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1 Intro duction.

This preliminary version of a book is basedon my notes from teaching Math 300, \F undamental
Conceptsof Mathematics,"at the University of Massatusetts at Amherst.

The Department of Mathematics views Math 300 as the coursewhere its mathematics majors
are introduced to doing proofs in a more rigorous way than in earlier mathematics classes. The
course,which is typically consideredto be at the secondsemestersophomorelevel, is preparation
for later more dicult and more theoretical classesin analysis and algebra. My motivation in
writing this book is to help my students accomplishthe following goalsduring the course:

1. Do real mathematics in order to learn how to do proofs.
2. Discover the power of de nitions and their importance in developing a mathematical theory.

3. Learn to speak uently the languageof mathematics in order to work with it and to under-
stand it better.

4. Realizethe importance of understanding both why a given theoremis true and how to write
down its proof.

5. Seeunifying principles and proof techniques usedover and over again in di erent contexts.
6. Be trained to \b e mathematicians" and to \think as mathematicians".

7. Be acquairted with the valuesthat a researdy mathematician has towards important ideas
and results.

| have found that by covering four basic areas of modern mathematics, | could accomplish
the above goalsin my teaching of Math 300. The rst areais related to set theory and basic
logic, with an emphasison the notion of the size of a set. This material is covered in Section
2 and includes truth tables, equivalence relations, mathematical induction, basic mathematical
notation and de nitions, the properties of 1-1 and onto for functions, and a variety of theoremson
courtable and uncourtable sets. The secondareais coveredin Section3 and concernsthe algebraic
object called a group. In this section, we cover the standard results from group theory, suc as
Lagrange's Theorem and the First Isomorphism Theorem. In Section 4, we cover the theory of
nite dimensional vector spacesover a eld, and then we usethis theory to prove that the setA of
algebraic numbersis an algebraically closedsub eld of C having courntable in nite dimension over
Q. Consequetly, we show that the real algebraicnumbersAr = A\ R forms a sub eld of R with
courtable dimensionover Q. The fourth areais coveredin Section5 and dealswith metric spaces,
topological spaces,topological notions such as connectednessand compactnessand theoremsthat
relate these conceptsto cortinuousfunctions. Included in this last material is a careful discussion
of limits and a rigorous proof of the Fundamertal Theorem of Calculus.



The intent of this courseis to transform a beginning mathematics major into a junior mathe-
matician. As sud, | expect that the studerts learn and understand over ninety new conceptsand
de nitions. | alsoexpectthem to be able to present complete proofs of most of the theoremsgiven
in these notes. Copies of four typical midterms, eight quizzesand a typical nal exam covering
this material appear in Section 6.

Sincel rmly believe that the studerts in this classneedtraining to dewvelop into mathemati-
cians, | breakthe classinto smaller groupswith 3to 5 students for attending one-hourweekly group
meetingsin my o ce. In thesesmall group meetings,we practice proofs and go over in detail new
or related conceptsand theorems. In Fall semester2004,these small group meetingswere handled
by undergraduate teaching assistarts from my previous Math 300 classes.A proposedsdciedulefor
material to be coveredin the small group meetingsis listed in Section 7 at the end of these notes.

I have found that when this courseis preseried in the manner just described, and with this
material, then the students benet greatly. It has beenmy experiencethat this coursenot only
changeshow Math 300 students view mathematics, but it also preserts them with the essetial
proof techniquesthat they will needin their future upper division courses.

While | have taught all of the material preseried in thesenotes at least oncein my teaching of
this course,there doesnot seemto be enoughtime to cover every result preseried herein a given
semester. In the Fall semesterof 2004, | did manageto cover all the main theoremsbut | could
only do this by giving the four long midterm examsoutside of classraom hours. Future teachers of
this course,who usethese notes as a main text, may want to considerskipping Section4 on basic
linear algebraor, at least, skip the portion of this sectionthat beginswith the de nition of a eld
and, in this secondcase,include any linear algebracoveredin the group theory exam.

See the course Web page for Math 300 course information and the location and
times for section meetings, homew ork, quizzes and exams. You can nd the Web page
for Math 300 by going to www.math.umass.edi and clicking on the link under Spring 2006 course
Web pagesor by going directly to www.math.umass.elu/~ bil I/ m3@.

2 Set theory, logic and the size of sets.

Recall the following notation concerning setsand functions.

De nition 2.1 (Notation) 1. If A isaset,then x 2 A meansthat x is an elemen of A and
X 2 A meansthat x is not an elemert of A.

The symbol \ 8" meansboth "for eadh" and \for all".
The symbol \ 9" means\there exists".

The symbol \=) " means\implies".

The symbol \, "means\if and only if".

If A and B aresets,then A B means"x2 A=) x2B."

N oo g M w N

If A and B are sets,then A = B if A and B have the elemens. Equivalently, A = B if
A BandB A.



8. The symbol \ " or \circle" is usedfor denoting the composition of two functions as follows.
Iff: Al Bandg: B! C arefunctions, thenanewfunctiong f:A! Cisdened by the
following rule: 8x 2 A; (g f)(x) = g(f (x)). When onespeaks\g f;" onesays\gcirclef"
or \ g composedwith f" or \the composition of g with f." | preferto say \ g circle f ."

Example 2.2 Let R denotethe set of real numbers. Supposethat f: R! Randg: R! R are

dened by f(x) = x> andg(x) = 2x+ 1. Then,g f:R! Risdened asg f(x) = g(f (x)) =

g(x?)=2x?+ 1landf g:R! Risdened asf g(x)=f(g(x)) =f(2x+ 1)= (2x + 1)
Below is a list of important setswhich we will be discussingduring the course.

De nition 2.3 1. N=f1;2;3;:::;n;:::g the set of positive integers The set N is also called
the set of natural numbers.

2.Z2=10; 1, 2;:::; n;:::g= the setofintegers

3.Q" = f T reducedto lowestterms j m;n 2 Ng = the set of positive rational numbers.

4. Q = the set of all rational numkers = f T reducedto lowestterms jm 2 Z;n 2 Ng:

5. R = the set of all real numbers or points on the real numker line.

6. R™ = the set of positive real numbers.

7. A(R) = fnididedz:::jn2 Zanddg 2 f0;1;2;:::;8;99g = set of abstract decimal numbers
in base 10.

8. C = the set of complexnumbers fa+ bp_lj a;b2 Rg.

9. = fg is the setwith no elemers or the empty set

We will say that two sets,A and B, have the samesizeif they can be put into a 1-1 correspon-
dence. The idea of a 1-1 correspondenceis intuitiv e and it is the way that a young child thinks
about the number of elemerts in a set. For example, if the child hasa set of 4 applesand a set of
4 oranges,then by lining up the orangesnext to a line-up of the apples, he can seethat thesetwo
setshave the samesize. On the other hand, in the related situation where there are two sets, one
with 4 applesand another with 5 oranges,the child can line up the 4 appleswith 4 of the oranges
and hasoneleft over orange,and so, he understandsthat thesetwo setsdo not have the samesize.

We now make precisethe notion of two sets, A and B, having the samesize. We do this by
de ning 1-1 correspondence,which is an intuitiv e concept, by the rigorous notion of a function
f: A! B which is 1-1 and onto.

Denition 2.4 A function f: A! B is 1-1, if for any x1;Xx2 2 A with x; 6 X5, then f (x1) 6
f (x2). Equivalertly, f is 1-1if, whenewer f (x1) = f (X2); then x1 = X».

De nition 2.5 A function f : A! B is onto, if for eadh b2 B, 9a 2 A sud that f (a) = b.

Denition 2.6 A function f : A! B is a 1-1 correspndene or a bijection betweenA and B, if
it is both 1-1 and onto. In the casewhere such a function exists, we write jAj = jBj, and we say
that A and B have the samesize



The following two theoremsplay important unifying rolesin this book.

Theorem 2.7 If f: Al Bandg: B! C arel-1functions,theng f:A! Cisa1-1function.

Proof. Supposef : A! B andg: B! C arel-1functions, and wewill provethat g f: A! Cis
a 1-1 function. Let x1;x2 2 A with x; 6 X,. Sincef is 1-1,then f (x;) 6 f (x2). Sinceg: B! C
is 1-1, then g(f (x1) 6 g(f (x2)), which implies that (g f)(x1) 6 (g f)(x2): By de nition of 1-1
function, g f is a 1-1function. This completesthe proof of the theorem.

At times in mathematics, it is helpful, in order to get a better understanding or to get a better
feelfor why atheoremis true, to give a secondproof of a theorem. This theorem s a good instance
of when having two di erent proofsis helpful, and | leave it up to you to decideif you prefer the
proof that we just gave or the following one.

We now give an alternativ e proof of Theorem 2.6 using the secondequivalent de nition of 1-1
function. Assumethat f: A! B andg: B ! C are 1-1 functions and x1, X 2 A. Suppose
(g f)(x1) = (g f)(xz2): By denition of ; g(f (x1)) = g(f (x2)): Sinceg is 1-1, f (x1) = f (x2).
Sincef is 1-1, x1 = X,. By de nition of 1-1 function, g f is a 1-1 function. This completesour
secondproof of the theorem. 2

Theorem 28 If f: A! B andg:B ! C areonto functions, theng f:A ! C is an onto
function.

Proof. Supposef : A! B andg: B! C areonto functions. Let c2 C. Sinceg is onto, 9b2 B
such that g(b) = c. Sincef is onto, 9a2 A sud that f (a) = b. Therefore,(g f)(a) = g(f (a)) =
g(b) = c. By the de nition of onto function, g f is an onto function. 2

The following result is a simple consequencepr corollary, of Theorems 2.6 and 2.7 and the
de nition of 1-1 correspondence.

Corollary 29 If f:A! B andg:B! C arel-1correspndenes,theng f:A! Cisal-1
correspndenc.

De nition 2.10 Let R be arelation on a setS. In other words, for a;b2 S either aRb is true
or aRbis false. If aRbis true, then we say that \a is R related to b'. Furthermore, we have the
following additional properties that R may satisfy for a;b;c2 S.

1. Risreexive ifa2 S=) aRa.
2. R is symmetric if aRb=) bRa.
3. R istransitive if (aRband bRc) =) aRc.

4. R is called an equivalene relation on S, if it is re exiv e, symmetric and transitiv e.

Example 2.11 The relation \<" or \less than" is a relation on N. If a;b;c 2 N, then (a< b
andb< ¢) =) a< ¢ and so, < is transitive. Since3 < 4 and it is falsethat 4 < 3, then <
is not symmetric. Sinceit is falsethat 1 < 1, then < is not re exiv e. In particular, < is not an
equivalencerelation on N.



Example 2.12 There are many familiar examplesof equivalencerelations. For example,let S be
the set of studerts in our class. Then, the relation Rggay that a studert A is related to a student
B if student A hasthe samebirthday in the year asstudent B is an equivalencerelation on S. The
relation Rpgate that a student A is related to a studert B if student A hasthe samebirth date as
student B givesrise to a possibly di erent equivalencerelation on S. Similarly, the relations that
a student A hasthe same rst name, or the samelast name, or the sameyear of birth asa student
B giverise to seweral possibly di erent equivalencerelations on S.

Example 2.13 In plane geometry, one studies two natural equivalencerelations R¢; Rs on the
set of triangles T in the Euclidean plane, speci cally the relations of congruenceand similarity.
For T1;T, 2 T, we write TiRcT,, if Ty is congruent to T,, and T1RsT,, if Ty is similar to
T,. Theoremsin plane geometry imply that the relations of congruenceand similarity are both
examplesof equivalencerelations on T .

The next theorem gives another familiar example of an equivalence relation related to the
property of having the samesize.

Theorem 2.14 Let S be a collection of setsand let R be the relation on S of two sets having
the samesize. In other words, for A; B 2 S, then ARB is true means jAj = jBj: Then, R is an
equivalene relation on S. In other words,

1. 8A 2 S; JA] = jAj;

2. If A;B 2 S and jAj = jBj, then jBj = jAj;

3. SupmseA;B;C 2 S: If jAj= jBj and jBj = jCj, then jAj = |Cj.
Proof. Let A;B;C be setsin S. The identity function ida: A! A, dened by ida(x) = X, is
clearly 1-1 and onto, and so, jAj = jAj. If jAj = jBj, then there exists a 1-1 correspondence
f: Al B. Then, the inversefunction f 1:B ! A is a 1-1 correspondence,and so, jBj = jA|.
Finally, supposejAj = jBj and jBj = jCj. Then, there exist 1-1 correspondencesf : A! B and

g:B! C. By Corollary 2.8,g f: A ! C is a 1-1 correspndence,and so, jAj = jCj. This
completesthe proof of the theorem. 2

De nition  2.15 A setAis nite if A=  orit hasthe samesizeasf1;2;:::;ngfor somen 2 N.

Denition 2.16 A setA is countableif it is a nite setor if jAj = jNj; it is uncountableif it is
not courtable.

Suppose A is a countable innite setand f: N ! A is a 1-1 correspondence. Then, A =

an in nite list:

Lemma 2.17 jNj = jZj. In particular, Z is a countable set.



Proof. Weneedto nd al1-1correspondencebetweenthe setN andthe setZ. Clearly, the following
vertical correspondenceworks:

1, 20 3, 4 5 6 7, 8 :::;2n; 2n+ 1;:::
o 1, 1, 20 3 3 4 4 ::.:n n, ::::u:
This 1-1 correspondencemakesZ into the in nite list f0;1; 1;2; 2;:::;n; n;:::g, andso,Z
is a countable set. 2

De nition  2.18 If A and B are sets, then:
1. A\ B=fxjx 2 A andx 2 Bg is called the intersection of A and B.
2. A B=1fxjx2 A orx2 Bgis called the union of A and B.

3.A B=fx2Ajx 2Bgiscalledthe setdier ene of A and B or the complementof B in

A.
Denition 2.19 If A =fA g » is a collection of setsindexed by the set |, then:
1. T A= T oA =fxjx2A forewery 2 Igiscalledthe intersection of A.
2. SA - S A =fxjx2A forsome 2 Igis calledthe union of A.

Frequertly, the indexing set| for A is th%set of§atural numbersN. In thls case,A = fA.gmN
fl-Al,Ag;::"An,. ‘g, and we alsowrite A = [, Aj = Ar[ Ao tii[ Ag[ ii,and A
|1A|—A1\ A2\ \An\....

Example 2.20 Suppose A = fA;;A3;Asg, where A; = fa;b;fg;As = ff;a;d;eg and Ag
fa;f;ng. Then, the indexing setis | = f1;3;6g and we could write A = fA;gi2,. Then:
\ \
A= Ai=A1\ A3\A6=ff;ag;
i2l
[ [
A= Ai = A [ As[ Ag= fa;b;d;e;f;ng:
i21

Prop osition 2.21 If A and B are countable sets,then A[ B is a countable set.

B has the size of N, we can expressit as an in nite list: = fby;bp;iiih;iiig In thls case,
Al B ="fag;::;an; b by byyiiigis anin nite list, and so,jA [ B] = jNj. If both A and B
have the samesize as N, then we can expressA and B asinnite lists: A = faj;az;:::;an;:::g
and B = fby;by;:::;bh;:::0. Then, A[ B = fag;byjag;bp;:ii;an;by;:::g makesA[ B into an
in nite list.



Sincewe have consideredall of the essetial possibilities for the setsA and B to be courtable,
and have shown in eadh instancethat A[ B canbe madeinto alist, then A[ B is courntable. This
completesthe proof of the proposition. 2

If A\ B 6 , then, to be precisein the above proof, one should remove repeated copies of
elemers in the list of A[ B that arise from elemerts in A\ B. However, this minor problem
doesnot a ect the validity of the proof we just gave for the following reason. If we have a list of
the elemers in a countable set C, then one can always make a new listing by removing repeated
elemens. For example,C = f1;2;1;4;2;59= f1;2;4;5q:

De nition  2.22 If A and B are sets, then their crossproduct is the set of all ordered pairs with
rst coordinate in A and secondcoordinate in B. In other words, A B = f(a;b)ja2 A and

b2 Bg. If fA;;A2;:::;Ang is an ordered nite collection of sets, then their cross product is:
L A= A1 Ay i A, = the setof all orderedn-tuples f(as;ay;:::;8an) j ax 2 Ag fork 2
f1;2;:::;ng99

Example 2.23 If A = fa;bgand B = f1;2;3g, then
A B =f(aj1);(a;2);(a;3); (b;1); (b;2); (b;3)g:

Theorem 2.24 The crossproduct of two countable setsis a countable set.

Proof. First supposethat A and B are two courtable in nite sets. Their elemens can be listed:
A = fag;ap;:ii;an;:::;gand B = fhy;byp;:::;b;:::9. Consideran in nite two-dimensional grid
picture of A B:

(a1;bn) (az;bn) D (an;bn):::
(az;bn 1)

(a;bp) (an 1;0)(an;bp) e
(ar;b1) (az;b)::: (an 1;b1)(an;by)

Starting at the lower left hand corner of the above grid, court diagonally to make the following
in nite listing of A B:

Note that the partial list f(a;b,);(az;n 1);:::;(an;b1)g in the above list for A B are the
elemerns on the n-th diagonal of the grid. Sinceewery diagonal of the grid picture appearson the
list and the arbitrary elemern (a;;l) 2 A B appearson the n-th diagonalwheren =i+j 1,
then the abovelist for A B is complete. Therefore, A B is a countable set, when A and B are
in nite sets.

The proof of the casewhen A or B is not in nite is similar. 2



Corollary 2.25 jQj = jN;.

Proof. Recall that Q can be expressedasQ = f T reducedto lowestterms j m 2 Z andn 2 Ng.
We may naturally identify Q with a subsetof the countable setZ N under the correspondence
T 7! (m;n). Sincea subsetof courtable setis a courtable set, Q is a countable set. SinceQ is
in nite, jQj = jNj. 2
We now give an important generalization of Proposition 2.20, which states that the union of

two countable setsis a countable set. We will usethe next theorem later on in thesenotesin order
to understand deeper questionsin mathematics.

Theorem 2.26 The countable union of countable setsis a countable set.
Proof. What this statemert meansis that the union of a nite number of courtable setsis a

then i:l Ay is a countable set.
Supposefor the momert that A = fAxgeo N, Whereead of the setsAg is an in nite countable

set. In this case,we can make an in nite list for eady Ax: Ax = fax.1;8k2;:: j8:n;:::0. Then:
[
A= A = fag1;a2;821;81;3;82:2;83;1; 0058 80 10580 1258015000
k=1
Note that in the above listing, the partial list a;.n;82:n 1;:::;8n 1:.2;8n:1 COrrespondsto the

n-th diagonal of a two-dimensional grid picture of A, where Ay is the k-th column in the grid
(compare this with the proof of Theorem 2.23). As in the proof of Theorem 2.23, the general
elemert a;; liesin the (i+j 1)-th diagonalor in the partial listing ai;n;axn 1; :i:;@n 1;2; @n;1;
wheren = i+ 1. Thus, this sequettial listing of elemers of the union provesthe theorem in
the casewhere A = fAygyon and eath Ay is a courntable in nite set. A slight modi cation of this
argumert provesthe theoremin the other cases. 2

We now give an interesting application of Corollary 2.24 and Theorem 2.25. We will prove
that the set of all complex roots or zeroesto polynomials of degreetwo with rational coe cien ts
is a countable set. A complexnumberr 2 C is said to be algebaic if it is a root of somenonzero
polynomial with coe cien ts in Q. In homework problem 29, you will get a chanceto generalize
the next proposition; you will prpve that the set A of all complexalgebraic numbersis a countable
set. Note that the |5eal number 2 is algebraic, sinceit is a root of the polynomial x> 2, and the
complex number 2"~ 1 is algebraic, sinceit is a root to the polynomial x? + 4.

Prop osition 2.27 Let Q,[x] = fap + aix + axx? j ap;a;;a, 2 Q; a, 6 0= 10 denote the set
of polynomials of degree two with rational coe cients. Then, the set R of roots or zemes in the

complexnumbers C = fa+ bp ~1ja;b2 Ry of the polynomials in Q,[x] is a countable set.

Proof. By Corollary 2.24,Q is a countable set, and so,Q fO0Og is also a countable set. Sincethe
crossproduct of two countable setsis a countable set, the setQ Q is a countable set. Again, since
the crossproduct of two countable setsis a countable setand Q Q and Q fO0Og are countable
sets,then (Q Q) (Q fO0g) is a courtable set.



Consider the natural function f: (Q Q) (Q f0g)! Q,[x] dened by f (((ap;a1);a2)) =
ag + a;x + apxx2. Clearly, f is a 1-1 correspondencefrom the courtable set (Q Q) (Q fO0g)
to the set Q,[2], and so, Q,[x] is also a courtable set.

Since Q,[x] is countable, we can make it into an in nite list of polynomials:

By the quadratic formula, the set R, of roots of the n-th polynomial p,(x) = ¢+ bx+ ax? canbe
calculated to be p p
b+ ¥ 4ac b P dac

2a ' 2a g

and so, R, has one or two elemeris, depending on whether or not ¥ 4ac= 0. In any case,R,
isa nite set,and so, it is alsoa courtable set.

SinceR = ,1]:1 Rn = R1[ :::[ Rn[ :::isthe countable union of courtable sets, Theorem 2.25
implies R is a countable set. This completesthe proof of Proposition 2.26. 2

anf

We now brie y explain how to write anintegern 2 Nin abaseb, 2 b 10. Wewrite n in base
basdcdk 1:::dgwith di 2 f0;1;2;:::;b 1g,if n hasthe valued, b+ d 1 B¢ 1+:::+dy bt+dy .
For example, the integer 22 (in base10) can be expressedas22= 2 32+ 1 3+ 1 3°= 18+ 3+ 1,
and so, in base3, we write the number n = 22 (base10) asn = 211 (base 3). Similarly, we can
expressany real number r in any baseb, 2 b 10. If r = n:d;d,::: (base10) for n 2 Z, then
we expressr asthe baseb number dy :::dido:d 1d ,:::, if the in nite seriesdy B+ 1+ d
bt+dyo °+d 1 bl+d, b2+ ::: convergesto r and whered; 2 f0;1;2;:::;b 1g. For
example,the basel0 number 5:5 can be expressedas 11:2 in base4. Similarly, we can convert any
real number expressedn a baseb; 2 b 10, to a decimal number in base10. For example, the
base6 number 21:3 is the number2 6+ 1 6°+3 6 1= 13% = 135 in base10. Note that for a
baseb> 10, one needsto add more \basic" digits to f0;1;2;:::;9g in order to expressnumbersin
N or R.

Theorem 2.28 The set of abstract decimal numbers A(R) (also using any other base) has the
samesize as the set of points on the real numkber line R.

Proof. We shall prove the theoremin the caseof base10. Note that two abstract decimal numbers,
n:didy::: and m:e;e; ::: represen the samereal number or point on the real number line, if the
distance betweenthe points on the real number line is zero. For example, the distance between
the in nite repeating decimal numbers 1:999::: and 2:000::: is zero, and so, these two abstract
decimal numbersrepresen the samereal number. In fact, a simple argument shows that the only
way that a nonzeroreal number n:d;d; ::: hasmore than onerepresenation asan abstract decimal
number is that for somepositive integerk, and for all i  k;thend; = Oorfori k;thend = 9.

Thus, if r is a real number of nonunique decimal represenation, then r must have a decimal
represertation which endsin all zeroes. But, if r = n:did,::: endsin all zeroes, then it is clearly
represertable as a rational number % wherek 2 Z;m 2 N and m is a power of 10. For example,
2:4300::: = %. In particular, sincethe set of rational numbersis a countable set, then the set X
of the real numbers of nonunique decimal represertation is a countable set.

Let Y = R X be the set of real numbers with unique decimal expansions. De ne A(R;X)
be the subset of A(R) represerting numbers in X and similarly de ne A(R;Y). Since A(R;X)
is the union of two courtable in nite sets (namely the decimals ending in all 0's (except for the



number 0 = 0:00:::, which has a unique decimal represertation) or in all 9's), A(R;X) is a
courtable in nite set. Since A(R; X) and X are both courtable in nite sets,they have the same
size.Let fx : A(R;X)! X bea 1-1correspondenceand let fy : A(R;Y)! Y be the obvious 1-1
correspondence. Then, the function f : A(R)! R dened to befx onA(R;X) andfy onA(R;Y)
is a 1-1 correspondence,which provesthe theorem. 2

We now develop the notion of a set A having smaller sizethan another set B. To do this, we
rst needto de ne what it meansfor the set A to have sizelessthan or equal to the size of B.
Intuitiv ely, A should have sizelessthan or equalto the sizeof B, if A hasthe samesizeasa subset
of B. For example,if A = fa;b;cg and B = f1;2;3;4g, then A hasthe samesize as the subset
C = f1;2;3g of B; in other words, there is a 1-1 correspondencef : A! C B. By consideringf
to be a function from A to B, we seethat f : A! B is a 1-1function. This discussionmotivates
the next de nition.

De nition  2.29 Given two sets A and B, we write jAj jBj, if there exists a 1-1 function
f:A! B. Wewrite jAj < jBj,if jA] jBjandjAj 6 jBj. If jAj jBj, then we say that "the size
of A is lessthan or equal to the sizeof B". If jAj < B, we say that "the sizeof A is lessthan the
sizeof B."

De nition  2.30 The power setof a set A, denotedby P (A), is the set of all subsetsof A.
Example 2.31 P(f1;29) = f ;flg;f2g;f1;290.

Over a hundred yearsago Cantor de ned the notion of the sizeof sets,in terms of the existence
of 1-1 correspondencesand introduced the de nitions of courntable and uncountable sets. He also
proved the following interesting results:

1. The setQ is courtable.

2. The set R is uncountable.

3. jJP(N)j = jRj.

4. For any set A, then jAj < jP (A)j:
We now prove this last result.

Theorem 2.32 (Cantor's Theorem) For any setA, jAj < jP(A)j: In particular, there are in-
nite setsof arbitrarily large size.

Proof. Let f : A! P(A) be the function f (a) = fag. Clearly, f is 1-1, and so, jA] jP(A)j. If
jAj = jP (A)j, then there existsa function F: A! P(A) which is onto (in fact, 1-1 and onto). We
will prove that such an onto function F cannot exist, which will prove Cantor's Theorem.

Supposeto the cortrary, there existsa function F: Al P(A) which is onto. De ne the special
subsetAr = fx 2 Ajx 2F(x)g2 P(A). Sincewe are assumingF is onto, there existsay 2 A
such that F(y) = Ag. We now ask the question: \Is y 2 Ag?". If y 2 Ag, then, by de nition of
Ae; Yy 2F(y) but F(y) = Ag, and so,y 2 Ag, which is a cortradiction. So, we conclude that
y 2 Ag. Sincey 2 Ag, then, by the de nition of Ag; y 2 F(y) = Ag, which is a contradiction.
Sincey 2 A ory 2 A, we obtain the desired contradiction. This meansthat the onto function
F doesnot exist, and so,jAj 6 jP(A)j. SincejAj jP(A)j and jAj & jP (A)j, then jAj < jP (A)j.
2
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De nition  2.33 Giventwo sets,A and B, let F(A; B) be the setof all functionsf: A! B from
A to B.

Theorem 2.34 Given a setA, then
JP(A)j = JF(A;0;19)j:

Proof. We needto nd afunction H: P(A)! F(A;f0;1g), which is 1-1 and onto. For B 2 P(A);
de ne the function H(B): A! fO0;1g by:

H(B)(x) = 0; if x 2B;

H(B)(x) = 1, if x 2 B:

Clearly, di erent subsetsdetermine di erent functions, and so,H is 1-1. Let f: A! f0;1g2
F(A;f0;1g): De ne the subsetB; = f (1) = fx 2 Ajf(x) = 1g. Then, H(B¢) = f, and so, H
is onto. SinceH is 1-1 and onto, the theorem is proved. 2

Theorem 2.35 P(N) hasthe samesizeasthe setS of all in nite sequen@sof 0's and 1's.

Proof. Let A N = f1;2;:::;n;:::g be a subset. Let S(A) be the sequenceof zerosand ones
we obtain by replacing every elemen of A in this list of N by a 1 and every element of N A
by a zero, and then remove the set brackets and commas. For example, if A = f2;5;6g, then
S(A) = 010011000::; the rst digit of S(A) is 0 sincel 2 A, the seconddigit of S(A) is 1 since
22 A, the third digit of S(A) is 0 since4 2 A, and soon. Clearly, the function S: P(N) ! Sis
1-1 and onto, by using an argumert similar to that usedin the proof of the previous theorem. By
de nition of size,P(N) and S have the samesize,which provesthe theorem. 2

Corollary 2.36 jP(N)j = |R;.

Proof. The setS ofin nite sequence®f0'sand 1's, after placing a decimalpoint at the beginning of
the sequencecanbeidenti ed with the abstract base2 numbersin the interval [0; 1], Theorem 2.27
then implies that jSj = j[0; 1]j: Sincethe removal of a point from an in nite setdoesnot changeits
size,jSj = j(0; 1)j: By homework problem 13, j(0; 1)j = jRj. By Theorem 2.34,jP (N)j = jSj. Since
P (N)j = jSj = j(0; 1)j and j(0; 1)] = jRj, then the transitiv e property of sizeimplies jP (N)j = |R;j:
2

Corollary 2.37 R is an uncountable set.

Proof. By Cantor's Theorem, P(N) is an uncountable set. By Corollary 2.35, we concludethat R
is also an uncountable set. 2

We now give a more direct proof that R is an uncountable set. You will needto know this
proof for your exams.

Theorem 2.38 R is an uncountable set.

11



Proof. Supposeto the cortrary that R is a countable set. Then, the open unit interval | = (0;1)
in R of numbers between0 and 1 is a courtable set.

ri = :dy.adpoiiidyg oo

rp = :dy.qdopiiidoy i

rn = :dn;ldn;z:::dn;n M-

with digits dij 2 f0;1;:::;99. Now, de ne the decimal number r = :d(1)d(2) :::d(n):::, where

d(n)

= 5/if dpn < 5, and d(n) = 4; if dny 5. Note that the real number r has a unique

expressionasan abstract decimal number, sincenone of its digits areOor 9. Noter 6 Oandr 6 1,
and so,r 2 1 = (0;1):

Sincer 2 |, thenr = ry, for somek 2 N. But, the k-th digit of ry is dx.x and the k-th digit of
r is d(k) 6 dg.k, and so,r 6 ry for any k 2 N. This contradiction provesthe theorem. 2

De nition  2.39 Let p and g be logical statemerts which are either true or false. Then:

1
2
3.
4
5

7.
8.

pistrue () pis false.

. p_qistrue () porqistrue.

p~ qgistrue () pandqaretrue.

. p! gisfalse( ) pistrue and qis false.

. p% qistrue () pandqareboth true or both false. In this case,we say that p and g are

logically equivalent

The contrapositive of the implication p ! q is the implication q! p: It is logically
equivalent to p! g (seehomework problem 19).

p is a tautology, if it is logically true (truth table is all true).

p is a contradiction, if it is logically false (truth table is all false).

The statemert p! g aboveis called an implication with premisep and conclusion g. The premise

p in an implication p! qis also called the hypthesis Two examplesof tautologiesare\p_  p
or\p! (p_q". An exampleof a cortradiction is\p” p".

12



Many theoremsin mathematics take the form of an implication: \If [p is true], then [qis true]."
For example \If [f: A! B andg: B! Cisl-1functions],then[g f:A! C isa1l-1function]."
Even many de nitions in mathematics give a de ning property in terms of an implication. For
example,a function f : A! B is 1-1,if

[x1 6 x2] =) [f(x1) & f(x2)]:

Using the fact that the contrap ositive of an implication is logically equivalert to it, we obtain the
alternativ e secondde nition: A function f : A! B is 1-1, if

[f(x1) = f(x2)] =) [x1= x2]:

By statemert 4 in De nition 2.15,an implication p! qis true wheneer its premisep is false.
In particular, the implication
[1+2=4]=) [6= 6]
is a true statemernt, sincethe hypothesis1+ 2 = 4 of the implication is false. Many students nd
this type of logical argumert courter-intuitiv e and di cult to accept, until they realize that this
is just a consequenceof the mathematical de nition or the truth table for p! g, which we give
below.

p! ¢

T - o
mi 4| T H|a

| ||

Truth tables for logical statemerts give a tabular method for calculating the truth values of
the statemert for di erent assignmens of truth or false for the logical variables. Below are the
truth tables for the logical statemerts p! pand(p! q)! p. More truth tables appear in the
homework exercises.

plalp! g|(!' 9! p
pl p|p! p T|T| T T
T|F = TIFE| F T
FIT T FIT| T F

FIE| T [=

The next theorem can be proven by writing down the truth tables for p~ (g~ r) and for
(p™ g) _ (p” r) and then cheding that they are the same.

Theorem 2.40 (p~(q_r))$ ((p~q _(p~r)).

Theoremsin logic, sudh as Theorem 2.39, can be useful at times for proving that two di erently
described setsare really the same.

De nition 2.41 Let A and B be sets. Then:

13



1. A B meansthat x2 A=) x2B;if A B,thenwesa A is asubsetof B

2. A= B meansthat A B andB A, or equivalertly, that A and B have the sameelemeris.

We now apply the previous theorem to prove one of the distributiv e rules for unions and
intersections of setsgiven in the next theorem.

Theorem 2.42 (Distributiv. e Rules) Let A; B;C be sets. Then:
A\ (B[ C)=(A\ B)[ (A\ C);
A[ B\ C)=(A[ B)\ (A[ C):

Proof. Wewill provethe rst equation. Actually wewill shavthat A\ (B[ C) (A\ B)[ (A\ C)
and will leavethe proofthat (A\ B)[ (A\ C) A\ (B[ C) ashomework problem 23. By de nition
of equality of two sets,the two containment equationsthen provethat A\ (B[ C) = (A\ B)[ (A\ C).

Let x 2 A\ (B[ C). By de nition of intersection,x 2 A and x 2 B[ C, and so, by de nition
of union, we obtain the statemert: (x 2 A) and (x 2 B or x 2 C). By the previous theorem,
letting p= (x2 A); q= (x 2 B) andr = (x 2 C), we obtain the logically equivalent statemert:
(x2Aandx 2 B) or (x 2 Aandx 2 C). By denition of intersection,x 2 A\ B orx2 A\ C.
By de nition of union, x 2 (A\ B)[ (A\ C). By de nition of containment , we have shown
A\ (B\ C) (A\ B)[ (A\ C). 2

Denition 2.43 If A X, then the complementof A in X is: A= fx2 X jxZAg= X A.

Theorem 2.44 (DeMorgan's Laws) Let A and B be subsetsof X . Let A® and B€¢ denotetheir
complementsin X . Then:
(A[ B)° = A°\ BS;

and
(A\ B)*= A°[ B®:

Proof. We will provethe rst equation: (A[ B)¢ = A®\ BF€. It holdssincex 2 (A[ B)°() x 2
A[B() xZ2A)and(x2B)() (x2A% and(x2B° () x2A°\ B¢ 2

The following axiom for the natural numbers N clearly holds but cannot be proved; hence,the
word \axiom" or \principle."

W ell-Ordering Principle : Givenany nonempty subsetA N, then A contains a least elemen,
i.e., there exists an elemen x 2 A such that for all y 2 A, thenx y:

We now usethis axiom for N to prove the principle of mathematical induction.

Theorem 2.45 (Principle of Mathematical Induction) SupmwseS = fS;;S,;:::;Sh;:::0 1S
a collection of logical statementsindexed by the natural numbers N. If S; is true and Sy ! Sp41
for everyn 2 N, then all of the statementsin S are true.

14



Proof. Arguing by contradiction, assumethat the principle of mathematical induction fails. Then,

Sh+1 for all n 2 N, but some statement S, is false. Let F = fi 2 N j S; isfalseg. Since
m 2 F; F 6 . By the well-ordering principle, F hasa smallestelemen k 2 F. SinceS; is true,
k6 landsok 12N F, which meansSy ; istrue. SinceSy 1! Sk with true premiseSyx 1,
then the conclusion Sy must be true, but it is not, sincek 2 F. This contradiction provesthe
principle of mathematical induction holds. 2

Someinteresting summation formulasin number theory can be proved by applying the principle
of mathematical induction. Below is one such formula. (Seehomework problem 25 for four more
examples.)

Theorem 2.46 For everyintegern 2 N,

X K = n(n+ 1):
2
k=1

Proof. We will proye the theorem by applying the principle of induction. We will consider the
formulas S, = | E=1 k = %] j n 2 Ng to be an innite sequenceof logical statemerts

indexed by the natural numbers.
: . P
1. Sy istrue, since ., k= 1= X0

2. Assume S, holds and we will prove S,+; holds; this will provethat S, ! Sp+1. So, x
n 2 N, and assumes, is true:
X +
1+ 2+ :::+n= k=w:
k=1

Adding n + 1 to ead side of the above formula, we obtain the following related formula:

1
1+ 2+ 2+ n+(n+ 1)= k:7n(n2+1)

k=1

+ (n+ 1):

Simplifying the right hand side of this equation we obtain,

Xt nn+ 1)
2

n(n + 1)+ 2(n + 1)= n(n+ 1)+ 2(n+ 1)= (n+ 1)(n+ 2)

+(n+1)=
(n+1) 2 2 2 2

P
Thus, i3 k= M which meansthat S,.; holds.

P
SinceS; is true and Sy ! Sh4q for all n 2 N, then the formula ™ [_; k = % holds for all
n 2 N by the principle of mathematical induction. 2

De nition  2.47 A collection  of nonempty subsetsof a set A is called a partition of A, if it
satis es the following two statemerts:

15



1. Theunion|[ = A.

2. The subsetsin  are pairwise disjoint in the sensethat any two di erent subsetsin  are
disjoint. Equivalently, if B;C2 andB\ C6 , thenB = C.

Example 2.48 Let E = f2njn 2 Zg bethe setof evenintegersandlet O= f2n+ 1jn 2 Zg be
the set of odd integers. Then = fE;QOgq is a partition of Z. Another familiar partition of Z is
into the subsetof negative integers, the subsetof positive integersand the subsetcontaining 0.

Example 2.49 In the proof of Theorem 2.27, we de ned the subset A(R; X) A(R) whose
elemerts represern real numberswhich have two represenativ esin A(R) and the subsetA(R;Y)
A(R) whoseelemerts represen real numberswith unique represenativ esin A(R). SinceA(R; X) =
A(R;Y)% = fA(R;X);A(R;Y)g is a partition of A(R).

Theorem 2.50 If A is a setwith n elements,then jP (A)j = 2".

Proof. We will prove this theorem by induction on the sizeof A. First note that if jAj = 0, then
the theorem is true, sincethe power set of the empty set has one elemert and 1 = 2°. Assume

Let A = fby;:::;bhg = B fby+19. Then P(A) is a subset P(B) with 2" elemens by our
inductiv e hypothesis. Note that P(B) = P(A)[ P(A)¢, where P(A)° is the complemen of P(A)
in P(B). There is a natural function F: P(A)! P(A)°dened by F(W) = W[ fby+1 g; which is
clearly 1-1 and onto. Hence,jP (A)j = jP (A)¢j. SincefP (A); P (A)¢g is a partition of P(B); then
iP(B)j = jP(A)j+ jP(A)¢j = 2" + 2" = 27*1 - which provesthe theorem by induction. 2

Note that Theorem 2.49 is also an immediate corollary of Theorem 2.33 and Theorem 2.50
below. Recallthat F(A;B) = ff: A! Bag.

Theorem 2.51 If A and B are nite nonempty sets, then jF (A; B)j = jBjiAi.

ax 2 A, there are m possiblechoicesof valuesfor a given function f 2 F(A; B).

We will prove the theorem by induction on n, which is the size of A. If n = 1, then clearly
F(A;B) = m= miAl,

Now assumethat wheneer C is a setwith sizen andB is a nite set,then jF(C;B)j = jBji¢I =

jF(C;B)j = jBji®l. Note that every function f 2 F(C;B) givesrise for each k;1 k m, to
the function fy: A! B wherefy(a) = f(a) if a2 C and fx(an+1) = bx. Also, note that every

by elemenary arithmetic,
jF(A;B)j = mjF(C;B)j = mjBJ/“) = mjBj" = mm" = m""* = jBj"A;
which provesthe theorem by the principle of mathematical induction. 2

Denition 2.52 If R is an equivalencerelation on a set S and a 2 S, then the equivalene
classof a, written as[a], consistsof all elemers in S which are R related to a. In other words,
[a]=fx 2 SjaRxg. Let Sg = f[a]j a2 Sg denotethe set of equivalen@ classesin S.
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Example 2.53 Considerthe following relation R on Z. Two integersin Z are R equivalert if their
di erence is an eveninteger or, equivalertly, nRm fornym 2 Z, if 9k 2 Z such that n m = 2k.
It is easyto seethat the equivalenceclassof an odd integer is the set O of odd integers, and that
the equivalenceclassof an even integer is the set E of even integers. Thus, the set of equivalence
classesSg = fO;Eqg is a partition of Z. This partitioning property of the equivalencerelation R
on Z demonstratesa special caseof the next theorem.

Theorem 2.54 (Fundamen tal Theorem of Equiv alence Relations) SupmseR is an equiv-
alence relation on a setS. Then, the set of equivalene@ classesSg is a partition of S.

Proof. First note that for any a 2 S; aRa by the re exiv e property of R. Therefore, for every
a2 S;aZ2[al,andso,S [ Sg. SinceSgr consistsof subsetsof S, then[ Sk S. SinceS [ Sg
and[ Sk S, thenS=] Sg.

Next we must ched that two dierent equivalence classesare disjoint; this is the pairwise
disjoint property that a partition of S must satisfy. Equivalently, we must verify that if two
equivalenceclassedn Sy intersect, then they are equal. Supposethat [a];[b] 2 Sk and [a]\ [b] &
Our goalis to prove[a] = [b], which meansthat we must prove[a] [bland[b] [a]. We rst show
[a] [b]. Lety 2 [a], which meansaRy holds, and we will provethat y 2 [b]. Since[a]\ [b] 6 ,
there exists an x 2 [a]\ [b], which meansthat x 2 [a] and x 2 [b]. Thus, aRx and bRx hold
and, by the symmetry property of R; we obtain xRa aswell. Thus, bRx and xRa hold and, by
transitivit y, bRa holds. Since bRa and aRy hold, transitivit y showvs bRy holds, which implies
y 2 [b]. This proves[a] [b]. Arguing similarly, we obtain [b] [a], and so,[a] = [b]. Thus, Sg is
a partition of S. 2

Homew ork Problems

1. Let f:f1;2g9! fa;b;cg bedened by f(1) = aandf(2) = c: Let g: fa;b;ecg! f3;59 be
dened by g(a) = 3; g(b) = 3; g(c) = 5:

(&) Which of the functions in ff;g;g f g are 1-1functions? Explain why.
(b) Which of the functions in ff;g;g f g are onto functions? Explain why.

2. SupposeA = fA1;Az; Asg, whereA; = f 1;2;30; A, = f2;3;4gand As = fpi; 1,230,000

n 2 Ng.
(@ What is\A = A1\ A\ As?
(b) What is[A = A1[ Azx[ As?

3. Is anequivalencerelation on R? Which properties of an equivalencerelation are satis ed?
4. I1s 6 an equivalencerelation on R? Which properties of an equivalencerelation are satis ed?

5. SupposeA = f1;2g, B = fa;b;cg and C = f3;4g. What is the set A B? What is the set
A A C?What isthesetA (A C)?

6. Expressthe basel1l0 number 152 N asa base3 number.
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10.

11.

12.

13.

14.

15.

16.
17.

18.
19.

20.
21.
22.

Expressthe base2 number 1101 as a base10 number.
List all the elemerts in the power set P (f 1;2; 3g):

Note that a function f : R! R is 1-1, whenits graph G = f(x; f (x)) 2 R? j x 2 Rg satis es
the following horizontal line test: Every horizontal line in R? intersects G in at most one
point. Also, note that f : R! R is onto, if it satis es: Every horizontal line in R? intersects
G in at least one point. Write down functions f : R ! R satisfying ead of the following
conditions:

(&) f is 1-1 but not onto.

(b) f isonto but not 1-1.

(c) f is both 1-1 and onto.

(d) f is neither 1-1 nor onto.

(a) Isthe function f : R! R dened by f (x) = x sin(x) a 1-1 function?
(b) Is f (x) onto? Explain your answers.

Prove that the set of irrational numbers| in R is an uncourtable set. (Hint: First note that
R = Q[ | andthen apply the statemerts of Proposition 2.20 and Theorem 2.37.)

Write down a linear function f : [0;1] ! [2;5] of the form f (x) = ax + b, which is a 1-1
correspondence.

Prove that the openinterval (0;1) = ft 2 Rj 0< t < 1g hasthe samesizeas R. Prove this
fact by drawing the graph of a function f : (0;1) ! R, which is 1-1and onto. (Hint: Consider
a graph that hasthe appearanceof the graph of tan(x).)

Supposef : A! B andg:B! C. Provethatifg f: A! Cisonto, theng:B! Cis
onto.

Supposef : A! Bandg:B! C. Provethat ifg f: A! Cis1-1,thenf is 1-1. (Hint:
Prove the contrap ositive of this implication or give a proof by cortradiction.)

SupposeA; B; C are sets. Prove that if jAj jBjandBj |Cj, thenjAj |Cj:

SupposeF : f1;2;3g! P(f1;2,3g) isdened by F(1) = flg; F(2) = f1;3g; F(3) =
What is the setAr = fx 2 f1;2;3gj x 2 F(x)g?

Write down the truth table for (p! q)! p.

Provethat p! qand its contrapositive q! p are logically equivalent, by showing that
they have the sametruth tables.

Write down the truth table for (p_q)! (p” q).

Prove the statemert p! (p_ 0) is a tautology.

Use De nition 2.40to provethat for two setsA, B, if A[ B = A\ B, then A= B . (Hint:
First show that if x 2 A, then x 2 B, under the assumptionA[ B = A\ B.)
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23.
24.

25.

26.

27.

Provethat (A\ B)[ (A\ C) A\ (B[ C):

Prove that (A\ B)® = A¢[ BC® (Hint: Try to mimic the proof of the rst equation in
Theorem 2.13.)

Prove the following summation formulas by using the principle of mathematical induction:

P 1@ n+l
@) | iy K = RERERE

(b) _py(k 1)=n?
(© jpo2=201 1

Let A =f1;2;3;4;,59. Then = ff 1;2g;f3;4;5ggis a partition of A. Give three di erent
examples 1; 2; 3 of partitions of A that are dierent from and where i contains the
subsetf 1; 2; 3g as one of its elemerts, but no subsetin , orin 3 hasthree elemers.

Use Proposition 2.20 and the principle of mathematical induction to grove that forn 1,if
fA1;:::;An;An+1 g is a nite collection of countable sets,then A = ?:11 A; is a countable

set. You can usethe obvious fact that A = (A1[ Az[ :::[ An)[ An+1. Hereis a suggestion

S, to be the statemer:
+1

A is a countable set
i=1
Forn=1;S;is truesby Propositi<§1 2.20. Assume S, is true and then prove S+ is true,
using the fact that ~ ;" Ay = (T ; A)) [ Ansa and applying Proposition 2.20. Then,
concludethe problem, by applying the principle of mathematical induction.

SupposeC = fAj;:::;Angis an arbitrary nite collection of sets.
(@ For n > 2,show that jA; Az 0 Ay Apaj=jlA1 Az i Ap) Anaj
by constructing an obvious 1-1 correspondencef : A; 0 An Ana ! (A1 Az

An) An+:(Youdon't needto provethat the function f is 1-1 and onto; you just
needto de ne it.)

(b) Use the principle of mathematical induction to prove that the nite crossproduct of

countable setsis a countable set. In other words, if A1;:::;A, are n countable sets,
then A; A, ::: A, is a countable set. (Hint: Let S, be the statement that
Ay A, A, is countable, when C = fAj;:::;A,g consistsof n countable sets.

Start the induction proof with n = 2 countable setsand then apply Theorem 2.23 to
concludethat the rst statemernt S, is true. Next, apply part (a) of this problem to
showv that S ! Sp+1, forn  2)

29. Foreadin 2 N, let the setQ,[x] = fag+ ajx+ :::+ apx" jax 2 Qanda, 6 %forn > 0g be

the set of rational coe cien t polynomials of degreen. Let Qy[x] = Q be the set of constart
polynomials.
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3

(@)

(b)

()

(d)

Prove that Q,[x] is a countable set. (Hint: Thinking in terms of the coe cien ts

hasthe samesizeasthe crossproduct ( ;_; Q) (Q fO0g), where ., Q=Q ::: Q
is the crossproduct of Q with itself n times, and then apply part (b) of the previous
homework problem. Note that we did this directly for n = 2 in the proof of Proposi-
tion 2.26.)

Prove that the set Q[x] of all rational coe cien t polynomials is a countable set. (Hint:
Prove that Q[x] is a countable union of courtable setsand apply Theorem 2.25.)

A complexnumber a 2 C is called an algebaic number, if it is a root or zeroof a nonzero
polynomial p(x) 2 Q[x]. Prove that the set A of algebraic numbersis a countable set.

Usethe fundamertal theorem of algebra, which implies that ead polynomial in Q ,[x]
hasat most n complexroots, to provethat A is a countable union of countable sets,and
so, is itself a countable set. Also, seethe proof of Proposition 2.26 for this argumert.)

A real number r 2 R is called transendental if it is not algebraic. For example, it
can be shown that the numbers and e are transcenderal. Prove that the set T of
transcendenal real numbers is uncountable. (Hint: Apply part (c) and then apply an
argumert similar to the oneusedin the proof of homework problem 11.)

30. Provethat P 2 is an algebraic numberalit not a rational number. (Hint: To prove P 2 is not

31.

32.

(@)
(b)

rational, assumeto the contrary that = M is reducedto lowestterms. Squareead side
of the equation and simplify by multiplying ead side by n?, and then shaw 2 divides both m
and n, to obtain a cortradiction to the assumptionthat T is reducedto lowest terms. You
can usethe fact that if a prime divides the product of two integers,then it divides one of the
integers.)

Let R 3 be the following relation on Z. Givenm; n 2 Z, then mR 3n, if there existsak 2 Z,
such that (n  m) = 3k.

Prove R 3 is an equivalencerelation on Z:
Describe the equivalenceclass[2] as a subsetof Z. Is 4 2 [2]?

Let S = ff a;bg;fa;b;cg; f5g; f3;4g;f6;7;,83g. Let R be the equivalencerelation on S of two
setshaving the samesize. Write down the set of equivalenceclassesSg for this equivalence
relation R on S. (Hint: Sg has 3 elemers.)

Elementary group theory .

A binary operation on a set A assignsto ead ordered pair of elemens (a;b) 2 A A another
elemer in A, usually denotedby a b. Familiar binary operations are addition + and multiplication
on the set of integersZ.

Note that + on Z inducesa binary operation + on the set of evenintegerskE = f2k j k 2 Zg;
sincefor 2ky; 2k, 2 E, then 2k;; +2k, = 2(ky + ko) 2 E. However, + is not a binary operation on
the set of odd integersO = f2k+ 1j k 2 Zg, sincel+ 3= 4, which is not an odd integer.
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De nition 3.1 A group (G; ) is a set G together with a binary operation satisfying:
1. 9anelemen e2 G, such that 802 G; e g=g e=g;
2. 892 G, there existsan element g2 G, suththat g g=7 g= €
3. The operation is asseiative: 8a;b;c2 G;a (b ¢)=(a b c

When the group operation of a group G is well-understood, then we usually usemultiplicativ e
notation, rather than emphasizethe operation. In other words, instead of writing a b, we write ab.
In the de nition of a group G, any elemen a, such ase, which satises 892 G; a g=g a=g,
is called an identity elementfor G. By the next proposition, G has a unique identit y elemen, and
so, from now on, we will call e in the de nition of a group the identity elementof G. The elemen
g such that gg = gg = e givenin the de nition of a group G is called an inverse of g, and it is also
unique by the next proposition; we will denote this elemert by g * and call it the inverse of g.
When the group operation on G is denoted by the symbol \+", then the unique inverseof g will
be denoted by \ g" rather than \g " and, in this case,we will use\0" to denote the identity
elemen of G instead of \ e".

Prop osition 3.2 If G is a group, then the following statementshold:
1. Fora;x;y2 G;(ax=ay) =) (x=y)and(xa=ya)=) (x=y). (cancelationlaws)
2. G hasa unique identity element. (uniquenessof identit y)
. Every elementof G has a unique inverse element. (uniquenessof inverse)

. 8a;b2G; (ab '=b ta i

3
4
5. 8a;b;c2 G;(abg *=c 'b ta i
6. For x;y2G; xy=¢e() y=x L
7.

Fora2G,(a?t) '=a

Proof. We rst prove the left cancelation law. Supposeax = ay. Multiply ead side of this
equation on left by the \in verse" a, whose existenceis given in statemert 2 of the de nition of
group, to obtain: a(ax) = aay), and so, (aa)x = (aa)y =) ex = ey =) x = y: This provesthe
left cancelation law holds. The proof of the right cancelation law is similar.

Supposee; and e; are identity elemens in G. Sincee; is an identity elemen, then e;e; = €.
Sincee; is an identit y elemen, then e;e; = e;. Thesetwo equationsimply e; = e, and so, G has
a unigue identit y elemern, which is the elemer e givenin the de nition of a group.

If g1;9, 2 G areinverseelemeris of g, then g1;g = eand gg = e. Thus, 910 = g9, and so, by
the right cancelationlaw, g; = g, which provesthe uniquenessof the inverseof g.

In order to prove statemert 4, rst multiply aband b 'a ! to get:

(ab(b *a )= a(bba '=aea l=aa = e:

A similar calculation shows (b 'a !)(ab) = e; and so, by de nition of inverse,(ab) ' = b ta; !
which provesstatemert 4 holds.
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A slight modi cation of the proof of statemert 4 provesstatemert 5.

Clearly, if y = x 1, then xy = e. On the other hand, if xy = e, we can multiply ead side of this
equation on the left by x ! to obtain: x (xy) = x *e=x % So,x = x (xy) = (x X)y=
ey = y; which provesstatemert 6 holds.

Let a2 G andlet a ! 2 G beits inverse. By de nition of inverse,aa ' = a *a = e. This
equation alsomeansa = (a ') . This completesthe proof of the proposition. 2

Example 3.3 1. Onefamiliar exampleof a group is the set of integers(Z; +) : Here,e= 0 and
the inverseofn 2 Z is n.

2. (R;+);(Q";)and (R fO0g; ) arealsowell-known examplesof groupswith e= 0in the rst

exampleand e = % = 1in the other two multiplicativ e groups.

3. Another familiar groupis (M (2; R); +) of 2 2 real matrices under the operation of addition:

ate b+f

a +ef_
c g h ~ c¢c+g d+h

b

d
. 00 . .

The zeromatrix 0 = 0 0 plays the role of the identity elemen.

4. The generallinear group of real 2 2 invertible matrices, denotedby (GL (2; R); ); is a group
under multiplication of matrices. (SeeSection 4 for how to multiply matrices.)

5. Any subspaceof the vector spaceR" is a group under addition of vectors. More generally,
every vector spaceV over a eld F is a group under + by the axioms for a vector space.
(SeeSection 4 for the de nition of vector spaceover a eld, if you have not yet studied linear
algebra.)

In all of the above examplesof groups, except(GL (2; R); ) the group operation is commutativ e.
De nition 3.4 A group (G; ) is an alelian or a commutative group, if 8a;b2 G; a b=b a.

Denition 3.5 Givenn2 Nandm 2 N[ fOg= f0;1;2;:::9; then m mod (n) is the remainder
of dividing m by n. For example,10mod (6) = 4 and 14 mod (3) = 2.

The proof of the following proposition is straightforward and will be left to the reader.

Prop osition 3.6 Let Z, = f0;1;2;:::;n 1g and de ne for a;b 2 Z, the binary operation
a+ b= (a+ b mod(n). Note that the operation of + on the right hand side of the equation is
addition of the integersa;bif a+ b< n and equalsa+ b nif a+ b n. Then:

1. (Zn;+) is an akelian group under +.
2.e=0.

3. The inverse of 0 is 0 and the inverseof a2 Z, fOgisn a.
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The nite abelian group Z, = f0;1;2;:::;n 1g is the important building block example for
all nite abelian groups. By taking crossproducts of such groups, we seeby homework problem 15
that we can make new abelian groups. For example,Z, Z, = f(0;0); (1;0); (0; 1); (1;1)gis a new
abelian group under + with four elemeris, wherewe add ordered pairs by adding their coordinates.
For example,(1;0)+ (1;1) = (1+ 1;0+ 1) = (2;0) = (0;1) 2 Z, Z,; note that (0; 0) is the identity
element in Z, Z,.

Sometimeswe considerZ,, to correspond to the set of hours on a clock with n hour positions
with the operation of clock arithmetic. Our familiar caseof this would be Z1, = f0;1;2;:::; 11g,
where we consider12 o'clock to correspond to 0 o'clock. We then consider2+ 3 to be the hour 5,
or8+ 6= 14mod(12) = 2 mod (12) to be the hour 2. Here, we considerall the possible hour
times as elemers in Z, but we identify any hour time k 2 Z with k mod (n) 2 Z1, on the clock.
Note that if k 2 Z is negative, then k mod (n) correspondsto n  (jkj mod (n)) in Z,.

Denition 3.7 If g2 G, andn 2 N, then we let g" denote the product of g with itself n times
under our multiplicativ e corvertion for a group. For example,g® = ggg. The order of an elemen
g2 G, denoted by o(g), is the smallest positive integer n 2 N such that g" = g, if there is no such
positive integer n, then we say that g hasin nite order.

Example 3.8 Theelemern 22 Zg hasorder 3, sincethe group operationin Zgis+ and2+2+2= 0
but 2+ 2= 46 0. The element 22 Z hasinnite order, sinceno nite sum2+ :::+ 2is ever
equalto 0. It is easyto ched that every elemen in Z, Z, f(0;0)g hasorder 2; for instance,
(3;0)+ (2;0) = (2;0) = (0;0), and so, (1;0) hasorder 2. The elemet 12 R fO0g has order 2
in the multiplicativ e group R f0g, since( 1) = 1, which is the identity elemen of the group.

The next proposition follows directly from the de nition of a group.

Prop osition 3.9 A subsetH of a group G is itself a group under the binary operation in G if
and only if the following three statementshold:

1. e2 H, wher e is the identity elementin G.
2.8h2H; h 12 H, wheeh !is theinverseof h in the group G.
3. 8a;b2 H; ab2 H.
Proposition 3.3 motivates our next de nition.
De nition  3.10 A subsetH G is called a sulgroup, if the following three statemerts hold:
1. e2 H, wheree is the identity elemen of G. (existene of identity)
2.8nh2H; thenh 2 H, whereh ! isthe inverseof h in G. (existene of inverse)

3. 8a;b2 H; then ab2 H. (closure)

Example 3.11 We now show that the set of evenintegersE = f2njn 2 Zgis a subgroup of Z.
Recall that e = 0 and the additive inverseof k 2 Z is k. Since0= 2 02 E, E contains the
identity element of Z. If 2n 2 E, then 2n = 2( n) 2 E, and so, the the additiv e inverseof eath
elemen of E liesin E. Finally, if 2m;2n 2 E, then 2m + 2n = 2(m + n) 2 E, which provesthat
E is closedunder the operation +. By de nition of subgroup, we seethat E is a subgroup of Z.
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Theorem 3.12 If Hy;H, are two sulgroups of a group G, then H; \ H is a sulgroup of G.

Proof.
1. SinceH; andH, aresubgroups,e2 H; ande 2 H,. By de nition of intersection,e 2 H1\ H».

2. 1fa2H;\ Hy, thena2 H; and a2 H, by de nition of intersection. SinceH; and H, are
subgroups,a 12 H; anda ! 2 H,. By de nition of intersection,a 2 Hy\ Ho.

3. If a;b2 Hy\ Hy, thena;b2 Hy and a;b2 H,. SinceH; and H, are subgroups,ab?2 H;
and ab2 H,. Hence,ab2 H1\ H, by de nition of intersection.

By de nition of subgroup,H;\ H> is a subgroup. 2

The proof of the next theorem is a warm-up exercisefor homework problem 5, where you will
be asked to prove that the intersection of an arbitrary collection of subgroupsof a given group is
again a subgroup of the group.

Theorem 3.13 The intersection of three sulgroups of a group is again a sutlgroup of the group.

Proof. SupposeA = pr: H2;H3g = fHigi21-11.2:3¢ iS @ collection of three subgroupsof a group
G. We now ched that A = H;\ H,\ Hj is a subgroup of G.

T
1. Sincee2 H; foreahi 2 |, thene2 A by de nition of intersection.

T
2. Let a2 A. By denition of intersection,a 2 H; for eadwi-z |. SinceH; is a subgroup,
a 12 H; foreadi 2 |. By de nition of intersection,a 12 A.

T
3. Leta;b2 A. By de nition of intersection,a;b2 H; for qadﬂ 2 1. SinceH; is a subgroup,
ab2 H; for eachi 2 |. By de nition of intersection,ab2 A.

T
By de nition of subgroup, A is a subgroup. 2

De nition  3.14 If G is a group, then the center of G is C(G) = fa2 G 8x 2 G; ax = xag.

Example 3.15 Recall that GL(2;R) is the group of real 2 2 invertible matrices with binary

operation being the multiplication of matrices and with identit y elemen (1) 2 . It is not di cult

to prove that the certer of GL(2; R) consistsof the matrices 2 , wherea2 R f0g.

a
0
Theorem 3.16 If G is a group, then the center C(G) is a sulgroup.
Proof.

1. Sinceex = xe for 8x 2 G; then e2 C(G).

2. Supposea 2 C(G). Then ax = xa for all x 2 G. Multiply this equation on left and right
by a ! to obtain: (a *axa !) = (a 'xaa 1!), which implies (a 'a)(xa !) = (a x)(aa 1);
which implies exa ! = a xe, which implies xa *= a !x; 8x 2 G. Hence,a * 2 C(G).
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3. Finally supposea;b2 C(G) and let x 2 G. Then, using the assaiative law,
(abx = a(bx) = a(xb) = (ax)b= (xa)b= x(ab);
and so,ab2 C(G).
By de nition of subgroup, C(G) is a subgroup of G. 2

Theorem 3.17 SupmseH is a sulgroup of the group G and a2 G. Dene aHa ! = faha !j
h2 Hg. Then, aHa ! is a sulgroup of G.

Proof.
1. SinceH is a subgroup,e2 H. Note that aea ' = aa ' = e, andso,e2 aHa *.

2. Let b2 aHa !. Then, b= aha ! for someh 2 H. SinceH is a subgroup,h 1 2 H,
and so,ah *a ! 2 aHa !. Since(a !) ! = a; statemert 5 of Proposition 3.2 implies
bl=(aha ') '=(a?!) *h 'a'l=ah 'al andso,b '2aHa *.

3. We now ched the closureproperty. Supposeah;a !;ah,a *2 aHa !, whereh;;h, 2 H: By
the closureproperty in H; hih, 2 H: Now multiply: (ah;a !)(ahpa ') = ahi(a ta)h,a *=
ahiehpa ' = a(hihy)a 12 aHa *:

By de nition of subgroup,aHa ! is a subgroup of G. 2

De nition  3.18 A function f : G; ! G, betweengroups G; and G; is called a group homomor-
phism, if 8a;b2 G, then f (ab) = f (a)f (b): More speci cally, if is the operation on G; and is
the operation on G,, then f is a homomorphismif f (a b) = f(a) f(b).

Example 3.19 1. ConsiderR to beagroupunder+ andR" to be agroup under multiplication.

Then, f (x) = €: R! R" is a group homomorphism, sincee**Y = eev.

2. Similarly, the inverse function to €*; the natural log function In(x): R* !
homomorphism, sinceln(xy) = In(x) + In(y).

R is a group

3. Recall that (GL(2;R); ) is the group of real 2 2 invertible matrices. The determinant
function det: GL(2;R) ! R fOgisagroup homomorphism,sincedet(AB) = det(A) det(B).
Here, we considerR  f0g to be a group under multiplication. (Seehomework problem 7 in
Section 4 for the de nition of det and the proof of the homomorphism property.)

4. Let G bethe group of in nitely di erentiable functions on the unit interval [O; 1] under the
operation of addition of functions. Then, the derivative function D (f (x)) = f {x) is a group
homomorph|st G! G, sn&e (f (x) + g(x))°= fqx) + g4x): Also, the integral function

:G! RdenedbylI(f) = f(x)dx is a group homomorphism, since the integral of a
sum of functions is the sum of the|r integrals

5. If V and W are vector spacesovera eld F andL: V! W isalinear transformation, then L
is a group homomorphism, sincelL (v1 + v2) = L(v1) + L(v2). (SeeSection4 for the de nition
of linear transformation, if you have not yet studied linear algebra.)
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De nition 3.20 Letf: A! B bea function. Then, Im(f) = f (A) = fb2 B j9a2 A suc that
b= f (a)g is the set of valuesof the function f. The setIm(f) or f (A) is called the image of the
function f. Note that f : A! B isonto if and only if f (A) = B.

Example 3.21 Let A=f 3;3;4;5gand B = R. Let f (x) = x? and considerf to be a function
from A to B. Then Im(f) = f9; 16; 25g.

Theorem 3.22 Supmsethat f: G131 ! G is a group homomorphismand that e; 2 G;;e;, 2 G,
are the respective identity elements. Then:

1. f (&) = e
2.8a2G;;f(al)=(f(a) %
3. The imagef (G;) is a sulgroup of G,.

Proof.

1. Sincee; = e;e;, then this equation and the homomorphism property for f givesf (e1) =
f (e1e1) = f (e1)f (e1), which implies f (e1) = f (e1)f (e1). Sincee; is the identity elemen in
Go; f (e1)ex = f (e1)f (e1). By the left cancelationlaw, e; = f (e1).

2.1f a 2 Gy, then aa ! = e;. By statemert 1 and the homomorphism property for f,
f(a)f (a 1) =f(aa )= f(e1) = e, and so,

faf(al) = e:

Statemert 6 in Proposition 3.2 now implies f (a 1) = (f (a)) *:
3. We now provef (G;) is a subgroup of Gs.

(a) By statemert 1, e, = f(e1) 2 f (Gy).

(b) Let b2 f(Gy). Then, by de nition of the imagef (G;); 9a 2 G; sud that b= f (a).
By statemert 2,f(a ') = (f(a)) *= b 1. Hence,b ' 2 f(G,):

(c) Leta;b2 f(Gy). Then, by de nition of the imagef (G1); 9x;y 2 G; such that a= f (x)
and b= f (y). Then, ab= f (x)f (y) = f (xy), and so,ab2 f (G,).

By de nition of subgroup, f (G;) is a subgroup of G. 2

Deniton 323 Iff:A! BandW B,thenf (W)= fa2 Ajf(a) 2 Wg. The subset
f (W) of A is called the inverse image of W.

Example 3.24 Consider the function f(ﬁ)_= x? to be a function from R to R. Let W =
f 6;0;1;2,4g. Then, F Y(W)=1f0;, 1, 2 20

Theorem 3.25 Supmsef : Gy ! G is a group homomorphismandH  G» is a sulgroup of G,.
Then, the inverseimagef *(H) of H is a sutgroup of G;.

Proof.
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1. SinceH is a subgroup of G,, e, 2 H. By statemert 1 of Theorem 3.22,f (e1) = e,. Since
f(e1) = e, thene, 2 f L(H) by de nition of inverseimage.

2. Leta2f I(H). Then, f(a) 2 H by the de nition of inverseimage. SinceH is a subgroup
(f(a)) '2 H. By statemert 2 of Theorem 3.22,f(a ) = (f(a)) * 2 H, andso,a * 2
f 1(H).

3. Finally, let a;b2 f (H), which meansthat f (a);f (b) 2 H. Note that f (ab) = f (a)f (b) 2
H, sinceH is closedunder the group operation in G,. This shovsab2 f (H).

Thus, we have shown that f 1(H) satis es the three properties - existenceof identity, existence
of inverses,and closure of the group operation - necessaryto be a subgroup of G;. 2

De nition  3.26 Supposef : G; ! G is a group homomorphism. The kernel of f is the set
Ker(f) = fa2 Gy jf(a) = exg; wheree; is the identit y elemen of G..

Theorem 3.27 If f : Gy ! G, is a group homomorphism,then Ker(f ) is a sulgroup of G;.

Proof.
1. By statemert 1 of Theorem 3.22,f (e1) = e, and so, e; 2 Ker(f).
2. If a2 Ker(f), then, by Theorem3.22,f(a *) = (f(a)) '=e,'= &, andso,a 2 Ker(f):
3. If a;b2 Ker(f), then f (ab) = f (a)f (b) = e;e; = e, and so,ab2 Ker(f).

By de nition of subgroup, Ker(f ) is a subgroup of G;. 2

Theorem 3.28 If f:Gy! Gy andg: Go! Gz are group homomorphisms,theng f: Gy ! G3
is a group homomaorphism.

Proof. Let a;b2 G;. For the sake of clarity, we will usethe multiplicativ e notation corvertion for
the group operation for G4, let be the group operation in G, and let be the operation in G;.
Sincef and g are homomorphisms(g f)(ab) = g(f (ab) = g(f (&) f(b) = o(f (a)) g(f (b)) =
(g f)(a) (g f)(b: By denition of homomorphism,g f is a group homomorphism. 2

Denition 3.29 If H G isasubgroupanda?2 G, then de ne
aH =fah2Gjh2Hg and Ha=fha2 Gjh2 Hg:

The setaH is called the left cosetof a and H. Similarly, Ha is called the right cosetof a and H.
Let G=H denote the set of left cosetsof H. Note that G=H = faH j a 2 Gg is a collection of
certain subsetsof G, and so, it is a subsetof the power set P (G) of G.

We now turn our attention to the proof of Lagrange'sTheorem, which describesa fundamertal
relationship betweenthe sizeof a nite group G and the sizeof any of its subgroupsH . Lagrange's
Theorem will follow easily from a seriesof v e lemmasconcerningthe left cosetsof H in G.

Lemma 3.30 If H G isasulgroupandh 2 H, thenH = hH.
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Proof. Sinceh 2 H, then hH = fhh®j h®2 Hg H by the closure property of the subgroup
H. In particular, sinceh * 2 H; then h 'H H. Now multiply on the left, eat side of the
containment equationh *H H by h to obtain h(h H) hH, and so:

H=-eH=(hh Y)H = h(h *H) hH:

Thus,H hH. SincehH H alsoholds,H = hH: 2
Lemma 3.31 If H G is asulgroupanda;b2 G with aH\ bH 6 |, thenaH = bH.

Proof. SupposeaH \ bH 6 . By de nition of intersection, there exists an elemen ah; 2 aH
and an elemen bh, 2 bH sud that ah; = bhy, for someh;;h, 2 H. Becauseah; = bhy; then

(ah1)H = (bhy)H: But, (ah;)H = a(h;H) = aH by the previous lemma. Similarly, (bh;)H = bH,
and so,aH = bH. 2

Lemma 3.32 If H G isasulmroupanda?2 G, thena?2 aH.

Proof. Sincee?2 H; thena= ae2 aH: 2

Lemma 3.33 If H G is a sulgroup, then = G=H is a partition of G.

Proof. By Lemma 3.32, every a 2 G is in its own cosetaH, and so, the union [ = G. By
Lemma 3.31, dierent cosetsare disjoint, which implies = G=H is a partition of G by the
de nition of partition. 2

Lemma 3.34 If H G is asulgroup and aH is a left cosetof H, then jHj = jaH |, which means
that every left cosetof H hasthe samesizeasH.

Proof. Recallthat two setshave the samesizemeansthat there exists a function betweenthe sets
that is both 1-1 and onto. Dene f: H ! aH by f(x) = ax: If f (x1) = f(X2); then ax; = ax;
which implies by the left cancelationlaw that x; = x,. By de nition of 1-1,f is 1-1. The function
f is clearly onto, sincefor any element ah 2 aH; f (h) = ah. This provesf is both 1-1 and onto,
and so,jHj = jaHj: 2

Theorem 3.35 (Lagrange's Theorem) If G is a nite groupandH G is a sulgroup, then

iGj = jHj jG=Hj. In particular, if G is a nite group and H is a sulgroup, then jH | divides G;j.

Proof. This theorem is a simple consequenceof Lemmas 3.33 and 3.34. Lemma 3.33 implies
that the set of left cosets G=H partitions G into a nite number of pairwise disjoint subsets
aiH; axH;:::;a,H, wheren = jG=Hj. It follows that jGj = ja;Hj + japHj + ::: + jasHj: By
Lemma 3.34,eath axH hasthe sizejH], and so:

jGj = jarHj+ jaHj+ i+ janHj = jHj+ jHj+ 122+ JHj = jHj n=jH] jG=Hj:

This equation completesthe proof of Lagrange's Theorem. 2
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Prop osition 3.36 SupmseG is a nite groupandg?2 G. Then, hgi = fg" j n 2 Ng is a sulgroup
of G. Furthermore, the integer size of this sulgroup, which we denoteby jhgij, is equal to the order
o(g) of g. In particular, Lagrange's Theorem implies o(g) divides jG;j.

Proof.

1. SinceG is a nite setandhgi = fg;g%:::;9";:::g G; then the subsethgi is nite. Hence,
for somen;k 2 N; g" = g"** = g"¢g*. So,g"e= g" = g"g“. By the left cancelation law,
e= ¢¥, and so,e 2 hgi. In particular, g has nite order o(g) and supposethat from now on

2. Foranyn; 1 n<k; g'gc "= gX= e and so, every elemer g" in hgi hasan inverse.

3. Giventwo elemerts a= g™ and b= g" in hgi, then ab= g™g" = ¢g™*" liesin hgi. Hence,
hgi is closedunder the operation of G.

This completesthe proof that hgi is a subgroup of G.

We now prove that the elemerts in fg;g?;:::; g% = eg are distinct. By our choice of k = o(a);
the elemen e appears only oncein this list. If g = g'*1, wherei;j 2 Nandi+ j < k; then
ge= gdg and so, by the left cancelationlaw, e = ¢g. This equation cortradicts the fact that
e= ¢¥ appearsonly oncein fg;g% :::;g* = eg. This cortradiction provesthat jhgij = o(g). 2

Corollary 3.37 If G is a nite group with n elementsand a2 G, thena" = e.

Proof. Let a2 G with order k = o(a), and so, ak = e. By Proposition 3.36, the order of a divides
iGj = n, which meansthat we can factor n asn = km. Then, a" = ak™ = (ak)™ = e" = e: 2

De nition  3.38 Recall from the statemert of Proposition 3.36 that if G is a nite group, then
hgi = fg" j n 2 Ng. When G is an innite group and g2 G, then wedene hgi = fg" jn 2 Zg.
A group G is called a cyclic group, if for someg 2 G; then G = Hgi. If G = hgi, then we call g a
geneator of G.

Note that Z, = hli, and so, it is a nite cyclic group of order or sizen with 1 asa generator.
Sincez, = 0;1,2,3g = f3; 3+ 3 =2, 3+ 3+ 3 =1, 3+ 3+ 3+ 3 = 0g, then we also
seethat Z, = h3i, and so, 3 is a generator for Z,. Howewer, 2 2 Z, is not a generator, since
i = 2,2+ 2= 096 Z,4. Note that Z = hli = h 1i isaninnite cyclic group with generatorsl
and 1. Finally, note that any cyclic group G = hgi is abelian, sinceg'g = ¢g*/ = g*' = gg'.

Theorem 3.39 Supmsef: G; ! G is a group homomorphism. Then, f is 1-1 if and only if
Ker(f) = feig.

Proof. Supposef is 1-1 and we will show that Ker(f) = fe;g. By part 1 of Theorem 3.22,
f(e1) = e, and so,e; 2 Ker(f). If a2 Ker(f); then f(a) = e, = f(e1), and so, by de nition of
1-1,a= e;. This provesKer(f) = fe0.

Now assumethat Ker(f) = fe;g and we will provethat f is 1-1. Supposef (a) = f (b) and we
will verify that a = b. Multiply ead side of the equation f (a) = f (b) on the left by (f (b)) * to
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obtain (f (b)) f (a) = (f (b)) *f (b) = e,: Using the additional fact that (f (b)) * = f(b !) and
the homomorphism property for f, we get:

f(bta)=f(b Hf(a)= (f(b) ‘f(a)= e

Sincef (b 'a) = ey, then b *a 2 Ker(f) = fe;g, and so, b 'a = e;. Multiply ead side of the
equation b 'a = e; onthe left by bto geta = be = b, which provesf is 1-1. 2

De nition  3.40 A homomorphismf : G; ! G, is an isomorphism if it is 1-1 and onto. If there
exists an isomorphismf : G; ! G, then we say that the groups G; and G, are isomorphic.

Theorem 3.41 SupmseG isagroupanda2 G. Dene f4: G! G byf,(x) = axa . Then, f,
is a group isomorphism.

Proof. We rst show f, is a group homomorphism. Let x;y 2 G. Then,
fa(xy) = axya * = axeya * = ax(a 'a)ya '= (axa )(aya ') = fa()fa(y):

We now ched that f, is 1-1. Note that f,(x) = fa(y) =) axa ! = aya . Applying the
cancelation laws twice givesx = y; which implies f 5 is 1-1.

To prove f, isonto, welet y 2 G and we will nd an x 2 G sud that f,(x) = y. Note that
fa(x) = y givesthe equation axa ' = y. We can easily solve for x by multiplying both sides
of the equation axa ' = y on left by a ! and on the right by a, to obtain x = a lya. Hence,
fa(x) = fa(a 'ya) = aa 'yaa ! = eye= y: This provesf, is onto.

Sincef,: G! G is homomorphismwhich is 1-1 and onto, then f, is an isomorphism. 2

Theorem 3.42 If G is a group, thenthe set Aut(G) = ff: G! G| f isagroupisomorphismg
is a group under the binary operation of composition of functions. Aut(G) is called the group of
automorphismsof G.

Proof. First note that the composition of isomorphismsis an isomorphism, sincethe composition
of 1-1 and onto functions is again 1-1 and onto and the composition of homomorphismsis a
homomorphism. Thus, composition of functions in Aut( G) is a binary operation.

Let idg: G ! G be the function idg(x) = x: Then, idg is easily seento be a 1-1 and onto
group homomaorphism. Sincefor any function f : G! G; idg f =f idg = f, thenidg is the
identity elemen in Aut(G).

Sincethe inversefunction f 1: G! G ofanf 2 Aut(G) is 1-1 and onto, as well as being a
group homomorphism (easyto ched), then f 12 Aut(G).

Since composition of functions is assaiative (homework problem 1), Aut (G) is a group under
composition of functions. 2

Theorem 3.43 Supmse G is a group. Then, the function 1: G! Aut(G), dened by I (a) =
fa: G! G, is a group homomorphismwith Ker(l) = C(G) = center of G.
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Proof. We rst ched that | is a group homomorphism. This just meansthat | (ab) = f 4, is the
samefunction asf, fy. By de nition,

fan(X) = (abx(ab) 1= abxb ta 1= a(bxb HYa 1= fa(bxb 1) = f4(fp(X)) = (fa fp)(X):

This provesthat fo, = f4 fp, and so, | is a group homomorphism.

We now ched that Ker(l) = C(G): Clearly, C(G)  Ker(l), sincefor any a2 C(G); fa(x) =
axa ' = xaa ! = xe = x = idg(x). But, if a2 Ker(l); then 8x 2 G;f,(x) = idg(x), and so,
8x 2 G; axa ! = x. Multiplying this equation on the right by a givesthe equation axa 'a =
Xa=) axe=xa=) ax=xa=) a2 C(G): Thus,Ker(l) C(G), andso,Ker(l)=C(G): 2

De nition  3.44 The group isomorphismf,: G! G de ned by f,(x) = axa ! is called conjuga-
tion by a. The setlnner(G) = ff, j a2 Ggis the image of the homomorphisml : G! Aut(G) in
the previous theorem, and so, it is a subgroup of Aut (G). The group Inner(G) is called the group
of inner automorphismsof G. By Corollary 3.48to the First Isomorphism Theorem stated below,
Inner(G) is isomorphic to the quotient group or group of left cosetsG=C(G).

Theorem 3.45 (Normal Subgroup Theorem) A sulgroupH G is called normal if any of
the following equivalent properties hold:

. 8a2 G;thenaH = Ha.

. H is the kernel of somegroup homomorphismf : G! G°

1
2
3. 8a2Gand8h2H, thenaha 12 H.
4. 8a2 G, thenaHa ! H:

5

. 8a2 G, thenaHa 1= H.

Proof. SupposeH satis es statemert 1. Let G°= G=H = set of left cosetsof H. We now ched
that for aH; bH 2 G=H; then the set (aH)(bH) = aHbH = fah;bh, j h1;h, 2 Hg is the coset
abH. Lemma 3.30implies HH = H, and so, using assaiativit y and statemert 1, we obtain:

aHbH = a(HbH = a(bH)H = (ab(HH) = abH:

Hence,the product of two left cosetsis again a left coset. Note that (aH)(eH) = aeH = aH and,
similarly, (eH)(aH) = aH. This meansthat the left coseteH = H plays the role of an identit y
element in G=H under the operation (aH)(bH) = abH. Also, note that (a 'H) is the inversecoset
of aH and that the multiplication is assaiative. Hence,G=H is a group.

Now considerthe function f : G! G=H dened by f (a) = aH. Then,

f (ab) = abH = (aH)(bH) = f (a)f (b);

which implies f is a homomorphism. We claim that Ker(f) = H, which will prove that (1) =)
(2) with G°= G=H. Clearly, H Ker(f), sincefor h 2 H;f(h) = hH = H = eH, which is the
identity elemert in G=H: Now supposethat a 2 Ker(f). Then f(a) = aH = H, sinceH is the
identity elemen in G=H. Sincea = ae 2 aH = H; then Ker(f) H: SinceH Ker(f) and
Ker(f) H, weconcludethat H = Ker(f), and so, (1) =) (2).
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SupposeH is the kernel of somehomomorphism,f : G! G® Then, 8a2 G and8h 2 H,
f(aha 1) = f(a)f (h)f(a 1) = f(a)ex(f(a)) 1= f(a)f(a) *= e

Therefore,aha * 2 Ker (f) = H, which provesthat (2) =) (3).

Note that (3) =) (4) by de nition of the containment symbol

Supposethat 8a2 G; aHa ! H. Then, this containment equation holdsfor a * which means
that a 'H(a %) * H. Since(a ') '= a weobtaina *Ha H: Multiplying the containment
equationa 'Ha H onthe left by aandonright by a !, givesH = eHe= aa 'Haa ! aHa 1!,
and so, H aHa !. SinceaHa ! H andH aHa !; then H = aHa !, which shows
4 =) )

Assume (5) holds and let a 2 G. Note that (5) =) (1) becausewe can multiply ead side of
the equationaHa * = H on the right by a to obtain:

aHa 'a= aHe=aH = Ha:

Since(1) =) (2)=) (B)=) (4)=) (5 =) (1), then all of these statemerts are equivalert,
which completesthe proof of the theorem. 2

By the proof of the Normal Subgroup Theorem, whenewer f : G; ! G, is a group homomor-
phism, then the set of left cosetsG;=Ker(f) is a new group. The next theorem concerning this
cosetgroup Gy=Ker(f ) plays an important role in group theory and its applications to other parts
of mathematics.

Theorem 3.46 (First Isomorphism Theorem) |If f: Gy ! G, is an onto group homomor-
phism, then there is a naturally induced group isomorphism,

f:Gi=Ker(f)! Gy; where f (aKer(f)) = f (a):
In particular, Gi=Ker(f) is isomorphic to G,.

Proof. For a 2 G;; let ak 2 aKer(f): Then f(ak) = f(a)f (k) = f(a)e, = f(a). Hence,
f (aKer(f)) = f (aKer(f)) = f (a) is a well-de ned function, wheref (aKer(f)) denotesthe unique
elemer f (a) of the imageof f of the subsetaKer(f ). Note that f (aKer(f ) bKer(f)) = f (abker(f)) =
f (ab) = f (a)f (b) = T (aKer(f)) f (bKer(f)), which provesf is a homomorphism.

If aKer(f) 2 Ker(f), then f(aKer(f)) = f(a) = e,, and so, a 2 Ker(f). Sincea 2 Ker(f),
Lemma 3.31implies aKer(f ) = Ker(f ), which is the identity elemen in G;=Ker(f). This proves
that Ker(f) consistsonly of the identity elemer, and so, by Theorem 3.39,f is 1-1.

We now ched that f isonto. Lety 2 G,. Sincef is onto, there existsanx 2 G; with f (x) = y.
But then, f (xKer(f)) = f(x) = y, and so,f is onto. By de nition of isomorphism,f is a group
isomorphism. 2

Sinceevery group homomorphismf : G; !  G; is onto its image Im(f ), which is a subgroup of
G2, then Theorem 3.46 implies the next corollary.

Corollary 3.47 If f: Gy ! Gy is a group homomorphism, then G;=Ker(f ) is isomorphic to the
image of f .

Corollary  3.48 Inner(G) is isomorphic to G=C(G), wher C(G) is the center of G.
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Proof. By Theorem 3.43, the homomorphism | : G ! Inner(G) Aut( G) is an onto homo-
morphism with Ker(l) = C(G). By the First Isomorphism Theorem, Inner(G) is isomorphic
to G=C(G). 2

Homew ork Problems

1. Supposef : A! B; g:B! Candh:C! D. Provethat the composition of functions is
assaiative by shawing that (h (g f))(x) = ((h g) f)(x) for every x 2 A. (Hint: Recall
that g f (x) evaluatesto be g(f (x)). Completely evaluate eadh side of the desired equation
to show equality.)

2. Let A be a set and de ne the set of permutations of A to be Perm(A) = ff : Al Ajf is
1-1 and ontog. By Corollary 2.8, is a binary operation on Perm(A). Prove Perm(A) is a
group under this binary operation. What is the identity elemen in Perm(A)? Givenf 2
Perm(A), then what is the inverseelemen? (Hint: Use homework problem 1 and the proof
of Theorem 2.13.)

3. Provethat for k 2 N; kZ = fkn jn 2 Zgis a subgroup of Z. (Hint: Seethe discussionin
Example 3.11.)

4. Provethat the union 2Z [ 3Z is not a subgroup of Z by showing it is not closedunder +.

T T
5. SupposeA = fH g 2, is acollection of subgroupsof a group G. Provethat A = o H
is a subgroup of G. (Hint: Seethe proof of Theorem 3.13.)

6. SupposeG is agroup such that a a= efor all a2 G. Provethat G is abelian. (Hint: Note
that this equation implies that 8a2 G;a= a . Apply this fact to the elemen aband then
usestatemert 4 in Proposition 3.2)

7. What is the order of 6 in Z¢?

8. What isthe intersection of the subgroupsH, = f0;2;4;6;:::;289 ZzyandHjz = f0;3;6;:::;27g
230?

9. SupposeG isagroupandb?2 G. Then, the centralizer sutgroup of b, denotedby C(b), equals
fx 2 G j bx = xbg, or equivalently, C(b) is the set of elemens in G that commute with b.
Prove C(b) is a subgroup of G.

10. Let H = 3Z = f3njn 2 Zg. List the three di erent cosetsof H in Z.

11. Let G= Zg andlet H = f0;3g Zg. List the dierent cosetsof H in Zs.

12. List all the subgroupsin Zg. (Hint: They are all cyclic and you can assumethis fact.)
13. List all the generatorsfor Zsg.

14. Let G; and G, be groups. Consider the binary operation (a;;b;)(az; k) = (azaz;biby) on
the crossproduct G; G,. Shaw that this binary operation makesG; G, into a group. For
example,if e; 2 G; and e; 2 G, are the identity elemers, then show (e;; ;) is an identity
elemen in G; Go,.
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15.

16.

17.
18.
19.
20.

21.
22.

23.

24.

25.
26.
27.

28.

29.

30.

Prove that the group Z, Zj3 is cyclic under the binary operation de ned in the previous
homework problem. Make a list of all of the generatorsof this cyclic group.

Provethat if G is a group with a prime number p of elemerits, then G is cyclic. (Hint: Apply
Proposition 3.36to any element a2 G feg.)

What is the image of the function f (x) = x>: R! R?
What is the image of the function g(x) = x?: [2;4]! R?
What is the image of the function f (x) = €*: R! R?
Let f (x) = x>: R! R.

(@) What isf (f0;3g)?
(b) What is f 1([4:1))?
(c) What isf ([ 10;4])?

If f: Al B is1-1,then provethat A and Im(f) = f (A) have the samesize: jAj = jf (A)j:
Supposef : Al B and W; and W, are subsetsof B. Prove that:

(@ f (W[ Wo)=f *(Wi)[ f (W)
(b) £ Y(Wi\ Wp)=f H(Wi)\ f H(Wy).
(©) f Hws) = (f H(Wy))°.

Letf: R! R bedened by f(x) = 3x. Provethat f is a group homomorphism of the group
(R; +).

Prove the certer C(G) of a group G is a normal subgroup of G. You do not needto prove it
is a subgroup.

Challenge Problems

Is the group Z, isomorphic to the group Zg? Why?
Prove Z4 is not isomorphicto Z, Z,. (Hint: IsZ, Z; a cyclic group?)

Prove Zg is isomorphicto Z, Zj3 by constructing an isomorphismf : Zg ! Z, Z3. (Hint:
Also, seehomework problem 15).

SupposeG is a nite group and H is a subgroupwith jG=Hj = 2. Provethat H is a normal
subgroup of G. (Hint: Use Lemma 3.33 which also holds for right cosets. Think in terms
of the complemen of the cosetH = eH = He. Also, note that by the proof of Lagrange's
Theorem, eadh of the two left (or right) cosetsof H have half the sizeof G.)

Prove that the subgroup Inner(G) Aut(G) is a normal subgroup. (Hint: Use property (3)
in the statemert of Theorem 3.45 for the de nition of normal.)

Let C! ([0;2 ]) bethe setof in nitely dierentiable functions f : [0;2 ]! R.
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(@) ProveC! ([0;2 ]) is a group under addition of functions: (f + g)(x) = f (x) + g(x):

(b) What is the kernel of the derivative homomorphismD: C! ([0;2 ]) ! C? ([0;2 ]);
where D (f (x)) = f q(x)? R
(c) Is XFZQ: [0;2 ]! RR in the kernel of the group homomorphism : C! ([0; 2R]) I Rdened

by (f(x)) = 02 f (x)dx? Why? Prove that cogx) is in the kernel of

4 Elementary linear algebra and eld theory.

We now review somebasic results from linear algebra. As we have already seen,group theory is
the study of groups, subgroupsand relationships of subgroupswith group homomorphisms. In a
similar way, linear algebrais the study of vector spaces,subspacesand relationships of subspaces
with linear transformations. We now recall these basic de nitions.

De nition 4.1 A real vector space V is an abelian group (V; +) together with amapR V! V,
called salar multiplication (we write v for the value of (; v) under this map), which satis es the
following distributiv e and assaiative laws:

1- 8 1; 22 Rand 8V2V,then( 1+ Z)V: 1V+ ZV:
2.8 2Rand8vy;8v; 2 V,then (vi+Vvy)= vi+ v
3.8 1; 22Rand8v2V,then 1( 2v)=( 1 2)Va

De nition 4.2 A subgroupW of avector spaceV isasubspce, if 8 2 Rand8w 2 W ;then w 2
W.

De nition 4.3 SupposeV and W are real vector spaces.A function L: V! W islinear, if L is
a group homomorphism (8v;w 2 V; L(v+ w) = L(v) + L(w)), and8 2 Rand8v2V; L(v)=
L (v).

By Theorems3.22and 3.27,for alinear transformation L: V ! W, the kernelKer(L) V and
the image Im(L) W are subgroupsof their respective spaces. In fact, simple argumerts prove
that Ker(L) is a subspaceof V and Im(L) is a subspaceof W. (Seehomework problems 2 and 3.)

Werecallthat R" = L, R=R ::: R, the crossproduct n-times of R, is our standard
example of a vector space. In linear algebra, one considersa vector v 2 R" to be a column vector.
For example, the vector v = (3) 2 R? has rst coordinate 1 and secondcoordinate 3. Addition of
vectorsin R" is then addition of coordinates of the vectors. For example, (3) + (3) = (2). Finally,
we recall the de nition of matrix multiplication of areal entry (m n)-matrix

0 1
aj:1 A2 -iidrn

Ap:q QA2 :lld2n
A= . .

am;l am;2:::am;n
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X1 - 1,0 Ai
with an n-vector X = %) : X 2 R" to be the m-vector: AX = : 2 R™:
P
Xn amii Xi
i=1
It is straightforward to ched that matrix multiplication by A givesriseto a linear transforma-
tion A:R"! R™.

Theorem 4.4 If L: R"! R™ is alinear transformation, then L is the samefunction as the one
de ned by multiplication by the matrix

ML = (L(er)L(ez) :::L(en));

where the k-th column of M| is value of L on the k-th basis element e, of R", wher all the
coordinates of e, are zer exept for the k-th coordinate which is 1. (For example, for e; 2 R?,
thene; = (3))

0 1
o}
H — . n. —_ e - p
Proof. Given a vector v = %} : 2 2 R"; thenv = ber + ey + 1.+ bhey, = b e,
k=1
™ P P
and so, a linear transformation L: R" ! R" hasthe value L(v) = L( &) = L(kex) =
k=1 =1

basisfer;e;:::;e,gof R". But, givena(m n)-matrix A = (aj; ); a simple calculation shavsthat
A(ey) isits k-th column. Thus, the linear function M| : R" I R™ de ned by matrix multiplication
by M_ is the samelinear transformation asL. 2

Theorem 45 If L:R"! R™andH:R™! RX arelinear transformations, then the composition
H L:R"! R"™ is alinear transformation with matrix My | = (H L)(e):::(H L)(en)):

Proof. The proofthat H L is a group homomorphismfollows from Theorem 3.28. Let 2 R and
v 2 R". Then, sinceH and L are linear, we have:

(H L)(v)=H(L(v))=H(L ()= H(LM) = (H L)Wv:

This calculation provesH L:R"! R islinear, and Theorem 4.4 completesthe proof. 2

The above theorem tells us how we should multiply matrices. In other words, if Aisa(k m)-
matrix and B isa (m n)-matrix, then, thought of aslinear transformations, A B: R"! R¥is
a linear transformation with (k  n)-matrix

Ma 8 = (A(B(e1)) :::A(B(en))):

In particular, sincethe i-th column of B is B(g), then the i-th column of Ma g is equalto the
matrix multiplication of A with the i-th column of B. Motivated by this obsenation, we de ne
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the matrix multiplication of a (k m)-matrix A with a (m n)-matrix B with i-th column B; to
be:
AB = A(B;:::Bp) = (AB1:::ABy):

Onecanalsoadd twom n-matricesA = (a; )andB = (b; ): A+ B = C = (¢ = a; + by ).

Theorem 4.6 If Aisa(k m)-matrix, B isa(m n)-matrix and C is a (n p)-matrix, then
A(BC) = (AB)C. In other words, multiplication of matricesis assiative.

Proof. Consider A; B;C to be the matrices for their corresponding linear functions: A: R™ !

RK; B:R™ ! R"; C:RP ! R". Then A(BC) is the matrix for the linear transformation
A (B C):RP! RKand(AB)C isthe matrix for the linear transformation (A B) C:RP! RK.
By homework problem 1 in Section3,A (B C)= (A B) C,andso,A(BC) = (AB)C: 2

Theorem 4.7 Consider the function R : R?> | R? which is the rotation counter-clockwise by
angle 2 [0;2 ) around the origin (0;0). Then:

1. R is alinear function;

2. Mg = cos sin
sin cos

Proof. We rst chedk that R islinear. Letv2 R?> and 2 R. Then, geometrically speaking, v is
pointed in the direction v but is made longer by the factor (in the opposite direction when is
negative). Clearly, thenR (v) = R (v): Now considertwo vectorsvy; v, 2 R2. Note that vi + v,
is the far corner point of the parallelogram with side vectors v, and v,. Sincethis parallelogram
rotates under R to the parallelogram with side vectors R (v1) and R (v,) and far corner point
R (v1) + R (v2), then R (vi + v2) = R (v1) + R (v2). This provesR is linear.

iti i 1 - 0 — cos(+3) _ sin
By denition ofcos andsin ,R § = g andR 7 = g % = oot

2 now follows immediately from Theorem 4.4. 2

. Statemernt

Besidesconsidering vector spaceswith scalar multiplication by real numbers, mathematicians
and sciertists also nd it usefulto considervector spaceswith multiplication by scalarsin number
systemsother than R. For example, one might want to de ne s%alar multiplication of vectors

by rational numbers in Q or by complex numbersin C = fa+ lb_lj a;b 2 Rg. Recall the

multi[blic_ation rule for two complexnumbers: (ay + by~ I)(ax + 1= (a1a2 b))+ (aghy +

ab) 1.
More generally, we will consider vector spaceswith scalar multiplication by elemerns in an
arbitrary eld, where Q; R and C are our classicalexamplesof elds.

Denition 4.8 A eld F is a set F together with two binary operations, + and , which are
commutativ e and satisfy the following properties:

1. F is a commutativ e group under + with identity elemen 0.

2. Multiplication  induces a binary operation on F  f0g and, with respect to this binary
operation, F  f0g is a commutativ e group.
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3. The operations of + and satisfy the distributiv e law: 8a;b;c2 F; a (b+c)=a b+ a c:

Remark 4.9 As in group theory, for a eld F, we usually write abinstead of a b, the inverseof
a2 F under + is written \ a", the identity elemen of F  f0Og under multiplication is written
as\1" is unique, and we write \a " for the unique multiplicativ e inverseofana2 F  f0g. We
say that a subsetF of a eld FCis asubeld of FO, if F is a subgroupof (F%+) andF fOgis a
subgroupof (F® fO0g; ):

The rational numbers Q with the usual operations ofpa\ddition and multiplication is a sub eld
of R. Similarly, the set of complex numbersC = fa+ b 1] a;b2 Rg is an example of a eld
with R asa sub eld.

There are also important examplesof elds which are nite. The most well-known examples
of nite elds come from the groups (Z,;+), when n is a prime. In eath Z,, we can de ne
multiplication mod (n). For example,in Zg = f0; 1;2;3;4;5g; we have2 3= 6= 0mod (6) and
4 5=20= 2mod(6). Since2 3= 0mod(6), then doesnot induce a binary operation on
Zg fO0g, and so,Zg is not a eld, although multiplication is a binary operation on Zg.

The proof of the next proposition is straightforward.

Prop osition 4.10 The binary operations of addition and multiplication on Z,, satisfy the following
properties:

1. 8a;b;c;2 Z,; a(bg = (abc:

2. 8a;b;c2 Z,; a(b+ c) = ab+ ac.
3. 8a;b2 Z,; ab= ba

4. 8a27Z,;1 a= a.

Theorem 4.11 If pis a prime number, then Z, is a eld under the binary operations of addition
+ and multiplication

Proof. By Proposition 3.6, Z,, is a commutativ e group under +. By Proposition 4.10, it remains
to provethat Z, fOgis a group under .

We rst ched that is a binary operation in Z, f0g. Let m;n2 Z, f0g. Thenm n =
mn mod (p). If mn mod (p) is zero, then p divides mn. But if a prime divides the product of
two positive integers, then it divides one of them. Sincem and n are both positive integersless
than p, then we concludethat p doesnot divide mn, and so,m n = mn mod (p) is an elemert in
Z, fO0g.

By Proposition 4.10,it remainsonly to show that ead elemert n of Z, fOghasamultiplicativ e
inverse.Fix n 2 Z, f0g, considerthe function f,: Z, f0g! Z, f0gdened by f,(x)= nx.
If fn is onto, then there existsan m 2 Z, f0g sud that f,(m) = nm = 1, and then m will be
the multiplicativ e inversefor n. Thus, we needonly prove that f, is an onto function.

Whenewer A isa nite setandf : A! A isal-1function, then f is alsoan onto function. One
way to seethis interesting additional property holds for a 1-1 function f is given by the following
argumert. By homework problem 21 in Section 3, jAj = jIm(f)j, where Im(f) A. But, any
subsetB A with the samesizeas A must be equalto A, sinceA is nite. Hence,Im(f) = A;
which meansthat f is onto.
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By the discussionin the previous paragraph, in order to complete the proof of the theorem,
it remains only to show that f,:Z, fOg! Z, f0gis 1-1. Supposef,(x) = fn(y), where
O0<x y<wp Then,n x=n yinZ, f0g,andso,n x n y=n(x y)=0inZ, This
meansthat the prime p divides n or p dividesx y. Since0< n < p, p doesnot divide n, and so,
p dividesx y. Since0 x y< pandp dividesx y;which meansx y= 0,andso,x =Y.
This provesthat f, is 1-1, which completesthe proof that everyn 2 Z, f0g hasa multiplicativ e
inverse. 2

Note that we can identify Z, = f0;1;2;:::;n 1g with the set of left cosetsZ=H, for the
subgroupH = nZ = fkn j k 2 Zg. In this case,we canwrite Z=H = fO0+ H = 0; 1+ H =
1, 2+ H =2::;(n 1)+H =n 1g= f0;1,2;:::;n 1g. Also, note that the function

:Z! Z,,dened by (k) =k mod(n), isagroup homomorphismwith Ker( ) = H = nZ; this
is becausefori;j 2 Z; (i+j)=(i+j)mod(n)=1imod(n)+j mod(n). Also, note that for
i;j 22Z; (ij)= (i) (j); which meansthat alsopresenesthe multiplicativ e operations we have
onZ and on Z,,.

Corollary 4.12 (Fermat's Little Theorem) Letp 2 Z be a prime number. If a 2 N is not
divisible by p, then,
a® 1= 1mod (p):

Proof. Let p beaprime and supposea 2 N is not divisible by p. In this case, (a) = a= amod (p)
is an element of Z, f0g. Our goalis to show that a> * 1 is a multiple of p, which just means
that a® 1 1isin the kernel of the homomorphism , which is the subgrouppz Z.

Consider (a® ' 1). Since is a group homomorphism, (a® * 1)= (@ )+ ( 1)=
(@ 1) 1,where 1= p 1listhe additiveinverseoflin Z,. Since sendsproductsto products,
(@ 1 = ( (@) *=a . By Theorem4.11,Z, fOgis a group with p 1 elemerts, and

so, by Corollary 3.37,a ! = 1 which is the identity elemer in Z, fOg. Hence, (a&* ! 1)=
((@)P?* 1=a ! 1=1 1=0inZ, which meansthat a® 1 1 is divisible by p. 2

Recall from homework problem 29 in Section 2, a complex number r 2 C is algebaic, if it is a
root or zero of somenonzeropolynomial ap + a;x + :::+ ayx" with coe cien ts a; 2 Q. The main
goal of the remainder of this section is to prove that the set A  C of algebraic numbers forms
a sub eld of C. To prove this interesting theorem in number theory, we rst needto dewelop the
notion of a vector spacewith scalar multiplication in a general eld.

From this point on in this section, the reader may assume that all of the elds we are
considering are sub elds of the complex numbers C, if he/she prefers. In any case,the reader
should think of F asa number systemwhere the usual laws of arithmetic hold.

De nition  4.13 A vector space V over a eld F is a group V under + together with a map
F V! V, called salar multiplication, which satis es the following distributiv e and assaiative
rules:

1.8 1; 22Fand8v2V; ( 1+ 2)v= v+ v
2.8 2F and8vy;vo 2V, (Vvi+ V)= v+ Vo

3.8 1; 2;2Fand8v2V; 1( 2v)= (1 2)V:
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Note that if a eld F is asubeld of alarger eld F© thenfor 2 F andv 2 F° oneobtains
v 2 F% where v isthe product of andvin FC Notethat for 2 F andvi;vo 2 F% (vi+vy) =
Vv 1+ VvV by the distributiv e rule for multiplication in FC It is easyto ched that this "scalar
multiplication" of elemers in F° by elemens of F makesF °into a vector spaceover F. In this
way, we can consider R to be a vector spaceover the sub eld Q and consider C to be a vector
spaceover the sub eld R.

We want to de ne new examplesof sub elds of C which aredi erent from R and Q. Sinceany
subeld F of C has12 F, and sinceF is a group under +, then F contains the integersZ asa
subgroup. SinceF  f0g is also a group under multiplication, then it alsoholdsthat Q F.

Prop osition 4.14 Let Lp 2) = fa+ bp§ Hab 2 Qg Then, addition and multiplication are
binary operations on Q(' 2), which makesQ(" 2) into a sub eld of R that is di er ent from Q:

Proof. pC_Iearly, e(idition and multipliciglt_ion onR inducslginary operationson Q(p %:_For example,
2+ 3 2)7 2)=14+(21,2) 2 6=8+19 2 ltis alsoppl_ear that Q(pg) is a group
under addition Vﬁit_h 0= 0+ 0 2 and the additiv e inverseof ab+_b 2is a+ b ’g._AIso, note
that 1= 1+ 0 = 2is the multiplicativ e identity elemen for Q(' ,2) fO0g: SinceQ( 2) R, the
assaiative and distributiv e laws for R automaticaBy_hold for Q(' 2): p_
The only thing left to ched to show that Q(' 2) is a eld is to verify that any a+ b 2 2
Q( 2) fBg_hasa multiplicativ e inversein Q(' 2) f0g, where either a6 Oor b6 0. If b= 0,
thena+b 2= a2 Q f0g hasa multiplicativ e inverse. Assumenow b 6 0. @X homework
problem 30 in Section 2, 2 is not a rational l519mber. Sincea+ b 26 0Oand 2 2 Q, then

a b 2isnot arational number,andso,a b 26 0. Hence,

p_ _

P 1 1. _ 1 a b2 a b2_ a b P P
@rb 2 =P iP5 3 @ @ @ w229
Sincep 22 Q(p 2) but P 22 Q, then Q(p 2) is asub eld of R which is di erent from Q. 2

De nition  4.15 Given a vector spaceV over a eld F, we say that:

1. A subsetS V spansV, if every v 2 V is a nite linear combination of vectorsin S. In

V= Vit i+ oVn!

2. If SV, then Span(S) is the setof all nite linear combinations of vectorsin S.

Vit Vot it V=0

then ;= ,=:::= 5= 0:Wesa that Sis alinearly deendentset of vectors, if it is not
a linearly independert set of vectors.

4. A subsetS V isahbasisfor V, if it spansV and consistsof linearly independert vectors.
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5. A vectorspaceV over F has nite dimensionn, if there existsa nite subsetS = fvy;vy;:::;vhg
which spansV and any subsetof V with lessthan n vectorswill not spanV. In this casewe
write: dimgV = n.

Note that the standard basisfe; = § ; e = (9)gis a basisfor R? consideredto be a real vector

space. Another basisfor R? is S = fv; = ) v2 = (})g. To seethis, rst note that e; = v; and
€ =V, Vvi:Then,

ﬁ =ae +be=avi+bva vi)=(a bvi+ bw;

and so, S spansR?. Furthermore, if avy + bw = 0 = (8) for somea; b2 R, then

a1+b1— a . b _ a+b _ 0
0 10 b — b ~— 0
Hence,b= 0 and sincea+ b= 0, then a = 0, and so, the set S is a linearly independen set of
vectors. Since S spansR? and it is a linearly independert set of vectors, then S is another basis
for R2.
For tFl;le eld Q( 2) described in Proposition 4.14, clearly d|mQQ( 2) = 2 with basisfv; =
1, vo= 20
In the proof of the next lemma, we will usethe easyto provefact that if S V is a nonempty
subset, then Span(S) is a subspaceof V, and so, Span(S) it is closedunder addition.

Lemma 4.16 SupmseV is a vector space over F and SV is a possibly in nite  subsetof V.
Then:

1. If S is a linearly dependent set of vectors with at least two elements,then somevyg 2 S can
be expressel as a nite linear combination of vectors in S which are di er ent from vi. In
this case, Span(S) = Span(S fvkQ).

2. |$ S is a Ilnelgrly independent set of vectors and the vector v 2 V can be expressel asv =
- avVvi = o by, for somefvy;vo;iiisveg  Sithena = by for alli 2 1;2;:::;ng.

3. If Sis abasisfor V, theneveryv 2 V can be expresse uniquely asa nite linear combination
of vectors in S.

Proof. Suppose$ = fvi;v,;:::;vhg S is alinearly dependert set of vectorswith n 2. Then,
V1t g nVn = 0, wheresome ; 6 0. After reindexing §, we may assumethat ; 6 0: Since
1V = in:2 iVj and 160,

1 X X 1 X
vi= 7 ( ivi)=" (17 ivi= avi;
i=2 i=2 i=2

where g = 11 i 2 F: In order to prove Span(S) = Span(S fvig), we needto chek the
containment equations: Span(S) Span(Sf vig)andSpan(Sf vig) Span(S). SinceSf vig
S, then the de nition of the span of a set implies Span(S Ffvlg) Span(S). We now show that

Span(S) Span(S fvig), where we are assumingv; = i”:2 aVvi. If v 2 Span(S), then v =
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i 1 bw;, wherew; 2 S. Note that we may assumethat w; = v (if v; doegnot originally appear,
then force it to appear by letting wy = vy and by = 0). Hence,v = byvi + _, biwi = bivy + w,
where v; and w lie in Span(S fvig). Sincethe span of a setis a subspace,byv = v; + w 2
Span(S fvig). By denition of containment,Span(S) Span(S fvig), which completesthe
proof of the rst statement of the lemma. p

SupposesS is a linearly mdepgndert set oigvectors andP =1 ajvj = ,”l bv; for somesubset

fvi; vo;iivang SiThen, 0= ) &V izy bvi = L l(al b)vi. By de nition of linear
independence,a; b = Ofor all i, which meansthat a; = by for all i 2 f1;2;:::;ng, which proves
the secondstatement of the lemma. Statemert 3 is an immediate consequencef the de nition of
basisand of statement 2, which completesthe proof of the lemma. 2

The following result is one of the basic main theoremsin linear algebra.

Theorem 4.17 If V is a vector space of nite dimension n over a eld F, then the following
statementshold:

1. If S= fvy;vp;i::;vhgis a spnning setwith n elements,then S is a basis for V.

2. 1f = fwy;wy; i, wkg is a set of k linearly independent vectors, thenk n and if k = n,
then is a hasisfor V. In particular, a basisfor V exists and hasn elements.

3. If = fwg;wy;::;wegis a setof k linearly independent vectors, then B can be extendel to
abasisB = fwg;: i, Wi;Vks1 ;50 for V for somesetfvie;i::;vag V. In particular,

k nandif k= n, then is abasisfor V.

Proof.

Let So = fvi;:ii;vag be a m|n|mal spanning set and let = fwy;wo;::i;wkg be a set of
linearly independert vectors. If n or k is 0, then statemert 2 clearly holds, so assumethat both
n and k are greater than 0. Supposefor the moment, after some possiblereindexing of S, that
Sm = fW1;:::;Wn;Vm+1 :::;Vng iS a minimal spanningset for somem; 0 m < n, and we will
show that a similar set Sp,+1 exists when m < k. Sincem < Kk; there exists Wy+1 2 and
since Sy, spansV, Wm+1 = W1+ :ii+ qWm+ m+1Vms+r + i+ Vv, Sincethe set is a
linearly independert set of vectors, then statemert 2 of Lemma 4.16 implies Wp+1 = 1 Wp41 6

Wy + il + Wy, and so, after possibly reindexing the set fvy+1;:::;vhg, Wwe may assume
that m+1 6 0. Therefore, vm+1 can be expressedas a linear combination of the vectors in
Sm+1 = FW1 i1 WmiWm+1 jVm+2;:::;Vng. It easily follows that Span(Sm+1) = Span(Sm) and
since Span(Sy) = V, then Span(Sn+1) = V aswell. Hence,Sy+1 is alsoa minimal spanning set
for V.

We can continue inductively de ning S, aslongasm k and m . If k = n, then we see
that Sk = Sn = fwy;wy; i1 wyrgisaminimal spanningset, and so, by statemert 1, it is a basisfor

. If k> n, then we have that S, = fwl,wz;::"y_\;ng is a minimal spanning set. Since S, spans,
then Wh+1 2 Span(Sp). Here,Wn+1 = 1 Wher = -, &W;, which cortradicts the uniquenessof
statemert 2 of Lemma 4.16 because = fwi;ws;:::;wkg is alinearly independert set of vectors.
This completesthe proof of statemert 2.

42



Let S = fvy;vo;::: 'vng be a basisfor V. From the proof of statement 2, we seethat, after
reindexing S, the set B = fwy;:::;Wk;Vk+1;:::;Vag IS a basis for V and that k n. This
completesthe proof of the theorem. 2

The next result is an immediate consequencef statemert 2 of Theorem 4.17.

Corollary 4.18 SupmseV is a vector space of nite dimensionn overa eld F. If S Visa
subsetwith more than n elements,then S is a linearly dependent set of vectors in V.

De nition  4.19 SupposeF isasubeld ofa eld F°% Wesay that 2 FCis algebaic over F, if
is the root of a nonzeropolynomial in F[x] = fag+ a;x+ :::+ a,x" jn2 N[ fOg; & 2 Fg. We
say that FCis algebaic over F, if every 2 FYis algebraicover F.

Prop osition 4.20 SupmseF is a sub eld of F°and Fis a vector space of nitg dimension n over
F. Then, everya 2 FCis the root or zew of somenonzerw polynomial p(x) = i”:O ix' 2 F[x] of
degree at most n. In particular, F°is algebaic over F.

Proof. Let 2 FCand considerthe setS = f1;; 2;:::; "gofn+ 1vectorsin F% Sincethe
dimensionof F%is n, Corollary 4.18implies that this set of vectorsis a linearly g,ependert set over
F. In other words, there exist scalars o;:::; n 2 F; noball zero,such that ;5 ; ' = 0. It

follows that is a root to the nonzero polynomial p(x) = ,”:0 ix. 2

Corollary 421 If F RorF Cis asubeld of nite dimension over qjlhen F A, wher
A is the set of algebaic nymbersin C. In particular, since the subeld Q(" 2) has dimension 2
over Q, the numbersin Q( 2) are all algebaic numkbers over Q.

Prop osition 4.22 Supmse F is a subeld of a eld F% Supmse 2 Fis the root of a
ponzelo polynomial p(x) 2 F[x] of smallest posmve degreen+ 1. LetF( ) = fr 2 FOjr =
', G '; wherec 2 Fg= Span(1;; 2:::; "g). Then:

1. F( ) is a vector space of dimension n + 1 over F with basisf1; ; :::; "g.
2. F( )isasubeld of FC
3. The eld F( ) is algebric over F.

Proof. F( ) is clearly a vector spaceover F. We now show that f1; ; 2;:::; "gis a basisfor
F( ). By denition of F( ); = fl, . 2;:in; "gspansF( ). p

If for somescalarsa; 2 F; | 0 a; '=0,then isaroot of the polynomial q(x) = i”:1 ax'.
Sincewe are assumingthat a nonzeropolynomial with asaroot hasdegreeat leastdegreen + 1,
the polynomial g(x) must be identically zero. Therefore,ap = a; = ::: = a, = 0, which means
that the set is alinearly independert set of vectors. This completesthe proof of statement 1.

In order to show that F( ) isasub eld of F we rst haveto g,h(w that m‘gltiplication isabinary
operation on F( ). In other words, for by; ¢ 2 F, the product ( i”:O b ) i”:O ¢ )2F(). By
the distributiv e law for multiplication on F9, there exist constarts d; 2 F sud that



P ) P .
We claim that there exist scalarshg; hy;:::;hy, 2 F such that 2” b di "= 1, hi ', which

by de nition of F( ) is an elemen 'IB F( ). By tt]; well- ordermg pr|n0|ple there exists a smaIIest
integer k, 0k  2n; sudh that ,0 d ' = IOf , for somescalarsf; 2 F. If k n,
then Wekhave provegi our claim. So, supqgsek > n, and we will obtain a cortradiction. In this
case, ‘o fi "= ( S D+f K= (KM )+ "1 k0 1 wewill obtain the desired
contradiction of the minimality of k by showing that "*! canbe expressedasa I|near combination
of lower degreepowers of , thereby, lowering the degreeil5 of the term f . If the nonzero
polynomial Qf Ieastdegreewhlcp has asaroot is p(x) = ”Bl a.x' then ”+01 3 iP‘ 0, and
so, " ="1"  ala = ', i "2F() where = a,ha.Since "t =1,
is a Ilnear combination of lower degreepowers of , we obtain a cortradiction to the m|n|mal|ty
of the positive integer k. Hence,

X X . Xn X .
( b &)= di= h "2F();
i=0 i=0 i=0 i=0
for somescalarshg; hy;:::;hy 2 F, which provesthat F( ) is closedunder multiplication.

We now prove that every nonzero 2 F( ) hasa multiplicativ e inverse. To do this, consider
the subseth i of F( ) consisting of all F( ) multiplies of : hi=f j 2 F( )g. Note
that if 1 2 hi; then for some 2 F( ); = 1, and so, has the multiplicativ e inverse

Also, note that h i F( ) is a subspaceof F( ) over F, and so, has nite dimension at
most n + 1. In particular, f ; 2;:::; "*? h i is a linearly depende._r;( set over F, and so,

there_exists a nonzer:o polynomial g(x) = 7 ax' such that o( ) = |7 a ' = 0. Note

that, "7a = Nt 1), Factoring out the largest power X of in this sum, we get

k(M2 k)= 0, herea, 6 0. Since ¥ 6 0 and the product of two nonzeroelemers in a
eld is nonzero, then ,”Jf a " M= ag+a T+ i+ ans2 "2 K= 0:Sinceh i is a group
under + and a4y 1+ i+ anee "2 K =r 2 hi,thenax= r 2 hi. Sinceh i is a vector
spaceover F; ax 2 F and ax 8 0, then a, lax 2 hi,andso,12 hi. As obsened before,12 h i
implies  has a multiplicativ e inverse. This provesF ( ) is asub eld of FC

By Proposition 4.20, F( ) is algebraic over F, which completesthe proof of Proposition 4.22.

2

Prop osition 4.23 Suppsethat F3 is a eld which is a vector space of nite dimension n over a
subeld F,  F3: If F; is a vector space of nite dimension m overa subeld F;  F5, then, F3
has nite dimension mn over the sub eld F;. In particular, Fj3 is algebmic over F; and both m
and n divide the dimension of F3 over F;.

Proof. Let B = f 4;:::; ng be a basisfor F,, consideredto be a vector spaceover F;. Let
A=1f q1;::1; mg bea basisfor Fz, consideredto be a vector spaceover F,. We will shawv that
C=f; i2Fj1 i m1l j ngisabasisfor F3, consideredto be a vector spaceover F;.

Note that C has mn elemeris.
We rst show that, W|tl',b respect to F1, Span(C) = F3. Let v 2 F3. Sincethe vectorsin

A span F3 over FZ,P = i 1 a; | for somea 2 F,. Since B spansF, over F;, for eadh
i2fl::;mg; g = jn=1 bi j for somely; 2 F1. Hence,by substitution,
X XX X
v=avi=  ( bij)i= bl i)
i=1 i=1 j=1 i
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and so, Span(C) = Fs.

We now prove that C is a set of Iine,grly independert vectors in F3, when consideredto
Be a \fgctor spaceover F1. So, suppose q (j i) =0, for someb; 2 F;. Then, 0 =
pi- S i=1 Bi j) i, and sinceA is a Ilnearly independert Ig,et of vectors over F», the coe cien t

1 Bi j of | must vanish for each i. Hence,for eachi; ;_; bi j = 0. SmceB is a linearly
independert set of vectors over F1, we conclude that for eaml bij = by = ::: = by = 0: By
de nition of linear independence,C is a linearly independert set of mn vectors over F;.

We have shown that C is a basisfor F3 over F1, and so, the dimension of F3 over F; is mn.

SinceF3 has nite dimension over F;, Proposition 4.20 implies F3 is algebraic over F;. 2

is algebaic overF and a is algebaic over the eld F(al,az; e 1), where F(ag;ap;iiig) =
F(ag;az;:::;a 1)(a) is de ned inductively for 2 j  n. Then, F(a;;a;:::;a,) is asubeld
of FOof nite dimension over F, and so, it is algebaic over F.

Proof. Let Fo = F and Fx = F(a1;a;:::;a) for k n. By Proposition 4.22 and the principle of
mathematical induction, Fy isa eld fork n. Then, wehaveFq Fi F, ::: Fq, where
the dimensionof Fx over F¢ 1 is some nite positive integer my. By the principle of mathematical
induction and Proposition 4.23,the dimensionof F (a;;ay;:::;an) over F isequalto mims:::mj

which is nite. 2

Corollary 4.25 SupmseF: F, F3, wher F; is a subeld of F, and F, is a sub eld of F3.
If F, is algebmic over F; and 2 F3 is algebmic over F,, then is also algebaic over F;.

. : . . . P
Proof. Since isalgebraicoverF,, isaroot of anonzeropolynomial p(x) = E -0 axxX, for some

a; 2 F,. Sincefag;ap;:::;angarealgebraicoverFq, Fi(as;az;:::;a,) has nite dlmen5|onoverF1
by the previous corollary. Since is algebraicover Fyi(aj;az;:::;an); then Fi(ag;az;:::; ) =
Fi(a;az;:::;an)( ) has nite dimension over F1, again by the previous corollary. Smce 2
Fi(ag;ag;:::;an)( ), Proposition 4.20implies is algebraic over F;. 2

Denition 4.26 A eld F is algebrically closal, if every polynomial p(x) 2 F[x] can be factored
into linear factors: p(x) = ¢(x ai)(x az):::(Xx an), wherec;a 2 F.

The fundamertal theorem of algebra implies that every polynomial p(x) 2 C[x] of degreeat
least 1 has a root in C, and so, by induction on the degreeof p(x), the polynomial p(x) can be
factored into linear factors. Thus, the complex numbers C is an algebraically closed eld.

Theorem 4.27 Let A C be the set of algebaic numbers. Then,
1. Aisasubeld of C:

2. A is algebaically closel.
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Proof. We rst show that A isa eld. Givenanelemern 2 A, Proposition 4.22 implies Q( ) is
a nite dimensional vector spaceover Q, Q( )isa eld and Q( ) A. In particular, if 6 0,
then the multiplicativ e inverseof in Q( ) is also algebraic.

We now verify that the binary operations of addition and multiplication induce binary op-

erations on A. It then follows that A is a subeld of C. Let ; 2 A. By Corollary 4.24,
Q(; )=0Q( )( ) isasubeld of C which is algebraicover Q; hence,Q(; ) A. Since +
and 2Q(; );then + and lie in A, which provesthe rst statemert in the theorem. If

2 Cisalgebraicover A, then Corollary 4.25implies is algebraicover Q, which provesstatemert
2.

We now prove that A has a countable basis. By homework problem 29 in Section1, A is an

in nite courtable set, and so, A canbe madeinto aninnite list: A = f0; 1; 2;:::; n;:::0: Let

1= 1andletS; = f 19 Sinceno nite subsetof A spansA as a vector spaceover Q, there

existsa rst indexi(2) 2 N such that ;) 2 Span(S;). Dene 2= i andlet S, =f 1; 20.

Inductively de ne Si;k 2 N, asfollows. Giventhe setSy = f 1;:::; g, leti(k+ 1) be the rst
index such that Sifk+1) 2 Span(Sx). Dene +1 = jk+1) andlet Sgar = f 150110 &) ka0
Finally, let S= _; Sk =f 1; 2;::1; nyiiigy If 2 A, then = | for somek 2 N, and by
de nition of Sx; 2 Span(Sk). Therefore, = :(:1 i i, which implies the complex numbersin
S spanA.
If S werealinear dependert set,then there would exista nite setofelemensfy (1y; (2);:::;

S with maxf (1); (2);:::; (n)g= (n) andrational numbers ; 2 Q such that inzl i =0,
wheresome ; 6 0. But, f 1; 2;:::; (1)gis abasisfor Span@S (n)), and so, it is a linearly in-

dependen set. But, a subsetof a linearly independen set of vectorsis alsoa linearly independert
set of vectors, which givesthe desired contradiction. This cortradiction completesthe proof that
S=1f 1; 2;::1; n;iiigis abasisfor A over Q. 2

Homew ork Problems

1. Let V be a vector spaceover R with additive identity elemen 0 called the zero vector or
origin of V.

(a) Provethat for 02 Randv 2 V, then Ov = 0. (Hint: Usethe fact that Ov = (0+ Q)v =
Ov + 0v:)

(b) Provethat for 2 R, then 0= 0. (Hint: Usethe factthat 0= (0+0)= 0+ 0).

2. Let K bethe kernel of a linear transformation L: V! W, whereV and W are vector spaces
over R. Provethat K is a subspaceof V. (Hint: By Theorem 3.27,K is a subgroup of V.
Use homework problem (1b) to show that forv2 K and 2 R,thenL(v) = 10.)

3. Let | bethe image of a linear transformation L: V! W, whereV and W are vector spaces
over R. Provethat | is a subspaceof W. (Hint: Use part 3 of Theorem 3.22 and show that
forv2l and 2R,then v 21.)

AW
N -
o1 o

4. Calculate the matrix product 12 j and the matrix sum 5
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5. Calculate the product of the following two matrices:

0 10 1
112 112
@ 0 4A@3 0 4A
102 010

6. Write down the matrix for the rotation R,: R®! R® cournter-clockwise by 90 degreesaround
the z-axis.

7. Let M (2;R) bethe setof 2 2 real matrices. The determinant function, det: M (2;R) ! R,
is de ned by det a b =ad bc
c d
(a) Provethat det(AB) = det(A) det(B). (Hint: Evaluate eadh side separately and then

comparethem.)

(b) Provethat the matrix | = é 2 satises, 8A 2 M(2;R);Al = A= A.

(c) Supposethat A 2 M (2; R) has a multiplicativ e inverseB, i.e., AB = BA = |. Prove
det(A) 6 0. (Hint: Usepart (a) and the fact that AB = 1:)

(d) Supposethat A = 2 and D = det(A) 6 0. Verify that the matrix

B =

©|,Ole
Ol»0|,

is the multiplicativ e inversematrix to A.

(e) Recallthat GL(2;R) M (2;R) is the subsetof matrices with multiplicativ e inverses.
By parts (c¢) and (d), GL(2;R) = fA 2 M(2;R) j det(A) 6 Og. Provethat GL(2;R) is
a group under multiplication of matrices. (Hint: Use Theorem 4.6 and parts (a), (b),
(c), (d).)
(f) Let R = %5 SN pethe matrix for rotation in R? counter-clockwise by the angle
. Prove R 2 Ker(det), wheredet: GL(2;R) ! R fO0gis the restricted determinant
homomorphism. Here we are consideringR  f0g to be a group under multiplication.
The kernel of the determinate function de ned in this homework problem is a famous
group in mathematics; it is called the special linear group of real 2 2-matrices and is

denoted by SL(2;R).

8. Considerthe eld of complex numbersto be R? with polar coordinates (r; ). Recall from
the classyou took in calculus where you studied in nite series,De Moivre's formula:

e = coq )+ sin( )p_1= coq ) + sin( )i;

P n , , , ,
where & = i:o L andz = a+ bi. Then, every elemert z = a+ bi 2 C can be written in

polar notation asz = re' , wherer is the length a2+ b2 of z and is its polar angle.

(@) Expressthe complex numbers2;1+ i; and 3i in their polar notation re' .
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10.

11.

12.
13.
14.

15.

16.

17.

18.

19.

20.

21.

(b) Show that, if ry is the length of z; = a; + byi and r, is the length of z, = a, + byi, then
the length of the product z;z, of the complex numbersis rqr».

(c) Using the exponert rule, e*e® = " for any a; b2 C, prove that if ri€ * and r€ 2
are complex numbers, then their product r1€ rp€ 2 = rir,é( 1+ 2) In particular, the
polar angle of a product of complex numbersis sum of the polar angles.

(d) Usepart (c) to provethat C f0Og is a commutativ e group under multiplication. What
is the multiplicativ e inverseof re' ; whenr 6 0?

. Supposea+ bIO ~ 12 Cis anonzerocomplex number (either a6 0 or b6 0). Write n its

multiplicativ e inverse. (Hint: First try multiplying it by its complex conjugatea b~ 1).)

SupposeF is a eld with zeroelemer 0. Let a2 F and shov 0 a= 0. (Hint: Usethe fact
that 0 a= (0+0) a=0 a+ 0 a)

If F; and F, are sub elds of a eld F, then proveF;\ F; isalsoa sub eld. You can usethe
result from group theory that the intersection of subgroupsof a group is a subgroup.

In the eld Zs, what is the multiplicativ e inverseof 32 Z5?
In the multiplicativ e group Zs fO0g, what is the order of 2? Is Zs  f0g a cyclic group?

What is the multiplicativ e inverse of 1 + P 2 in Q(p 2)? (Hint: Seethe proof of Proposi-
tion 4.14).

Provethat fv; = (}); v2 = ( })gis a basisfor R2. You can useany of the theoremsin this
section or verify it directly by using the de nition of basis.

SupposeF is asubeld of a eld F° Provethat every element 2 F is algebraic. (Hint:
Consider a polynomial of degreel with  asroot.)

What is the dimension of Q(S%) over Q and why? You can usethe fact that 5% is a root of
x3 5, but it is not a root of a polynomial in Q[x] of lessdegree.

Use Proposition 4.23 and the previous homework problem to prove that Q(pi) is not a
sub eld of Q(53).

Is P 3+ P 5 algebraic over Q? Explain your answer. (Hint: Seethe statemert of Theo-
rem 4.27.)

Pp=—op=
Provethat = 2+ 3 is an algebraic number. Also, derive an upper estimate for the
dimensionof Q( ) over Q. (Hint: Use Proposition 4.23 and seethe proof of Theorem 4.27.)

Let AR R bethe setof real algebraichnumbers: Ag = A\ R.

(8) Show AR isa eld. (Hint: Seehomework problem 11 and Theorem 4.27.)
(b) Show that AR is not an algebraically closed eld.
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5 Metric and top ological spaces.

In a rst classon calculus, the studert is intro ducedto the notion of a corntinuousfunction f : R'!
R. Intuitiv ely, f is continuousif its graph doesnot have any jumps, or equivalertly, if for any x 2 R
and any sequenceof points f x,g,, N cornvergingto x, the sequenceof valuesff (x,)g,, N COnverges
to the valuef (x). Later in this class,the student learnsthe fundamental theorem of calculus. This
theorem has two parts. The rst part states that for any cortinuous function f (x): [a;b]! R
there exists a di eren tiable function F(x): [a;b]! R with derivative FY(x) = f (x) for all x in the
interval [a;b]. The secondpart of this theorem relates the area under the graph of f (x) to any
such antiderivative F (x) by

Zy

Area = f(x)dx = F(b) F(a);
a

where we assumethe function f (x) is positive.

Our primary goal in this section is to develop the general theory of topological spacesand
continuous functions between these spaces. Along the way, you will be introduced to a number
of proof techniques and conceptsthat have a geometrical as well as analytical side. Somefairly
simple applications of this theory will beto give rigorous proofs of the intermediate value theorem,
the max-min theorem and the fundamental of calculus.

The theory of topological spacesbeginswith and is motivated by the special caseof a metric
spaceM which is a set whoseelemerts we call points, where one can measurethe distance d(p; q)
betweenany two points p;q2 M. The distancefunction d satis es three basicintuitiv e properties,
similar to the distancefunction on the real number line or in the Euclidean plane. We now describe
precisenotion of a metric space.

De nition 5.1 A metric space is a pair (M;d), whereM isasetandd: M M ! [0;1) isa
distance function on M satisfying for 8p;q;w 2 M :

1.d(p;g=0() p=g
2. d(p;d) = d(q; p);
3. d(p;w) d(p;g) + d(g;w) (Triangle Inequality).

De nition 5.2 Suppose(M ;d) is a metric space.The hall certered at p of radiusr > 0is de ned
to beB/(p) = fq2 M jd(p;q) < rg.

De nition 5.3 A subsetO M is an open setif for each p 2 O, there existsan r > 0 such that
Br(p) O.

Theorem 5.4 A ball B, (p) in a metric space (M ;d) is an open setin M.

Proof. Let B;(p) be the ball certered at p of radius r. Let g 2 B (p). Sinced(p;q) < r; then
"=r d(p;q) is positive. We now show that B-(q) B (p).
Let y 2 B-(q), which by de nition meansd(q;y) < ". By the triangle inequality:

d(p;y) d(p;q) + d(g;y) < d(p;g) + " = d(p;g) + [r  d(p;q)] = r:

Thus, d(p;y) < r, which meansy 2 B (p). This provesthat B-(q) B (p), and so, by de nition
of open set, B, (p) is open. 2
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Example 5.5 Our standard example of a metric spaceis (R;d), where for x;y 2 R; d(x;y) =
iy Xj. For example,the distance betweenthe points x = 3andy= 6isd( 3;6)=j6 ( 3)j=
j6+ 3j = 9: In homework problem 1, you will verify that (R;d) satis es the three properties for d
that de ne a metric spacestructure. Note that for x 2 R and r > 0, then the ball B, (x) certered
at x of radius r is the openinterval (x r;x+ r).

Theorem 5.6 Let (M;d) be a metric space. Then, the following three statementshold:
1. The intersection of a nite number of open setsin M is an open setin M.
2. The union of any collection of open setsin M is an open setin M.

3. M and are open setsof M.

Proof. Let Aq;:::;A, be a nite number of open setsin M. Let p 2 T'k':l Ax. By de nition
of intersection, p 2 Ag; for eath k; 1k n. Sinceead Ay is open, there existsan ry > 0
such that By, (p) Ak. Letr = minfrq;ro;:::;r,0: Note that r > 0 and Br(p)-l- B, (P Ax,
which implies that B (p) Alq-for ead k. By de nition of intersection, B, (p) 2:1 Ag. By the
de nition of open set, the set  ;_,; Ax is open. S

Now supposefA g », is a collection of open setsin M and p 2 o1 A . By de nition of
union, p is in one of the setsA , for someindex .gSupposep 2 A ;. Sinch , is open, there is
abaIgBr(p) A ,:SinceB;(p) A ,andA |, o1 A, then B, (p) 51 A . This proves
that  ,, A isopen.

Note that M is an open set, sincefor any point p2 M; B1(p) M. Finally, the empty set
is an open set, since the de ning property of being an open set is satis ed for every point in
becausethere are no points in . This completesthe proof of the theorem. 2

The previous theorem plays a fundamental role in the developmert of the remainder of this
section. Part of the reasonfor this is that many important ideassudc as:

1. Convergenceof a sequenceof points and limits in a metric space;
2. Special properties such as compactnessand connectednesof a metric space;
3. The de nition of a cortinuousfunction f: M3 ! M, betweentwo metric spaces;

can be best understood or de ned just in terms of open setsin the metric space,rather than in
terms of the distance function. Motiv ated by the statemert of Theorem 5.6, we make the following
de nition.

De nition 5.7 A topological space is a set X together with a collection Ty of subsetscalled open
setssatisfying:

1. The intersection of a nite number of open setsin X is an open setin X.
2. The union of any collection of open setsin X is an opensetin X.

3. X and areopensetsof X.
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We now dewvelop the notion of a limit point p for a sequenceof points f p,g,, N iN @ metric space
(M; d). Intuitiv ely, p is a limit point of the sequenced p,g,2 N, if the sequenceof points converges
to p in the sensethat the distancesd(p;pn) corvergeto zero as n approadciesin nit y. We rst
show that the understanding of sud limits can be carried out solely in terms of the open setsor
the topology of M and, more generally, the concept of a limit point p of a subsetA M also
makes sensesolely in terms of the topology of M. Once we prove these properties, we will de ne
the notion of a limit point of a subsetA of an arbitrary topological spaceX , and we prove that a
subsetA X cortains all of its limit points if and only if its complemen A® in X is an open set.

De nition 5.8 We say that a sequencef a,g,, N Of points in R convemgesto a point x 2 R, if
8" > 0;9N- such that forn N-; jx a,j < ". If the sequence a,g,, N cOnvergesto x, then we
write limyn  a, = X.

De nition 5.9 Suppose(M ;d) is a metric spaceand f png,2 N IS @ sequenceof points in M. We
say that this sequenceconvergesto p 2 M, if limy;  d(p;pn) = 0. If the sequencef pngnon
cornvergesto p, then we write limpi;  pn = p.

The proof of the next proposition follows immediately from the above de nitions.

Prop osition 5.10 Suppse (M ;d) is a metric space. Then lim,;  p, = p if and only if 8" >
0;9N suchthat for n N, d(p;pn) < " or, equivalently, 8" > 0;9N suchthat forn N; pn 2

B-(p)-

De nition  5.11 A point p in a metric space(M;d) is a limit point of a subsetA M, if there
exists a sequenceof points p, 2 A; where p, 6 p, such that limy1  pn = p.

Prop osition 5.12 A point p in a metric space (M;d) is a limit point of A M if and only if for
everyopen setO of M with p2 O, then(O fpg)\ A6

Proof. Supposep is a limit point of a sequencef p,g,2n In A such that 8n 2 N; p, 6 p. Suppose
that O is an open setin M with p2 O. SinceO is open, 9B-(p) O. Sincelimy,1 pn = p,
for n large, pn 2 (B-(p) fpg) O fpg. Hence,for n large, pn 2 A\ (O fpg), and so,
A\ (O fpg) 6

Now, supposethat for every opensetO in M with p2 O; (O fpg)\ A6 . Considerthe
ball Bn;(p) for n 2 N. SinceBn;(p) is open, (Bn;(p) fpg)\ A6 , and so,there exists a point
pn 2 A fpgwith d(p,;p) < % By de nition of limit point, limy;;  p, = p, which provesp is a
limit point of A. 2

The previous proposition motivates the next important de nition of limit point of a subsetA
in a topological spaceX .

De nition  5.13 A point pin atopological spaceX is a limit point of a subsetA X if and only
if for every opensetO of X with p2 O, then (O fpg)\ A6 . Welet L(A) denotethe set of
limit points of the subsetA.

De nition  5.14 A subsetA of a topological spaceX is closel, if its complemen A€ is an open
setin X.
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The next theorem givesan important and beautiful relationship betweenclosedsetsand subsets
of a topological spacewhich cortain all of their limit points.

Theorem 5.15 SupmseX is a topological space. A setA X is closal if and only if L(A) A.

Proof. SupposeA X is closedand we will prove L(A) A. Let p2 X. Assumethat p2 A, and
s0, p 2 A® which is open since A is closed. SinceA°\ A = | then (A® fpg)\ A=, and so,
by de nition of limit point, p2 L(A). Thus,p2 A =) p2L(A): By taking the contrap ositive of
this implication, we obtain p2 L(A) =) p2 A, which provesthe desiredcontainment: L(A) A.
Supposenow that L(A) A and we will prove that A is a union of open sets, and so, by
de nition of topological space,is itself open. SinceL(A) A;thenqg2 A®=) q2 L(A). Let
p 2 A°. Sincep is not a limit point of A, 9 an open set Og with p2 O, and (O, fpg)\ A=
Sincep 2 A; in fact, Op\ A = . Weglaim that A° =, ,. Op, which will proge A is open.
Sincefogeah p2 A°; Op  A® clearly ,,.Op A°.But, g2 A°=) g2 Qq ogac Op, and
$0,42 ,ac Op, Which provesthe cortainment A° 2ac Op. This provesA® =, ,. Op is
open, sinceit is the union of open sets. By de nition of closedset, A is a closedsetin X. 2

Theorem 5.16 (Closed Subsets Theorem) If X is a topological space, then:
1. The intersection of any collection of closeal setsin X is a closal set.

2. The union of a nite number of closal setsin X is a closal set.

3. X and are closeal sets.

Proof. The above theorem follows immediately from the de nition of topological space,the de -
nition of closedset and the DeMorgan's Laws in from set theory. (SeeTheorem 5.17 below.)
For the sake of completenesswe prove statemert 1?f Theo,rem 5.16. SupposeA = fAigi2| isa

collection of closedsetsang considerthgir intersection = A = ;,, A;: By DeMorgan's laws stated
in Theorem 5.17 below, ( ;,, Ai)° = 5, A} which is open, sinceit is a union of the open sets
Af (open sinceAT is closed)in the topological space. Hence,( A)° is open, which, by de nition
of closed,means A is a closedset. 2

The proof of the next theorem is straightforward and is similar to the proof of Theorem 2.43,
wherewe stated DeMorgan's Laws for two setsA; B rather than for an arbitrary collectionfA g ;.

Theorem 5.17 (DeMorgan's Laws) Supmse fA g 2 is a collection of subsetsof a set X.
Then:

S T
1L, A=, A

T Cc S Cc
2.( , A)=" , A

De nition  5.18 SupposeA is a subsetof a topological spaceX . Let = fC j where C is any
closedsubsetin X with A Cg. The closure of A isdened to be A= ., C. In other words,

A is the intersection of all closedsubsetsof X which cortain A.

52



Theorem 5.19 SupmseA X is a subsetof a topological space X . Then, A is the smallest
closal setin X containing A in the sensethat A is a closel set containing A and any other closel
set containing A has A as a subset. Furthermore,

A=Al L(A):

Proof. SinceX is a closedset containing A, there is at least one closedset C of X which contains
A. Sinceevery closedset C usedin the de nition of A cortains A, the de nition of intersection
implies A is a setwhich contains A. SinceA is the intersection of closedsets, Theorem 5.16implies
A is closed. So, A is a closedset that cortains A. By the de nition of A, A is a subsetof every
closedset that contains A. This implies A is the smallest closedset containing A.

In order to shawv that A = A[ L(A); weneedto provethat (A[ L(A)) AandA (A[ L(A)):
If B and D are subsetsof a topological spacewith B D, then, by de nition of limit point,
L(B) L(D). This obsenation implies that L(A) L(A) becauseA A. SinceA is closed,
Theorem 5.15implies L(A) A. AsL(A) L(A)andL(A) A, thenL(A) A: Sinceit is also
the casethat A A; then (A[ L(A)) A, which is one of our desired containment equations.

It remainsto prove A (A [ L(A)). SinceA is the smallest closedset that corntains A, it
su ces to show that A[ L(A) is closed. The proof that A[ L(A) is closedis a slight modi cation
of the argumernt givenin the secondparagraph of the proof of Theorem 5.15, which we now repeat
for the sake of completeness.

We will shav that A[ L(A) is closedby showing its complemer is the union of open sets. Note
that p2 (A[ L(A)®=) pZ2(A[ L(A) =) p2Aandp2L(A): Sincep 2 L(A);9 an open Oy

with p2 O, and (O, fpg)\ A= . Sincep2 A, in fact, O,\ A= . SinceQ, is an open set
in X which is disjoint from A, the de nition of limit goint implies Op \ L(A) = ; which means
that Op  (A[ L(A)). It followsthat (A[ L(A))®= 5 a[L(aye Op, Which implies (A[ L(A))®
is open, and so,A[ L(A) is closed. 2

De nition  5.20 If (M;dy ) is a metric spaceand A is a subsetof M, then dy inducesa distance
function da on A by restriction: 8p;g2 A; da(p;q) = du (p;g): We call (A; da) a metric subspce
of (M;dw ): Usually, we suppressthe subscripts and write d instead of dy and da .

Prop osition 5.21 SupmpseA M is a subsp@ce of a metric space (M ;d), with respect to the
induced distance function. A subsetO A is open if and only if there exists an open set Oy in
M suchthat O = Oy \ A.

Proof. Let A M. In order not to get mixed up on notation, we will let B#(p) denote the ball
of radius r in A certered at p and let BM (p) denote the ball of radius r in M certered at p. The
proof of the proposition dependson the set equality: BA(p) = BM (p) \ A.

We rst show that if O is an open setin A, then there is an open set Oy in M sud that
O = Ow \ A. By de nition_ of open set, for every p 2 O, there exists a ball Bﬁp(p) O for

somer, > 0. Clearly, O = 20 B(*p(p). Since the balls BP’; (p) are openin M and the union
of open setsis open, Oy = p20 Br’vp' (p) is openin M. By the distributiv e law for unions and
intersections,

oM\A=([ BPﬂ,(p»\A=[ (BPﬂ,(p)\A)=[ BA(p) = O;
p20 p20 p20
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which provesO = Oy \ A, where Oy isopenin M.

Now supposeOy is an opensetin M and we will provethat Oy \ A is an opensetin A. Since
Owm isopenin M, for eath p 2 Oy there exists a ball BP’; (p) Owm. So,if p2 Ouw \ A, then
Bﬁp(p) = B!V; (p)\ A Om \ A. By denition of open setin a metric space,Oy \ A is an open
setin A. 2

The previous proposition motivates the next de nition for topological spaces.

De nition  5.22 If A is a subsetof a topological spaceX , then de ne a subsetO A to be open
in A, if there exists an open set Ox in X such that O = Ox \ A. De ning open setsof A in this
manner is called the subspce topology on A.

The proof of the next proposition is straightforward and is homework problem 18.

Prop osition 5.23 If A is a subsetof a topological space X with the subspce topology, then A is
a topological space. In other words, the collection of open setsin A satisfy De nition 5.7.

Prop osition 5.24 If Y is a subspce of a topological space X, then A Y is closal in Y if and
only if A= C\ Y, whete C is a closal setin X. Furthermore, if Y is a closal setin X, then a
closeal subsetA of Y is a closeal subsetof X .

Proof. Note that A is closedin Y () its complemert in Y; A¢ isopenin Y () 9 an open set
Oa X sudhthatY A= A°= Oa\ Y. Butthen,AisclosedinY () A=Y Oa=03\Y =
C\ Y for the closedset C = Of in X. This provesthe rst statemert in the proposition.

If A is closedin Y, then, by the rst statemert in the proposition, A = C\ Y, whereC is
closedX . If Y is alsoclosedin X, then A= C\ Y is aclosedsetin X, sinceit is the intersection
of two closedsetsin X . 2

De nition  5.25 A topological spaceX is disoonnected, if X is the union of two disjoint nonempty
open subsets. We say that X is connected, if it is not disconnected.

Example 5.26 The standard example of a disconnectedspaceis any metric space(M ;d), where
M consistsof exactly two points: M = fp;qg. If r = d(p;q), then B, (p) = fpgand B, (q) = fqg are
open setsby Theorem 5.4. Thus, M is the union of the two disjoint nonempty setsB, (p); B, ().
More generally, it can be shown that any connectedmetric spacewith more than one point must
be an uncountable set. Another related example of a disconnectedspacewould be the union of
two disjoint disksB1((0;0)) and B1((3; 0)) of radius 1 certered respectively at the points (0; 0) and
(3;0) in the plane R? with the subspacetopology.

The open unit disk B1((0; 0)) of radius 1 certered at (0; 0) in R? with the subspacetopology is
path connected, in the sensethat any two points in B1((0;0)) can be joined by a cortinuous path
in B1((0;0)) beginning at the rst point and ending at the secondpoint. It is not dicult to show
that a path connectedtopological spaceis always a connected space,which meansB 1((0;0)) is
connected.

Prop osition 5.27 A topological space X is connected if and only if the only subsetsof X which
are both open and closel are the subsetsX and
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Proof. SupposeX is connectedand A X is a subsetwhich is both open and closed. Then, A°
is open and X is the disjoint union of the open setsA and A®. By de nition of connected,either
A or A® is the empty set,and so,A = X orA = .

On the other hand, if X is disconnected,then it is the union of two nonempty disjoint open
setsA and B. SinceA = BF¢; A is alsoclosed. SinceA and B are nonempty, A is di erent from
and from X . Thus, if X is disconnected,then X contains a subsetwhich is both open and closed
and alsonot equalto X or . 2

De nition  5.28 An interval | R is any nonempty subsetsud that for any a;b2 | with a< b,
thena< t < bimpliest 2 |. Note that every interval in R hasthe form (a;b);[c;d]; (a; ] or [c;b),
wherea;b2 R[ f1 ; 1g andc;d 2 R; in order to prove this well-known characterization of
intervals, one needsthe least-upper-bound property for R given below.

De nition  5.29 A number b2 R is an upper bound (lower bound) for A R, if forallt2 A; t
b(t b): A subsetA R is boundel from atove (below) if 9 an upper (lower) bound for A. The
subset A is bounddd, if it is bounded from above and from below; equivalertly A is bounded, if
A [a;b] for somea;b2 R.

Least-Upp er-Bound Prop erty: Any nonempty subsetA R which is boundedfrom above has
a least upper bound, i.e., an upper bound M such that for any other upper bound T, then M T.
Similarly, any subsetA R that is bounded from below has a greatest lower bound.

Example 5.30 Consider the set of real numbers A = fl;%
upper bound for A, 1 is the least upper bound for A and 0 is the greatest lower bound for A.

Theorem 5.31 A subsetX R with the subspce topology is connected () X is an interval.

Proof. If X is not an interval, then 9 a;b2 X with a< band anumbert 2 X with a< t < b, Let
O(t;+) =fs2Rjt<sgandlet O(t; )= fs2 Rjs< tg. Then, X is the disjoint union of the
two nonempty open subsetsO(t; +) \ X and O(t; )\ X of X, which implies X is disconnected.
Now supposethat X is an interval and we shall prove X is connected. Supposeto the contrary
that X is disconnectedand let A X be a nonempty set which is both open and closed and
where A® is nonempty. Let a2 A and b2 A® and, without loss of generality, we may assume
that a < b. By intersecting A with the closedinterval [a; b], we see,by Proposition 5.24 and the
de nition of subspacetopology, that A\ [a;b] is both open and closedin [a;b]. Let B = A\ [a;h]
and recall that a2 B;b2 B and B is open and closedin [a;b]. Let | be the union of all intervals
contained in B which contain a. Sincethe union of a collection of intervals in R which contain a
given number is again an interval (seehomework problem 13), then | is itself an interval and has

the form either | = [a;c) or | = [a;c], wherea ¢ b. SinceB is a closedsetin [a;b]; | B
and c is a limit point of I, then c is alsoa limit point of B and soc 2 B. Therefore, the interval
[a;c] B and, by de nition of I; | = [a;c], wherec < b. But, sinceB is openin [a;b] and c< b,

for some" > 0; [c;c+ ") B. Sincel [ [c;c+ ") is an interval in B cortaining a, we obtain
a cortradiction to the fact that | is the largest such interval. This cortradiction provesthat the
interval X is connected. 2

One of the most important conceptsin mathematics is that of \compactness”, which in the
topological setting can be described by a topological spacebeing compact. Unfortunately, the
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usual de nition of \compactness" for a topological spaceX seemssomewhatarti cial. However,
the reader can be assuredthat this usual de nition is an essetial and important one. One well-
known result from calculus, which we will derive usingcompactnessjs that any cortin uousfunction
f:[a;b! R on aclosedinterval [a;b] has a maximum at somepoint p 2 [a;b] and a minimum
value at somepossibly di erent point q 2 [a;b]. Wewill provethis result by shaving that the closed
interval [a;b] is a compact topological space,and further, that a continuous function f: X ! R
on any compact topological spaceX hasboth a maximum and a minimal value. Scon, we will go
over exactly what it meansfor a function betweentopological spacesto be cortinuous.

De nition g 5.32 An open cover of a topological spaceX is a collection of opensetsfO g », such
that X = -1 O . We say that an open covering fO g », hasa nite sulxover, if there exist a
nite number of indices 1; »o; ; ninl sudhthat X =0 ,[ O ,[ :::[ O ,.

De nition  5.33 A topological spaceX is compact, if every open cover of X hasa nite subcover.

De nition  5.34 A collection of subsets = fC g ,; of a set X satis es the nite intersection
property (FIP), if every nite intersectionC ,\ :::\ C _ of setsin is nonempty.

In the proof of the next theorem, we will usethe fact that if A¢ is the complemern of A in X,
then (A%)¢ = A.

Theorem 5.35 A topological space X is compact if and only if every collection fC g 2 of closdal
setsin X, which satis es the nite intersection property FIP, hasnonemptyintersection ,, C 6

T
Proof. SupposeX is compa]standfC gz is a collection of closedsets. If = 5, C , then, by

Theorem5.17,X = °=( ,,C)®= " , C° andso,fCCg  isan open cover of X. Since
X is compact, there exist a nite number of indices 1; »;:::; , sud that X = Ccl[ | Ccn.
Apply Theorem5.17 again,to obtain = X¢=C |\ :::\ C . Sincesome nite intersection of

setsin fC g 2 is £mMpty, then fC g 2, doesnot satisfy FIP. By the contrapositive, if fC g 2,
satises FIP, then ,, C &

Now, supposethat ewvery collection of closedsetsin X which satis es FIP has honempty total
inter@ction and we will prove that X is compagt. Let fO g 21 be an open cover of X. Since
X =, 0 ;Theorem5.17implies = X°¢= , O°. It follows that the collection of closed
setsfO°g ,, doesnot satisfy FIP, and so, there exist a nite number of indices 1;:::; n sud
that = O° \ :::\ OF . Taking complemers again, we obtain X = O , [ :::[ O, which
meansthat fO g 2, hasa nite subcover. By de nition of compact, X is a compact topological
space. 2

Theorem 5.36 A closal bounde interval | = [a;b] R is compact in the subspmce topology.

Proof. If a= b, then | consistsof a single point, and so, it is compact. Assumenow that a < h.
Let fO g 2, §Je an open cover of [a; b] and we shall prove this cover of | hasa nite subcover.
Since[a;b] = 530 ;thena2 O , for someindex 12 J. SinceO , isopenin [a;b]; 9" > 0
such that [a;a+ "1) O ,. Let K [a;b] be the union of all intervals in [a;b] which contain a
and which canbe coveredby a nite number of the open setsin fO g 2. Note that K is itself an
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interval of the form [a;c) or [a;c], wherea< ¢ b. If c= band K = [a;c], then, by de nition of
K, the interval [a;b] is covered by a nite number of opensetsin fO g »;, which completesthe
proof. So, we now chedk that c= band K = [a;c].

SincefO g 2| coversl,c2 O for some 2 J. SinceO is openin the subspacetopology on
[a;b], 9"2 > Osuch that (¢ "2;¢c+ ") O orelsec=band(c ";;c=b O . By denition

of K, [a;c "] can be covered by a nite number O ,;:::;O , of opensetsin fO g 2;. But
then, O ,;:::;0 ;0O is a nite open cover of [a;b] or of [a;c+ ") [a;lb]; but the possibility
[a;c+ "2) cannot occur by the de nitions of c and K. Hence,[a; b is compact. 2

Theorem 5.37 Supmse X is a compact topological space. If A is a closal setin X, then, with
respect to the subsmce topology, A is a compact topological space.

Proof. Let fO g 2, be an open cover of A. By de nition of the subspacetopology, eadh O =
O* \ A, where O* is openin X. Sincef A%, 0X g ,, is an open cover of X and X is compact,
X = A°[ OX [ :::[ O for some nite setofindices 1;:::; ninl. But then,

A=X\VA=(A[OX [ i[O )V A= (O* VA :::[ (OX VA) =0 ,[:::[ O,:
By de nition of compact, A is a compact topological space. 2

In most of the topological spaceshat mathematicians encourter in their researt, the corverse
of Theorem 5.37 also holds. As the next theorem shows, all metric spacesare included in suc
spaces.

Theorem 5.38 If A is a compact subsetof a metric space M, then A is a closal setand A is
bounded in M in the sensethat there exists a point p 2 M and a positive number R such that

A  Br(p).

Proof. First, supposethat A M is compact. If A is not bounded,then x a point p2 M. The
open cover fBy = Br(p)g,on Of M induces an open cover B, \ Ag,»n Of A. This open cover
of A doesnot have a nite subcover, since the union of a nite number of the sets of the form
fBn,\ A;Bn,\ A;::5;Bn, V Ajni < ny<:i:< nggequalsB, \ A which is a bounded set but
A is not bounded. This cortradiction provesA is bounded.

Forn 2 N, let Bi(x) =fg2 M j (x;0) %g be the closedball of radius % certered at p,
which is a closedset%y homework problem 16. If A is not closed,then there is a limit point x
of A with x 2 A. Then, the open set compliments J, = (§ni(x))c give rise to an open cover
of M fxg agd 8n 2 N; A is not contained in J, (since x is not a point of J, but it is a limit
point of A n2nJdn). Sincex Z A, then fJ, \ Ag,,N is an open cover of A. The union of a
nite number of the setsof the form fJ,, \ A; Jn, \ A;::5;dn, V Ajng < np < i< nggequals
Jn, \ A 6 A. Hence,this open cover of A doesnot have a nite subcover. This cortradiction
provesA is bounded. This completesthe proof that A is closedand boundedin M. 2

Theorem 5.39 (Heine-Borel Theorem) A subsetA R is compact if and only if A is closel
and bounded.
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Proof. Theorem 5.38 implies that any compact subsetof R is closedand bounded. Supposenow
that A R is closedand bounded. Then, A is a closedsubsetof someclosedinterval [a;b]: Since
[a;b] is compactand A [a;b] is a closedsubset, Theorem 5.37 implies A is compact. 2

De nition  5.40 Suppose(M;d;) and (M;;d,) are two metric spaces.A function f: My ! M,
is continuous at a point p 2 My, if limpy  pn = p implies limyn f(pn) = f(p). A function
f:My! M;iscontinuous, if it is continuous at every point of M.

Theorem 5.41 A function f: M, ! M, between two metric spacesis continuous if and only if
either of the following statementshold:

1. 8p2 M; and 8" > 0;9 > Osuchthat f(B (p)) B-(f(p)).

2. For everyopensetO M,; f 1(O) is an open setin M.

Proof. The property f : M1 ! M, is continuousis clearly equivalert to statemert 1. It remainsto
prove that statemerts 1 and 2 are equivalert.

Supposef : M1 | M, satis es statemert 1 and O M, is an open set. Let p 2 f 1(0).
Since O is open, there exists an " > 0 such that B-(f (p)) O. By statemert 1, 9 > 0 suc
that f (B (p)) B-(f(p)) O. Hence,f(B (p)) O and, by de nition of inverseimage,B (p)

f 1(O). This provesthat f 1(O) is an opensetin M1, which proves1=) 2.

Next, supposef : M1 ! M, and that for every opensetO  Mj; the setf 1(O) isopenin M.
Let p2 M andlet " > 0. Sinceballs are open sets, B (f (p)) is openin M,, and so,f *(B-(f (p))
is openin X. Sincep2 f (B-(f (p)); then, by de nition of open setin a metric space,9 a ball
B (p) f B-(f(p)). Hence,f (B (p) B-(f(p)), which provesthat 2=) 1. 2

The previous theorem for metric spacesmotivatesthe next de nition for topological spaces.

De nition  5.42 A function f : X ! Y betweentopological spacess continuous, if for every open
setO Y;thesetf (O) isopenin X.

One can alsode ne what it meansfor a function f : X ! 'Y to be cortinuous at a point.

De nition  5.43 A function f : X ! Y is corntinous at p 2 X, if for every opensetO Y
with f(p) 2 O, there exists an open set O, X with p 2 Op sudh that f (Op) O. Here,
f(Op) = fy 2 Y j there existsan x 2 O, sud that f (x) 2 Opg is the image of the subsetO,,.

Prop osition 5.44 A function f: X ! Y is a continuous if and only if it is continuous at every
point of X .

Proof. Clearly, if f : X ! Y is continuous, then it is corntinuous at every point. So, assumenow
that f is cortinuous at every point of X and we will shaw f is cortinuous. Let O Y be open
and we will provef %(O) is open. Let p2 f %(O). Sincef is cortinuous at p, there exists an
opensetQg X with f (Op) O. By de nition of inverseimage, O, f 1(0). It follows that
f 1(0) = p2t 1(0) Op- Sincef (0) is the union of open sets, then it is open. This provesf is
continuous, by de nition of cortinuous. 2

De nition  5.45 Let X by a topological spaceand M a metric spacewith distance function d.
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1. Wesay that asequencef functionsf,: X | M convemgespointwise if 8x 2 X, limpi;  fnh(X)
exists. In this case,if we de ne the function f: X ! M by f(x) = limyn  fn(x) and we
say that the functions f, converge pointwise to f .

2. Supposethat a sequenceof functions f,: X | M cornvergespointwiseto f : X I M, and
8" > 0;9N such that 8n N, then d(f,(x);f (x)) < " for 8x 2 X. In this case,we sa that
the functions f,, converge uniformly to f.

Example 5.46 1. The sequenceof continuous functions f,(x) = x": [0;1] ! [O; 1] converges
pointwise to the discortinuous function f : [0;1] ! [0; 1] with f(1) = 1 and f (x) = O for
x6 1.

2. The functions f,(x) = nlx2 + 2: R ! R corverge pointwise to the constart continuous
function f (x) = 2: R! R, but they do not corvergeuniformly to f. On the other hand, for
any xed interval [a;b] R the restricted functions f »jiap;: [2;b] ! R cornvergeuniformly to
the constart function 2.

The next theorem is a basic and important theorem in analysis.

Theorem 5.47 (Uniform Limit Theorem) SupmseX is atopological space and M is a metric
space. If asquenef,: X | M of continuous functions convemgesuniformly to a function f : X !
M, then the limit function f is continuous.

Proof. By Proposition 5.44,it is sucient to ched that f is continuous at every point of X. So
pick a point p2 X andanopensetO M and wewill provethat there existsan opensetO, X
corntaining p sud that its image satis es f (Op) O.

SinceO is open and f (p) 2 0, then there existsan " > 0 such that B, (f (p)) O. ChooseN
sothat for 8n N, d(f,(x);f (x)) <", for all x 2 X . In particular, we seethat d(fn (p)f (p)) < ",
which meansthat p 2 f 1(B-(f (p)). Note that Op = fy L(B-(f (p)) is an open set of X , sincef y
is continuous and B- (f (p)) is open.

We now ched that f (O,) O. SinceO, f 1(0), then for any x 2 Op, fn(X) 2 B (f (P),
which means d(fy (x), f(p)) < ". Since d(f (x);fn (X)) < ", the triangle inequality implies
d(f (x);f(p)) < 2", and so, f(x) 2 Bo(f (p)). SinceBy(f(p)) 0, we have f(x) 2 0 as well,
which provesthe desiredcortainment equationf (Op) 2 0. Hence,f is cortin uousand the theorem
is proved. 2

Example 5.48 Considerthe set of di erentiable functions F = ff : [0;1]! Rj 1 f(0) 1
and 1 f9x) 1g. It is rather easyto provethat given any sequenceof functions ff,g,, N in
F, there exists a subsequencé f ,, g,y Which convergesuniformly to afunction f : [0;1]! R. By
Theorem 5.47,the limit function f is continuous.

Theorem 5.49 Let X;Y;Z be topological sppecesandf: X ! Y andg: Y ! Z be continuous
functions. Then, g f: X ! Z is a continuous function.

Proof. Let A Z be open. Sinceg is cortinuous, g (A) is openin Y. Sincef is continuous,

f (g *(A)) isopenin X. By the next lemma, (g f) (A)=1f (g (A)), andso,(g f) (A)
is openin X . By de nition of continuous function, g f is continuous. 2
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Lemma 5.50 SupmseA;B;C aresetsandf:A! B andg: B! C are functions. Then, for
any subsetX C,
(g f) 'X)=1 g *X)):

Proof. We rst chedthat (g f) Y(X) f (g *(X)):lfp2 (g f) *(X), then(g f)(p)2 X by
de nition of the inverseimage. But then, g(f (p)) = (g f)(p) 2 X, and so,f (p) 2 g *(X), which
impliesp2 f (g 1(X)). Thus,(g f) (X)) f (g (X)): Wenext chek that f (g (X))
(g f) Y(X). Ifp2f g Y(X), thenf(p)2 g (X), andso,g(f (p)) 2 X by de nition of inverse
image. Thus, (g f)(p) = g(f (p)) 2 X. This provesp 2 (g f) (X): Hence,f (g (X))
(g f) (X), which completesthe proof of the lemma. 2

Theorem 5.51 Supmsef: X ! Y is a continuous function between topological spaces. If X is
connected, then the image f (X)) is a connected subsce of Y.

Proof. Arguing by contradiction, supposethat X is connectedbut f (X) is a disconnectedspace.
By de nition of disconnected,there are subsetsA; B f (X) such that:

1. f(X)=A[ B;
2. A; B are open;
3. A\ B= ;

4. A6 andB 6 .

By de nition of subspacetopology, A = f (X)\ AY andB = f(X)\ BY, whereAY and BY
areopenin Y. Sincefor everyp2 X; f(p) 2 f(X)= A[ B;thenf(p) 2 Aorf(p) 2 B. Thus,
p2f YA f (B);whichimpliesX =f (A)[f 1(B):Sincef iscortinuous,the setsf (A) =
f (AY)andf Y(B)=1f Y(BY)areopenin X. If p2f Y(A)\ f (B), thenp2f *(A) and
p2f %(B), which impliesf(p) 2 A\ B, but A\ B = . Thus,f }(A)\ f ¥B)= . Since
A6 andf:X ! f(X)isonto, 9x 2 X with f(x) 2 A; which provesf (A) 6 . Similarly,
f 1(B) 6 : The existenceof the disjoint nonempty opensetsf 1(A); f %(B) whoseunion is X
provesX is disconnected,which givesthe desired corntradiction. 2

The following result is an immediate consequencef Theorem 5.31 and Theorem 5.51.

Corollary 5.52 (In termediate Value Theorem) If X is a connected topological space andf : X
R is continuous, then f (X)) is an interval. In particular, if | R is aninterval andf:1 ! R is
continuous, thenf (1) R is an interval.

Theorem 5.53 Supmsef: X ! Y is a continuous function between topological spaces. If X is
compact, then the imagef (X) is a compact subspce of Y.

Proof. Let fA g 2, be an open cover of f (X). By de nition of the subspacetopology, for ead

2 1; A = AY\ f(X), where AY is an open setin Y. Sincef is cortinuous and onto
f(X); ff YA )=1f (AY)g 2 is an open cover of X. SinceX is compact, X = f (A ))[
;o[ f YA ) for some nite set of indices 4;:::; n in |. Note that since A f (X); then

f(f Y(A))=A foreahh 21. Hence:
fX)=F(F A DLl fE YA D=A [[A,:
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By de nition of compact, f (X) is a compact topological space. 2

Corollary 5.54 (Max-Min  Theorem) If X is a compact topological sppeeandf : X | Ris a
continuous function, then f hasa maximum M and a minimum value m.

Proof. By Theorem 5.15,f (X) R is compact and then, by the Heine-Borel Theorem, f (X) is a
closedand bounded subsetof R. Sincef (X) is a bounded setin R, it has a least upper bound,
say M. Sincef (X) is a closedset, homework problem 24 implies M 2 f (X). Similarly, f (X) has
a greatestlower bound, say m 2 f (X ). Hence,f hasa maximum value M and a minimum value
m.

Corollary 5.55 If | = [a;b] is a closal interval in R andf: 1 ! R is a continuous function,
then f (1) is a closal interval of the form [m; M ], where m is the minimal valueof f and M s the
maximum value of f .

Proof. By Corollary 5.52,f (1) is an interval. By Theorem 5.53 and Theorem 5.39, the interval
f (1) must be closedand bounded, and so, it must be of the form [m; M ]: 2

De nition  5.56 A sequenceof intervalsflyge, N in R is nestad, if m < n implies1, |In.

I|Iheorem 5.57 (Nested Interv al Theorem) If fla,;b]ghoN are-l-nested closal intervals, then
nonl@n;bn] 8 . Furthermore, if (by a,)! Oasn! 1 ,then | ,yl[an;bn] is a single point
Xo, and for any choice of points p, 2 [an;bh], thenlimpy  pn = Xo.

Proof. Supposef[a,;bh]g,.n are nestedclosedintervals. Then this collection of closedsubsetsof
[lal; by] clearly satis es the nite intersection property FIP. By Theorem 5.35 and Theorem 5.36,
nanl@n;bh] 8 , which provestherrst statemert in the theorem.

Suppose(b, a,) ! 0. Then | ,ylan;bn] consistsof a single point xo. Otherwise, for all
n 2 N, there would be two points p;q with p;q2 [a,;b,] and p6& g. Sinced(p;g9) b, a, and
(b an)! O, then d(p;q) = 0, which cortradicts the rst axiom for the distance function. If
pn 2 [an; bn], then the distance from p, to Xg is lessthan or equalto b, an, sincexg is alsoa
point in [a,;]. Hence,by de nition of limit, lim,1  pn = Xo. 2

De nition  5.58 A sequencefaxg,n R is monotonically increasing, if whenever m < n, then
am an. The sequencss strictly increasing, if m < n implies a, < a,.

The proof of the next proposition is homework problem 30.

Prop osition 5.59 If fasg,on R is abounded monotonically increasingsequene, thenlimpiy  a, =
LUBfangyo N, Where LUB means the least upper bound.

De nition  5.60 A sequencd p,g,» N in @ metric space(M ; d) is a Cauchysequenceif 8" > 0; 9N
such that for all m;n  N; d(pm;pn) < ".

Lemma 5.61 A Cauchysejuene with a convergent subsguen@ must itself conveme.

61



Proof. Supposethat fpng,,N iS @ Cauchy sequenceand fpy, g is a subsequencehat corverges
top2 M. Let" > 0 and we will nd a positive integer J such that for j J; pj 2 B-(p).
Sincelimiiz  pn, = p; there exists a positive integer K such that fori  K; py, 2 B;(p): Sinf':e
fpndn2 N is @ Caudty sequencethere exists a positive integer L such for n;m ~ L; d(pn;pm) < 5.
Let N = maxfK;Lg: Then, for n N; the triangle inequality implies d(p;pn) d(p;pny ) +
d(pn, ;Pn) < 5+ 5 = "; which implies p, 2 B-(p). This implies limniz  pn = p. 2

De nition  5.62 (M ;d) is a complete metric space,if every Cauchy sequencen M cornverges.

The main classicalexamplesof complete metric spacesare the n-dimensional Euclidean spaces
R" with the usual Euclidean distance functions. This result follows easily from the fact that R is
complete, a property which holds by Theorem 5.66 given below.

The following proposition is an immediate consequencedf Lemma 5.61.

Prop osition 5.63 A Cauchysejuen@ fpng,on in @ metric space M is bounded. In other words,
there existsa point p2 M and number R > 0 suchthat 8n 2 N;p, 2 Br(p).

Proof. Given a Cauchy sequence png,on IN M, there existsan N such that 8m; n N, we have
d(pm;pn) < 1. In particular, for p= pn; d(p;pn) < 1foralln N. If

then clearly p, 2 Br(p); 8n 2 N. 2

Corollary 5.64 A Cauchyseauen® in R is bounded.

Theorem 5.65 A bounde sequene fpng,,o N in R hasa convergent subsguene.

Proof. If P = fp,0,,n IS @ bounded sequencein R, then there exist a;b 2 R; a < b, sud that
8n 2 N; pn 2 [a;b]. Let [ag;bi] be a subinterval of [a;b] of the form [a; 252] or [252; 1] such that
pn 2 [a1;by] for aninnite setofindicesl; N. Similarly, let [ay; b;] a subinterval of the form
[as; %] or [%; ] such that p, 2 [ay;by] for an in nite set of indicesl, ;. Continuing
inductiv ely, de ne the interval [a,;b,] [an 1;bh 1]andl, 1, 1. By construction, there exists
a point pn, 2 [ac;b]\ P; where we may assumethat i < j =) n; < n;j.

Sincejb, anj! Oasn! 1, thenthe ITIestedIntervaI Theorem (Theorem 5.57) implies that
the subsequence,, corvergesto the point ,y[an;bn]. 2

Theorem 5.66 R with the usual distance function is a complete metric space.

Proof. By Corollary 5.64, a Cauchy sequencef phg,»n in R is bounded. By Theorem 5.65, this
Cauchy sequencehas a convergert subsequenceBy Lemma 5.61, the Cauchy sequencecorverges.
2

De nition  5.67 A function f: M; ! M, betweenthe metric spaces(M1;d;) and (M2;dy) is
uniformly continuous, if 8" > 0; 9 > 0 sud that 8p;q2 My; d(p;g) < =) d(f (p);f(q) <™
Equivalently, f is uniformly cortinuousif 8" > 0;9 > Osuchthat 8p2 Mq; f(B (p)) B-(f (p).
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Theorem 5.68 If f: M3 ! M, isacontinuousfunction between metric sppoesand M ; is compact,
thenf: My ! My is uniformly continuous.

Proof. Let " > 0. Sincef is continuous, for every p 2 M1; 9 (p) > 0; such that f (B, (p)(p))
B (f(p)): SincefB () (P)gpzm, is an open cover of M1 and My is compact, there exists a nite
subcover = fB (p,)(P1);::53B (py(Pn)gof M. Let = minf (p1);:::; (pn)o.

We now ched that for any p 2 M1, we obtain f (B (p)) B-(f (p)). Since covers My,
after reindexing, we may assumethat p 2 B (,,)(p1). Let 'y 2 B (p) and we will prove that
d(f (p):f () <"

By the triangle inequality, d(y;p1)  d(y;p)+d(p;p1) < + (p1)  (P)+ (P1) = 2 (p1); which
impliesy 2 B (p,)(p1): Sincef (B2 (p,)(P1)) B (f (p1)); then f (p) and f (y) are both contained
in B:(f (p1)). As f(p) and f (y) "Iie i"n B (f (p1)), the triangle inequality yields d(f (p); f (y))
d(f (p); f (po)) + d(f (p1): T (¥)) < 3+ 3 =" which impliesf (B (p)) B-(f (p)). 2

In calculus,oneshownsthat if f (x) is a continuouspositivefunction onaclosedinterval [a;b] R,
en one can de ne the area under the graph, as the limit of the Riemann sums of the form
inzl f(Xi) Xj,wherea=Xp<X3<:::Xp, 1<Xp=b; X=% X i;andasn! 1; x;!

0. The existenceof such a limit follows easily from the fact that f: [a;b] ! R is uniformly
continuous (the compactnessof [a; b] and Theorem 5.68). So, we may assumethat the areaunder
such a graph makessense and we will usethis result to prove the fundamental theorem of calculus.

Theorem 5.69 (Fundamen tal Theorem of Calculus) Suppsef : [a;b]! R s a positive con-
tinuous function. Then:

1. There exists a function F: [a;b] ! R suchthat 8x 2 [a;b]; FUx) = limp, o “&*N FOO =
f (x). F(x) is called an anti-derivative of f (x):

2. If F:[a;b]! R is an anti-derivative of f (x), then the area under the graph of f (x) can be
calculated by: 7
b
Area = f(x)dx = F(b) F(a):

a

We will needthe following lemmain order to prove this theorem.

Lemma 5.70 Let f:[a;b] ! R be a positive continuous function. De ne the area function
A(X): [a;b! R: 7
X

A(x) = f (x)dx:

a

Then, A(x) is di er entiable and 8x 2 [a; b has derivative A%(x) = f (x):

For the momert assumelLemma 5.70 holds and we will prove the fundamental theorem of
calculus.

Proof of Theorem 5.69. Let A(x) bethe areafunction givenin Lemma5.70. This lemmaimplies
the existenceof an anti-derivative for f (x), namely A(x) itself. This provesthe rst statemert in
the theorem.

Let F(x) be an anti-deriv ative function givenin the rst statemen of the fundamertal theorem
of calculus. Then, (F  A)(x) = F(x) A(x) = C is a constart function for someC, since the
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derivative (F A)Y(x) = Fq(x) AYx)=f(x) f(x)= 0. Hence,F(x)= A(x)+ C. Calculating,
we obtain:
FO F@=(AM0+C) (A(@+C)=A(b A(a):

R
But, A(a) = 0,andso,F(b) F(a)= A(b) = :f (x)dx, which proves Theorem 5.69. 2

Proof. Proof of Lemma5.70. By the de nition of derivative for any xed x 2 [a;b]; we needto
verify that the limit A%x) = limp o M exists and equalsf (x). For the moment, we will
assumethat x 6 b, and that h > 0 and su cien tly small sothat x + h 2 [a;b]: Assumenow that
X is xed.

Let ( h) bethe areaof the strip S(h) under the graph of f and over the interval [x; x + h] :
Shy=f(t,y)jt2[x;x+ hland0 vy f(t)g. Notethat ( h) = A(x+ h) A(x). Let m(h) be
the minimum value of f restricted to [x; x + h] and M (h) be the maximum value; these maximum
and minimum values exist by Corollary 5.55. Sincethe rectangle Ry, (ny with base[x; x + h] and
height m(h) is contained in the strip S(h), then m(h) h = Area(Rmp))  ( h). Similarly onecan
de ne the rectangle Ry (,) with base[x; x + h] and height M (n) and one obtains the inequalities:

mth) h  (h M) h:

Dividing by h, one obtains:
( h)

m(h) o M (h):
Sincef is continuousat x, limy,; gm(h) = limy, oM (h) = f (x).
Note that for any sequenceof positive numbershy  h,  ::: ::: which are converging to

0, the intervals f[m(h,); M (hy)lg, , N are nestedwith (M (h,) m(hy)) ! O;asn! 1. Since
the values% are squeezedetweenm(h) and M (h), then the Nested Interval Theorem implies

A%x) = limp, OM = limp 0% = f(x). This completesthe proof of Lemma 5.70
under the assumptionthat x 6 band h > 0. Note that if x = b; then h is negative and if h were
negative instead of positive, then A(x + h) A(x) = ( h); and so, our argumerts still apply to
prove the lemma. 2

Homew ork Problems

1. De ne the distance function d on R by d(x;y) = jy xj. Show that this distance function
d makes R into a metric spaceby verifying that d satis es the three axioms of a distance
function. (Hint: Note that for real numbers x;y;z; then jz xj = jz+ ( y+y) X =
iz N+ i jz yitjy xj)

2. De ne the taxi cabdistancefunction donR R by d((x1;y1); (X2;¥2)) = jX2  Xij+jy2 Vij.
This distance function d makesR R into a metric space. (You do not needto prove the
previous statemert.) Draw a picture of the ball B1((0.0)) of radius 1 certered at the origin
(0;0).

3. De ne the Euclidean distance function d onR R by

d((xsy2): (kaiya)) = - Oz XD+ 2 Y
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10.

11.

12.

13.

This distance function d makesR R into a metric space. (You do not needto prove the
previous statemert.) Draw a picture of the ball B1((0.0)) of radius 1 certered at the origin
(0;0).

De ne the distance function d on R R by d((x1;VY1); (X2;¥2)) = maxfj X2 Xij;jy2  VYijo:
This distance function d makesR R into a metric space. (You do not needto prove the
previous statemert.) Draw a picture of the ball B1((0;0)) of radius 1 cerntered at the origin
(0;0):

. Suppose (M ; d) is a metric space,p2 M, and x;y 2 B (p). Provethat d(x;y) < 2r. This

homework problem implies that diameter of a ball of radius r is at most 2r. (Hint: Usethe
triangle inequality.)

-
. Show the setequality -, ( 1=n;1=n) = ( L)\ (=2; 1)\ :::\ (=2;1)::: = fOg, where
14y = ft 2 Rj -} < t< g This homework problem shows that the intersection of

in nitely many open setsin R neednot be open.

g-ive a%example of a countable in nite collection F of closedintervals A in R suc that
F = ., A isthe openinterval (0;1). This homework problem shaws that the union of
in nitely many closedsetsin R neednot be a closedsetin R.

Shaw that if a < b, then the interval [a;b] is a closedsetin R.

Prove that if p is a limit point of a subsetA in a metric spaceM, then ewvery ball B, (p)
contains in nitely many di erent points of A. (Hint: Supposeto the cortrary that there is
a ball B, (p) which intersects A in a nite number of points. Then produce a smaller ball
Bro(p) such that (Bro(p) fpg)\ A = . Next, apply the de nition of limit point to show
that p is not a limit point of A.)

Show that the setA = f1=nj n 2 Ngis not closedin R. (Hint: Apply Theorem5.15or apply
the de nition of a closedset).

Determine the closureA in R of ead of the following setsA. Here, a;b;c2 R with a< b< ¢
and (a;b) = fx2 Rja< x < bg:

(a)

(b) R

() (0;1)

(d) (@b [ (bic)

(e) Q

fy N=f1;,2,3;:::;n;:::0

Provethat 8a2 R; limpy 2 = 0. (Hint: For a xed " > 0, nd anumber N suc that for
noN;jO gj=jgj<)

Recall that a nonempty subset A R is an interval, if for a;b 2 A with a b, then
a t b=) t2 A. Showv that if A = fASg 2| is a collection of intervals with a xed
numberag 2 A forall 21, thenthe union A is aninterval.
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14.

15.

16.

17.

18.
19.

20.

21.
22.
23.
24.
25.

26.

27.

Prove that between any two positive real numbers a < b, there exists a rational number.
(Hint: Supposethe decimal expansionof b= n:d;d, :::dk ::: doesnot end all in zeros,which
can always be assumed(why?). Considerthe sequenceof nite portions by = n:didy :::dg of
the decimal expansionfor b.)

Prove that betweenany two real numbers a < b, there exists an irrational number. (Hint:
Think in terms of size: the interval (a;b) is uncountable but Q is not.)

Prove that in a metric space(M ;d) that, for any r > 0 and p2 M, the closedball B, (p) =
fg2 M jd(p;q rgis aclosedset. (Hint: Prove that the complemert of B (p) is open by
using the triangle inequality.)

Provethat if A B, then A B. (Hint: You can prove this corntainment directly by using
the de nition of closureor indirectly by using Theorem 5.19).

Prove Proposition 5.23.

(a) Is [0;1) an open subsetof [0; 2] with the subsettopology? Prove your answer.

(b) Is [0;1) a closedsubsetof [ 1;1) with the subsettopology? Prove your answer.

(c) Is [0;1) a closedsubsetof [0; 2] with the subsettopology? Prove your answer. (Hint:
Parts (a) and (b) of this problem are testing your understanding of subspacetopology.)

Prove that if O is an open setin R, then O is a countable union of disjoint open intervals
in R. (Hint: By homework problem 14, eat point p 2 O lies in a largest open interval
Ip O, which is the union of all open intervals in O which cortain p. Using the collection
of intervals f1,0p20, show that O is a union of disjoint open intervals. Then, prove that
there is a courtable collection of such disjoint intervals where you pick for ead interval a
xed rational number p 2 Q in the interval, and so, one has a countable indexing set (see
homework problem 14)).

Is the collection of openintervalsf(n;n+ 1) j n 2 Zg an open cover of R? Why?

Verify that the setofintervalsf( n;n)jn 2 Ngisanopencover of R with no nite subcover.
Prove that the least upper bound of a nonempty boundedset A R is unique.

SupposelL is the leastupper bound of asetA R andL 2 A. Shov L isalimit point of A.

Supposef : X ! Y iscontinuousand A X isasubspace.Let F: A! Y bethe restriction:
F(x) = f(x);8x 2 A. Prove F is a cortinuous function on A.

— 1-1.1..... 1...
Let A=f0;1;5:5::0, 509 R

() Provethat if f : A! R is continuous,then f hasa maximum value. (Hint: Note that
A is a compact subsetof R.)

(b) Provethat if F: R! R is continuous, then the restriction of F to A hasa maximum
value. (Hint: Apply the previous homework problem and part (a) of this problem.)

Prove that a function f : X ! Y is cortinuous, if for all closedsetsA  Y; then f (A) is
closedin X . (Hint: Seehomework problem 22cin Section 3.)
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28.

29.

30.
31
32.
33.
34.

35.

36.

37.

38.

Supposef : X ! Y is a continuous function and the image f (X) is a subsetof a subspace
W Y. Letfw:X ! W bedened by fw(x) = f(x) for all x 2 X. Prove that fy

is also a cortinuous function. (Hint: This problem is just testing your understanding of
the subspacetopology on the subspaceW and your understanding of the de nition of a
contin uous function.)

Challenge problems

Suppose (M ; d) is a metric spaceandp2 M. Dene D: M ! R by D(g) = d(p;q), which
is the distance function to p. Prove that D is a continuous function. (Hint: Shaw that for
g2 M, that f is cortinuous at g. Supposef g,gy2N IS @ sequenceof points converging to g.

By the triangle inequality, d(p;g,) = D(¢n) D(q) + d(q;q,) and D(q) D(n) + d(tn;0).
Hence,
D(@) d(ch;q) D(ch) D(a)+ d(g;hn):
Usethe above formula to provelim,; D(g,) = D(q).
Prove Proposition 5.59.
Prove that a convergen sequence png,, N Of points in a metric spaceM is Cauchy.
Prove that the function f (x) = x? is not uniformly continuouson [0;+1 ):
Prove that the natural log, In:[1;1)! R is uniformly cortinuous.

Suppose(M1;d;) and (M3; dy) are metric spaces.Givenp = (X1;y1);9= (X2;¥2) 2 M1 My
and let d(p;d) = maxfdi(x1;X2); d(y1;y2)9:

(@) Prove(M1 My;d) is a metric space.(Hint: Seehomework problem 4.)

(b) Provethat if (M1;d;) and (M3;dp) are complete metric spaces,then (M1  M»;d) is
also complete.

Suppose A B X, where X is a topological space. Consider B to be a topological
subspaceof X . Show that the subspacetopology of A induced from X is the sameas the
subspaceopology of A inducedfrom B. (Hint: Youwill needto usethe de nition of subspace
topology to prove this property.)

SupposeA is a connectedsubspaceof a topological spaceX and A B X . ConsiderB
to be a topological subspaceof X and showv A is a connectedsubspaceof B. (Hint: Apply
the previous homework problem.)

SupposeA X is connectedand B and C are open setsin X such that A\ B\ C= and
A (B[ C). ProveA B orA C. (Hint: Youwill needto usethe de nition of subspace
topology to prove this property.)

For eath point p2 X, let the set C(p) be the union of all connectedsubsetsA of X which
contain p. C(p) is called the connected component of X containing p.

67



(@ Suppose = fC g, isa coIIecgon of connected subsetsof X which all contain a
particular point p. Provethe union is connected. (Hint: Usehomework problems36
and 37.)

(b) Prove C(p) is a connectedset. (Hint: Apply part (a) of this homework problem.)
(c) Provethat the set of connectedcomponerts of X is a partition of X.

39. SupposeA X is a connectedsubspaceof the topological spaceX .

6

(@) Provethat the closureA is also a connectedsubspace.
(b) Concludethat the connectedcomponerts of X are closedsets.

Four typical midterms, some quizzes and a typical nal
exam.

Name: Midterm 1 Math 300.1

1.

I e i e i =
N o o0 b~ W N B O

© ® N o O~ W N

A set A is countable if:

. A set A is uncountable if:
. Afunction f: A! B is1-1if:
. A function f : A! B is onto if:

. A logical statemert p is a cortradiction if:

Write down a logical statemert (with letters) that is a tautology.
A[ B =
A\ B =

. JAj = jBj means

. jAj jBj means

. A relation R on a set S is an equivalencerelation if:

. SupposeR is an equivalencerelation on S and a2 S. De ne the equivalenceclass[a] =
. Write down the contrap ositive of \If it is cloudy, then the sun doesnot shine."

. If A is a set, then the power set P (A) is:

. P(f1,29) =

. A collection  of subsetsof a set A is a partition of A if:

. Expressthe real number 15in basel0 as a real number in base4.
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18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

28.
29.
30.
31.

If x = 1202 is a decimal number in base4, then expressit asa decimal number in basel0.

State the Well-Ordering Principle.
State the Principle of Mathematical Induction. (PMI)
State Cantor's Theorem.

State the fundamertal theorem of equivalencerelations.

Write down a function f : R! R that is 1-1 but not onto.

Write down a function f : R! R that is 1-1 and onto.

Which of the following setsare countable: N; Q; Z; R; N N; P(N); N R; P(2); P(R)?

Write down the truth table for p! (p” Q).

are three in nite countable sets,then A[ B[ C is courtable.

Prove by the principle of mathematical induction that

Provethat if f : A! B andg: B! C arel-1functions,theng f:A!

P n n(n+l) .
k=1 k= ===

2

Provethat if f : A! B andg: B! C areonto functions, theng f: A

Cis 1-1.

C is onto.

Prove 3 of the following 5 problems. Two extra credit points for doing a fourth one correctly.

(@) Prove that Q" is a courtable set by explaining how to make Q" into an in nite list.

List the rst 10 elemeris in your listing of Q" .

(b) Provethat the openinterval | = (0;1) R is uncourntable.

(c) State and prove the Fundamertal Theorem of EquivalenceRelations.

(d) Provethat if f: Al B andg:B ! C arefunctions with g f:A'!

g: B! Cisonto.
(e) State and prove Cantor's Theorem.

Name: Midterm 2

1. A group (G; ) is a set G together with a binary operation

2. If G is agroup, then prove the identity elemert e is unique.

Math 300.1

satisfying:

3. If G is a group, then prove the left cancelationlaw: (ax = ay) =) (X = y):

4. If G is a group, then prove that the inverseof a2 G is unique.

5.
6.

A subsetH G is a subgroup of the group G if:

A subgroupH G is normal if:
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10.
11.
12.
13.
14.
15.

16.
17.
18.
19.

. In the group Z,,, what is the order of the elemen 8?
. List all of the generatorsof Zg:

. If H1;H, are two subgroupsof a group G, then prove H1\ H» is a subgroup of G.

De ne the certer of a group G: C(G) =

If G is a group, then prove that the certer C(G) is a subgroup.

For the function f (x) = 2: R! R;whatisf (f 4;4g)? What isf 1([1;1))?
For the function f (x) = x2:[ 1;4]! R, what is Im(f)?

If (G1; ) and (Gy; ) are groups,thenf: Gy ! Gy is a group homomorphismiif;

Supposef : G1 ! G, is a group homomorphismand e; 2 G; and e, 2 G, are the respective
identit y elemens. Let a2 G;. Then prove:

@ f(er) = €.

(b) fa )= (f(a) *

If f:Gy! Gy isagroup homomorphism,then the kernel of f is: Ker(f) =
State the First Isomorphism Theorem.

State and prove Lagrange's Theorem. This problem courts 10 points.

Prove 4 of the following 7 theoremswheref : G; | G, is a group homomorphism. These
proofs count 5 points ead. One point extra credit for ead additional correct proof.

Theorem 1. Ker(f) is a subgroup of G;.

Theorem 2. Im(f) = fy 2 G, j 9x 2 G; sudh that f (x) = yg is a subgroup of G».

Theorem 3. If Ker(f) = fe;g, thenf : Gy ! Gyis1-1.

Theorem 4. If h: G, ! Gg3 is a group homomorphism, then h f: G; ! Gz is a group
homomorphism.

Theorem 5. If H G, is a subgroup of G,, then f 1(H) = fx 2 Gy jf(x) 2 Hgis a
subgroup of Gj.

Theorem 6. If G isa nite groupanda?2 G, then hai = fa" j n 2 Ng is a subgroup of G.
Theorem 7. The certer C(G) of a group G is a subgroup.

Name: Midterm 3 Math 300.1

1.

2.

Let R: R*! R? bethe reection R(}) = (}). ExpressR asa2 2 matrix.

Let R: R® ! R® be rotation by 120 degreescourter clockwise around the vector (1;1;1).
Write down the matrix for the linear transformation R.
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10.

11.

12.

13.

14.

15.
16.

Calculate the product of the following two matrices:

0 10 1
112 112
@ 0 4A@3 0 4A
102 010

In Q(p 2), what is the multiplicativ e inverseof 2 + P 2?

In the eld Zs, what is the multiplicativ e inverseof 3?

In the multiplicativ e group Zs fO0g, what is the order of 3?
s P 2+ P 3 an algebraic number? Explain your answer.

A eld F is algebraically closedif:

In what follows, V is a vector spaceover a eld F.

(8) A eld F is a setwith two binary operations + and which satisfy the following prop-
erties:

(b) A subsetS V spansV if:

(c) A subsetS V isalinearly independert set of vectorsif:

(d) A vector spaceV over F has nite dimensionn if:

(e) SupposeF isasubeld ofa eld F% Then, 2 FYis algebraic (with respectto F) if:

Prove that if S = fvy;vo;:::;vng |§Da linearly |r¢dependert set of vectorsin a vector space
and v 2 V can be expressedasv = o AV = -, bvi,thena; = fori 2 f1,2,:::;ng.

Supposea eld F, is a vector spaceof dimension5overasubeld F; F,. Provethat every
2 F, is the root of somenonzeropolynomial p(x) with coe cien ts in F; and of degreeat
most 5.

Prove that if F3 is a eld which is a vector spaceof nite dimensionn over a subeld F;
and F, is a vector spaceof nite dimensionm over asubeld F;  F;, then F3 has nite
dimensionmn over the sub eld F3. (Hint: Find a basisfor F3 over F; with mn elemers.)

De ne Q(p 2) and prove it is a sub eld of R. You do not needto chek the assaiative or
distributiv e laws, sincethey hold in R.

Prove that if F is a subeld of R with dimension 13 over Q, then Q and F are the only
sub elds of F. You can useany theoremsin this sectionto prove this result.

Show that the set of real algebraic numbers Ag = A\ R is not an algebraically closed eld.

P _
Suppose 2 Cis aroot of a polynomial p(x) = in:+01 a;x' of smallestpositive degreen + 1.
Provethat the setS=f1;; 2;:::; "g Cisalinearly independert set of numbers over

Q.
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Name: Midterm 4 Math 300.1

1.

10.
11.

12.

13.
14.
15.
16.
17.

18.

A metric space(M;d) is a pair whereM is a setwith a distancefunctiond: M M ! [0;1 )
satisfying:

If (M;d) is a metric space,p2 M andr > 0, then B;(p) =
A subsetO M in a metric space(M;d) is open if:

A topological spaceis a set X together with a collection Tx of subsetscalled open sets
satisfying:

A point p in atopological spaceX is a limit point of a subsetA X if:
A subsetA of a topological spaceX is closedif:

If A is a subsetof a topological spaceX, then de ne the closure of A:
A=

A topological spaceX is disconnectedif:
Is the real number line R connected? State the theorem that implies your answer.
A topological spaceX is compact if:

Is the real number line R compact? Prove your answer by producing an open cover of R that
doesnot have a nite subcover.

A function f: M; ! M, between metric spaces(My;d;) and (M;dy) is cortinuous at a
point p2 M if:

A function f : X ! 'Y betweentopological spacesX and Y is cortinuousif:

State the Least Upper Bound Property for a subsetA R which is bounded from above.
A collectionC = fC j 2 Ig of setssatis ed the nite intersection property if:

A metric space(M;d) is complete if:

State and prove the Fundamertal Theory of Calculus for a cortinuous positive function
f:la;b! R.

Prove 5 of the following 8 theorems. These proofs court 5 points eadr. One point extra
credit for ead additional correct proof over 5.

(&) Suppose(M ;d) is a metric space. Then the ball B, (p) certered at p of radius r is an
opensetin M.

space(M;d), then A = A\ A\ :::\ A, isanopensetin M.

S
(c) If fA g 2 isacollection of opensetsin a metric space(M ; d), then the union ~ ,, A
is an open setin M.
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(d) If A and B are closedsetsof a topological space,then A[ B is a closedset.

(e) Supposef : X ! Y andg:Y ! Z arecortinuousfunctions betweentopological spaces.

Theng f:X ! Z iscontinuous.

(f) Supposef : X ! Y is a cortinuous onto function betweentopological spaces.If X is

connected,then Y is connected.

(g) Supposef : X ! Y is a corntinuous onto function betweentopological spaces.If X is

compact, then Y is compact.
(h) A subsetA X is closedif and only if A cortains all of its limit points.

Name: Final Exam Math 300.1

1.

R e =
N B O

13.
14.
15.
16.
17.
18.
19.

© ® N o 0~ W N

A set A is countable if:

. A function f : A! B is 1-1if:
. A function f : A! B is onto if:
. JAj jBj means:

. SupposeR is an equivalencerelation on S and a2 S. De ne the equivalenceclass[a] =

Write down the cortrap ositive of "If it is cold, then it is not hot."

. A collection of subsetsof A is a partition of A if:

Expressthe base2 number 1101.1as a base10 number.

State the Well Ordering Principle.

. State Cantor's Theorem.
. State the fundamenrtal theorem of equivalencerelations.

. Which of the following setsare uncountable:

N; Q; Z; Ry N N; P(N); P(2); P(R):

Write down the truth table for (p* qg)! p.

A group (G; ) is a set G together with a binary operation which satis es:
A eld is a setF together with binary operations + and which satisfy:

A subgroupH G is normal if:

In the group Z;,, what is the order of 8?

List all of the generatorsfor Zg.

If (G1; ) and (G2; ) aregroups,thenf: Gy ! G; is a group homomorphismiif:
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20. 1ff:A! BandW B,thenf (W)=

21. What is the image of the function f (x) = 2*x: R! R?
22. For the function f(x) = 2*: R! R, whatisf ([ 4;4])?
23. State the normal subgroup theorem.

24. Suppose(M ; d) is a metric space.De ne: B, (p) =

25. A subsetO M in a metric spaceis open if:

26. A topological spaceis a set X together with a collection of subsetsTx called open sets
satisfying:

27. A point p in atopological spaceX is alimit point of a subsetA X if:

28. If A is a subsetof a topological spaceX , then de ne the closureof A: A =

29. A topological spaceX is disconnectedif:

30. A collection of sets = fA g ,, satis es the nite intersection property (FIP) if:
31. SupposeX ;Y are topological spaces.A function f : X ! Y is cortinuousif:

32. Prove 8 of the following theorems. These proofs count 5 points ead. One point extra credit
for eacth additional correct proof over 8.
(@ Iff:A! Bandg:B! C arel-1functions,theng f:A! Cis1-1.
(b) Iff:A! B andg: B! C areonto functions,theng f:A! C isonto.
(c) Prove 8* is a courntable set and list the rst 10 elemerts.
(d) Prove ,_, 2¢=2"*1 1 by mathematical induction.
(e) If H1 and H, are subgroupsof a group G, then H; \ H is a subgroup of G.

(f) Supposef : Gy ! G, is a group homomorphismand e; 2 G; and e; 2 G, are the
respective identity elemerns. Provef (e;) = e,.

(@) ff:Gy! Gyandg: G,! Gz aregroup homomorphisms,theng f:G;! Gsisa
group homomorphism.

(h) SupposeF is a sub eld of R of dimension7 over Q. Prove that Q and F are the only
sub elds of F. You canuseany of the theoremsin the linear algebrasectionof the book
to prove this result.

(i) If X;Y and Z aretopologicalspacesandf : X ! Y andg: Y ! Z arecontinuous,then
g f: X! Ziscontinuous.

() If (M;d) is a metric spaceand A and B are open sets,then A\ B is an open set.
(k) R is noncompact.

33. Prove 6 of the following 10 theorems. These proofs count 10 points ead. Two points extra
credit for ead additional correct proof.
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(b)
(©)
(d)
(e)
()
9)
(h)
(i)

@)

R is an uncountable set.

State and prove the fundamental theorem of equivalencerelations.

State and prove Cantor's Theorem.

If f:Gy1! Gy isagroup homomorphism,then Ker(f) is a normal subgroup of G;.
If f:Gy1! Gy isagroup homomorphismand Ker(f ) = fe;g; then f is 1-1.

State and prove Lagrange's Theorem.

What is Q(p 2)? Prove Q(p 2) isasubeld of R.

An open ball B (p) in a metric spaceM is an open set.

Supposef : X ! Y is a cortinuous onto function betweentopological spaces.If X is
connected,then Y is connected.

A subsetA X is closedif and only if A cortains all its limit points.

Quizzes: The following quizzescount 1 point per problem. However, 1 point is deducted for eath
wrong answer with negative scorescounting as zero. You can take a quiz a secondtime but with
2 points taken o . Also, 2 points will be deducted for eath weeklate that a quiz is taken.

a b~ W N B

N

.N=

(@)
(b)
©)

Quiz 1

. AR)=
.f:Al Bisl-1if:
.f:A! B isonto if:

. A relation R on a setS is an equivalencerelation if:

. A setA is countable if:

Quiz 2

. Let A=1f1;29. Then A A=
. P(f1;,2;3g) =
. Provethat if f : A! B andg: B! C arel-1functions,theng f: A! C isal-1function.
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Provethat if f: A! B andg: B! C areonto functions,theng f:A ! C isanonto
function.

Quiz 3
What doesjAj jBj meanwhere A and B are sets?
Write down the truth table for p! (p! 0):
If R is an equivalencerelation onasetS and a2 S, then de ne the equivalenceclass: [a] =
Let A = f1;2;3g. Givethree dierent examples 1; »; 3 of partitions of A.
State the fundamertal theorem of equivalencerelations.

State Cantor's Theorem.

Quiz 4

. A group (G; ) is a set G together with a binary operation satisfying:

(@)
(b)
(©)

. A subsetH G is a subgroup if:

(@)
(b)
(©)

SupposeH; and H, are subgroupsof a group G. ProveH; \ H is a subgroup of G.
What is the order of 8in Z;, = f0;1;:::;119? Shov your work.
The certer of a group G is: C(G) =

Quiz 5

Suppose(Gy; ) and (Gy; ) are groups. A function f: Gy ! G; is a group homomorphism
if:

If f:Gy! Gy isagroup homomorphism,then Ker(f) =
If H G isasubgroupanda?2 G, then aH =
State Lagrange's Theorem.

Explain why 3 is a generatorfor Z, but 2 is not a generator.

Quiz 6

76



o o M w N

a b~ W N B

1 0 61

Multiply thesematrices: 53 1 3

. Show your work.

A eld F is asetwith two binary operations + and which satisfy the following properties:
Let V be a vector spaceover a eld F. A subsetS V spansV if:

A subsetS V is alinearly independert set of vectorsif:

A vector spaceV over F has nite dimensionn if:

SupposeF isasubeld ofa eld F% Then 2 FCis algebraic (with respect to F) if:
Quiz 7

A metric space(M;d) is a pair whereM is a setwith a distancefunctiond: M M ! [0;1)
satisfying:

(a)

(b)

(€)

. Suppose(M;d) is a metric space,p2 M andr > 0. De ne: B, (p) =
. A subsetO M is an open setif:

. A topological spaceis a set X together with a collection of subsets Ty called open sets

satisfying:
(@)
(b)
(©)
Quiz 8

. A subsetA of a topological spaceX is closedif:
. If A is a subsetof a topological space,then: A =
. A topological spaceX is disconnectedif:

. A topological spaceX is compactif:

. A function f : X ! 'Y betweentopological spacesis continuousif:
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10.

11.

12.

Prop osed schedule for the small group meetings for Spring
semester 2004.

. Answer questions and go over the basic logical symbols in De nition 2.38 and their truth

tables. Talk about 1-1 and onto functions and go over the proofs of Theorem 2.6 and Theo-
rem 2.7. Given time, go over equivalencerelations.

. Answer questions and go over some of the results about countable and uncourtable sets.

Make surethe students understand how to calculate the power set. Go over basesother than
10. Start going over homework problems.

. Go over homework problems, mathematical induction and the well-ordering principle.
. Answer questionsand go over old Midterm 1 exam. Last group sessionbefore Midterm 1.

. Answer questionsabout groups and de ne subgroup. Prove Proposition 3.2 and the proofs

of someof the subgroup theoremslike H; \ H is a subgroup. Go over the group Z,.

. Go over more subgroup theorems and Theorem 3.22. Go over cosetsand start discussing

about left cosetsand the proof of Lagrange's Theorem.

. Discussnormal subgroups. Go over elemenary linear algebra and elemenary eld theory.

Answer questionson the homework and go over old Midterm 2. Go over the proof of Theo-
rem 3.46if time permits. Last group meeting before Midterm 2.

. Go over real vector spaces,linear transformations, matrix multiplication and elemenary

results about elds.

. Go over vector spacesover elds F and elemenary eld theory.

Go over the de nitions of metric spaces,open sets, topological spacesand the proofs of
Theorems5.4 and 5.6. Talk about limits and convergenceof a sequenceof points in metric
spaces.Go over theoremsabout the limit points of subsetsand the de nition of closedsets.
Discussthe subspacetopology.

Go over the properties of \connected”, \compact", and \FIP". Answer questions on the
homework. Go over contin uous functions in metric and in topological spaces.

Answer questions and go over some of the main theorems. Go over the homework and
questions on the old Midterm 4 exam. Be sure to go over the proof of the Fundamertal
Theorem of Calculus asit will be a question on the up-coming Midterm. Last group meeting
before Midterm 4.
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