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Conformal prop erties in classical minimal surface theory

William H. MeekslIl and Joagun Perez

Abstra ct. This is a survey of recert dewelopmerts in the classicaltheory of
minimal surfacesin R® with an emphasison conformal properties such asrecurrence
and parabolicity. We cover the maximum principle at in nit y for properly immersed
minimal surfacesin R® and somenew results on harmonic functions as they relate
to the classical theory. We de ne and demonstrate the usefulnessof universal
superharmonic functions. We presen the Limit Lamination Theorem of Colding
and Minicozzi and its application by Meeks and Roserberg in their proof of the
uniquenessof the helicoid. Finally, we discussrecen progresson the topology and
on the index of the stability operator of properly embedded minimal surfacesand
give an application of the classicalShi man Jacobi function to the classi cation of
minimal surfacesof gerus zero.

Contents

1. Introduction. 1
2. Basicresultsin classicalminimal surfacetheory. 3
3. Parabolicity of minimal surfaceswith boundary. 16
4. Stable minimal surfaces. 19
5. The Ordering Theorem for the ends of properly embedded minimal

surfaces. 22
6. Quadratic areagrowth and recurrence. 24
7. Maximum principle at in nit y for properly immersed minimal surfaces. 26
8. Flux conjecturesand someproperties of harmonic functions in parabolic

Riemannian manifolds. 28
9. The Colding-Minicozzi curvature estimates,Limit Lamination Theorem

and applications. 31
10. Topological aspects of the theory of minimal surfaces. 35
11. The Shiman Jacobifunction on properly embeddedplanar domains. 46
References 50

1. Intro duction.

In this report on recert developmerts in the classicaltheory of minimal surfaces,
we will focus on someof the spectacular progressthat the subject has experienced
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in the past decade. The theme here is to explore relationships betweenthe func-
tion theory and the conformal structure of complete embedded minimal surfaces.
Embeddednessin uences both local and global properties of these surfaces. This
is becauseembeddednessallows oneto usethe surfaceas a barrier against itself to
construct stable minimal surfacesin its two complemeris in R2, seeSubsection4.2.
These stable minimal surfacesact as guide posts for deciphering the structure and
geometry of the surfacesand their complemens.

The recert ground breaking work by Colding and Minicozzi in [19, 14, 13, 15,
18] has been esypecially in uential. Their theoremshave been essetial for recen
progressmadein understandingthe local and global structure of embeddedminimal
surfaceswhich are simply connectedor which have nite gerus. Their results on
the compactnessand regularity of limits of sequencef locally simply connected
minimal surfacesin Riemannian three-manifoldsis a major story which we will only
briey touch on here;we refer the readerto our forthcoming survey [61] for a more
complete discussionon the Colding-Minicozzi theory and its applications.

We now briey outline the material of the survey. In Section 2 we cover most
of the basicresults in minimal surfacetheory. This sectiono ers a quick introduc-
tion to the main de nitions, examples,and classicalresults and should provide the
neededbadkground to beginnersin the subject. In Section 3 we go into some of
the recert advanceson the conformal structure of minimal surfaceswith boundary.
Section 4 is devoted to the important classicalresults on stable minimal surfaces.
We include here a proof of the beautiful estimate of Colding-Minicozzi on the area
of a stable minimal disk, a result on which we basethe proofs of the other main
theoremsof the Section. In Section5 we study properly embeddedminimal surfaces
with more than one end and discussthe basic ordering theorem of the endsof suc
surfaces.In Section 6 we explain how universal superharmonic functions (a concept
dewveloped in Section 3) can be usedto obtain quadratic area growth estimatesfor
the middle endsof properly embeddedminimal surfaces,a result which implies that
such surfacescan have at most two limit ends;this is a theorem of Collin, Kusner,
Meeks and Roserberg [21]. Another important application of universal superhar-
monic functions in this Section shows that when the minimal surface has exactly
two limit ends, then it is recurrent for Brownian motion. In Section 7 we discuss
the recen proof of the generalmaximum principle at in nit y for properly immersed
minimal surfaces.Previous maximum principles at in nit y have had unifying e ect
on the theory and this nal version will likely play an similar important role. A
deep application of this principle appearsin the proof that a properly embedded
minimal surfacein R® with absolute Gaussian curvature at most 1 has an open
regular neighborhood of radius 1 and sothe surfacehas cubical areagrowth, which
we explain as well in this Section. In Section 8 we discussseweral Theorems and
Conjecturesrelated to ux, including for a properly embeddedminimal surfacethe
Flux Conjecture of Meeksand Roserbergand arelated ux conjecturefor harmonic
functions on parabolic Riemannian manifolds. Next we cover the aforemenioned
results of Colding-Minicozzi and the application of their theory in the proof of
Collin's Theorem that states that a properly embedded minimal surface of nite
topology and at least two ends has nite total curvature. In Section 10 we cover
some topological aspects of properly embedded minimal surfaces. These results
include a discussionof the recent Topological Classi cation Theorem for Minimal
Surfacesby Frohman and Meeks [29] and the recen topological obstructions of
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Meeks, Perez and Ros [66, 62] for properly embedded minimal surfacesof nite
gerus. A particular consequenc®f thesenew topological obstructions is that every
properly embeddedminimal surfaceof nite gerusin R® is recurrent for Brownian
motion. Another important theoretical consequencas that a properly embedded
minimal surfaceof nite topology and at leasttwo endsin R with a given bound
on its gerus has a related bound on its index of stability. We also cover the re-
cert Theorem by Meeks and Roserberg [68] of the uniquenessof the plane and
helicoid as the only properly embedded simply connectedminimal surfacesin RS,
In the nal Section 11, we give some partial results on the Genus Zero Conjec-
ture. This Conjecture assertsthat a properly embedded minimal surface of gerus
zerois a plane, a helicoid, a catenoid or an examplein the 1-parameter family of
minimal surfacescalled the Riemann minimal examples(seeSubsection2.5), which
are foliated by circles and straight lines in horizontal planes. The solution of this
conjecture reducesto a study of bounded Jacobi functions on properly embedded
minimal surfacesM of gerus zero with two limit ends. In this Section we de ne
and study the classicalShi man Jacobi function which is de ned on such an M in
order to obtain somepartial results on the Genus Zero Conjecture.

How to Choosea Basis

Let "

2. Basic results in classical minimal surface theory .

We will dewote this Section to give a fast tour through the foundations of
the theory, enoughto understand and apply the results to be explained in future
Sections.

2.1. Denitions and Theorems on equiv alent prop erties. One can de-
ne a minimal surface from dierent points of view. The equivalencesbetween
thesestarting points give insight into the richnessof the classicaltheory of minimal
surfacesand its connectionswith other branchesof Mathematics.

Definiton 1. Let X : M ! R2 be an isometric immersion of a Riemannian
surfaceinto space. X is said to be minimal if the coordinate functions Xj; X2; X3
are harmonic functions on M .

Very often, it is usefulto identify a surfaceM with its imageunder an isometric
embedding. Since harmonicity is a local concept, the notion of minimality can be
applied to a surfaceM  R3 (with the underlying induced Riemannian structure
by the inclusion). Let H be the mean curvature function of X and N: M !
& RS its Gaussmap’. The well-known formula X = 2HN, valid for an
isometric immersion X : M ! R2, leadsus to the following equivalent de nition of
minimalit y.

Definition 2. A surfaceM  R® is minimal if and only if its mean curvature
vanishesidentically .

Recall that any (regular) surface can be locally expressedas the graph of a
function u = u(x;y). The condition on the mean curvature to vanish identically
can be expressedas a quasilinear elliptic secondorder partial di erential equation,

(1) L+ uPuyy  2uxUyUyy + (1+ Uf)ux = O;

1Throughout the paper, all surfaces will be supposed orientable.
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Definition 3. A surfaceM R3 is minimal if and only if it can be locally
expressedas the graph of a solution of the equation (1).

Let be a relatively compact subdomain in a surfaceM  R3. If we perturb
normally the inclusion on by a compactly supported smooth function u 2 C} (),
then X + tuN is again an immersion for any jtj < " with " su cien tly small. The
mean curvature function of M is closelyrelated to the in nitesimal variation of the
areafor compactly supported normal variations by meansof the rst variation of
area:

q Z
(2) AY%0) = 0t Area((X + tuN)()) = 2 uHdA;
t=0
where dA stands for the areaelemen of M. This variational formula lets us state
a third equivalent de nition of minimality.

Definition 4. A surfaceM  R®is minimal if and only if it is a critical point
of the area functional for all compactly supported variations.

In fact, a consequenceof the second variation of area (Subsection2.9) is that
any point in a minimal surface has a neighborhood with least area relative to its
boundary. This property justi es the word \minimal" for this kind of surfaces. It
should be noted that the global minimization of area on any compact subdomain
is a strong condition for a complete orientable minimal surfaceto satisfy; in fact,
it forcesthe surfaceto be a plane (seeTheorem 8).

(1) hi!
(2) tom
(3) help

Definition 5. A surfaceM  R3is minimal if and only if every point p2 M
has a neighborhood with least arearelative to its boundary.

De nitions 4 and 5 establish minimal surfacesas the 2-dimensional analogy
to geaesicsin Riemannian Geometry, and connectthe theory of minimal surfaces
with one of the most classicalbranchesof Mathematics: the Calculus of Variations.
Besidesthe area A, another well-known functional in the Calculus of Variations is
the Dirichlet enemy, Z

E= jr Xj2dA;

where again X : M | R3 is an isometric immersion and M is a subdomain
with compact closure. Both functionals are related by the inequality E 2A,
with equality if and only if the immersion X : M ! RS2 is conformal. The classical
formula K €YK = u that relates the Gaussiancurvature functions K ;K for
two conformally related metrics g;§ on a 2-dimensional manifold (  stands for
the Laplacian with respect to g) together with the existence of solutions of the
Laplace equation u = K for a relatively compact subdomain in a Riemannian
manifold, guarantee the existenceof local isothermal or conformal coordinates for
any 2-dimensional Riemannian manifold, modelled on domains of C. The relation
between area and energy together with the existence of isothermal coordinates,
allow us to give two further characterizations of minimalit y.

Definition 6. A conformal immersion X : M ! R?® is minimal if and only if
it is a critical point of the Dirichlet energyfor compactly supported variations, or
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equivalertly if any point p 2 M has a neighborhood with least energy relative to
its boundary.

>Fom a physical point of view, the mean curvature function of a homogeneous
membrane separating two media is equal, up to a nonzeromultiplicativ e constart,
to the di erence betweenthe pressureson the two sidesof the surface. When this
pressuredi erence is zero, then the membrane haszeromean curvature. Therefore,
soap Ims in spaceare physical realizations of the ideal conceptof a minimal surface.

Definition 7. A surfaceM R3 is minimal if and only if every point p 2
M has a neighborhood D, which is equal to the unique idealized soap Im with
boundary @,.

If N:M ! $isthe Gaussmap of M, then the tangent spaceT,M of M at
p2 M identi es assubspaceof R® under parallel translation with the tangent space
TN (p)82 to the sphereat N (p), from whereonecanview the dierential A, = dNp
as an endomorphismof T,M, called the shape operator. A, is a symmetric linear
transformation whoseorthogonal eigervectors are the principal directions of M at
p, and the corresponding eigernvaluesare the principal curvaturesof M at p. Since
the mean curvature function H of M equalsthe arithmetic mean of such principal
curvatures, we deducethat minimalit y reducesto the expression

a b

in an orthonormal tangent basis. After identi cation of N with its stereographic
projection, the Cauchy-Riemann equations give the last characterization of mini-
mality.

Definition 8. A surfaceM  R?®is minimal if and only if its stereographically
projected Gaussmap g: M ! C[ flg is a meromorphic function.

De nition 1 implies that no compactminimal surfacesin R® exist. Although the
study of compact minimal surfaceswith boundary has beenintensively developed
and dates badk to famous problems as the well known Plateau Problem, here we
will focus on the study of complete minimal surfaces(possibly with boundary), in
the sensethat all geadesicscan be inde nitely extended up to the boundary of
the surface. A stronger global hypothesis, whoserelationship with completenesss
an active eld of researd in minimal surfacetheory, is preseried in the following
de nition.

Definiton 9. A map f: X ! Y between topological spacesis proper if
f %(C) is compactin X for any compactsetC Y. A minimal surffaceM R?
is proper when the inclusion map is proper.

The Gaussiancurvature function K of a surfaceM  R? is the product of its
principal curvatures. If M is minimal, then its principal curvatures are oppositely
signedand thus, K is nonpositive. Another interpretation of K is the determinant
of the shape operator A, or equivalertly jKj is the absolute Jacobian of the Gauss
map N. Adding up the curvature at all points of M (note that this integral may
be 1 or a nonpositive number) we will obtain the sameamount as when com-
puting the negative of the spherical area of M through its Gauss map, courting
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multiplicities. This quartity is called the total curvature of the minimal surface.

(3) CM)= KdA= Area(N:M ! S):
M

2.2. Weierstrass Represen tation. Recallthat the Gaussmap of a minimal
surface M can be viewed as a meromorphic function on the underlying Riemann
surface. Furthermore, the harmonicity of the third coordinate function x3 lets us
de ne (at least locally) its harmonic conjugate function x5, hencethe so called
height di er ential> dh = dxz + idx 5 is a holomorphic di erential on M. The pair
(g;dh) is usually referred to as the Weierstrass data of the minimal surface, and
the minimal immersion X : M | R3 can be expressedup to translations solely in

terms of thesedata as
Z

(4) X(p) = <

p . i

"2

NI =

1 1

g —+g ;1 dh

g g

where < stands for real part. The pair (g;dh) satis es certain compatibility con-
ditions, namely the polesof g in M coincide with the zerosof dh, with the same
order. The key point is that the procedure above has a converse, which gives a

cook-book type recipe for analytically de ning a minimal surface.

Po

Theorem 1 (Osserman[84]). Let M be a Riemann surface, g: M ! CJ[ flg
a meromorphic function and dh a holomorphic one-form on M . Assumethat

i) The poles of g coincide with the zers of dh, with the sameorder.

i) For any closel curve M,
z Z dh z
gdh= E; < dh=0:

Then, the map X : M | RS2 given by (4) is a conformal minimal immersion with
Weierstrassdata (g; dh).

Condition i) above expresseghe nondegeneracyof the induced metric by X on
M, soby removing it we allow the conformal X to be a brancheal minimal surface.
Condition ii ) dealswith the independenceof (4) on the integration path, and it is
usually called the period problem. All geometric invariants of a minimal surfaceM
can be expressedn terms of its Weierstrassdata. For instance,the rst and second
fundamenrtal forms are respectively

2
® o= SGa+id i i =< 20 )

wherev is a tangent vector to M, and the Gaussiancurvature is

4jdg=g

6 K = S - B
©) (jgi + jgi 1)?jdhj

2Note that the height dieren tial might not be exact since x; needsnot to be globally well-
de ned on M. Nevertheless, the notation dh is commonly accepted and we will also make use of
it here.
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2.3. Minimal surfaces with nite total curv ature. Among the family of
complete minimal surfacesin space,those with nite total curvature have been
extensively studied. The principal reasonfor this is that they can be thought as
compact objects in a natural sense,which opens tremendously the number and
depth of tools that can be applied to thesekinds of surfaces.

Theorem 2 (Huber [43], Osserman[85]). LetM  R® be a completeimmersed
minimal surface with nite total curvature. Then,

i) M is conformally a compact Riemann surface M with a nite number of
points removel (called the endsof M).
i) The Weierstrassdata (g; dh) extend meromorphically to M .

In this setting, the Gaussmap g hasa well-de ned nite degreeon M. A direct
consequencef (3) is that the total curvature ofan M asin Theorem?2is 4 times
the degreeof its Gaussmap g. It turns out that this degreecan be computed in
terms of the gerus of the compacti cation M and the number of endsby meansof
the Jorge-Meeksformula [44]. When M has embedded ends, this formula states:

degg) = gerus(M) + #(ends) 1

The asymptotic behavior of a complete embeddedminimal surfacewith nite total
curvature is alsowell understood. Schoen [104] demonstratedthat ead embedded
end of a complete minimal surfacewith nite total curvature can be parametrized
as a graph over the exterior of a disk in the (x1;x2)-plane with height function
™ Xa(x1ixz) = alogr + b+ EZZL 4 o(r 2);
wherer = P X2+ x5, ;b2 R and O(r ?) denotesa function such that r20(r ?2)
is boundedasr ! 1. The coecient ain (7) is called the logarithmic growth of
the end. When a 6 0, the end is called a catenoidal end; if a = 0, we have a planar
end. In particular, completeembeddedminimal surfaceswith nite total curvature
are always proper; in fact, an elemenary analysisof the asymptotic behavior shows
that the equivalencebetweencompletenessand propernessstill holds for immersed
minimal surfaceswith nite total curvature.

A key result, proved by Collin in 1997, reducesthe study of minimal surfaces
with nite topology and at least two ends (see Subsection2.8 for the generalde -
nition of end) to the family of surfaceswith nite total curvature.

Theorem 3 (Collin [20]). If M RS is a properly emiedded minimal surface
with nite topology and more than one end, then M has nite total curvature.

The understanding of generic properties of minimal surfaceswith nite total
curvature leadsto uniquenessand nonexistenceresults, aswell asto study the mod-
uli spacesof such surfaceswith a xed topology. Along theselines, Schoen [104]
provedin 1983that the catenoid is the unique complete embeddedminimal surface
with nite total curvature and two ends. Eight years later, Lopez and Ros [53]
characterized the plane and the catenoid as the only complete embedded minimal
surfacesin R® with gerus zero and nite total curvature. About the sametime,
Costa [23] demonstrated that the spaceof complete embedded minimal surfaces
with gerus one, three ends and nite total curvature is di eomorphic to a real
interval (while computer graphics pictures demonstrate that all the examplesin
this interval are embedded, this fact has not yet been rigorously proven). Later
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on, Perezand Ros[92] gave generalconditions on the moduli spaceM (g;r) whose
elemeris are the complete embedded minimal surfaceswith nite total curvature,
gerusg and r ends,to have a structure of real analytic manifold of dimensionr 2
around a given minimal surfaceM 2 M (g;r). Such conditions are expressedin
terms of the bounded Jacobi functions on M (seeSubsection2.9 for the de nition

of Jacobi function). They also identied the tangent spaceof M (g;r) at a min-
imal surfaceM 2 M (g;r) as the set of Jacobi functions on M with logarithmic
singularities at the ends. Other compactnessresults for moduli spacesof complete
embeddedminimal surfaceswith nite total curvature have beengivenin Ros[98]
and Traizet [108]. We will dewote Section 10.2 to explain some further recert
advancesin this area, seespeci cally Theorem 29.

2.4. Perio dic minimal surfaces. A properly embeddedminimal surfaceM
in R® is called singly, doubly or triply periodic when it is invariant by a discrete
in nite group G of isometriesof R3 of rank 1; 2; 3 (respectively) that acts properly
and discortinuously. Very often, it is useful to study such an M as a minimal
surfacein the complete at three manifold R®=G. Up to nite coverings, these
3-manifolds reduceto R3=T, R®=S, T? R and T3, where T denotesa nontrivial
translation, S is the screwmotion symmetry resulting from the composition of a
rotation of angle around the x3-axis with a translation in the direction of this
axis, and T2; T3 are at tori of dimensions2 and 3 obtained as quotients of R?; R®
by 2 or 3 linearly independert translations.

All known periodic minimal surfacesturn out to have nite total curvature
(hence nite topology) when seenas surfacesin the corresponding R3=G. Meeks
and Roserberg [69, 72] deweloped the theory of periodic minimal surfaces. For
instance, they obtained in this setting similar conclusionsasthe onesin Theorem 2,
exceptthat the Gaussmap g of a minimal surfacein R3=G is not necessarilywell-
de ned (this not well-de niteness property occurs exactly for surfacesin R3=S ,

2 (0;2 ), andin this casethe role of the Gaussmap g is played by the well-de ned
di erential form dg=g). An important fact is that for properly embedded minimal
surfacesin R3=G, G 6 f identityg, the conditions of nite total curvature and
nite topology are equivalent®. Meeks[59] proved that every properly embedded
minimal surfacein T2 R hasa nite number of ends, hencein this setting nite
gerusimplies nite total curvature. Analogousto the Jorge-Meeksformula, Meeks
and Roserberg [69, 72] proved an explicit relation between the total curvature
and the topology of such a surface. They also studied the asymptotic behavior of
complete embedded minimal surfaceswith nite total curvature in R3=G. In this
setting, there are three possibilities: all endsmust be simultaneously asymptotic to
planes(asin the Riemann minimal examples,seeSubsection2.5), to halfplanes(as
in the singly or doubly periodic Scherk minimal surfaces;for this reason,such ends
are called Scherktype endg or to endsof helicoids (helicoidal type ends). Recerly
Meeks [55] proved that a properly embedded minimal surfacein R3=S, 6 0; ,
hasa nite number of endsand if it hasat least two ends, then the surfacehas at
most quadratic area growth.

Concerning classi cation theoremsfor periodic minimal surfaces,Meeks,Perez
and Ros [64] proved that the classicalRiemann minimal examplesare the unique
tori with planar endsin asingly periodic quotient of R3. Lazard-Holly and Meeks[?]

3This equivalence does not hold for properly embedded minimal surfacesin R3, as demon-
strates the helicoid.
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characterized the doubly periodic Sctherk surfacesasthe unique examplesof gerus
zeroin T?> R. Recenly, Perez,Rodr guezand Traizet [91] provedthat the spaceof
properly embeddedminimal tori with any xed number of parallel ends'in T R
is a 3-dimensional manifold which consists of the examplesde ned by Karcher
in [46, 47].

2.5. Examples of minimal surfaces. We will usethe Weierstrassrepresen-
tation for introducing someof the most celebrated complete minimal surfaces.
The plane. M = C, g(z) = 1, dh = dz. It is the only at minimal surface.

The catenoid. M = C fO0g, g(z) = z, dh = dTZ It has gerus zero, two
endsand total curvature 4 . Togetherwith the plane, the catenoid is the only
minimal surface of revolution (Bonnet [3]) and the unique complete embedded
minimal surfacewith gerus zero and nite total curvature (Lopez and Ros [53]).
Sdoen [104] also characterized the catenoid as the unique complete immersed
minimal surfacewith nite total curvature and two embeddedends.

The helicoid. M = C, g(z) = €, dh = idz. It has gerus zero, one end and
in nite total curvature. Together with the plane, the helicoid is the only ruled
minimal surface(Catalan [7]) and the unique properly embeddedsimply connected
minimal surface (Meeks and Roserberg [68], seealso Theorem 30). The vertical
helicoid can be also seenas a gerus zero surface with two endsin a quotient of
R® by a vertical translation or by a screwmotion. The catenoid and the helicoid
are conjugate minimal surfaces,in the sensethat the coordinate functions of one
of these surfacesare the harmonic conjugates of the coordinate functions of the
other one. Equivalently, both surfacesshBre the Gaussmap e* and their height
di erentials di er in multiplication by i = 1

The Enneper surface. M = C, g(z) = z, dh = zdz. It is nonenbedded,
has gerus zero, one end and total curvature 4 . The Catenoid and the Enneper
surface are the unique complete minimal surfacein R® with nite total curvature

4 .

Givenk 2 N,k l1anda2 R f0; 1g, we de ne the compact gerus k sur-
face Mya = f(z;w) 2 (C[ flg )2 j wk*l = D2 Ag et My, = Mia
f( 1,0);(1 ;1 );(a;0)gand

zZw mz+ 1
mz+ 1 Okam = Tz g%
whereA 2 R f0g. Givenk 2 Nanda 2 (0;1 ), there exist m = m(a) 2 R and
A= A(a) 2 R fOgsud that the pair (gk.a;m (a):a (a): dNicam (a)) IS the Weierstrass
data of a well-de ned minimal embedding X : M.o ! R® (Ho man, Karcher [35]).
Moreover, m(1) = O for any k 2 N. With this notation, we have the following
examples.
The Cost a tor us [22, 39]. M = M1, 9= Gi.1.0.a(1)» dh = dhy;150.
The Hoffman-Kar cher-Meeks surf aces of genus one and three ends [36].
Forany a2 (0;1 ), takeM = M1a, 9= Qiam (a):a(a), AN = dhiam (a). Thesesur-
faces(whena = 1we nd the Costatorus) arethe only completeembeddedminimal
tori with three endsin R® (Costa [23]).

Ocama (Z;wW) = A

4This number r must be nite asan application of a result by Meeks mentioned above. By
trivial separation properties, r must be even. In fact, Theorem 3in [69] implies that r is a multiple
of four.
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The Hoffman-Meeks surf aces of high genus and three ends [40]. For
any k  2,takeM = My:.1, 9= Q11,04 1) » dh = dhy;1s0.
The Hoffman-Kar cher-Meeks surf aces of high genus and three ends [36].
Forany k 2anda2 (0;1), takeM = Mg.a, 9= Ok:am (a):A(a)» N = dhicam (a)-
When a= 1 we nd the Ho man-Meeks surfaceof gerus k and three ends.
The singl y periodic Scherk surf aces. M = (C[ flg ) f e g, 9(z) = z,
dh = % for xed 2 (0; =4]. Discovered (at least, the case = =4) by
Sdherk [102] in 1835, they form a 1-parameter family of gerus zero surfacesin a
quotient of R® by a translation, with four ends. Each surfacecan be thought asa
desingularization of two vertical planesforming an angle of 2 .
The doubl y periodic Scherk surf aces. M = (C[ flg ) f e ' g, 9(2) = z,
dh = % where 2 (0; =4]. These are the conjugate surfacesto the
singly periodic Scherk surfaces,and can be thought asthe desingularization of two
families of equally spacedvertical parallel halfplanesin opposite halfspaceswith the
halfplanesin the upper family making an angleof 2 with the halfplanesin the lower
family. These surfacesare doubly periodic with gerus zeroin their corresponding
quotient T? R, and were characterized by Lazard-Holly and Meeks [?] as the
unique properly embedded minimal surfacesin T2 R with gerus zero.
The Riemann minimal examples. M = f(z;w) 2 (C[ fig )2 j w? = z(z
)z + 1Dg f(0;0);(1;1)g g(z;w) = z,dh = A sz for eah > 0, where
A is a nonzero complex number satisfying A% 2 R. Discovered by Riemann [97]
(and posthumously published), thesesurfacesare invariant by a translation T , and
in the quotient spaceR3=T have gerus one and two planar ends. The conjugate
surfaceof the Riemann minimal examplefor a given > 0is the Riemann minimal
examplefor the parameter value 1= (the case = 1 givesthe only self-conjugate
surfacein the family). Riemann minimal exampleswere characterized by Meeks,
Perezand Ros [64] asthe unique tori with a nite number of planar endsin a singly
periodic quotient of R3.

2.6. Monotonicit y form ula and classical maxim um principles. As we
will seein Section 6, the conformal type of a minimal surfaceis strongly related
with its area growth in balls. The rst result along these lines comesfrom the
coareaformula applied to the distance function to a given point p 2 R3.

Theorem 4 (Monotonicity formula). Let X : M ! RS2 be a properly immersed
connected minimal surface. Given p 2 R3, let A(R) be the area of the portion of
X (M) inside a ball of radiusR > 0 centered at p. Then, A(R)R 2 is nondecreasing.
In particular, limgz A(R)R ? with equality if and only if M is a plane.

One of the consequencesf the fact that minimal surfacescan be viewed locally
assolutions of the partial di erential equation (1) isthe validity of certain maximum
principles for minimal surfaces.We will state them for minimal surfacesin R3, but
they also hold when the ambient spaceis a complete at three-manifold.

Theorem 5 (Interior maximum principle). Let M1; M, be connected minimal
surfacesin R3. Let p be a point interior to both surfaces, suchthat ToM1 = ToMo =
fxsz = 0g. If M1; M, are locally expressel as the graphs of functions us;u, around
pandu; uz in aneightorhood of p, then M; = M in a neighlorhood of p.
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Theorem 6 (Maximum principle at in nit y [70, 48]). LetM1;M, R3 bedis-
joint connected properly immersed minimal surfaceswith compact (possibly empty)
boundary.

i) If @M. 6 or@1,6 |, thenafter possiblyreindexing, there exist points
p2 @11, q2 M, suchthat dist(p;q) =dist( M1; M>).
i) If @1=@1,= ,thenM,; and M, are at.

The maximum principle at in nit y canbe generalizedto the caseof noncompact
boundaries. In Section7 we will give an outline of the proof of this generalization.
A beautiful application of Theorem 5 is the following result by Ho man and Meeks.

Theorem 7 (HalfspaceTheorem [41]). A proper connected, possibly branched,
nonplanar minimal surface M R2 cannot be contained in a halfspace.

For later uses,we next provide a sketch of proof of Theorem 7. Arguing by
contradiction, supposethat M H = fxs3 0g R?®is a connectedproperly im-
mersednon at minimal surface. By the interior maximum principle, M Int(H).
After a suitable vertical translation, we can assumethat dist(M;@1) = 0. Let
C = f(X1;X2;X3) j x% + x% = cosif X3, X3 < Og be the lower half of a vertical
catenoid. Since M is proper, there exists " > 0 such that (M "e3)\ C =
and (M  "e3)\ (D [ L1;0))= , wherees = (0;0;1) and D is the unit disk in
@ . Now considerthe shrunk half catenoidsC; = tC, 0< t 1. Note that C;
convergessmoothly to @4 fOg away from the origin. It follows that for t > O suf-
ciently small, (M "e3)\ C; 6 . From hereit is not di cult to provethat there
exists a largestto 2 (0;1] such that (M "e3)\ Ci;, 6 . Sincethe intersection
(M "e3)\ Ci, occursoutsidethe cylinderD [ 1;0l,we nd p2 (M "e3)\ Ci,
which is interior to both surfaces.SinceM ez is above C;, around p, the interior
maximum principle insuresthat M “e3 = C;,, which is a cortradiction.

2.7. Recurrence and parab olicit y. The conformal structure of a complete
minimal surface has a strong in uence on its global properties. In particular, an
important question is to decide the so called type problem for a minimal surface
M, in the senseof classical Riemann surfaces: i.e. whether M is hyperbolic or
parabolic® (as we have already noticed, the elliptic caseis impossiblefor a minimal
surface). It turns out that the parabolicity for Riemann surfaceswithout boundary
is equivalert to the recurrence of Brownian motion of suc surfaces. The goal of the
next de nition is to intro duce somekey words to deal with conformal questions.

Definition  10. Let (M "; g) be a n-dimensional Riemannian manifold without
boundary. M is recurrent for Brownian motion if for every point p2 M, almost all
cortinuouspaths :[0;1)! M with (0) = paredensein M. M s transient if
it is not recurrert.

Definition 11 Let (M";g) be a n-dimensional Riemannian manifold with
nonempty boundary. M is paratolic if every bounded harmonic function on M is
determined by its boundary values.

5Classically, a Riemann surface without boundary is called hyperbolic if it carries a noncon-
stant positive superharmonic function, and parabolic if it is neither elliptic (i.e. compact) nor
hyperbolic. The reader should be aware that we will usethe concept of parabolicit y for Riemann-
ian manifolds with boundary (seeDe nition 11) and keepthe word recurr ent for manifolds without
boundary (De nition 10). For Riemannian manifolds, the relationship between parabolicity and
recurrence will become clear soon.
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Definition  12. Given a Riemannian manifold (M ; g) with boundary @/ 6
and a point p 2 Int(M), the harmonic or hitting measure of M respect to p is a
Borel measure , on @/, whosevalue at an interval | @V is the probability of
a Brownian path beginning at p, of hitting @/ the rst time somewhereon the
interval | .

Next we give an equivalent de nition of the harmonic measure. Consider a
compact exhaustion | @ M;y My :::of M. Givenk 2 N, let hy: M !
[0; 1] be the (bounded) harmonic function on M with boundary values1 on Int(1)
and 0 on @ |. After extending hy by zeroto M, we can seefhygx as an
increasing sequenceof harmonic functions, bounded from above by 1. Hence hy
limits to a unique bounded harmonic function h: M ! [0;1]. In this situation,

o(1) = h(p).

As a rst consequenceof the de nition of harmonic measure, we have the

following equivalence.

Pr oposition 1. Let (M;g) be a Riemannian manifold with @1 6 . Then,
the following statementsare equivalent:

(1) M is paralolic.

(2) There exgts a point p 2 Int(M) such that the harmonic measure | is
full, ie. 4, p=1

(3) Given any p ZInt(M ) and any bounded harmonic function f : M ! R, it
holdsf (p) = M fop.

(4) There exists a proper nonnegative sugerharmonic function on M .

R" is recurrent for Brownian motion if and only if n 2. Furthermore, the
parabolicity of a Riemannian manifold with boundary is not a ected by adding or
subtracting compact sets,and if a manifold M can be decomppsedas the union of
two parabolic domainswith compactintersection, then M is parabolic (or recurrert,
depending onif @V is empty or not). Theseproperties, aswell asmany others, can
be found in the excellent survey of recurrenceand Brownian motion on Riemannian
manifolds by Grigor'y an [32], seealso the notes by the secondauthor in [87]. To
clarify the relationship betweenrecurrenceand parabolicity, we state the following
assertion.

Lemma 1. Let M be a connected Riemannian manifold without boundary.
Then, M is recurrent if and only if for any nonemptyopensetO$ M, M O is
paralolic.

Note that if h: M ! R is a nonconstart positive harmonic function on a
recurrent Riemannian manifold, then, by Lemma 1, for any positive regular value
t 2 R of h, the closedsubsetM; = h 1((0;t]) is parabolic and hjy, is a bounded
harmonic function with constart boundary value t. By Proposition 1, hju, is
the constart function t, which contradicts that t is a regular value of h. This
cortradiction completesthe proof of the following well-known result.

Pr oposition 2 (Liouville Theorem). Every positive harmonic function on a
recurrent Riemannian manifold is constant.

2.8. Ends of prop erly embedded minimal surfaces. One of the funda-
mental problemsin classicalminimal surfacetheory is to describe the behavior of
a properly embedded minimal surface M R® outside a compact set in space.
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This problem is well understood if M has nite total curvature (see Theorem 2),
becauseead of its endsis asymptotic to an end of a plane or a catenoid. A recert
Theorem by Meeks and Roserberg [68] provesthat if M has nite topology but
in nite total curvature, then M is asymptotic to a helicoid (Theorem 30). More
complicated asymptotic behaviors can be found in periodic minimal surfacesin R3,
although this asymptotic behavior is completely understood whenthe periodic min-
imal surfacehas nite topology (hence nite total curvature) in the corresponding
guotient ambient space;in this setting, only planar, helicoidal or Scherk type ends
can occur (Meeks and Roserberg [69, 72]). A crucial notion in the understanding
of the asymptotic geometry of a genericproperly embeddedminimal surfaceis the
notion of topological end, which we now explain.

Let M be a noncompactconnectedmanifold. We de ne an equivalencerelation
inthesetA=f :[0;1)! M | isaproperarcg by setting 1 2 If for every
compactsetC M, 1; » lie evertually ® in the samecomponert of M C.

Definition  13. Each equivalenceclassin E(M) = A= is called an endof M.
Ife2 E(M), 2 eisarepresenativeproperarcand M is a proper subdomain
cortaining  with compact boundary, then we say that the domain  represents
the end e.

E(M) has the following natural Hausdor topology. For ead compact set
C M, wede ne the basisopensetB(C) E(M) to be those equivalenceclasses
in A= which have represenativ escontained in M C. With this topology, E(M)
is a totally disconnectedcompact spacewhich embedstopologically as a subspace
of [0;1] R.

Definition  14. Any isolated point e 2 E(M) is called a simple end of M. If
e2 E(M) is not a simple end (equivalertly, if it is a limit point of E(M)  [0;1]),
we will call it alimit end of M.

When M has dimension 2, then any end e 2 E(M) is simple if and only if it
can be represerted by a proper subdomain M with compact boundary which
is homeomorphicto S'  [0;1 ) (this caseis called an annular end) orto St [0;1 )
connectedsum with anin nite number of tori wherethe n-th connectedsum occurs
at the point (1;n) 2 St [0;1 ), n 2 N (this is a simple end of in nite genug. For
limit endsthere are similar notions: alimit ende 2 E(M) is said to have genuszero
if it can be represerted by a proper subdomain M with compact boundary
and such that the gerus of is zero. If a limit end e does not have gerus zero,
then we say that it hasin nite genus in this caseevery proper subdomain with
compact boundary represerting e hasin nite gerus.

We will dewote Section5 to the Ordering Theorem for endsof properly embed-
ded minimal surfaces;this Theorem is the starting point for the theory of properly
embedded minimal surfaceswith more than one end. Concerning one-endedmini-
mal surfaces,the classicalexamplein this family is the helicoid. In 1993,Ho man,
Karcher and Wei [37, 38] found a surprising example with gerus one and one he-
licoidal end. Very recertly, Ho man, Weber and Wolf [42] have given a proof of
the embeddednesf a gerus one helicoid, and there are computational indications
that point to the existenceof possibly embedded exampleswith higher gerus and
one helicoidal end (Bobenko [1], Bobenko and Schmies [2]). From the theoretical

6Throughout the paper, eventually means outside a compact set.
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point of view, a recen result by Meeksand Roserberg [68] insuresthat any prop-

erly embeddedone-endedminimal surfacewith nite topology must be necessarily
a helicoid with nitely many handles and can be described analytically by mero-
morphic data (dg=g; dh) on a compact Riemann surface by meansof the classical
Weierstrassrepresenation, see Theorem 30. Regarding one-endedsurfaceswith

in nite topology, Callahan, Ho man and Meeks[5] shavedthat any non at doubly
or triply periodic minimal surfacein R® must havein nite gerus and only oneend.

2.9. Second variation of area and Jacobi functions. Let M R®bea
minimal surfaceand M a subdomain with compact closure. Any compactly
supported smooth normal deformation of the inclusion X : M ! R3on canbe
written asX + tuN , whereN is the Gaussmap of M andu 2 C} (M). By (2), the
areafunctional A = A(t) for this deformation has A%0) = 0. The second variation
of area can be easily shown to be

(8) A%%0) = u( u 2K u)dA;

where K is the Gaussian curvature function of M and  its Laplace operator.
Formula (8) can be seento be the classicalbilinear form assaiated to the linear
elliptic L2-selfadjoint operator L = 2K =+ jr Nj2, which is usually called
the Jacobi operator.

Definition ~ 15. A C2-function u: M ! R satisfying u 2Ku=0onM is
called a Jacobi function. We will let J (M) denotethe spaceof Jacobi functions on
the minimal surfaceM .

Classicalelliptic theory implies that for a given subdomain M with com-
pact closure, the Dirichlet problem for the Jacobi operator in  has an in nite
discrete sequencef gwong og Of eigenvalueswith % +1 ask goesto inn-
ity, and eac eigenspacds a nite dimensional linear subspaceof C () \ HE(),
whereH3() denotesthe usual Sobolev spaceof L2 functions with L2 weak partial
derivativesand trace zero. Sinceany normal variation through minimal surfaceshas
vanishing secondderivative of the areafunctional, it follows that the normal parts
of variational elds coming from Killing or dilatation vector elds of R® produce
elemers in J (M). For instance, translations give rise to the so called linear Jacobi
functions N ; vi with v 2 R3, rotations producethe Jacobifunctions det(p;N;v) (p
denotesposition vector) and homotheties give the support function hp;Ni 2 J (M).
A particularly interesting Jacobi function, that makessensewhenthe minimal sur-
faceis transverseto a family of horizontal planes,is the Shi man function, which
will be studied in Section 11.

Definition  16. Let M be a subdomain with compact closure. The index
of stability of is the number of bounded states of L in such domain, i.e. the
number of negative eigervaluesof the Dirichlet problem assaiatedto L in . The
nullity of is the dimensionof J () \ HZ(). is called stableif its index is zero,
and strictly stableif both its index and nullity are zero.

Elliptic theory alsoimpliesthat s strictly stable provided that it is su cien tly
small, which justies the De nition 5 of minimal surface as a local minimum of
area. Another consequencef elliptic theory isthat s stableif and only if it has
a positive Jacobi function. Sincethe Gaussmap N of a graph de ned on a domain
in a plane hasimage set contained in an open halfsphere, the inner product of
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N with the unit normal to  provides a positive Jacobi function, from where we
concludethat any minimal graph is stable. Stability makessensein the large, as
we next explain.

Definition  17. A minimal surfaceM R3 is called stableif any relatively
compact subdomain M is stable. M is said to have nite index if outside of
a compact subsetit is stable. The index of stability of M is the supremum of the
indices of relatively compact subdomainsin M .

Thus, stable surfaceshave index zero. The following Theorem explains how
restrictiv e are stability and completenessfor minimal surfaces. It was proved by
Fischer-Colbrie and Schoen [26], do Carmo and Peng[24], and Pogorelor [95].

Theorem 8. If M R® is a complete (orientable) immersed stable minimal
surface, then M is a plane.

We will provide a proof of Theorem 8 in Section4.1. If we weaken the stability
hypothesisto nite index, then completenessalso leadsto a well-known family of
minimal surfaces.

Theorem 9 (Fischer-Colbrie [25]). If M R3 is a complete (orientable) min-
imal surface with possibly empty compact boundary, then M has nite index if and
only if it has nite total curvature. In this case, the index and nullity of M coin-
cideswith the index and nullity of the meromorphic extension of its Gaussmap to
the compacti ¢ ation M obtained from M after attaching its ends, ses Theorem 2.

Thanks to the conformal invariance of the Dirichlet integral, both the index
and nullity of the Jacobi operator L =  + jr Nj? remain constart under a con-
formal change of metric. On the other hand, Osserman'sTheorem implies that
every complete immersed minimal surface M R3 with nite total curvature is
conformally equivalent to a nitely punctured compact Riemann surface M. It
can be shown (Perezand Ros [92]) that there exists a smooth metric ds? on the
compacti cation M sud that the induced metric ds’> on M by the inner product
of R® can be expressedasds® = ds?, where is a positive smooth function that
blows up at the endsof M. In this setting, both the index and nullity of L can be
computed asthe index and nullit y of the operator L = + jr Nj? on M minus the
ends,where a bar meansthat the corresponding object is computed respect to ds?.
Also by Osserman'sTheorem, N extends as a meromorphic function to M, thus L
is nothing but the classicalSdrodinger operator assaiated to such a meromorphic
extension. The subspaceK (M) of bounded Jacobifunctions on M can be identi ed
with the eigenspaceassaiated to the eigervalue 0 of the operator L. Inside K(M)
we have the subspaceof linear functions L (M) = fhN;vi j v 2 R3g. If additionally
all the endsof M are horizontal, then det(p;N;e3) 2 K(M), wheree; = (0;0; 1).
In particular, K(M) has dimension at least 4 for any complete embedded minimal
surface of nite total curvature in R® except for the catenoid where det(p;N; e3)
vanishes.

Montiel and Ros [77] stated a beautiful relationship between bounded Jacobi
functions and branched minimal immersions. For a complete minimal surfaceM
R® with nite total curvature, let B(N) M be the set of branch points of the
extended Gaussmap and M (N) the linear spaceof all complete branched minimal
immersions (including the constart maps) of M B(N) into R3 with the same
Gaussmap N asM.
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Theorem 10 (Montiel, Ros[77]). LetM  R3 be a complete immersed min-
imal surface with nite total curvature’. Then, there exists a linear map u 2
K(M) 7! Xy 2 M (N) suchthat the supprt function of X, isu, andu2 L(M) if
and only if X is constant. Furthermore, this linear map givesrise to an isomor-
phism between the quotient spaces K(M )=L (M) and M (N )=f constantsg.

Among the admissible conformal metrics in which to expressquestionsrelated
with the Jacobioperator, a particularly interesting choicecomesfrom consideration
of the pullback metric ds through the Gaussmap from the standard spherical
metric on S?. The metric dsj has singularities at the branch points of N and the
Jacobi operator transformsinto Ly =  + 2, where |y is the Laplacian of dsﬁ.
Eigenvalues and eigenfunctions of L are well-de ned by a variational approac
(Tysk[111]). In particular, the index of stability of a relatively compactsubdomain

M is equal to the number of eigenvaluesof  which are strictly lessthan 2,
and the nullity of is the multiplicit y of 2 as an eigervalue of . Using these
ideas, Montiel and Ros [77] gave some estimates for the index and nullity under
di erent geometrical assumptions, of which we emphasizethe following one.

Theorem 11. LetM  R® be a completeimmersed minimal surface with nite
total curvature’. If all the branch valuesof the Gaussmap of M lie on a equator
of S, then the dimension of K(M) is 3.

3. Parab olicit y of minimal surfaces with boundary .

As we said before, the knowledgeof the conformal type of a minimal surfaceM
is crucial when tackling uniquenessquestions. Sometimesi,it is usefulto decompose
M in piecesand study the conformal structure of ead pieceas a Riemann surface
with boundary. For instance, the proof by Meeks and Roserberg of the unique-
nessof the helicoid [68] usesthat a simply connectedproperly embedded minimal
surface M R® must admit a plane which intersects M transversely in a single
proper arc . Each of the two closedcomplemens of in M is contained in a
closedhalfspace,henceboth are parabolic asfollows from Theorem 12 below. This
argumert introducesone of the main open questions concerning minimal surfaces
with boundary, which we now state after a de nition.

Definition  18. Let W  R3 be a connectedregion of spacewhich is either
open or the closureof an open set. We say that W is a universal region for surfaces
if every connectedproperly immersed minimal surfaceM W is either recurrent
(when @1 = ) or a parabolic surfacewith boundary. W is called a universal
region for graphsif every proper minimal graphM W is a parabolic surfacewith
boundary.

Question 1. Which regionsW  R?® are universal for surfacesor for graphs?

Obviously, any universal region for surfacesis also universalfor graphs. By an
ingeniousapplication of classicalRunge's Theorem, Roserberg and Toubiana [101]
gave an example of a complete minimal annulus which is properly immersedin an
open slab. This example provesthat a closedslab is not universal for surfaces. A
smart re nement of the ideasusedby Nadirashvili [80] in his proof of the existence
of a complete immersed minimal surfacein a ball of R3, allows oneto construct a

"Theorems 10 and 11 remain valid for complete minimal surfacesin any quotient of R3 where
the Gauss map makes sense,and which have nite total curvature in the quotient.
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minimal immersion of the open unit disk which is proper in R® (Morales [78]), which
shaws that R? is not universalfor surfaces. Very recertly, Morales and Mart n [54]
have constructed a complete minimal immersion of the open unit disk which is
proper in an open ball, which implies that open balls are not universal regionsfor
surfaces.On the other hand, Theorem 12 and Corollary 1 below imply respectively
that any closedhalfspaceis universal for surfaces,and the region above a negative
halfcatenoid is universal for graphs.

Part 5 in Proposition 1 givesa method to show that a given region W  R3
is universal for surfaces,which consistsof nding a proper nonnegative universal
superharmonic function on W, a conceptthat we now de ne.

Definition  19. Givenaregion W RS2, afunction h: W ! R is said to be
a universal superharmonic function on W if its restriction to any minimal surface
M W is superharmonic.

Examples of universal superharmonic functions on all of R® include coordinate
functions sudh as x; or the function x3. Collin, Kusner, Meeks and Roserberg
proved the useful inequality (Lemma 2.2 in [21]) valid for any immersed minimal
surfacein R®:
jr xsj?.

rz '

(9) j Inrj

P——s Lo . :
wherer = = x?+ x3 andr ; denote the intrinsic gradient and laplacian on M .
Using the estimate (9), it is straightforward to ched the following statemert.

Lemma 2.
i) The function Inr  x3 is a universal superharmonic function in the region
fr2 1ig.
2

ii) The function Inr xzarctanxz+ % In(x3+ 1) is a universal superharmonic
function in the region fr2  x3+ 1g.

With the above Lemma, we now prove that any closed halfspaceis a univer-
sal region for surfaces. If M is a properly immersed minimal surfacein a closed
halfspaceand @M = , then M is planar by the Halfspace Theorem (Theorem 7).
The desired property of being planar follows directly from the following general
Theorem and the fact that on recurrent surfacespositive harmonic functions are
constart (Proposition 2).

Theorem 12 (Collin, Kusner, Meeks, Roserberg [21]). Let M be a connected
properly immersed minimal surface in R®, possibly with boundary. Then, every
component of the intersection of M with a closel halfspace is a paratolic surface
with boundary. In particular, if M hasempty boundary and intersects some plane
in a compact set, then M is recurrent.

Pr oof. Up to arotation, it su ces to ched that any componert C of M (+) =
M\ fxz Ogis parabolic. For xed n 2 N, let C, = C\ x4 1([0;n]). By part
i) of Lemma 2, the function h = Inr  x3 is superharmonic when restricted to
Cn\ fr2 %g. Furthermore, h is evertually positive and proper on C,, which
implies that C, \ fr2 %g is parabolic. SinceM is proper and fr? %g\ fo
X3  Nng is compact, we deducethat C, fr? %g is a compact subset of C,.
Since parabolicity is not a ected by adding compact subsets,it follows that C, is
parabolic.
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We now chedk that C is parabolic. Fix a point p 2 C with x3(p) > 0 and let
g be the harmonic measureof C respect to p. For n large enough, p lies in the
interior of C,. Sincexs is a bounded harmonic function on the parabolic surface
Cn, part 4 of Proposition 1 insuresthat
z z

x3(p) = Xz p N ;
@ @n\ x5 1(n)
where B is the harmonic measureof C, respect to p. Since B is full on @C,, it
follows that

Z 4
g -1 n 1 x3(p) (n!]! ) 1:
@n x;i(n) @n\ x; (n) n
Let @, x5 l(n) @ 1:n IR 2n ... beacompactexhaustionof C,. By
de nition of g, we deducethat @ xoi(n) p= p(@n X3 (n)) is the value at

p of the unique bounded harmonic function h,: C, ! [0; 1] obtained as the limit
of the increasingsequencd hy., gk, wherehy., : C, ! [0; 1] is the extensionby zero
of the unique harmonic function on ., with boundary valueshy., = 1 on the

interior of @, xz'(n)andhgy = 00N @ kn  [@n X3 (N)].

On the other hand, let @ @ ; 1 2 ... be acompact exhaustion
of C. Using the sameargumert asin the fast paragraph for the harmonic mea-
sure , of C respect to p, it follows that @ P - p(@) is the value at p of

the unigue bounded harmonic function h: C ! [0; 1] obtained as the limit of the
increasing sequencef hygy, where hy: C ! [0; 1] is the extension by zero of the
unique harmonic function on  with boundary valueshy = 1 on the interior of @C
and hy = 0on @ @C. To provethat C is parabolic, it only remainsto show
that h(p) = 1. Since0O h 1onC,wehaveh, hin @, for any n 2 N. Since
C, is parabolic, part 4 of Proposition 1 implies h, hin C, for any p. Evaluating
at p and taking limits asn! 1 wehavel = limy; ha(p) h(p) 1, which
nishes the proof.

An opensubset of a Riemann surfacewithout boundary is called hyperholic if
carries a nonconstart positive superharmonic function, or equivalertly if for any
point g2 , the Green'sfunction with singularity at g exists (this function is the
smallest positive harmonic function in f gg with a logarithmic singularity at ).
Supposenow that X : M | R® is a proper non at minimal immersion whoseGauss
map g has image set contained in a hyperbolic open subset S?. Sinceg(M)
is not densein S?, a result by Osserman([83] implies that if M has no boundary
then the immersion is at. Soassumethat X is not at. A careful analysis of the
role that x3 plays in the last proof lets us exchangethis coordinate function by the
composition G g, whereG is the Green'sfunction in  with singularity at a given
point 2 . After a suitable choice of a universal superharmonic function h which
constrains the region where X (M) is contained, argumerts not far from the ones
in the proof of Theorem 12 lead to the following statemert.

Theorem 13 (Lopez, Perez[52]). Given 2 (0;1), let W = fx3> (xZ+
x3)=2gand X : M | R® a proper nonat minimal immersion with X (M) W .
If, upto removinga compact setof M, the Gaussmap of X hasimage contained in
a hyperbolic open subsetof the sphee, then M is a paratolic surface with boundary.
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The region above a vertical negative halfcatenoid is evertually corntained in
W for any 2 (0;1). Sincethe Gaussmap image of a graph is contained in a
closedhalfsphere, it is also cortained in an hyperbolic open subsetof S?. Thus the
following result is a direct consequencef Theorem 13.

Cor ollar y 1. Any proper minimal graph lying in the closal region alove a
vertical negative halfcatenoid is paratolic.

We would like to nish this Section by mertioning an unpublished example by
Collin of a complete stable minimal submersionof a disk minus a Cantor set of
positive measurein its boundary into a plane, which we can view as a degenerate
multigraph.

Let W = R?> f0;1gandleth: D! W bethe universalcover by the open unit
disk D C. Note that D is incomplete in the pulled-back at metric through h.
Consider the simply connectedsubdomain W (+) = f(x1;x2) 2 W j x2 0Og and
one of its lifts D; to D. Let p1, oup denote points in @ corresponding to the end
points of D1, which under completion would map to 0 and 1 in R?, respectively.
Consider small disjoint arcs 1; 1 in @ certered at p;; qu respectively and eath
of length 1(1) < % Consider the open \equilateral" triangles (1 ;1); (1 ;2)in D
with circle bases 1; 1, and sidesbeing straight line segmetms of length (1). Let

Dk we nd similar points pg; o and arcs ; k with lengths at most I(k) < %.
After removing from D all of the similarly de ned open \equilateral" triangles
( k;1); ( k;2), one obtains a at surfaceM and an induced map h: M | R?2,
Sincethe boundary of the closureM of M in the closedunit disk D is a Lipschitz
curve parametrized by the argumernt , the Riemann mapping Theorem presenes
setsof positive Lebesguemeasureon @/ . By construction, the set@1 @ has
positive measureand so @1 doesnot have full harmonic measure. On the other
hand, it can be chedked that the at metric on M is complete, which nishes our
construction of the example of Collin.

4. Stable minimal surfaces.

Very often, stable minimal surfacesplay the role of planes separating disjoint
piecesof minimal surfaces.How to produce such separating stable surfaceswill be
the goal of Subsection4.2. Before this, we will explain how to give bounds on the
areaand curvature for stable surfaces,which in turn have important consequences
to the global theory.

4.1. Area and curv ature estimates for stable minimal surfaces. Let
D M beagedaesicdisk of radius ro > 0 cortained in a minimal surfaceM  R3.
Since the Gaussian curvature of D is nonpositive, classical comparison with the
Euclidean disk of the sameradius gives r3  Area(D). Colding and Minicozzi
(Theorem 1.2 in [17]) gave a useful upper estimate for Area(D) by assumingsta-
bilit y.

Theorem 14. Let D M be a gendesic disk of radius rq inside a minimal
surface M R3. If D is stable,then

ré  Area(D) ra:

wl b
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Pr oof. The argumen usesa beautiful application of the stability inequality
with a particular choice of a radial test function f (r; )= () (here(r; ) arepolar
gedadesic coordinates on D), where 2 CY([0;ro]) with (rg) = 0. By stability,
Green'sformula and the coareaformula, we obtain

zZ, Z

(10)
z Z,, .

0 jr fj2+ 2Kf2 dA = ( Ar)2I(r)dr + 2 Kds  2(r)dr;
D 0 0 @ (r)

where K is the Gaussiancurvature function on M, D (r) is the disk of gealesicra-

dius r 2 [0;ro] concertric with D and ds;;I(iR are respectively the length elemert

and the total length of @(r). Let K(r) = b(r) K dA. As Kqr) = @) K ds

and K(0) = (ro) = 0, integration by parts gives 0“’ @) Kds 2(r)dr =

0“’ K (r)( 2(r))Cdr. RBY the Gauss-Bonnet formula and the rst variation of

length, K(r) = 2 @) gdsy = 2 Iqr), where 4 denotesgeadesic cur-

vature. Substitutin% in (10) we obtain
lo

fo

0 (A N2I(r)dr 2 @2 1) ?(r))°dr:
0 0

Now taking (r) =1 r’—o in the last expression,we have
Z Z Y4
17 4~ fo g ~ o
1) 5 Idr+— 1) 1 = dr = 1 L odr=4:
s o o o o fo o o
Finally, i ion b vesL o | 1 L odr= 4 i) dr. Pluggi
inally, integration by parts gI:\e/esG N %r) i dr=5 (r)dr. Plugging

this into (11) and using that c;° [(r)dr = Area(D), we nish the proof.

To seethe usefulnessof the above area estimate, we now give a short proof of
Theorem 8.

Proof of Theorem 8. Let M R3 be a complete orientable immersed
minimal surface which is stable. Since stability is characterized by the existence
of a positive Jacobi function on M, we can lift such function to a Jacobi function
on the universal cover of M or equivalertly, assumethat M is simply-connected.
Since the Gaussian curvature of M is nonpositive, Hadamard's Theorem implies
that the intrinsic distance function to a given point pp 2 M is smooth outside pg
without critical points. Let D(r) be the geadesicdisk certered at pg with radius
r > 0, A(r) the areaof D(r) (which is a smooth function of r) and I(r) the length
of its boundary. Then, AYr) = I(r) gnd thus, the rst varigtion of length and the
Gauss-Bonnetformula give A%r) = @) 9ds =2 o) K dA, where g is
the gedadesic curvature of @ (r), ds; is its length element and K is the Gaussian
curvature of M . The last equality implies that A°{r) is monotonically increasingin
r. This property toggther with A(r) 2 r2 (Theorem 14) imply that A°(r) %,
which shows that b(r) K dA % . Sincer is arbitrary , we concludethat M has
nite total absolute Gaussiancurvature at most % . Sincethe total curvature of a
complete orientable nonplanar minimal surfaceis in nite or an integer multiple of

4 , we deducethat M must be a plane. This nishes the proof of Theorem 8. 2

A crucial fact in minimal surfacetheory is that orientable minimally immersed
stable surfaceswith boundary in R® have curvature estimatesup to their boundary.
These curvature estimateswere rstly obtained by Schoen [103] and later proved
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in another way by Ros [99]. Here we give a di erent approad, using Theorem 8
and a blow-up argumert. As a consequencethese curvature estimatesare in fact
derived from the areaestimate in Theorem 14.

Theorem 15. There exists a universal constant ¢ > 0 suchthat for any stable
orientable minimally immersed surface M in RS2, its absolute curvature function
times the squaed distance function to the boundary of M is bounded alove by c.

Pr oof. Suppose on the cortrary that there exist stable oriented minimally
immersed surfacesM , in R® and points p, 2 M, in the interior of such surfaces
sud that jK v, j(pn)dwm, (pn; @M,)? > n for all n, whereK y, ;dy, arerespectively
the Gaussiancurvature and the intrinsic distancein M. By passingto the universal
covering, we may assumethat M, is simply connectedfor eadh n. Let D, be the
geddesicdisk certered at p, with radius du, (pn; @) and ¢, 2 D, a point where
the function dy, (;@n)?%jKm,j: Dn ! [0;1 ) hasa maximum value. We denote
by B, the minimal disk in R® obtained by rst translating by g, the intrinsic
disk in M, with certer g, and radius %dMn(qn;@D ) and then homothetically
expanding this translated disk by the scaling factor = jKy, (0h)j. Thus we have
a sequencef 8,9, of stable minimal disks in R3, all passingthrough the origin
with Gaussiancurvature K g = satisfying Kg (0) = 1and K 40onB,. A
standard compactnesgesult (seefor example[68] or [93]) shownsthat a subsequence
ofthe B, convergesuniformly on compactsetsof R3 to a completesimply-connected
immersedminimal surface8; passingthrough the origin, with bounded Gaussian
curvature Kig , Kig, (0) = 1 and empty boundary. SinceB, is stable (because

the limit of stable minimal surfacesis stable), Theorem 8 implies that B; is a
plane, which is a contradiction. This nishes our proof of Theorem 15.

Remark 1. Another blow-up argument implies that Theorem 15 also holds
for stable minimal surfaces in a Riemannian three-manifold N 3 with injectivity
radius boundead from below and which is uniformly locally quasi-isometric to hballs
in Euclidean space (in particular, it holds on any compact N 3).

4.2. Barrier constructions. Barrier constructions allow one to construct
compact and noncompact stable minimal surfacesin R3 that are constrainedto lie
in subdomains of R® whoseboundaries have nonnegative mean curvature. For ex-
ample, considertwo connectedproperly embeddeddisjoint minimal surfacesM ;; M,
in R® and the closed connectedregion W of R® with @V = M1 [ M,. We now
show how to produce compact stable embeddedminimal surfacesin W. First note
that W is a complete at manifold with boundary having zero mean curvature.
Meeks and Yau [75] proved that W embedsisometrically in a complete homoge-
neously regular® Riemannian manifold W di eomorphic to the interior of W and
with metric g. Morrey [79] provedthat in a homogeneouslyregular three-manifold
one can solve the classicalPlateau problem or other area minimizing problems. In
particular, if is an embedded1-cyclein v which bounds an orientable chain in
W, then s the boundary of a compact least area embeddedsurface  (Q) .

8a complete Riemannian manifold (W;g) is homogeneously regular if there exists an " > 0
such that the injectivit y radius of v is at least " and "-balls in W are uniformally quasi-isometric
to "-balls in R3. For example, every compact Riemannian three-manifold satis es this rather weak
property.
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Meeksand Yau prove that their metric g on W canbe approximated by a family
of homogeneouslyregular metrics f g, gn2n Which converge smoothly on compact
subdomains to g and ead g, satis es a corvexity condition outside of W v,
which forcesthe leastareasurface (gn) to liein W if liesin W. A subsequence
of the  (gn) cornvergesto a smooth minimal surface  of least areain W with
respect to the original at metric. We now use this barrier construction to prove
the Strong Halfspace Theorem (also seeTheorem 7).

Theorem 16. [41, 73] If M, and M, are two disjoint properly immersed min-
imal surfacesin RS2, then M1 and M, are parallel planes.

Pr oof. Let W be the closedcomplemen of M1 [ M, in R3 that has portions
of both M; and M, on its boundary. The surface @V is a good barrier for solving
Plateau-typeproblemsin W. Let M1(1) ::: Ma(n) :::beacompactexhaus-
tion of M1 and let 1(n) be the least area surfacein W with boundary @M 1(n).
Let beacompactarcin W which joins a point in M 1(1) to a point in @GV \ M.
By elemenary intersection theory, intersectsevery least area surface i1(n). By
compactnesf least areasurfaces,a subsequencef the surfaces ;(n) corvergesto
a properly embeddedarea minimizing surface in W with a componert ( which
intersects . Since o separatesR®, g is orientable and soby Theorem8, o isa
plane. Hence,M 1 and M, lie in closedhalfspacesof R® and so, by Theorem 12, M ;
and M, are recurrent. But, then the height of M1; M, over their separating plane
is a positive harmonic function which must be constart (Proposition 2). Hence,M 1
and M, must be planes.

Another useful application of the barrier construction is the following. Suppose
is a simple closed curve on the boundary of a round ball B in R3. By the
Jordan curve Theorem, is the boundary of disksD1;D, @ . Suppose is a
compact branched minimal surfacein B with @ = . Let W;; W, be the gealesic
completion of the two componerts of B which contain the disksD1;D». In this
case@V; and @V, consistof smooth pieceswith zero mean curvature and corvex
corners. Meeks and Yau [75] proved that such boundaries are good barriers for
solving least area problems. In fact, in this casethey provethat boundsa least
areaembeddeddisksB; W, and a leastareadisk B, W,.

This result by Meeks and Yau, together with a disk uniquenessTheorem of
Nitsche [82], hasthe following corollary (in the proof of Nitsche's Theorem, Nitsche
assumesthe boundary curve is analytic becauseof the consideration of boundary
branch points. When is extremal, there are never boundary branch points as
shown in [75]).

Theorem 17. [75] If is a smath extremal curve with total curvature at
most4 , then is the boundary of a uniqgue compact branched minimal surface and
this surface is a smath emtedded minimal disk of least area.

5. The Ordering Theorem for the ends of prop erly embedded minimal
surfaces.

The study of the ends of a properly embedded minimal surface M R3
with more than one end has been extensively deweloped. Callahan, Ho man and
Meeks [6] shawved that in one of the closedcomplemens of M in R? there exists
noncompactproperly embeddedminimal surface R3® M with compactbound-
ary and nite total curvature. By Theorem 2, the endsof are of catenoidal or
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planar type, and the embeddednessof forcesits endsto have parallel normal
vectorsat in nit .

Definition  20. In the above situation, the limit tangent plane at in nity of
M is the planein R® passingthrough the origin whosenormal vector equals(up to
sign) the limiting normal vector at the endsof . Sud a plane is unique [6], in the
sensethat it doesnot depend on the nite total curvature surface R M.

The limit tangent plane at in nit y is a key notion for studying the way in which
a minimal surfacewith more than one end embeds properly in space.

Theorem 18 (Ordering Theorem [30]). Let M  R2 be a properly emtedded
minimal surface with more than one end and horizontal limit tangent plane at
in nity. Then, the endsof M can be linearly ordered geometrically by their relative
heights over the (x1;Xx2)-plane, and this ordering has a topological nature in the
following sense: If M is properly isotopic to a properly embedded minimal surface
M 9 with horizontal limit tangent plane at in nity, then the assaiated ordering of
the endsof M © either agrees with or is opposite to the ordering coming from M .

The linear ordering on the setof endsE(M ) givenby Theorem 18 lets us de ne
the top end er of M asthe unique maximal elemen in E(M ) in the ordering (recall
that E(M) is compact, henceer exists). Analogously, the bottom end ez of M
is the unique minimal elemen in E(M). If e 2 E(M) is neither the top nor the
bottom end of M, the it is called a middle end of M .

Rather than sketch the proof of the Ordering Theorem, we will be cortent
to explain how one obtains the linear ordering. Suppose M R3 is a minimal
surfacein the hypothesesof Theorem 18. By Collin's Theorem (Theorem 3), the
annular ends A E(M) of M are asymptotic to ends of horizontal planes and
vertical catenoids (since we are assumingthat the limit tangent plane at in nit y
of M is horizontal). Sincetheseendsare all graphs over complemeris of compact
subdomains in the (x1;X2)-plane, we seethat the set of ends A has a natural
linear ordering by relativ e heights over the (x1;x2)-plane. This provesthe Ordering
Theoremwhen A = E(M).

By Theorem 9, any end which canbe represeried by a proper stable subdomain
of M isrepreserted by a surfaceof nite total curvature and socanberepresered by
anannulus. Let e; = [ 1] 2 E(M) be an endwhich is not annular. Such an end can
always be represerted by a proper subdomain E; which is unstable and where @ ; is
connectedand M  E; is alsounstable. Let W1; W5 be the two closedcomplemeris
of M in R3. Note that we can considerE; to lie on the boundary of both of these
complete at 3-manifolds W1; W5, and that their boundaries @V,; @V, are good
barriers for solving Plateau-type problems. Since @1 bounds the locally nite
2-chain E; in @V, the barrier argumert in Subsection4.2 shows that @& is the
boundary of a properly embeddedorientable leastareasurface 1 in W;. Similarly,
@1 is the boundary of a least area surface , in W,. SinceE; and M E; are
unstable, the maximum principle impliesthat ( ;[ 2)\ M = @&;.

Let R, bethe closedcomplemen of ;[ » in R® which cortains E; and let R,
be the other closedcomplemen. Since ; and M E; are both nhoncompactand
M is properly embeddedin R3; R; and R, are both noncompact. It follows that
outside a large ball containing @, the boundary of Ry, which equals ;[ 2 =
@R, consistsof a nite positive number of graphical endswhich are asymptotic to
the ends of horizontal planesand vertical catenoids. Let e; = [ 2] 2 E(M) be an
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end with a represenativ e E, which is disjoint from E; (note that any two distinct
endscan be chosento have disjoint represenativ es). The proper arc ; eventually
liesin Ry and soevertually lies betweentwo successie graphical endsof @R, or 1
evertually liesin the region abovethe top graphical end of @R 1 or below the bottom
graphical end of @R;. A similar statemert holds for the properarc 2 Rj. In
particular there is a topological graphical plane P over the (x1; x2)-plane whoseend
is one of the endsof @R; and evertually 1 and  lie on opposite sidesof P. If
evertually liesbelow P and ; evertually liesaboveP, then[ 1] < [ 2]in the linear
ordering given by the Ordering Theorem; otherwise,[ 2] < [ 1]. The ordering we
just described can be provedto be a well-de ned linear ordering, see[30] for more
details.

6. Quadratic area growth and recurrence.

In this sectionwe will sketch the proof of a Theorem that constrains both the
geometry and the topology of properly embeddedminimal surfacesin R3 with more
than one end. This Theorem has beenusedin an essetial way by Meeks, Perez
and Ros in the proofs of their classi cation results in Theorem 29, Theorem 31
and Theorem 32 below, as well as by Frohman and Meeks in their proof of the
Topological Classi cation of Minimal Surfaces(Theorem 28), all of these Theorems
are discussedin Section 10 of this survey.

The Ordering Theorem in the previous Section represerts the rst stepin try-
ing to understand the geometry of properly embedded minimal surfaceswith more
than one end. By the proof of the Ordering Theorem, a middle end of a prop-
erly embedded minimal surfaceM with horizontal limit tangent plane at in nit y
can be represeried by a proper subdomain E =~ M with compact boundary such
that E \lies betweentwo catenoids." This meansthat E is contained in a neigh-
borhood S of the (x1;x2)-plane, S being topologically a slab, whosewidth grows
logarithmically with the distance from the origin.

Supposefor the momert that IB isin fact contained in the regionW = f (X1; X2; X3)
jr 1,0 x3 1g, wherer = xZ+ x3. In Section3 we de ned the universal
superharmonic function Inr  x3 in W. Note that the restricted function f : E! R
is superharmonic and proper. Supposef (@) [ 1;c] for somec> 0. ReplaceE
by f %[c;1) andlet E(t) = f ![c;t] for t > c. Assumingthat both c;t are regular

valuesof f , the divergenceTheorem gives
z z z

f dA = jr fjds+ jr fjds;
E (1) f 1(c) foi(t)

wherer ; are the intrinsic gradient and laplacian on M, and dA; ds denote the
corresponding area and length elemens. Since f is superharmonic, the func-
tioﬁ t 7! @) f dA is monotonically decreasingand bounded from below by

f 1) jr fjds. In particular, f liesin LY(E). Furthermore, f = r +

. ) f 2 H i2

2B 5L Inrj+ 2530 By estimate (9) in Section3,j Inrj 3L hence

3 3
i fi x_zg L jr xsj?. Sincex§ landr? 1linW,it followsj fj jr xaj?
and thus, both jr x3j? and Inr arein L1(E). This implies that outside of a sub-
domain of E of nite area, E canbe assumedto be as closeto being horizontal as
one desiresand in particular for the radial function r on this horizontal part of E,
jr rj is almost equalto 1.
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Letro = maxrjg . With aslight abuseof notation, rede ne E ) to be the sub-
domain of E that_liesinside the regionfrg  xi+x3 t?g. Since ¢, InrdA=

jrrj Ir rige = 1 ivori 1
r=ro —~—ds+ _ ~—ds=const. + y _,jrrjdsand Inr 2 L*(E), thenthe

following limit exists: 5

(12) lim jrrjds=C
! =t g
for somepositive constart C. Thus, t 7! _ jr rjds grows at most linearly as
t! 1. By the coareaformula, for t; xed and large
z Z, Z
(13) jr rji?dA = jrrjds d;
EV t; r tg t r=
hencet 7! . 6ot tgjr rj>dA grows at most quadratically ast ! 1 . Finally,
sinceoutside of a domain of nite areaE is arbitrarily closeto horizontal and jr rj
is almost equal to one, we concludethat the areaof E\ fr  tg grows at most
guadratically ast! 1 . In fzact, from (12) and (13) it can be proved that

dA = Ct? + O(t);
ENf r tg
wheret 'O(t) is a bounded function of t.

We now ched that the constart C must be an integermultiple of . The locally
nite minimal integral varifolds assaiated to the homothetically shrunk surfaces
%E corvergeasn ! 1 to alocally nite minimal integral varifold with empty
boundary which is contained in the (x1;X2)-plane. Sincethis limit varifold must is
an integer multiple of the (x1;x2)-plane, C must be an integer multiple of

In the casethat the end E \lies between catenoids”, a similar analysis [21]
using the universal superharmonic function Inr  ¢(x3 arctan(xs) %In(x% + 1)),
for somec> 0, shovsE\ fr tg hasareagro n t? for somen 2 N. This in

turn implies E hasareagrowth n R2 whereR = = x% + x3 + x%, in the sensethat

lim g Area(Mt\zf R tg

By the monotonicity formula for area (Theorem 4), every end of a minimal
surface must have asymptotic area growth at least equal to the area growth of a
planewhich is R?. Sincewe just chedkedthat middle endsof a properly embedded
minimal surface have quadratic area growth, then we can nd represenativ esfor
middle ends which have exactly one end, which meansthey are never limit ends.
This discussiongivesthe next Theorem and we refer the readerto [21] for further
details.

Theorem 19 (Collin, Kusner, Meeks, Roserberg [21]). Let M R3 be a
properly embedded minimal surface with more than one end and horizontal tangent
plane at in nity. Then, any limit end of M must be a top or bottom end of M.
In particular, M can have at most two limit ends, each middle end is simple and
the number of ends of M is countable. Furthermore, each middle end E of M
has limiting quadmtic area growth m(E) R? asR! 1 , where m(E) is a positive
integer. The parity of m(E) is called the parity of the middle end E.

Collin, Kusner, Meeksand Collin [21] were also able to useuniversal superhar-
monic functions to control the geometry of properly embedded minimal surfaces
with exactly two limit ends. Their proof of the following Theorem is motivated by
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the proof of a similar theorem by Callahan, Ho man and Meeks[6] in the classical
1-periodic setting.

Theorem 20. Let M  RS3 be a properly emledded minimal surface with two
limit endsand horizontal limit tangent plane at in nity. Then there exist a proper
collection fP, j n 2 Zg of horizontal planesin R® suchthat everyplaneintersects M
transverselyin a nite number of simple closel curves. Furthermore, the closel slab
Sn boundd by P, [ Pnh+1 intersects M in a noncompact domain which represents
the n-th end of M. In particular, by Theorem 12, M s recurrent.

7. Maxim um principle at innit y for prop erly immersed minimal
surfaces.

In this Section we will present a sketch of the proof of a general maximum
principle at innit y. As an important application of it, we will also show the
existence of tubular neighborhoods for any properly embedded minimal surface
with bounded Gaussian curvature, which in turn implies that the area growth of
such a surfacein balls is not more than cubic. The next statemert generalizesthe
maximum principle at in nit y described in Theorem 6, to the caseof noncompact
boundaries.

Theorem 21 (Maximum principle at in nit y [67, 107]). LetM{;M,> RS2 be
disjoint connected properly immersed minimal surfaces with possibly empty bound-
aries.

i) If @116 or @1,6 |, then
dist(M1;M>) = minfdist(@1; M3); dist(@2; M1)g:
i) If @1=@1,= ,thenM,; and M, are at.

Sketch of the proof. The only real di erence betweenthe statemerts of
Theorem 6 and of the above Theoremis that the boundariesof the surfacesin The-
orem 21 are allowed to be noncompact. This noncompactnessproperty presers
some serious technical di culties that are not easyto overcome. The most dif-
cult of these problems arisesfrom the unknown conformal structure of a stable
orientable complete minimal surface with boundary, which we now explain. By
Theorem 9, when  has compact boundary, then it has nite total curvature and
so it is conformally a nitely punctured compact Riemann surface with compact
boundary. In particular, when has compact boundary, then it is parabolic. On
the other hand, at the end of Section 3 we discussedan example of a complete
orientable stable minimal surfacewith noncompact boundary which was not par-
abolic. The fact that a stable minimal surface need not be parabolic makes the
proof of the generalmaximum principle at in nit y quite delicate. We now give the
sketch of the proof and will eventually indicate how one circumvernts this problem
with the conformal structure.

Assumethat Theorem 21 fails for some properly immersed minimal surfaces
M1;M»,. The rst stepin the proof of Theorem 21 is to reduceto the casewhere
M1; M, are properly embedded and stable. To do this one usesM; [ M, to-
gether with small "-neighborhoods of their boundary curves as barriers to obtain
stable disjoint minimal surfacesM M2, where @10 lies in the boundary of the "-
neighborhood of @; for i = 1;2. This barrier argumert is similar to one described
in Subsection4.2. Furthermore, the new stable surfacesare also constructed to be
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at least as closeto ead other asthe previous onesand so by choosing"-su cien tly
small are new counterexamplesto the Theorem. So assumefrom now on that
M1; M, are properly embeddedand stable.

If @1, and @, are both compact, then we shov how to complete the proof.
In this case,Theorem 9 implies that M 1; M, are two properly embeddedconnected
minimal surfacesin R® which have compact boundary and nite total curvature.
Sincethe Theorem fails for M 1; M5, then, after a xed translation of M1, we may
assumethat the distance from M1 to M, is zero but the distancesfrom @/, to
M, and from @1, to M are both positive. The only way that this can happen
is that an end E; of M1 has distance zeroto someend E, of M,. Sincethe ends
of embedded nite total curvature surfacescan be taken to be graphs which are
planar (zerologarithmic growth) or of catenoid-type (boundedlogarithmic growth),
we may assumeafter a rigid motion of R that E; and E, are nonnegative graphs
over an annular domain A = f(x1;X2) j X2+ x3 R3gwith some xed nonnegative
logarithmic growth. In this casethe estimate in formula (7) implies E; and E
are both asymptotic to the end of a plane or to the end of a xed catenoid. In
particular, E; and E, are asymptotic to eac other.

Supposethat the E; lies below E,. After a small upward translation of Eq,
we obtain a surface E9 whoseend lies above the end of E, and whose boundary
lies below the boundary of E,. An application of the usual maximum principle
impliesthat = E9\ E; is a simple closedhomotopically nontrivial curve on both
surfaces. Let E{() E{ and Ex() E, be the annular ends of these surfaces
with commonboundary . Note that the third componert of the conormalto E9()
along is pointwise greater in norm than the corresponding third componernt of
the conormal to E,() along , sinceE{() lies above E;() along . It follows
that the vertical ux of E{ is greaterin norm than the vertical ux of E,. But the
vertical uxes of E{ and E, depend only on their logarithmic growths, which are
equal. This cortradiction completesthe proof of the casewhere @/1; and @M, are
both compact.

We now corntinue with our proof in the case @1; or @/, is not compact.
By our previous argumerts, M; and M, are stable and properly embedded and,
after a possible translation, have dist(M ;M) = 0 but with dist(@11;M;) and
dist(@2; M 1) both being positive. By curvature estimatesfor stable minimal sur-
faces(Theorem 15), after removing small regular neighborhoods of their boundaries,
the Gaussiancurvature of ead of the surfacesis bounded. Sincethe surfaceshave
bounded curvature and some points of the interior of M, approach points in the
interior of M1, then for " > 0 small, under the pull-back by the exponertial map
of the "-normal disk bundle N- (M) to M, we can view portions of M, as normal
graphsover proper domainsin M; consideredto be the zerosectionof N-(M1) and
these graphs have boundary values"”. Let ; M;j be suc a domain in M; and

2 M be the corresponding graphical domain which we again may assumehas
distance zeroto ».

If 1 is parabolic, then using the minimal surface equation for such a normal
graph for " small, one can produce a positive proper superharmonic function on

1 Which does not have its minimum on the boundary of ;. Hence, ; is not
parabolic. In fact, after removing any small xed regular neighborhood of @ 1
from 1, we still obtain a surfacewhich is not parabolic. This problem motivates
the following de nition.
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Definition  21. A Riemannian surfaceM with boundary is "-paralolic if for
any "> 0,M(")=fp2 M jdist(p;@1) "gis a parabolic surface.

Hence, to complete the proof of Theorem 21 it is sucient to prove ; is"-
parabolic. While it must certainly be the casethat ; is "-parabolic, the proof
of this property is not what is shovn. Rather one provesthat betweenthe zero
section ; and the graph », there are normal minimal graphs ( t) over ; for
every 0 < t < ". One of these graphs ( tp) is a limit of the other graphs and
such that the limit inducesa positive Jacobi function u on ( tg) which is bounded
away from zeroin a xed sized neighborhood of its boundary. The argumerts of
Fischer-Colbrie in [25] in her proof of Theorem 9 now imply that if g is the metric
for ( to), thenu gis anewmetric which is complete and has nonpositive Gaussian
curvature. One then provesthat suc surfacesare "-parabolic, which easily implies
that ( to) is "-parabolic in the original metric. Once one obtains such a ( to),
then using the previous argumerts onerather easily arrivesat a contradiction. This
completesour sketch of the proof to Theorem 21. 2

We now cometo a beautiful and deep application of the general maximum
principle at in nit y. The next Corollary appearsin [67] and a slight variant of it
in [107].

Corollar y 2. SupmseM R3 is a properly embedded minimal surface with
absolute bounded Gaussian curvature at most 1. Let exp: Ny(M) ! R® be the
expnential map of the open unit normal disk bunde into R3. Then exp is a smath
emiedding. In particular, M hasa open emteddel tubular neightorhood of radius 1.

To seethat the minimal surface M given in Corollary 2 has some tubular
neighborhood, considerX = exp (M) N3(M). Note that X cortains the zero
sectionM of N;(M). SupposeX cortains a componert  which is di erent from
the zero section. Sinceexp: N3(M) ! R® is a submersion,under the pulled-back
metric we canview N;(M ) asa at three-manifold. Inside this at three-manifold,

and M cortradict the maximum principle at innit y, or rather the proof of
Theorem 21 holdsin this setting and sogivesthe desiredcontradiction. We conclude
that X = M. But then a simple application of the triangle inequality implies the
restricted map exij%(M) is injective and so M has a tubular neighborhood of

radius % A special barrier argumert is usedto obtain the optimal maximal radius 1
tubular neighborhood given in the statement of the Corollary.

8. Flux conjectures and some prop erties of harmonic functions in
parab olic Riemannian manifolds.

Algebraic-analytic invariants assaiated to a properly embedded minimal sur-
face M R® are a way of not only distinguishing M from other such examples
but also can be used as theoretical tools for acquiring deeger information on the
surface. One of the most natural of theseinvariants is the ux of M assaiated to
aKiling vector eld V of R%. Givensud aV and its restriction Vi to M, let V,}
denote the tangent vector eld on M which is the tangertial part of V), ; note that
the normal projection V,} is a Jacobi vector eld (i.e. the inner product of Vi
with the Gaussmap N of M is a Jacobi function). Giventwo oriented homologous
cycles 1; 2 M, the divergenceTheorem implies that the ux of V,\} across 1 is
equal to its ux across ,. When the Killing vector eld V is one of the parallel
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vector elds e;; e; e;3 induced by the standard coordinate functions in R3, then for
V=m¢gis V,\} = r X; wherer X; is the intrinsic gradiert of x; on M. Thus, for eath
class[ 12 H1(M;Z), one obtains thze ux vector

FL 1= (r xa;r X2;r X3):

There is a well-known conjecture of Meeks concerning precisely when the so called
ux mapF:Hi(M;Z)! RS, isthe zeromap, or equivalertly, it describesprecisely
which surfacesM have zero ux.

Conjecture 1 (Flux Conjecture (I)). If M R3 is a properly emtedded
minimal surface with zero ux, then M is a plane or a helicoid.

Thanks to the characterization by Meeksand Roserberg (Theorem 30 below)
of the plane and the helicoid as the unique properly embedded simply connected
minimal surfacesin R3, Conjecture 1 can be equivalertly stated as follows.

Conjecture 2 (Flux Conjecture (I1)). If M R® is a properly emiedded
nonsimply connected minimal surface, then M has nonzeio ux.

An isometric minimal immersionX : M ! R2isrigid if givenanother isometric
minimal immersion Y : M | R3, there exists a rigid motion R : R® ! R3 such
that R X = Y. On the other hand, if X has Weierstrassdata (g; dh), then for
eah 2 [0;2 ) the pair (g;€ dh) de nes via Theorem 1 a possibly multiv alued®
minimal surfaceX , which is called an assaiate surface of X . The ascciate surface
for = =2 is the conjugate surface. Equation (5) implies that two assaiate
minimal surfacesare locally isometric.

Lemma 3. Let X : M ! R3 be a isometric minimal immersion. Then, the
following statementsare equivalent:
(1) X is rigid.

(2) All assiate surfacesto X are multivalued, exept X and X .
(3) There existsa cycle[ ]2 H1(M;Z) suchthat the ux F[ ]is not zer.

Proof. If X isrigid and 2 [0;2 ), then the minimal immersionsX ;X are
isometric, hencethey di er in arigid motion R. SinceX; X sharethe Gaussmap,
the linear part of R must be the identity | or | andso, = 0or , which proves
1) 2. The implication 2 ) 3 follows easily from the fact that the ux vector of
X onagivencycle[ ] 2 Hi(M;Z) is a period for its conjugate surface. To see
3) 1, take an isometric minimal immersionY : M ! RS2, By Calabi's Rigidity
Theorem [4], there exists a rigid motion R : R®! R® and an assaiate surface X
such that R X = Y. In particular, X is well-de ned on M. By hypothesis,
there exists[ ] 2 H1(M; Z) such that the F[ ] 6 0. Sincethe period of X along
[ 1equalssin F[ ], it followsthat = Oor ,thusX andY are congruen.

Lemma 3 insuresthat the plane and helicoid are not rigid. Meeksand Rosen-
berg [69] proved that every non at doubly periodic minimal surfaceM  R?® with
nite topology in the quotient has a cycle with nonzero ux. Meeks[58] extended
this property to all triply periodic minimal surfacesand to singly periodic minimal
surfaceswith nite topology in the quotient and planar or Scherk type ends. By

9n the sensethat X may have real periods although X solvesthe period problem.
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Lemma 3, all these surfacesare rigid, and the helicoid shows that we cannot ex-
pect to extend theseresults to singly periodic surfaceswith helicoidal type ends.
Perez[90] showed that no other nonrigid example can exist in this last family of
surfaces.All theseresults together imply that if aM is anon at properly embed-
ded periodic minimal surfacein R® with nite topology in the quotient, then M is
rigid or it is the helicoid.

An easyconsequencef the de nition of rigidit y is that in arigid minimal sur-
face, every intrinsic isometry extendsto an ambient isometry of R® (this property is
sometimesreferredto asweak rigidity ). Sinceintrinsic isometriesof the helicoid and
the plane extend to ambient isometries, the validity of the equivalent Conjectures1
or 2 would imply the following conjecture by Meeks:

Conjecture 3 (Isometry Conjecture). If M R3 is a properly emtedded min-
imal surface, then every intrinsic isometry of M extendsto an ambient isometry.

By the above argumerts, Conjecture 3 holds when M s periodic and has nite
topology in the quotient. In 1990, Choi, Meeks and White [9] proved that the
stronger Conjecture 2 holds when M has more than one end and very recertly,
Meeks and Roserberg (Theorem 30) extended the validity of Conjecture 2 to the
caseof M having one end and nite gerus. In summary, Conjectures 1, 2 and 3
canonly fail if the surfaceM has exactly oneend and in nite gerus. By Lemma 3,
one way to prove Conjecture 1 or 2 would be to show that when M has one end
and in nite gerus, then there exists a plane in R3 that intersectsM in a set that
cortains a simple closedcurve.

Another important conjecture related to ux, which is also closely related to
classi cation questions,is the following one due to Meeks, Perezand Ros.

Conjecture 4 (Flux Conjecture (I11)). If M R® is a properly emtedded
minimal surface and the rank of the ux map is 1, then M is the catenoid, one
of the Riemann minimal examplesor one of the Scherk doubly-feriodic examples
de ned in Subsetion 2.5.

By Collin's Theorem 3 and the Lopez-Ros[53] characterization of the catenoid,
Conjecture 4 holds when M has nite topology and more than on end (the only
possible surface in this caseis the catenoid). On the other hand, Theorems 31
and 32 below imply that any nonsimply connected properly embedded minimal
surface M R® of gerus zero has ux map of rank 1, and so a positive solution
to Conjecture 4 would complete the classi cation of gerus zero minimal surfaces
in R3.

We now describe a recertly discovered ux invariant assaiated to ead coordi-
nate function of a properly immersedminimal surfaceM in R3. Supposex: M ! R
Is @ coordinate function and t 2 R. Consider the scalar ux (possibly in nite)

X 1(t) jr xjds of the intrinsic gradient r x acrossthe level set curve x *(t), which
is oriented almost everywhere by the normal vector (r x)j, 1. If t1  to arereal
numbers, then Theorem 12 implies that M [ty;t,] = x [t1;ts] is a parabolic mani-
fold. Thus, by the following Lemma, the ux of r x acrossa level setis independert
of the level set; we will call this number the ux of r x.

Lemma 4 (Flux Lemma, Meeks [56]). Supmse M is a paralolic Riemann-
ian manifold, h: M ! [0;1] is a nonconstant harmonic function and @M =
h 1(f0;1g). Then, the ux ofr h acrossh 1(0) equalsthe ux of r h acrossh *(1).
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The above Lemma is a consequenceof Green's Theorem and the de nition of
a parabolic manifold. Meekshas made the following related Conjecture.

Conjecture 5 (Finite Geometric Flux Conjecture). Let M be a paralolic
Riemannian manifold and h: M ! [0; 1] a nonconstant harmonic function with
@1 = h (f0;1g). If r h has nite ux acrossh *(0), then almost all integral
curvesof r h begin at h *(0) andendat h (1).

Meeks and Wolf [74] have beenable to prove Conjecture 5 in the caseof di-
mensiontwo. We nish this Sectionwith a related problem to Conjecture 5. This
problem constitutes one of the deepest and most important conjecturesin classical
minimal surfacetheory and it is due to Meeksand Roserberg,

Conjecture 6 (Geometric Flux Conjecture). SupmpseM  R2 is a properly
emiedded minimal surface. Then, exapt for a countable subset,the integral curves
of a given coordinate function beginat 1 andendat +1 .

By the results contained in Theorem 3, Theorem 30, Theorem 31 and Theo-
rem 32, the Geometric Flux Conjecture holds when M has nite gerus.

9. The Colding-Minicozzi  curv ature estimates, Limit Lamination
Theorem and applications.

The famousopen spherial space-form problemasksif any free action of a nite
group of di eomorphisms of the sphereS® is conjugate to an action by isometries
in O(4). According to Pitts and Rubinstein [94], the failure of this questionto be
solvedin the a rmativ. ewould createby minimax methods a sequencef embedded
minimal unknotted tori M, in some -in variant metric on S with the index of
stability of M, at leastn. This approach motivated the following open question by
Pitts and Rubenstein.

Question 2. Doesthere exist a bound for the stability index of all closel em-
bedded minimal surfaceswith xed genusin a given closal 3-manifold N with respect
to somelarge classof Riemannian metrics?

Arguments in Choi and Schoen [8] imply that if N is a closedRiemannian 3-
manifold with a genericmetric, then there exists a bound for the stability index of
all closedembeddedminimal surfacesin N with xed gerusanda xed areabound.
Thus, the above question by Pitts and Rubinstein leadsto the study of sequence®f
closedembedded minimal surfaceswith xed gerusin suc a N2 but without area
(or density) bounds. Viewing a sequenceof embedded minimal surfacesin N asa
sequenceof Radon measureson N, compactnessresults from Geometric Measure
Theory imply that a subsequence®f the measureqrenormalizedto have xed mass)
convergesweakly to another Radon measure. The problem of understanding the
geometric structure of this limit starts with the analysis of the local structure in a
xed ball, which motivates the certral problem tackled by Colding and Minicozzi
in a recen seriesof papers: the local structure of a limit of compact embedded
minimal surfacesM, with xed gerus and no areabound in aball B R3, with
boundaries @1, @ . The most important caseof their structure Theorem is
when the M, are disks and their Gaussiancurvature blows up near the origin.

The basicexamplein this setting is a sequenceof rescaledhelicoidsM , = a,H
whereH is a xed vertical helicoid with axis the xz-axisanda, 2 R*,a, ! 0. The
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curvature of the sequencd Mg, blows up along the xz-axis and the M, corverge
away from the axis to a foliation L of R® by horizontal planes. The x3-axis is the
singular set of corvergenceS(L) of M, to L, but ead leaf of L extends smoothly
acrossits intersectionwith S(L) (i.e. S(L) consistsof removable singularities of L).
With this model in mind, the so called Limit Lamination Theorem (Theorem 0.1
of [14]) canbe easilyunderstood. Givenp 2 R3 andR > 0, wedenoteby B (p;R) =
fx2 R3jkx pk< Rg, B(R)= B(0;R) and Ky, the Gaussiancurvature function
of a surfaceM .

Theorem 22 (Colding, Minicozzi [14]). Let M B(R,) be a sequene of
emiedded minimal diskswith @1, @ (R,) andRn ! 1 . If supjKy \s)j!
1, then there exists a subsguene of the M, (denoted in the same way) and a
Lipschitz curve S: R! R3 suchthat up to a rotation of R3,

(1) x3(S(t)) =tforallt2R.

(2) For eachcompact domainC R® S andn largeenough,M,\ C consists
of two multivalued graphsover a sulddlomain of fx3z = 0g with fM,\ Cg,
convergingto C\ L asn! 1 in the C -topology for any 2 (0;1),
where L = fx3 = tgr is the foliation of R® by horizontal planes.

(3) supjKmvs(syni! 1 asn! 1 ,foranyt2Randr > 0.

Theorem 22 has two main ingredients in its proof, which we explain very
roughly. The rst ingrediert is that the embedded minimal disk M, with large
curvature at someinterior point can be divided into building blocks, ead one be-
ing a multivalued graph u,(; ) dened on an annulust®, and that these basic
piecest together properly. In particular, they prove that the number of sheetsof
un(; ) rapidly grows asthe curvature blows up and at the sametime the sheets
do not accurrulate in a half-space. This is obtained by means of sublinear and
logarithmic bounds for the semration'® w,(; ) asa function of ! 1 . Another
consequenceof these bounds is that by letting the inner radius'® of the annulus
wherethe multigraph is de ned to goto zero, the sheetsof this multigraph collapse
(i.e. jwn(; )j! Oasn! 1 for ; xed) thusa subsequencefthe u, converges
to a smooth minimal graph through = 0. The fact that the R, goto 1 then
implies this limit graph is entire and, by Bernstein Theorem, it is a plane.

The secondmain ingredient in the proof of Theorem 22 is the so called one-
sided curvature estimate, a scale invariant bound for the Gaussian curvature of
embedded minimal disksin a halfspace.

Theorem 23 (Colding, Minicozzi [14]). There exists" > 0 such that the fol-
lowing holds. Given r > 0 and an embedded minimal disk M B(2r)\ fx3 > Og
with @M @ (2r), then for any component M° of M \ B(r) which intersects
B("r),

supjKmj r %
M 0

The hypothesison M to be simply-connectedin Theorem 23 is necessaryasthe
catenoid demonstrates. Theorem 23 basically says that if an embedded minimal
disk is close enoughto (and lies at one side of) a plane, then reasonably large

101 polar coordinates (; ) with > 0and 2 R, a N-valued graph on an annulus of
inner radius r and outer radius R, is a single valued graph of a function u(; ) dened over
f(; )ijr R; jj N g, N being a positive integer. The separation between consecutive
sheetsisw(; )=u(; +2) u(; )2R.
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componerts of it are graphs over this plane. This result is neededin the proof of
Theorem 22 in the following manner: onceit has been proven that an embedded
minimal disk M contains a 2-valued graph {1, then 1 plays the role of the plane
in the one-sidedcurvature estimate which implies that reasonably large piecesof
M consist of multiv alued graphs away from a cone with axis \orthogonal" to the
2-valued graph.

The proofs of Theorems22 and 23 are long and delicate. Referenceq19, 10] by
Colding and Minicozzi are reading guidesfor the complete proofs of these results,
which go through various papers[11, 12, 14]. Seealsothe forthcoming survey by
the authors in [61].

After a blow-up argumert, Theorem 22 can be extendedto locally simply con-
nected sequen@s giving rise to limit minimal laminations. To state this extension
we rst needsomede nitions.

Definition 22, Given an open set O RS, a sequenceof minimal surfaces
fMn  Ogn2n is said to be locally simply connected in O if for every point p2 O
there exists an open ball B O certered at p such that for all n 2 N, every
componert of M, \ B is a disk.

Definition ~ 23. A lamination of an open subsetO  R3 is the union of a
collection of pairwise disjoint connected complete injectively immersed minimal
surfaces.More precisely it is a pair (L;A) satisfying

(1) L is a closedsubsetof O;

2 A=f" :D (0;1)! U g is a collection of coordinate charts of R®
(here D is the open unit disk, (0; 1) the open unit interval and U an open
subsetof O);

(3) For each , there exists a closedsubsetC of (0;1) such that ' (U \
Ly=D C.

We will simply denotelaminations asL, omitting the charts' in A. A lamination
L is said to be a foliation of O if L = O. Every lamination L naturally decomposes
into a union of disjoint surfaces,called the leavesof L. As usual, the regularity
of L requiresthe corresponding regularity on the change of coordinate charts. A
lamination is minimal if all its leavesare minimal surfaces.

Each leaf L of a minimal lamination L is smooth, and if C L is a compact
subsetof alimit leafL 2 L, then the leavesof L corvergesmoothly to L over C (i.e.
they convergeuniformly in the C*-topology on C for any k). With thesede nitions,
we can now state the Colding-Minicozzi Limit Lamination Theorem for a uniformly
locally simply connectedsequenceof minimal surfacesin an open subsetof R3: this
Theoremis an immediate consequenc®f Theorem 22 becauseof the local nature of
both Theorems. Minor changescan be doneto generalizethe above de nitions and
the next statemert to a completethree manifold with bounded sectional curvature
and injectivit y radius.

Theorem 24 (Limit Lamination Theorem). LetO R® be an open subsetand
fMngn a locally simply connected sequen@ of properly emhedded minimal surfaces
in O. Then, a subsguene of the M, convemesin the C topology for any 2 (0; 1)
to a minimal lamination L of O and the singular set of convergene S(L) is a locally
nite set of Lipschitz curvesthat are properly emtedded in O.
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Theorems 22, 23 and 24 have been applied to obtain a number of results.
For instance, with these results in hand Meeks and Roserberg [68] proved that
the helicoid and the plane are the unique simply connected properly embedded
minimal surfacesin R® (see Theorem 30) and Meeks, Perez and Ros shaved that
no properly embedded minimal surfaceswith nite gerus and one limit end can
exist (Theorem 31). We will discussother applications of Colding-Minicozzi results
in Theorems29 and 32.

Using the uniquenessof the helicoid (Theorem 30), Meeks [60] was able to
prove that the singular set S(L) in Theorem 24 actually consistsof certain integral
curvesof the unit normal vector eld to the local foliation aroundit. Sincethe unit
normal to a codimension-oneminimal foliation is Lipschitz (Solomon [106]), one
has the following regularity result for S(L).

Theorem 25 (Regularity of S(L), Meeks[60]). The singular set S(L) in The-
orem 24 consists of a locally nite collection of C11-curves orthogonal to the leaves
of L.

To nish this Section, we next indicate how the one-sidedcurvature estimate
can be usedto solve the Genemnlized Nitsche Conjecture. In 1962, Nitsche [81]
conjectured that if a minimal surface meets every horizontal plane in a Jordan
curve, then it must be a catenoid. In 1993, Meeksand Roserberg [71] shaved that
if a properly embedded minimal surfaceM  R® has at least two ends, then any
annular end E M either has nite total curvature or it satis es the hypotheses
of the following conjecture.

Conjecture 7 (Generalized Nitsche Conjecture, Collin's Theorem [20]). Let
E fxz 0Og be a properly embedded minimal annulus with @  fx3 = 0g, such
that E intersects each plane fxz = tg, t > 0, in a simple closal curve. Then, E
has nite total curvature.

This problem was originally solved by Pascal Collin [20] before the Colding-
Minicozzi results, with a beautiful and long proof . The argumernt we presert here
is a short application of Theorem 23 which can be found in detail in Colding-
Minicozzi [16] and in a recert survey by Roserberg [100]. Given" 2 R, we denote
by G the conicalregionfxs > " x2 + x3g. Conjecture 7 follows directly from the
next result.

Theorem 26. [16] There exists > 0 suchthat any complete properly emkbed-
ded minimal annular endE  C has nite total curvature.

Outline of proof. The argument starts by showing, for eadh > 0, the
existenceof asequencdy;g; E C with jy;j! 1 (this is doneby contradiction:
if for a given > 0 this property fails, then one use E together with the boundary
of C asbarriers to construct an end of nite total curvature contained in C , which
is clearly impossible). The next step consistsof choosing suitable radii rj > 0 such
that the connectedcomponert M; of E\ B(y; ; 2rj) which cortains y; is a disk. Now
if > 0issucien tly smallin terms of the " appearing in the one-sidedcurvature
estimate, one can apply Theorem 23 and conclude a bound for the suprenmum of
the absolute Gaussian curvature of the componert Mj1 of Mj \ B(y;;rj) which
cortains y; . A Harnack type inequality together with this curvature bound givesa
bound for the length of the intrinsic gradiert of x3 in the intrinsic ball B; in M]-l
certered at y; with radius 5rj =8, which in turn implies (by choosing" su cien tly
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small) that B; is a graph with small gradient over x3 = 0, and one can corirol
a bound by below of the diameter of this graph. This allows to repeat the above
argumert exchanging y; by a point yj1 in le at certain distance from y;, and the
estimates are carefully done so that the procedure can be iterated to go ertirely
aroundacurve ; E whoseprojection to the (x1;x2) plane links oncearound the
xz-axis. The graphical property of ; implies that either ; canbe cortinuedinside
E to spiral inde nitely or it closesup with linking number one with the xs-axis.
The rst possibility contradicts that E is properly embedded, and in the second
casethe topology of E implies that @ [ ; bounds an annulus E;. The above
gradient estimate gives a linear growth estimate for the length of ; in terms of
jy;j, from wherethe isoperimetric inequality for doubly connectedminimal surfaces
by Ossermanand Schi er [86] givesa quadratic growth estimate for the areaof E; .
Finally, this quadratic areagrowth implies the nite total curvature property of E,
nishing the outline of proof. 2

10. Topological aspects of the theory of minimal surfaces.

Two of the main challengesin the theory of minimal surfacesare to decide
which noncompacttopological typesare admissibleas properly embeddedminimal
surfacesin space(Subsection10.2), and if given an admissible topological type in
the previous sense,there exists a unique way (up to ambient isotopy) of properly
embedding this topological type as a minimal surfacein R® (Subsection10.1). In
the last decadeamazing advanceshave beenachieved in both problems, including
a nal solution to the secondproblem.

10.1. Topological classication of prop erly embedded minimal sur-
faces.

Definition ~ 24. Two properly embeddedsurfacesin a 3-manifold N 2 are called
ambiently isotopic if one can be deformedto the other by a 1-parameter family of
di eomorphisms of N 3.

The problem of the topological uniqueness(up to ambient isotopy) of properly
embeddedminimal surfacesin 3-manifolds has beenclassicallytackled by di erent
authors. In 1970, Lawson [49] showed that two embedded closed di eomorphic
minimal surfacesin S® are ambiently isotopic. Meeks [57] generalized Lawson's
result to the caseof orientable closedminimal surfacesin a closed3-manifold with
nonnegative Ricci curvature and also proved that any two compact di eomorphic
minimal surfacesembeddedin a convex body B in R3, with common boundary a
simple closedcurve on the boundary of B, are ambiently isotopic in B (this result
fails for more than one boundary curve, as demonstrated by a cournterexample by
Hall [33]). Returning to R3, Frohman [28] proved in 1990that two triply periodic
minimal surfacesare always ambiently isotopic. Although publishedtwo yearslater,
Meeks and Yau [76] a decadeearlier had shown that if M1; M, are properly em-
beddedminimal surfacesin R® with the same nite topological type, then they are
ambiently isotopic. The essetial point in the proofs of thesetopological uniqueness
results is the understanding of the complemerns of the surfacesin space. This is
closelyrelated to the conceptof a Heegaardsurfacein a 3-manifold, although here
we will only deal with the caseof the ambient spacebeing R3.
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Definition  25. A 3-manifold with boundary is a handelody if it is homeo-
morphic to a closedregular neighborhood of a properly embeddedone-dimensional
CW-complex in R3. A properly embedded surface M R® is called a Heegaard
surface if eadh of the closedcomplemeris of M in R® are handlebodies.

In 1997, Frohman and Meeks [31] proved that every properly embedded one-
endedminimal surfacein R® is a Heegaardsurface. Additionally , they obtained a
topological uniquenessresult for Heegaardsurfacesin R3: two Heegaardsurfaces
of the samegerus (possibly in nite) are properly ambiently isotopic. Joining these
two results they obtained the following statemert.

Theorem 27 (Frohman, Meeks[31]). Two properly embedded one-end& min-
imal surfacesin R® with the same genusare ambiently isotopic.

Furthermore, the topological model for any minimal surfaceM in the hypothe-
sesof Theorem 27, aswell asfor eac of its complemers in R3, is easyto describe.
Attach g trivial one-handlesto the closedlower halfspaceH in R3, whereg is the
gerusof M. If g= 1 , this attaching is performed on neighborhoods of the integer
points on the x;-axis in H , to obtain a one-periodic Heegaardsurface in R3.
Let W be the handlebody of R® with boundary  sud that H W. Then, there
exists a di eomorphism h: R®! R3 sud that h(M) is the Heegaardsurface and
a prescribed closedcomplemen of M in R® mapsto the handlebody W .

To appreciate the power of Theorem 27, we can considerthe singly and doubly
periodic Scherk minimal surfacesde ned in Subsection2.5. By Theorem 27, there
exists a di eomorphism of R® that takes one surfaceto the other, although they
look very di erently in space. We should also mertion here a result by Callahan,
Ho man and Meeks|[6] that insuresthat every connecteddoubly periodic minimal
surface has in nite gerus and one end. Joining this result with Theorem 27 it
follows that any two doubly periodic minimal surfacesin R3 are ambiently isotopic
(for example, this appliesto the classicalP -Schwarz minimal surfaceand the doubly
periodic Scherk surface!).

All thesetopological uniquenessresults are special casesof a very recert Theo-
rem by Frohman and Meeks, which represerts the nal solution to the topological
classi cation problem. It is also basedin a deeptopological analysis of the com-
plemerts of a properly embeddedminimal surfacein space,basedin previous work
by Freedman [27], and shows what are the topological roles of the ordering on
the set of endsgiven by Theorem 18 and the parity of each middle end de ned in
Theorem 19.

Theorem 28 (Topological Classi cation Theorem, Frohman, Meeks[29]). Two
properly embkedded minimal surfacesin R® are ambiently isotopic if and only if there
exists a homeomorphism between the surfaces that preserveshoth the ordering of
their endsand the parity of their middle ends.

10.2. Admissible top ological types. We will start with noncompact nite
topologies,i.e. nite gerus and nitely many ends. Until the early eighties, no
properly embedded minimal surfacesof nite topology other than the plane, the
helicoid (both with gerus zero, one end) and the catenoid (genus zero, two ends)
were known. For a long time, some geometerssupported the conjecture that no
other examplesof nite topology would exist. The discovery in 1982 of a new
gerus one three-ended example (Costa [22], Ho man and Meeks [39]) not only
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disproved this conjecture, but alsorevitalized enormouslythe interest of geometers
in classicalminimal surfacetheory. Sincethen, a number of di erent new examples
have appeared,sometimeseven coming in multiparameter families [34, 35, 36, 40,

45, 109, 112].

For properly embedded minimal surfaceswith nite topology, there is an in-
teresting dichotomy betweenthe one-endcaseand those surfaceswith more that
one end: surfacesin this last casealways have nite total curvature (Collin's The-
orem 3). Only the simplest nite topologieswith more than one end have been
characterized: Lopez and Ros [53] proved that the unique exampleswith gerus
zero and nite topology are the plane and the catenoid, Schoen [104] demon-
strated that the catenoid is the unique example with nite gerus and two ends,
and Costa [23] showved that the exampleswith gerus one and three endsreduceto
the one-parameterfamily of surfacesfMi, j 0< a < 1g that appearin Subsec-
tion 2.5. Today we disposeof many more examplesof higher nite topologiesand
more than one end, and up to this date all known examplessupport the following
conjecture by Ho man and Meeks.

Conjecture 8 (Finite Topology Conjecture). A connected noncompact (ori-
entable) surface of nite topology, genusg and r ends,r 6 2, can be properly
minimally emiedded in R if andonly if r g+ 2.

Recerily, Meeks, Perezand Ros [62] have given the following partial result on
the above conjecture.

Theorem 29. [62] For every nonnegative integer g, there existsan integer e(g)
suchthat if M R3 is a properly emiedded minimal surface with genusg, then the
number of endsof M is at most e(g).

Sketch of proof. The argumert is by contradiction. The failure of the
Theoremto hold would producean in nite sequence M g, of properly embedded
minimal surfaceswith xed nite gerusg and a strictly increasingnumber of ends.
Then one analyzesthe nonsimply connectedlimits of sequencesof fMng,. Such
limits are properly embedded minimal surfaceswith gerus at most g and possibly
in nitely many ends. The innite topology limits are discarded by application
of either a descriptive Theorem of the geometry of properly embedded minimal
surfacesin R® with nite gerus and two limit ends(Meeks, Perezand Ros[65], see
alsoTheorem 32 below), or a nonexistenceTheoremfor properly embeddedminimal
surfacesin R® with nite gerus and one limit end (Meeks, Perezand Ros [66] or
Theorem 31 below). Hence, any possible limit of f Mg, must be a nite total
curvature surfaceor a helicoid with positive gerus at most g. Furthermore, eath
time one gets such a nonsimply connected limit surface M, a surgery argumert
allows one to modify the surfacesM, by replacing compact piecesof M closeto
the limit M by a nite number of disks, obtaining a new surface #1, with strictly
lesstopology than M, and which is nonminimal in the replaced part. A careful
study of the replaced parts during the sequenceallows to iterate the processof
nding nonsimply connectedlimits of the modi ed surfaces. The fact that all the
M, havethe samegerus, allows oneto arriveto a stagein the processof producing
limits from which all subsequeh limits are catenoids. From hereit is not di cult to
nd alargeintegern suc that M, contains a nhoncompactplanar domain My
whoseboundary consistsof two corvexcurves 1; » in parallel planesthat separate
M, and with ux in the orthogonal direction to the plane that contains 1; 2. In
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this setting, a well-known classicaltool called the Lopez-Ros deformation [53, 93]
appliesto  giving the desired contradiction. 2

Sincethe nite index of a complete minimal surface of nite total curvature
can be estimated from above by a function of the degreeof its Gaussmap [111],
Theorem 29 has the following important theoretical consequence.

Cor ollar y 3. For every nonnegative integer g, there exists an integer i(g)
suchthat if M R3 is a properly emiedded minimal surface with genusg, then the
index of stability of M is at mosti(g).

Theorem 29, as well as the related Theorems 31 and 32 below rely on the
Limit Lamination Theorem and the one-sidedcurvature estimate by Colding and
Minicozzi (seeSection9) to describe the basiclocal geometry of limits of sequences
of properly embedded minimal surfaceswith bounded gerus and unbounded area.

Concerning one-endedminimal surfaceswith nite topology, the model in this
classis the helicoid. Recerly, Meeksand Roserberg [68] have proven the following
result.

Theorem 30 (Meeks, Roserberg [68]). Every properly embedded minimal sur-
face with nite topology and one end hasthe conformal structure of a compact genus
g Riemann surface My minus one point, can be analytically represent& by mero-
morphic data on M ¢ and is asymptotic to a helicoid. Furthermore, for g = 0 the
only possibleexampleis the helicoid or the plane.

Sketch of the proof. We will just considerthe casewhere M is simply
connected. Let M be a properly embedded simply connected minimal surfacein
R3 which is not a plane. Consider any sequenceof positive numbersf g, which
decaysto zeroand let M (n) = M be the surfacescaledby . By Theorem 22,
a subsequencef these surfacescorvergeson compact subsetsof R® to a minimal
foliation L of R® by parallel planeswith singular set of convergenceS(L). Part
of the proof of Theorem 22 depends on a unique extension result for the forming
multigraphs, which in our caseimplies that for n large the almost at multigraph
which starts to form on M (n) near the origin extendsall the way to in nit y. From
here one can deducethat limit foliation L is independert of the sequencef |, gx.
After a rotation of M and replacemen of the M (n) by a subsequencewe can
supposethat the M (n) convergeto the foliation L of R® by horizontal planesand
the singular set of corvergenceis S(L). The property that all surfacesM (n) are
simply connectedis now crucial to showv that S(L) consistsof a single Lipschitz
curve which intersectsead horizontal plane exactly once.

Sincethe origin is a singular point of convergencethe Lipschitz curve passes
through the origin and is contained in the solid coneG = fx3  "2(x2 + x3)g,
where" > 0 only depends on the curvature estimate in Theorem 23. Let be
the solid cylinder fx% + x3  1; jx3sj "g. The two at horizontal multigraphs
M1(n); M2(n) referredto in Theorem 22 intersect the cylindrical sidesof @ almost
orthogonally in two long spiraling arcs which are multigraphs over the unit circle
St in the (x1; X»)-plane, possibly together with open arcs starting and nishing at
the top (resp. bottom) planar disks of @ which are graphs over their projections
in St. Both spirals lie on the main compact componert D(n) of M (n)\ . After a
small pertubation ( n) of nearthe top and bottom boundary disks of @ and
replacing by ( n), it canbe shown that the boundary of D (n) consistsof the two



CONF ORMAL PROPER TIES IN CLASSICAL MINIMAL SURFACE THEOR Y 39

spiraling arcson the boundary of the cylinder together with two arcswhich connect
them, one on ead of the boundary disksin @( n); in this replacemen the new top
and bottom disksin @( n) are minimal. Without much di cult y, one can extend
the top and bottom disks of ( n) to an almost horizontal minimal foliation of ( n)
by graphical minimal disks such that eac boundary circle of thesedisks intersects
ead spiral curvein @ (n) in a singlepoint. Elemertary Morse theory then implies
that ead leaf of the minimal disk foliation of ( n) intersectsD (n) transverselyin a
simplearc. Whenn! 1 ,thesefoliations cornvergeto the restricted foliation L\

by at horizontal disks. An important consequenc®f this last statemert and of the
opennessof the Gaussmap of the original surfaceM is that M is transverseto L.
This meansthat the stereographicalprojection of the Gaussmapg: M ! CJ[ flg
can be expressedas g(z) = ef (@) for someholomorphic function f : M ! C.

The next part of the proof is longer and more delicate, and dependsin part
on a niteness result for the number of componerts of minimal graphs over proper
domains in R? with zero boundary values. Through a seriesof geometric and
analytic argumerns using the double multigraph corvergenceof the M (n) to L
outsidethe coneG , oneeventually provesthat every horizontal planein L intersects
M transversely in a single proper arc. Then a straightforward argumert using
Theorem12implies M is recurrent, and thus M is conformally C. The nonexistence
of points in M with vertical normal vector and the connectednesf its horizontal
sectionsforce the height dierential to be dh = dxs + idx; = dz in a conformal
parametrization of M. In particular, the third coordinate x3: C! R is the linear
function real part of z.

Recall that we have already shown that g(z) = €f(®. If the holomorphic
function f (z) is a linear function of the form az + b, then the Weierstassdata
(e (@);dz) for M shavsthat M is an assaiate surfaceto the helicoid (seeSection8
for the de nition of assaiate surface). Sincenoneof the nontrivial assaiate surfaces
to the helicoid are injective as mappings, M is a helicoid. Thus, it remains to
show that f (z) is linear. The formula (6) for the Gaussiancurvature K and a
straightforward application of Picard's Theorem imply f (z) is linear if and only if
M has bounded curvature. This fact completesthe proof of the Theorem in the
special casethat K is bounded. However, Theorem 22 and a clever blow-up on the
scaleof curvature reducesthe proof that f (z) is linear in the general caseto the
casewhere K is bounded, and soM is a helicoid. For further details, see[68]. 2

Theorem 30 solves a long standing conjecture about the uniquenessof the
helicoid among properly embedded simply connected minimal surfacesin R2. In
1993, Ho man, Karcher and Wei [37, 38] found a torus with one helicoidal end,
called since then the genusone helioid, which has been proved recertly to be
embeddedby Weber and Wolf [42]. Very little is known about gerus g helicoidswith
g 2. Computer graphics seemto indicate that higher gerus examplesprobably
exist (Bobenko [1], Bobenko and Schmies [2]) and Traizet and Weber [110] have
given an approach basedin the implicit function Theorem that could be useful for
proving theoretically the existenceof an embedded gerus g helicoid for every g.
The conjecturein this direction, due to Meeksand Roserberg, is the following one.

Conjecture 9 (One-ended Conjecture). For every nonnegative integer g,
there existsa unique nonplanar properly emkedded minimal surface in R3 with genus
g and one end.
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Next we deal with properly embedded minimal surfaceswith nite gerus and
in nite topology. Sincethe number of endsof such a surfaceM  R3 isin nite and
the setof endsE(M ) of M is compact (Subsection2.8), M must have at least one
limit end. Up to arotation, we can assumethat the limit tangert plane at in nit y
of M (seeSection5) is horizontal. A crucial result by Collin, Kusner, Meeksand
Roserberg[21] (Theorem 19) insuresthat M hasno middle limit ends,henceeither
it hasone limit end (this one being the top or the bottom limit end) or both top
and bottom endsare the limit endsof M, likein a Riemann minimal example. Very
recertly, Meeks, Perezand Ros [66] have discardedthe one limit end casethrough
the following result.

Theorem 31. [66] If M R® is a properly emkedded minimal surface with
nite genus,then M cannot have exactly one limit end. Furthermore, M is recur-
rent.

Sketch of proof. AssumeM is a properly embeddedminimal surfacewith
nite gerusand exactly onelimit end. After arotation, we cansupposethat M has
horizontal tangent planeat in nit y and its setof ends,linearly orderedby increasing
heights (seethe Ordering Theorem 18), is E(M) = fe;;e;:::;e g with the limit
end of M being its top end e; . One rst shows that M has a nice asymptotic
behavior: ead nonlimit end e, 2 E(M) is asymptotic to a graphical annular end
E, of avertical catenoid with negative logarithmic growth a, satisfying a;
an :::< 0: This is the statement of Theorem 2 in [65]. The next step consists
of a detailed analysis of the limits (after passingto a subsequence)f homothetic
shrinkings f ,Mg,, wheref ,g, R is any sequenceof numbers decaying to
zero. This is a dicult technical part where the Colding-Minicozzi Lamination
Theorem plays again a crucial role. Such limits consist of minimal laminations L
of H()=fxs O0g f0g RS containing @1 ( ) asa leaf, with empty singular set
of corvergenceS(L) of oM to L. In particular, taking , = kpnk * wherep, is
any divergert sequenceon M, the fact that S(L) =  for the corresponding limit
minimal lamination L insuresthat the Gaussiancurvature of M decays at least
guadratically in terms of the distance function to the origin. Sincethe Gaussian
curvature function times the squareddistance to the origin is scaleinvariant, any
leaf L of a limit lamination of ,M for arbitrary , & 0 must also have quadratic
decay of its Gaussian curvature function K. Finally, a suitable choice of the
sequence , & 0 producesa limit lamination with anon at minimal leafL properly
embeddedin H () of in nite total curvature. The quadratic decay property for K |
together with the existenceof a sequenceof horizontal planesf gk with heights
divergingto +1 suchthat L\ ¢ contains a point with vertical tangert plane (this
comesfrom the fact that L hasinnite total curvature) leadsto a cortradiction
with the invariance of the ux of the divergencefree vector eld r x3 on L. This
nishes the outline of the proof of the rst statemernt of Theorem 31.

In order to nish the proof, it only remainsto ched that M is recurrent. If M
has exactly oneend, then M is conformally a compact Riemann surfaceminus one
point (Theorem 30) and so,M isrecurrent. If M hasa nite number of endsgreater
than one, then M has nite total curvature (Theorem 3). By Huber-Osserman's
Theorem, M is conformally a compact Riemann surface minus a nite number of
points thusit is againrecurrent. Finally, if M hasin nitely many endsthen M has
exactly two limit ends, seethe paragraph just beforethe statement of Theorem 31.
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In this situation, Theorem 20 assertsthat M is recurrent. This completes our
sketch of the proof of Theorem 31. 2

In the above sketch of the proof of Theorem 31 we mentioned that any limit lam-
ination L of H( ) obtained as a limit of (a subsequencef) homothetic shrinkings
f Mg, with , & 0, hasempty singular set of corvergenceS(L). To understand
why is this property true, note that if S(L) were nonempty for a given sequenceof
shrinkings of M , then every leaf of the limit lamination L that intersectsS(L) would
be a limit leaf, and hencestable. Our dicult y in discarding this possibility lies
in the fact that the stable leavesof L, while properin H( ), may not be complete
and so, we do not know they must be planes. It is not dicult to prove that the
stable leavesin L in fact satisfy the hypothesesof the next Proposition, and so are
in fact planes. Once one hasthat the stable leavesin L are planes,then the proof
of the Limit Lamination Theorem easily leadsto a contradiction, therefore shaving
that S(L) is in fact empty. We include the proof of the next Proposition mostly to
demonstrate how one can obtain information on the conformal structure of possibly
incomplete minimal surfacesby studying conformally related metrics and how to
apply such information to constrain their georBetry Given > 0 small, we de ne
the upper half cones€ = f(x1;X2;X3) j X3 = X2+ x3gand C = €+ (0;0; 1).
Finally, let W be the componert of R® C which lies below C.

Pr oposition 3. Let L be a stableminimal surface properly emtedded in H( ),
not equalto @1 ( ) and suchthat L \ W consists of horizontal planar ends. If any
properarc :[0;1)! L of nite lengthsatises lim; (t) = (0;0;0), thenL is
a horizontal plane.

Pr oof. The argumen is by contradiction, so assumelL is not a horizontal
plane. By the maximum principle, L  fx3 > 0g R2. L can be also assumedto
be orientable (otherwise we would apply the argumerts that follow to the oriented
two sheetedcover P of L, which has the sametype of endsas L becauseany end
C of L\ W lifts to P thanks to the orientabilit y of C coming from its graphical
property). As L is stable, orientable and is not a plane, Theorem 8 implies that L
is not complete. By hypothesis,any properarc :[0;1)! L of nite length must
have limy; (t) = (0;0;0).

Consider the complete conformally related metric g = (“R%)z on L, whereg

is the induced metric on L by the inner product of R® and R = = x% + x5 + x3.
The Laplace operators and Gaussiancurvature functions of (L; g); (L; g) arerelated
by the equations

2 2 +
e = Ri : e = Ri K In 1 X3 ;
(1+ x3)? (1+ x3)? R
where as usual, the notation e meansthat the corresponding object is computed
; T _ 2jr Rj®
with respect to_ g (qtzherW|se it refersto g). As 2 In(R) = =gz 0 and
In(1+ x3) = ("h—;‘;)'f 0, it followsthat K& = ﬁK + P whereP is a nonneg-
ative function. As (L; g) is stable, the operator + 2K is positive semide nite on
(L; g). Since  +K + 2K and Ry > 0,it follows that Rz ( +K)
is also positive semide nite on (L; g). Since € + ¥ ﬁ( + K), we

concludethat € + K is positive semide nite on (L; g).
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Let E be the collection of points in the completion of (L; g) corresponding to
the annular planar endsof L. We claim that the metric completion L of (L; g) is
exactly L[ E. To seethis, let :[0;1)! L bea proper arc of nite length on

(L; g). If we consider to lie on(L;g) (R3;<;>), then the factor (“R# in
the metric g shows that  ewvertually lies in the componert W of R® C below
C de ned just beforethe Proposition. Since is proper, it must lie in one of the
annular planar endsof L and so, divergesto one point in E. This provesour
claim.
Note alsothat the metric g on L extendsto a smooth Riemannian metric g on
L (becausethe annular endsof L in E are asymptotic to horizontal planes). Since
€ + I is positive semide nite on (L; g) and E L is a discrete set, we conclude
that the extendedoperator ~ + K is positive semide nite on L (here ~ refersto
the metric g). As a consequencethe universal covering of L is conformally C [26].
Finally, sincexsj, is a nonconstart positive harmonic function on (L; g) (becauseit
is harmonic on (L; g)) and x3j_ extendssmoothly through the points in E, we can
lift such extensionto the universal covering of L as a positive harmonic function
on C, henceconstart by Liouville's Theorem. In particular, x3j_ is also constart,
which is the desired contradiction.

All the above argumerts show that if a properly embedded minimal surface
M R® has nite gerus and in nite topology, then M has two limit ends which
are its top and bottom ends(after a rotation sothat the limit tangent plane at in-
nit y of M is horizontal). The classicalmodel in this setting is any of the surfaces
in the 1-parameter family of Riemann minimal examples(see Subsection2.5). In
1998,Meeks, Perezand Ros [64] proved that theseare the unique properly embed-
ded minimal surfacesin R® with gerus zero, in nite topology and in nitely many
symmetries. The extension of this characterization by eliminating the hypothesis
on the symmetry group constitutes the following conjecture by the sameauthors.

Conjecture 10 (Genus zero Conjecture). If M R? is a properly emiedded
minimal surface with genuszer and in nitely many ends, then M is a Riemann
minimal example.

This conjecture is an active eld of researt in the last yearsby Meeks, Perez
and Ros, and in part it has motivated further developmerts as explained in The-
orems 29 and 31 above. Strong partial results have been achieved, suc as the
following statemert.

Theorem 32. [65] LetM  RS3 be a properly emtedded minimal surface with
nite genus,two limit endsand horizontal limit tangent plane at in nity. Then:

(1) The middle endsfe, j n 2 Zg of M are planar, have heightsH =
fxs(en) jn 2 Zgwith x3(en) < xz(en+1) foralln 2 Z and n||i1m x3(en) =1

n!Illm x3(en) = 1

(2) Every horizontal plane su ciently high or low intersects M in a simple
closel curve whenits heightis not in H andin a single properly emledded
arc whenits heightis in H.

(3) The ux vector of M along any compact (not necessarily connected) hor-
izontal section does not depend on the height of the section. Both the
horizontal and the vertical components of this ux vector are nonze. In
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what follows, we will res@le M so that this vertical component of the ux
of M eguals 1.

(4) M has boundeal Gaussian curvature. Furthermore, the maximum asymp-
totic curvature outside balls ,I.ilm supjKm g is bounded by alove in

terms only of the horizontal component of its ux **.

(5) The spacings S(n) = xs(en+1) Xx3(en) between conseutive ends are
bounded from alove and below (the lower bound depends only on the cur-
vature estimate givenin the last point by Corollary 2).

(6) M is quasiperiodic in the following sense. There exists a divergent se-
quene V(n) 2 R® such that the translated surfaces M + V(n) converge
to a properly embedded minimal surface of genuszero, two limit endsand
horizontal limit tangent plane at in nity.

(7) If M has genuszem, then M has no points with vertical hormal vector
and the conclusionsin point 2 atove hold for every horizontal planein R3.

Using the Shiman Jacobi function, Meeks, Perez and Ros have proved the
uniguenessof the Riemann minimal examplesamong properly embedded minimal
surfacesunder the hypothesesof Theorem 32, assumingadditionally that the hori-
zortal componert of the ux alongacompacthorizontal sectionis su cien tly small.
We will devote Section11to a more detailed discussionof this result and to further
analysison the Shi man Jacobi function.

We nish this Subsectionwith a brief commert about properly embeddedmin-
imal surfacesof in nite gerus. The collection of sud surfaceswith one end is
extremely rich. One reasonfor this is that there are many doubly periodic exam-
ples (note that any triply periodic example can be viewed as a doubly periodic
one), and as mertioned in Subsection10.1, every doubly periodic properly embed-
ded minimal surfacein R® has one end (Callahan, Ho man and Meeks[6]). Very
little is known about properly embedded minimal surfaceswith in nite gerus and
in nitely many ends. The rst examplesarise from singly periodic surfaceswith
planar or helicoidal ends and positive gerus (Callahan, Ho man and Meeks [5],
Ho man, Karcher and Wei [38]), but these examplesare better studied as nite
total curvature minimal surfacesin the corresponding quotient space. A tentativ e
exampleof (truly) in nite gerusand onelimit end could be constructed as follows.
Weber and Wolf [112] proved the existenceof a sequenceM R® of properly
immersed minimal surfacesof odd gerus and n + 2 horizontal planar ends. Com-
puter graphics pictures indicate that all these surfacesare embedded. Assuming
this embeddednesgproperty holds, a suitable normalization of thesesurfacesshould
give asa limit a properly embedded minimal surfacewith a bottom catenoid end,
in nitely many middle planar endsand a top limit end. By Theorem 31, this limit
surfacecould not have nite gerus.

10.3. Completeness versus prop erness and minimal laminations. In
his beautiful recent survey on minimal surfaces,Harold Roserberg[100] intro duces
the subject of his paper through a question asked to him by Andre Hae iger about

11This meansthat if M on is a sequenceof properly embedded minimal surfaceswith xed
nite genus, horizontal limit tangent plane at in nit y, the vertical components of the uxes of the
M along compact horizontal sections are all 1 and the horizontal components of such uxes are
bounded by above, then fMpgn has uniformly bounded Gaussian curvature.
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twerty years ago: \Is there a foliation of R® by minimal surfaces,other than a
foliation by parallel planes?"

Sinceany leaf L of a minimal foliation of R is a complete limit leaf, it can be
provedto be stable. Now Theorem 8 implies L is a plane (provided L is orientable;
but this technical assumption can be supposedafter passingto the universal cov-
ering, which alsoturns out to be stable, seethe proof of Theorem 1 in [67]). Thus
the answer to Hae iger's questionis no. Immediately oneis tempted to extend this
guestionto minimal laminations.

Question 3. What are the minimal laminations of R3?

There are only two known types of minimal laminations of R3: a lamination
with exactly oneleafwhich is a properly embeddedminimal surface,or alamination
consisting in a closedset of parallel planes. Meeks and Roserberg [68] have con-
jectured that theseare the unique possibleexamples. Sinceevery leaf of a minimal
lamination of R® is complete, the above question is closelyrelated to the following
one.

Question 4. When is a complete emledded minimal surface M R3 proper?

Given a minimal lamination L of R3, the function that assignsto ead point p
in L the Gaussiancurvature of the leaf L 2 L passingthrough p is continuousin
the subspacetopology. Sincethe intersection of L with any closedball is compact,
we conclude that the intersection of any leaf L 2 L with any ball has Gaussian
curvature boundedfrom below by a constart that only dependson the ball (in other
words, L haslocally bounded Gaussian curvature). Reciprocally, if M is a complete
embedded minimal surfacein R® with locally bounded Gaussian curvature, then
the closureM of M is a minimal lamination of R® (Theorem 1 in [67]). With this
perspective, it is natural to study complete embedded minimal surfacesM R3
with locally bounded Gaussiancurvature, asa rst stage for possible answers to
Questions3 and 4. If M is such a minimal surfaceand it is not proper,thenM M
must be nonempty; sinceM has locally bounded curvature, L = M is a minimal
lamination of R® and any leaf L 2 L passingthrough a point p2 M M must be
a limit leaf, hencestable. Now an argumert similar to the one we usedto answer
Hae iger's question at the beginning of this Subsectioninsuresthat L is a plane.
This can be stated as follows.

Lemma 5 (Meeks, Roserberg [68]). Let M R® be a connected complete
emtedded minimal surface with locally bounded Gaussian curvature. Then one of
the following holds:

(1) M is properly emiedded in R3.

(2) M is properly emiedded in an open halfspace, with limit set the boundary
plane of this halfspace.

(3) M is properly emtedded in an open slab, with limit set consisting of the
boundary planesof the slab.

We must mertion that previously Xavier [113] proved that a complete non at
immersed minimal surface of bounded curvature in R® cannot be corntained in a
halfspace. This result together with Lemma 5 givesa partial answer to Question 4.

Corollar y 4. If M R3is a connected non at complete emledded minimal
surface with bounded Gaussian curvature, then M is proper.
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The next step in the study of complete embedded nonproper minimal sur-
facesconsistsof understanding how they accurrulate to the limit set described in
Lemma 5.

Lemma 6. [68] LetM  R® be a connected complete emtedded minimal surface
with locally bounded Gaussiancurvature. Supmsethat M is not proper and let  be
a limit plane of M. Then, for any " > 0 the closal "-neighlorhood of intersects
M in a connected set.

Outline of the proof. The argumert is by contradiction. Assuming its
failure, one can produce a stable minimal surface betweentwo componerts of
the intersection of M with the slab f0 < x3 < "g (we do not loss generality by
assumingthat = fxz = Og and that M limits to  from above) by the usual
barrier construction argumert. Since satis es curvature estimates away from
its boundary (Theorem 15), we conclude that the orthogonal projection to
restrictedto \ fO< x3< %g is a local di eomorphism. A topological argument
shavsthat j v o« ;< ;g IS in fact bijective, soit is a di eomorphism. This implies

is properly embeddedin the slabf0 x3 "g. Now the argumert in the sketch
of the proof of Theorem 7 appliesto give a cortradiction and provesLemma6. 2

A re nement of the argumert in the previous paragraph showvsthat if M R3
is a connectedcomplete nonproper embeddedminimal surfacewith locally bounded
Gaussian curvature that limits to the plane = fxz = Og from above, then for
any " > 0 the Gaussiancurvature of M \ fO< x3 "g can not be bounded from
below. In other words, there exists a sequencef p,g, M with x3(p,) & 0 and
iKm(pn)j! 1 asngoesto innit y. Sudch a sequencamust divergein spacebecause
Kw is locally bounded. If we additionally assumeM has nite topology, then an
application of the Colding-Minicozzi one-sidedcurvature estimate (Theorem 23)
cortradicts that jKy (pn)j! 1 . This is arough sketch of the proof of the following
statemert.

Theorem 33. [68] If M R3 is a connected complete emtedded minimal
surface in R® with nite topology and locally bounded Gaussian curvature, then M

is proper.

Meeks, Perezand Ros (Theorem 5 in [65]) have combined the last result with
argumerts using the Limit Lamination Theorem, which let us exchangethe nite
topology assumption by a weaker hypothesis.

Theorem 34. [65] If M R® is a connected complete emtedded minimal
surface in R® with nite genusand locally bounded Gaussian curvature, then M is

proper.

In conclusion,we can state the following descriptive result for minimal lamina-
tions of R3,

Theorem 35 (Meeks and Roserberg [68], Meeks, Perezand Ros [65]). For a
given minimal lamination L of R3, one of the following possibilities hold.

i) L hasone leaf which consists of a properly emiedded surface in R3.

i) L hasmore that one leaf and consists of the disjoint union of a nonempty
closel set of parallel planesP L togetherwith a collection of complete
minimal surfacesof unbounded Gaussiancurvature and in nite genusthat
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are properly emkedded in the open slabsand halfspces of R®  P. Fur-
thermore, each of the open slabsand half-sppces in R® P contains at
most one leaf of L, every plane parallel to but di er ent from the planesin
P intersects at most one of the leavesof L and semrates such a leaf into
exactly two components.

To conclude this Subsection, we would like to mertion that all the above re-
sults depend heavily on the embeddednessassumption. This follows from the ex-
istence of complete immersed minimal surfacesin a ball of R®. The rst sud
an example was a minimal disk constructed by Nadirashvili [80] by a smart ap-
plication of Runge's Theorem together with the Lopez-Rosdeformation. Later on,
Mart n and Morales[54] gave a boundedcompleteminimal annulus in R3, and using
thesetechniquestogether with the Implicit function Theorem, Lopez, Morales and
Mart n [51, 50] generalizedthese complete bounded minimal examplesto similar
exampleswith any nite topology.

11. The Shiman Jacobi function on prop erly embedded planar
domains.

Next we explain how an interesting Jacobi function, called the Shi man func-
tion, can help in our attempt to solve Conjecture 10. Let M R3 be a properly
embedded minimal surface with gerus zero and in nitely many ends. By Theo-
rems 19 and 31, M has two limit ends. After a rotation, we will assumeM has
horizontal tangent plane at in nit y. By Theorem 32, the Gaussmap g of M (stere-
ographically projected from the sphere) is a holomorphic function without zeros
or poleson M. In particular, M intersects eat horizontal plane transversally.
For minimal surfaceswith this last property, Shiman [105] introduced in 1956
a function that expresseghe curvature variation of the horizontal sectionsof the
surface.

The Shiman function can be de ned locally. Assumethat (g(z);dh = dz) is
the Weierstrassdata of a minimal surface M R3, where z is a local conformal
coordinate in M (in particular, g has no zerosor poles and any minimal surface
admits sud a local represenation around a point with nonvertical normal vector).
By (5), the induced metric ds? by the inner product of R® is ds?> =  2jdzj?, where

= %(jgj +jgj 1). The horizontal level curvesxs = ¢ correspond to z¢(y) = c+ iy

in the z-plane (herez = x+ iy with x;y 2 Randi? = 1) and the planar curvature
of this level curve can be computed as

i 0
(14) ()= i< 2 ;

1+ Jgjz g z= Zc(y)
where the prime stands for derivative with respect to z.

Definition  26. We de ne the Shiman function of M as

@ 3 g02 g% 1 g02

@ 29 g l+jg? ¢
where = stands for imaginary part.

u-=

Since is a positive function, the zerosof u coincide with the critical points
of ¢(y). Thus, u = 0 vanishesidentically if and only if M is foliated by pieces
of circles and straight lines in horizontal planes. In a posthumously published
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paper, B. Riemann [96, 97] classi ed all minimal surfaceswith such a foliation
property: they reduceto the plane, catenoid, helicoid and the 1-parameter family
of surfaceswhich, sincethen, have beenknown as Riemann minimal examples(see
Subsection2.5).

Coming badk to our properly embedded minimal surfaceM  R® with gerus
zero, in nitely many ends and horizontal tangent plane at in nit y, we now see
that a way to solve Conjecture 10 consistsof proving that the Shiman function
of M vanishesidentically. A crucial property of the Shiman function is that it
satises u 2Ku= 0onM (hereK isthe Gaussiancurvature of M) i.e. uis a
Jacobi function. This obsenation allows one to weaken the condition u = 0 that
characterizesthe Riemann minimal examplesto the following condition. Recall
from Subsection2.9 that a linear Jacobi function is any hN;vi with v 2 R3, where
N is the Gaussmap of M.

Lemma 7. [88, 89] Let M R® be a properly emledded planar domain with
in nitely many endsand transverseto horizontal planes. If the Shiman function
of M is linear, then M is a Riemann minimal example.

Sketch of proof. The argumert usesthe Montiel-Ros correspondencebe-
tweenJacobi functions on M and branched minimal immersionswith Gaussmap N

(Theorem 10) to conclude that if the Shiman function u = =(f) of M is lin-

ear, then its Jacobi-conjugate function?> u = <(f) is also linear, where f =
2

3 %0 %OD ﬁ %0 . Thusf = hN;zyi for acertain zg 2 C3, which in turns

implies that g satis es a di erential equation of the type (9% = g(g?+ g+ )

with ; ; 2 C. From hereit is not dicult to deducethat M is an unbranched

covering of a properly embedded minimal torus with two planar endsin certain
quotient of R3 by a translation. Now the classi cation Theorem by Meeks, Perez,
Ros [64] in the periodic setting appliesto nish the proof of the Lemma. 2

By virtue of Lemma 7, we needto understand the global behavior of the Shi -
man function u on our candidate surfaceM which satis es the hypothesesin the
rst statemert of this Lemma. Using that the Weierstrassdata of M around any
of its middle endsare (g(z) = z?t(z);dh = dz) wheret is a holomorphic function
of z with t(0) 6 0 and t(0) = 0 (here z = 0 correspondsto the puncture, we have
assumedthat the limit normal vector at the end points to the South Pole of S?
and t%0) = 0 comesfrom the fact that the end has no period), a straightforward

calculation showsthat u(0) = 3= tto%')) , which implies that u extendssmoothly
through z = 0. A similar result holds at the ends where g has a pole. Thus u
can be viewed asa cortin uous function on the conformal cylinder M obtained after

attaching the middle endsto M. By elliptic regularity, u is smooth on M.

Lemma 8. Let 2 (0;1) and let R2 be a complete noncompact minimal
surface with nonempty compact boundary and nite total curvature, such that its
Gaussmap N satises N3 = IN;e3i 1 in . Then, for every boundel Jacobi
function v on

(1 )supjvj Séipjvj:

12Two Jacobi functions v;v on M are called Jacobi-conjugate if there exists a globally
de ned complex solution f of the Jacobi equation f 2Kf = 0on M such that v = <(f) and
v = =(f).



48 WILLIAM  H. MEEKS Il AND JOAQUIN PEREZ

Pr oof. Since has nite total curvature, compacti es after attaching its
endsto a compact Riemann surface  with boundary. Sincev is bounded on |,
v extends smoothly acrossthe punctures to a Jacobi function on . We will let
a= supg jvj. SinceNz 1 > 0in and N3 is Jacobi, we concludethat is
strictly stable and so,a> 0. Now, v+ 2-N3 0in @ and v+ 2-Ng3 is Jacobi
on , thusby stability v+ 2-N3 0in . Analogously v 2-N3 0in @
hencev. 2-N3 0in . Theseinequalities together with N3 1givejvj -
in , asdesired.

Theorem 32 implies that eac properly embeddedminimal planar domain with
in nite topology and horizontal tangent plane at in nit y has a well-de ned ux
vector which isthe ux alongany compacthorizontal sectionof M , and this vectoris
neither vertical nor horizontal. In the sequel,we will normalize our minimal planar
domainsby a homothety sothat the ux vector hasthe form (F(M);1)2 C R
R3. Let S be the spaceof all properly embedded minimal planar domains with
in nitely many ends, horizontal tangent plane at in nit y and vertical componert
of the ux equalsone.

Theorem 36 (Meeks, Perez,Ros[88]). There exists" > 0 suchthatif M 2 S
hasjF(M)j < ", then M is a Riemann minimal example.

Pr oof. We will presert here a dierent proof from the onein [88]. By con-
tradiction, assumewe have a sequencefM,g, S with F(M,) ! 0, and none
of the M, is a Riemann minimal example. Point 4 in Theorem 32 (or rather the
footnote to this point) insuresthat f Mg, has uniformly bounded Gaussian cur-
vature. A suitable modi cation of the argumerts in the proof of Lemma 3 in [64]
can be usedto shawv that asn! 1 the M, becomearbitrarily closeto an in nite
discrete collection of larger and larger translated piecesof a vertical catenoid with
ux ez = (0;0;1) joined by atter and atter graphs containing the endsof M.
For eadh n, let M, be the conformal cylinder obtained by attaching the middle
endsto M, and let u, be the Shiman function of M,,.

Asser tion 1. For n 2 N large enough,u, is bounded on M ,.

Proof of Assertion 1. Supposethat the Assertion fails. To simplify the
notation, we will denote the surface M, only by M, and think of M as being
arbitrarily closeto piecesof translated catenoidsand at graphs as above. The
failure of the Assertion allows us to nd a subsequenceof points px 2 M such
that ju(pk)j! 1 ask goesto 1 (u isthe Shiman function of M). Note that
f pkgx must be a divergernt sequencan height (otherwise we cortradict that u stays
bounded at any middle end of M). By Theorem 32, fM  pxgk is a sequenceof
properly embedded minimal surfacesin R® with uniform bounds for the Gaussian
curvature and area. After passingto a subsequenceM pyx convergesto a properly
embedded minimal surfaceM; 2 R3 with 02 M, .

First supposethat the value of the Gaussmap N of M at px doesnot corverge
to vertical ask ! 1 . Then, a suitable modi cation of the argumerts in the proof
of Lemma 2 in [64] insuresthat M; cannot be at. This implies the sequence
fM  pkgk convergessmoothly to M; with multiplicit y one,and a lifting argumert
showsthat M; hasgeruszero. SinceM; hasno points with vertical normal vector
(which comesfrom the open mapping property applied to the Gaussmap of M ),
M must have a well-de ned Shiman function u; , which is nothing but the limit
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of ug(a) = u(g+ pk), 42 M p. In particular u(px) corvergesto u; (0), which is
a contradiction.

Now assumethat, after extracting a subsequenceN (px) corvergesto e; as
k! 1. By taking n suciently large, we conclude that px lies in one of the
almost at graphs M = M, that joins two consecutive catenoids forming.
This contradicts Lemma 8, since juj is arbitrarily small in @ but ju(p)j! 1.
Now Assertion 1 is proved.

In the sequel,we will work with n large sothat Assertion 1 holds. Note that
for xed n, the function ju,j needsnot to attain its maximum on M, but in that
casewe can exchange M, by a limit of suitable translations of M, so that the
Shiman function in absolute value reachesits maximum on this limit. Sincethe
ux of a surfacein S doesnot changeunder translations, we do not lossgenerality
by assumingthat for all n large, ju,j attains its maximum on a point p, 2 M,. We
now de ne v, = Ty Un-

Take a sequencd (n)g, (0;1) convergingto 1. For n large,let C, M, be
oneof the connectedcomponerts of N, ;esi [ (n); (n)] which cortains p, or is
adjacert to a horizontal graphical region corntaining p,. By our previousargumens,
C, is arbitrarily closeto a translated image of the intersection of a vertical catenoid
Ci1 of vertical ux es certered at the origin with a ball of arbitrarily large radius
also certered at the origin.

Assertion 2. fsupc jvnjgn tendsto zemasn! 1.

Pr oof of Assertion 2. Sincefvyjc,0n iS @ bounded sequenceof Jacobi
functions on the C, and suitable translations of the C,, convergeto the catenoid
C., it isnot dicult to chek that a subsequenceof fv,jc,gn (denoted in the
sameway) corvergesto a bounded Jacobi function on C; . Since bounded Jacobi
functions on a catenoid are linear, we concludethat fv,jc, gn corvergesto a linear
Jacobifunction von C; (or by identifying C; with the sphereS? through its Gauss
map, we can seev as a linear function on S?). We now ched that v is identically
zeroon .

By cortradiction, supposev is not identically zero on S?. Recall that the
Shiman function unjc, measuresthe derivative of the curvature of eat planar
sectionof C,; with respect to a certain parameter times a positive function. By the
Four Vertex Theorem, eat horizontal section of C,, contains at least four zerosof
up and so,alsoat leastfour zerosof v,,. Sincehorizontal sectionsof the C,, (suitably
translated) corvergeto horizontal sectionsof C; and any nontrivial linear function
on & hasat most two zeroson eac horizontal section (with a possibleexceptional
horizontal sectionif the linear function is the vertical coordinate, but this doesnot
aect to our argument by taking a di erent horizontal section), we conclude that
at least two zerosof v, in a certain horizontal section must collapseinto a zero of
v, and the gradient of v will hencevanish at such collapsingzero. But the gradient
of a nontrivial linear function on S? never vanishesat a zero of the function. This
cortradiction provesAssertion 2.

Recall that jva(pn)j = 1 for all n. By Assertion 2, N,(pn,) must cornvergeto
the vertical or equivalertly, p, must lie in one of the graphical componerts of the
complemern of all the catenoidal piecesin M, a noncompactminimal graph which
we will denoteby . Note that | isthe graph over a unbounded domain in the
plane fx3 = 0g, @ ,, consistsof two almost-circular almost-horizontal curveswith
MNn;esij@, = (n)and , contains exactly oneend of M,. Hencewe can apply
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Lemma 8 to the minimal surface , and to the bounded Jacobi function v,j .,
contradicting that v,jg , corvergesto zero (Assertion 2) but jv(pn)j = 1. This
cortradiction nishes the proof of the Theorem.

The proof of Theorem 36 that appears in [88] is basegon the relationship
betweenthe Shiman function and the index form Q(v;v) =  (jr vj?+ 2K v?) on
any connectedcomplemernt  of figj = 1gin a planar domain M 2 S. A similar
technique with the nodal domains of a linear function can be applied to conclude
the following description of all bounded Jacobi functions on any Riemann minimal
example.

Theorem 37 (Meeks, Perez,Ros [63]). Let M R3 be a Riemann minimal
example. Then any bounded Jacobi function on M is linear.
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