*(x(Q)). By Theorem 2,

(p) P(X(Q) = s( ) p(x(Q)) = P (x(Q)s( )
h i
sgr\3 (X(Q)) aS(L:k )(p l):WP S( )

as(l=k) TWL=Wy

X
= X9 (®)
W
.o
= — (p)
Pw,
by (2.3). We concludethat
" W =Wk a W =Wy
(6.6) “(p) - XQ
a w, Pw,
which implies (6.5) as W_ =Wk is prime to Wk . O

Corollary 8. If e(p) = GCD(a; W,), then "(p) is an e(p)-th powerin K.

Corollary 9. For p2 Or(K=k), (p) 2 K ky, where ky is the strict ray class
eld mod p. In geneal, (p)Vk=Wr 2 K k.

Proof. The prime idealsof k that split completelyin K k; =k arethe q 2 Spl(K=k)
that may be generatedby a totally positive element x(Q) 1 (mod p). By (6.5),
these sameprimes split in K ( (p)W« =Wr)=k. O

Corollary 10. For p2 Or (K=k), K( (p))=K is rami ed only over p. In geneal,
K ( (p)"Wx=Wr)=K is ramied only over p.

Let E, (K) be the subgroup of units in E, whosesquareroots lie in K. Since
E; = Z% 1 we may choosea basis 1:::1; s se1)iii0 g 1 for E; sud that

Wk fori=s+1;:::;d 1.

By Proposition 3, foreadh 1 i d 1, thereis a prime ideal p; 2 Or (K)
sudh that the Frobenius automorphism ,, generatesG;. Let O (K) be the group
of fractional ideals generatedby the prime idealsp;, i = 1;:::;d 1 and the set
of k-orientable primes ideals Or (K=k). Let O(K=k) O (K) be the subgroup

WK =2 e oA,

generatedby Or (K =k), the ideals p, fori = 1;:::;s, and the ideals p}’VK for
i=s+1;:::;d 1. From the de nitions, O (K) and O(K=Kk) are independert of
the choice of the p;.
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Prop osition 10. Let w = Wy Ok be the principal ideal generted by the integer
Wk . For all r 0, the primesin O (K) geneate the classgroup mod w'.

Proof. Chooser large enough so that the class eld kqr cortains K(g E;). By
Proposition 3, the Frobenius automorphisms of the primes in Or (K =k) generate
Gal(kmr =K). Thereft@e, the Frobenius automorphisms of the primes in Or (K =k)
generateGal(ky =K (¥ E; )),, Sincethe Frobeniusautomorphisms of the primes p;,

i=1;:::;d 1generateK (* E; )=k, the proposition follows. |

Prop osition 11. Choose r suciently large that the conductor of K(% E;)=K
dividesm=w". Thenz 1 (modm) =) (z)2 O(K=K).

Proof. Let H = Gal(K (@ E;)=K). The hy@othesesimply that the Artin automor-
phism , 2 H is the identity. Let (z) = = ,5 («)P". By denition,  is also
e identity in H for all p 2 Or (K =k). It follows that the Artin automorphism of
?:11 pinpi is alsothe identity. SinceH is the direct product of the cyclic subgroups
generatedby the ,,, we must have Wg =2 dividing n,, for i = 1;:::;s and Wk
dividing np, fori=s+ 1;:::;d L O

Theorem 9 (Eisenstein Reciprocity Law). The map p 7! "(p) extendsby linearity
toamapa7?! "(a) on O (K). For a2 O(K=k), we have

@ x(Q C

q a
and any q 2 Spl (K =k) . This equality is independent of the choice of x(Q).

Proof. Let a = szo (k =) P"* be the prime decomposition of a. We must show
that

" Np an,
6.7) (| 7 xQ
q p
forall p2 O(K=k). If p=p with s+ 1 i d 1, (6.7)is clear as Wk jny.
Otherwise, (6.7) follows from (6.5) with W, = Wy for p 2 Or (K=k) and with
Wp=2forp=p,1 i s, asWx =2dividesn, in that case. O

Denition 5. Fix an embedding : K ! C. Fora 2 O (K), dene ~(a) =
(" ().

6.4. Lifting ~to a Hecke character. In order for ~to extend to a Hede char-
acter of K, it is necessary that a modulus m exists that satis es the following

property:
(6.8) ()20 (K) and z 1 (modm) =) "((2)=2":

This condition isalsosu cien t if O (K) Supp(m) generateshe classgroupmodulo
m. In that case,wedene ~((z)) = (Z') for all z2 K satisfyingz 1 (mod m).
By (6.8), this de nition agreeswith our previous de nition on O (K). The two
de nitions patch togetherto de ne the character ~onall K -idealsthat arerelatively
prime to m. By de nition, we have now

(6.9) z 1 (modm) =) ("2 = ()

forall z2 K . By Weil [15], this property implies that ~ lifts to a Hedke character
of K with algebraicpart ! .
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Theorem 10. The ideal character ~ lifts to a Hecke character in K =k with alge-
braic part ! . For largeb, the ideal m= W¢ Ok is a modulus for ~.

Proof. We must prove (6.8). Chooseb so that (4.léholds and also large enough
that m= W® Ok is divisible by the conductor of K (" E; )=K. If (z) 2 O (K) and
z 1 (mod m), then"((z)) = Zz' forarootofunity 2 (K) becauseboth "((2))
and z' are Brumer{Stark elemeris at (z). By Proposition 11 and (4.1), (z=g) = 1
for almost all prime ideals g of K, and this forces = 1. |
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Figure 2. Fields and Galois groups with prime ideals over P



