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1 In tro duction.

This preliminary version of a book is basedon my notes from teaching Math 300, \F undamental
Conceptsof Mathematics,"at the University of Massachusetts at Amherst.

The Department of Mathematics views Math 300 as the coursewhere its mathematics majors
are intro duced to doing proofs in a more rigorous way than in earlier mathematics classes.The
course,which is typically consideredto be at the secondsemestersophomorelevel, is preparation
for later more di�cult and more theoretical classesin analysis and algebra. My motivation in
writing this book is to help my students accomplish the following goalsduring the course:

1. Do real mathematics in order to learn how to do proofs.

2. Discover the power of de�nitions and their importance in developing a mathematical theory.

3. Learn to speak 
uen tly the languageof mathematics in order to work with it and to under-
stand it better.

4. Realizethe importance of understanding both why a given theorem is true and how to write
down its proof.

5. Seeunifying principles and proof techniquesusedover and over again in di�eren t contexts.

6. Be trained to \b e mathematicians" and to \think as mathematicians".

7. Be acquainted with the values that a research mathematician has towards important ideas
and results.

I have found that by covering four basic areas of modern mathematics, I could accomplish
the above goals in my teaching of Math 300. The �rst area is related to set theory and basic
logic, with an emphasison the notion of the size of a set. This material is covered in Section
2 and includes truth tables, equivalence relations, mathematical induction, basic mathematical
notation and de�nitions, the properties of 1-1 and onto for functions, and a variety of theoremson
countable and uncountable sets. The secondareais coveredin Section3 and concernsthe algebraic
object called a group. In this section, we cover the standard results from group theory, such as
Lagrange's Theorem and the First Isomorphism Theorem. In Section 4, we cover the theory of
�nite dimensionalvector spacesover a �eld, and then we usethis theory to prove that the set A of
algebraic numbers is an algebraically closedsub�eld of C having countable in�nite dimension over
Q. Consequently , we show that the real algebraic numbers A R = A \ R forms a sub�eld of R with
countable dimensionover Q. The fourth area is covered in Section5 and dealswith metric spaces,
topological spaces,topological notions such as connectednessand compactnessand theoremsthat
relate theseconceptsto continuous functions. Included in this last material is a careful discussion
of limits and a rigorous proof of the Fundamental Theorem of Calculus.
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The intent of this courseis to transform a beginning mathematics major into a junior mathe-
matician. As such, I expect that the students learn and understand over ninety new conceptsand
de�nitions. I also expect them to be able to present completeproofs of most of the theoremsgiven
in these notes. Copies of four typical midterms, eight quizzesand a typical �nal exam covering
this material appear in Section 6.

Since I �rmly believe that the students in this classneed training to develop into mathemati-
cians,I break the classinto smaller groupswith 3 to 5 students for attending one-hourweeklygroup
meetingsin my o�ce. In thesesmall group meetings,we practice proofs and go over in detail new
or related conceptsand theorems. In Fall semester2004,thesesmall group meetingswerehandled
by undergraduate teaching assistants from my previous Math 300classes.A proposedschedule for
material to be covered in the small group meetingsis listed in Section 7 at the end of thesenotes.

I have found that when this course is presented in the manner just described, and with this
material, then the students bene�t greatly. It has been my experiencethat this coursenot only
changeshow Math 300 students view mathematics, but it also presents them with the essential
proof techniques that they will needin their future upper division courses.

While I have taught all of the material presented in thesenotes at least oncein my teaching of
this course,there doesnot seemto be enoughtime to cover every result presented here in a given
semester. In the Fall semesterof 2004, I did manageto cover all the main theorems but I could
only do this by giving the four long midterm examsoutside of classroom hours. Future teachersof
this course,who usethesenotes as a main text, may want to considerskipping Section 4 on basic
linear algebra or, at least, skip the portion of this section that beginswith the de�nition of a �eld
and, in this secondcase,include any linear algebra covered in the group theory exam.

See the course W eb page for Math 300 course information and the lo cation and
times for section meetings, homew ork, quizzes and exams. You can �nd the Web page
for Math 300 by going to www.math.umass.edu and clicking on the link under Spring 2006course
Web pagesor by going directly to www.math.umass.edu/~ bil l/ m300.

2 Set theory , logic and the size of sets.

Recall the following notation concerningsetsand functions.

De�nition 2.1 (Notation) 1. If A is a set, then x 2 A meansthat x is an element of A and
x =2 A meansthat x is not an element of A.

2. The symbol \ 8" meansboth "for each" and \for all".

3. The symbol \ 9" means\there exists".

4. The symbol \= ) " means\implies".

5. The symbol \ , "means \if and only if ".

6. If A and B are sets, then A � B means" x 2 A =) x 2 B ."

7. If A and B are sets, then A = B if A and B have the elements. Equivalently , A = B if
A � B and B � A.
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8. The symbol \ � " or \circle" is used for denoting the composition of two functions as follows.
If f : A ! B and g: B ! C are functions, then a new function g� f : A ! C is de�ned by the
following rule: 8x 2 A; (g � f )(x) = g(f (x)). When one speaks\ g � f ;" one says \ g circle f "
or \ g composedwith f " or \the composition of g with f ." I prefer to say \ g circle f ."

Example 2.2 Let R denote the set of real numbers. Supposethat f : R ! R and g: R ! R are
de�ned by f (x) = x2 and g(x) = 2x + 1. Then, g � f : R ! R is de�ned as g � f (x) = g(f (x)) =
g(x2) = 2x2 + 1 and f � g: R ! R is de�ned as f � g(x) = f (g(x)) = f (2x + 1) = (2x + 1)2.

Below is a list of important setswhich we will be discussingduring the course.

De�nition 2.3 1. N = f 1; 2; 3; : : : ; n; : : :g the set of positive integers. The set N is also called
the set of natural numbers.

2. Z = f 0; � 1; � 2; : : : ; � n; : : :g = the set of integers.

3. Q+ = f m
n reducedto lowest terms j m; n 2 Ng = the set of positive rational numbers.

4. Q = the set of all rational numbers = f m
n reducedto lowest terms j m 2 Z; n 2 Ng:

5. R = the set of all real numbers or points on the real number line.

6. R+ = the set of positive real numbers.

7. A(R) = f n:d1d2d3 : : : j n 2 Z and dk 2 f 0; 1; 2; : : : ; 8; 9gg = set of abstract decimal numbers
in base10.

8. C = the set of complex numbers f a + b
p

� 1 j a; b 2 Rg.

9. � = fg is the set with no elements or the empty set.

We will say that two sets,A and B, have the samesize if they can be put into a 1-1 correspon-
dence. The idea of a 1-1 correspondenceis intuitiv e and it is the way that a young child thinks
about the number of elements in a set. For example, if the child has a set of 4 applesand a set of
4 oranges,then by lining up the orangesnext to a line-up of the apples,he can seethat thesetwo
setshave the samesize. On the other hand, in the related situation where there are two sets,one
with 4 applesand another with 5 oranges,the child can line up the 4 appleswith 4 of the oranges
and hasone left over orange,and so,he understandsthat thesetwo setsdo not have the samesize.

We now make precisethe notion of two sets, A and B , having the samesize. We do this by
de�ning 1-1 correspondence,which is an intuitiv e concept, by the rigorous notion of a function
f : A ! B which is 1-1 and onto.

De�nition 2.4 A function f : A ! B is 1-1, if for any x1; x2 2 A with x1 6= x2, then f (x1) 6=
f (x2). Equivalently , f is 1-1 if, whenever f (x1) = f (x2); then x1 = x2.

De�nition 2.5 A function f : A ! B is onto, if for each b 2 B , 9a 2 A such that f (a) = b.

De�nition 2.6 A function f : A ! B is a 1-1 correspondence or a bijection betweenA and B , if
it is both 1-1 and onto. In the casewhere such a function exists, we write jAj = jB j, and we say
that A and B have the samesize.
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The following two theoremsplay important unifying roles in this book.

Theorem 2.7 If f : A ! B and g: B ! C are 1-1 functions, then g� f : A ! C is a 1-1 function.

Proof. Supposef : A ! B and g: B ! C are 1-1 functions, and we will prove that g� f : A ! C is
a 1-1 function. Let x1; x2 2 A with x1 6= x2. Sincef is 1-1, then f (x1) 6= f (x2). Sinceg: B ! C
is 1-1, then g(f (x1) 6= g(f (x2)), which implies that (g � f )(x1) 6= (g � f )(x2): By de�nition of 1-1
function, g � f is a 1-1 function. This completesthe proof of the theorem.

At times in mathematics, it is helpful, in order to get a better understanding or to get a better
feel for why a theorem is true, to give a secondproof of a theorem. This theorem is a good instance
of when having two di�eren t proofs is helpful, and I leave it up to you to decide if you prefer the
proof that we just gave or the following one.

We now give an alternativ e proof of Theorem 2.6 using the secondequivalent de�nition of 1-1
function. Assume that f : A ! B and g: B ! C are 1-1 functions and x1, x2 2 A. Suppose
(g � f )(x1) = (g � f )(x2): By de�nition of � ; g(f (x1)) = g(f (x2)) : Since g is 1-1, f (x1) = f (x2).
Since f is 1-1, x1 = x2. By de�nition of 1-1 function, g � f is a 1-1 function. This completesour
secondproof of the theorem. 2

Theorem 2.8 If f : A ! B and g: B ! C are onto functions, then g � f : A ! C is an onto
function.

Proof. Supposef : A ! B and g: B ! C are onto functions. Let c 2 C. Sinceg is onto, 9b 2 B
such that g(b) = c. Sincef is onto, 9a 2 A such that f (a) = b. Therefore, (g � f )(a) = g(f (a)) =
g(b) = c. By the de�nition of onto function, g � f is an onto function. 2

The following result is a simple consequence,or corollary, of Theorems 2.6 and 2.7 and the
de�nition of 1-1 correspondence.

Corollary 2.9 If f : A ! B and g: B ! C are 1-1 correspondences, then g � f : A ! C is a 1-1
correspondence.

De�nition 2.10 Let R be a relation on a set S. In other words, for a; b 2 S either aR b is true
or aR b is false. If aR b is true, then we say that \ a is R related to b". Furthermore, we have the
following additional properties that R may satisfy for a; b;c 2 S.

1. R is re
exive if a 2 S =) aR a.

2. R is symmetric if aR b =) bR a.

3. R is transitive if (aR b and bR c) =) aR c.

4. R is called an equivalence relation on S, if it is re
exiv e, symmetric and transitiv e.

Example 2.11 The relation \ < " or \less than" is a relation on N. If a; b;c 2 N, then (a < b
and b < c) =) a < c, and so, < is transitiv e. Since 3 < 4 and it is false that 4 < 3, then <
is not symmetric. Since it is false that 1 < 1, then < is not re
exiv e. In particular, < is not an
equivalencerelation on N.
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Example 2.12 There are many familiar examplesof equivalencerelations. For example, let S be
the set of students in our class. Then, the relation R Bda y that a student A is related to a student
B if student A has the samebirthda y in the year asstudent B is an equivalencerelation on S. The
relation R Bdate that a student A is related to a student B if student A has the samebirth date as
student B givesrise to a possibly di�eren t equivalencerelation on S. Similarly, the relations that
a student A has the same�rst name,or the samelast name,or the sameyear of birth asa student
B give rise to several possibly di�eren t equivalencerelations on S.

Example 2.13 In plane geometry, one studies two natural equivalencerelations R C ; R S on the
set of triangles T in the Euclidean plane, speci�cally the relations of congruenceand similarit y.
For T1; T2 2 T , we write T1R C T2, if T1 is congruent to T2, and T1R ST2, if T1 is similar to
T2. Theorems in plane geometry imply that the relations of congruenceand similarit y are both
examplesof equivalencerelations on T .

The next theorem gives another familiar example of an equivalence relation related to the
property of having the samesize.

Theorem 2.14 Let S be a collection of sets and let R be the relation on S of two sets having
the same size. In other words, for A; B 2 S, then AR B is true means jAj = jB j: Then, R is an
equivalence relation on S. In other words,

1. 8A 2 S; jAj = jAj;

2. If A; B 2 S and jAj = jB j, then jB j = jAj;

3. SupposeA; B ; C 2 S: If jAj = jB j and jB j = jCj, then jAj = jCj.

Proof. Let A; B ; C be sets in S. The identit y function idA : A ! A, de�ned by idA (x) = x, is
clearly 1-1 and onto, and so, jAj = jAj. If jAj = jB j, then there exists a 1-1 correspondence
f : A ! B . Then, the inversefunction f � 1 : B ! A is a 1-1 correspondence,and so, jB j = jAj.
Finally, supposejAj = jB j and jB j = jCj. Then, there exist 1-1 correspondencesf : A ! B and
g: B ! C. By Corollary 2.8, g � f : A ! C is a 1-1 correspondence,and so, jAj = jCj. This
completesthe proof of the theorem. 2

De�nition 2.15 A set A is �nite if A = � or it has the samesizeas f 1; 2; : : : ; ng for somen 2 N.

De�nition 2.16 A set A is countable if it is a �nite set or if jAj = jNj; it is uncountable if it is
not countable.

Suppose A is a countable in�nite set and f : N ! A is a 1-1 correspondence. Then, A =
f f (1); f (2); : : : ; f (n); : : :g. Thus, A is a countable in�nite set just meansthat we can make A into
an in�nite list:

A = f a1; a2; a3; : : : ; an ; : : :g:

Lemma 2.17 jNj = jZj. In particular, Z is a countable set.
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Proof. We needto �nd a 1-1correspondencebetweenthe set N and the set Z. Clearly, the following
vertical correspondenceworks:

1; 2; 3; 4; 5; 6; 7; 8; : : : ; 2n; 2n + 1; : : :

0; 1; � 1; 2; 3; � 3; 4; � 4; : : : ; n; � n; : : : : : :

This 1-1 correspondencemakesZ into the in�nite list f 0; 1; � 1; 2; � 2; : : : ; n; � n; : : :g, and so, Z
is a countable set. 2

De�nition 2.18 If A and B are sets, then:

1. A \ B = f x j x 2 A and x 2 B g is called the intersection of A and B .

2. A [ B = f x j x 2 A or x 2 B g is called the union of A and B .

3. A � B = f x 2 A j x =2 B g is called the set di�er ence of A and B or the complementof B in
A.

De�nition 2.19 If A = f A � g� 2 I is a collection of sets indexed by the set I , then:

1.
T

A =
T

� 2 I A � = f x j x 2 A � for every � 2 I g is called the intersection of A .

2.
S

A =
S

� 2 I A � = f x j x 2 A � for some� 2 I g is called the union of A .

Frequently , the indexing set I for A is the set of natural numbers N. In this case,A = f A i gi 2 N =
f A1; A2; : : : ; An ; : : :g, and we also write

S
A =

S 1
i =1 A i = A1 [ A2 [ : : : [ An [ : : :, and

T
A =T 1

i =1 A i = A1 \ A2 \ : : : \ An \ : : : :

Example 2.20 Suppose A = f A1; A3; A6g, where A1 = f a; b;f g; A3 = f f ; a; d;eg and A6 =
f a; f ; ng. Then, the indexing set is I = f 1; 3; 6g and we could write A = f A i gi 2 I . Then:

\
A =

\

i 2 I

A i = A1 \ A3 \ A6 = f f ; ag;

[
A =

[

i 2 I

A i = A1 [ A3 [ A6 = f a; b;d;e;f ; ng:

Prop osition 2.21 If A and B are countable sets, then A [ B is a countable set.

Proof. If A = f a1; : : : ; an g is a set with n elements and B = f b1; : : : ; bm g is a set with m elements,
then clearly, A [ B = f a1; : : : ; an ; b1; : : : ; bm g is a set with a �nite number of elements. Suppose
A = f a1; : : : ; an g has n elements and B is an in�nite countable set with the size of N. Since
B has the size of N, we can expressit as an in�nite list: B = f b1; b2; : : : ; bn ; : : :g. In this case,
A [ B = f a1; : : : ; an ; b1; b2; : : : ; bn ; : : :g is an in�nite list, and so, jA [ B j = jNj. If both A and B
have the samesize as N, then we can expressA and B as in�nite lists: A = f a1; a2; : : : ; an ; : : :g
and B = f b1; b2; : : : ; bn ; : : :g. Then, A [ B = f a1; b1; a2; b2; : : : ; an ; bn ; : : :g makes A [ B into an
in�nite list.
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Sincewe have consideredall of the essential possibilities for the setsA and B to be countable,
and have shown in each instance that A [ B can be made into a list, then A [ B is countable. This
completesthe proof of the proposition. 2

If A \ B 6= �, then, to be precise in the above proof, one should remove repeated copiesof
elements in the list of A [ B that arise from elements in A \ B . However, this minor problem
doesnot a�ect the validit y of the proof we just gave for the following reason. If we have a list of
the elements in a countable set C, then one can always make a new listing by removing repeated
elements. For example,C = f 1; 2; 1; 4; 2; 5g = f 1; 2; 4; 5g:

De�nition 2.22 If A and B are sets, then their cross product is the set of all ordered pairs with
�rst coordinate in A and secondcoordinate in B . In other words, A � B = f (a; b) j a 2 A and
b 2 B g. If f A1; A2; : : : ; An g is an ordered �nite collection of sets, then their cross product is:
� n

i =1 A i = A1 � A2 � : : : � An = the set of all ordered n-tuples f (a1; a2; : : : ; an ) j ak 2 Ak for k 2
f 1; 2; : : : ; ngg

Example 2.23 If A = f a; bg and B = f 1; 2; 3g, then

A � B = f (a; 1); (a; 2); (a; 3); (b;1); (b;2); (b;3)g:

Theorem 2.24 The crossproduct of two countable sets is a countable set.

Proof. First supposethat A and B are two countable in�nite sets. Their elements can be listed:
A = f a1; a2; : : : ; an ; : : :g and B = f b1; b2; : : : ; bn ; : : :g. Consider an in�nite two-dimensional grid
picture of A � B :

...
...

...

(a1; bn ) (a2; bn ) : : : (an ; bn ) : : :

... (a2; bn � 1)
...

...

(a1; b2)
... (an � 1; b2)(an ; b2) : : :

(a1; b1) (a2; b1) : : : (an � 1; b1)(an ; b1) : : :

In the above picture, the �rst column in the grid is C1 = f (a1; b1); (a1; b2); : : : ; (a1; bn ); : : :g and
the n-th column is Cn = f (an ; b1); (an ; b2); : : : ; (an ; bn ); : : :g:

Starting at the lower left hand corner of the above grid, count diagonally to make the following
in�nite listing of A � B :

A� B = f (a1; b1); (a1; b2); (a2; b1); (a1; b3); (a2; b2); (a3; b1); : : : ; (a1; bn ); (a2; bn � 1); : : : ; (an ; b1); : : :g:

Note that the partial list f (a1; bn ); (a2; bn � 1); : : : ; (an ; b1)g in the above list for A � B are the
elements on the n-th diagonal of the grid. Sinceevery diagonal of the grid picture appearson the
list and the arbitrary element (ai ; bj ) 2 A � B appearson the n-th diagonal where n = i + j � 1,
then the above list for A � B is complete. Therefore, A � B is a countable set, when A and B are
in�nite sets.

The proof of the casewhen A or B is not in�nite is similar. 2
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Corollary 2.25 jQj = jNj.

Proof. Recall that Q can be expressedas Q = f m
n reducedto lowest terms j m 2 Z andn 2 Ng.

We may naturally identify Q with a subset of the countable set Z � N under the correspondence
m
n 7! (m; n). Since a subset of countable set is a countable set, Q is a countable set. Since Q is
in�nite, jQj = jNj. 2

We now give an important generalization of Proposition 2.20, which states that the union of
two countable setsis a countable set. We will usethe next theorem later on in thesenotes in order
to understand deeper questionsin mathematics.

Theorem 2.26 The countable union of countable sets is a countable set.

Proof. What this statement means is that the union of a �nite number of countable sets is a
countable set, and if A = f A1; A2; : : : ; Ak ; : : :g is a in�nite countable collection of countable sets,
then

S 1
k=1 Ak is a countable set.

Supposefor the moment that A = f Ak gk2 N, where each of the setsAk is an in�nite countable
set. In this case,we can make an in�nite list for each Ak : Ak = f ak ;1; ak ;2; : : : ; ak ;n ; : : :g. Then:

[
A =

1[

k=1

Ak = f a1;1; a1;2; a2;1; a1;3; a2;2; a3;1; : : : ; a1;n ; a2;n � 1; : : : ; an � 1;2; an; 1; : : :g:

Note that in the above listing, the partial list a1;n ; a2;n � 1; : : : ; an � 1;2; an; 1 corresponds to the
n-th diagonal of a two-dimensional grid picture of A , where Ak is the k-th column in the grid
(compare this with the proof of Theorem 2.23). As in the proof of Theorem 2.23, the general
element ai;j lies in the (i + j � 1)-th diagonal or in the partial listing a1;n ; a2;n � 1; : : : ; an � 1;2; an; 1;
where n = i + j � 1. Thus, this sequential listing of elements of the union proves the theorem in
the casewhere A = f Ak gk2 N and each Ak is a countable in�nite set. A slight modi�cation of this
argument provesthe theorem in the other cases. 2

We now give an interesting application of Corollary 2.24 and Theorem 2.25. We will prove
that the set of all complex roots or zeroes to polynomials of degreetwo with rational coe�cien ts
is a countable set. A complex number r 2 C is said to be algebraic if it is a root of somenonzero
polynomial with coe�cien ts in Q. In homework problem 29, you will get a chance to generalize
the next proposition; you will prove that the set A of all complex algebraicnumbers is a countable
set. Note that the real number

p
2 is algebraic, sinceit is a root of the polynomial x2 � 2, and the

complex number 2
p

� 1 is algebraic, since it is a root to the polynomial x2 + 4.

Prop osition 2.27 Let Q 2[x] = f a0 + a1x + a2x2 j a0; a1; a2 2 Q; a2 6= 0 = 0
1 g denote the set

of polynomials of degree two with rational coe�cients. Then, the set R of roots or zeroes in the
complex numbers C = f a + b

p
� 1 j a; b 2 Rg of the polynomials in Q 2[x] is a countable set.

Proof. By Corollary 2.24, Q is a countable set, and so, Q � f 0g is also a countable set. Since the
crossproduct of two countable setsis a countable set, the set Q� Q is a countable set. Again, since
the crossproduct of two countable sets is a countable set and Q � Q and Q � f 0g are countable
sets, then (Q � Q) � (Q � f 0g) is a countable set.
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Consider the natural function f : (Q � Q) � (Q � f 0g) ! Q 2[x] de�ned by f ((( a0; a1); a2)) =
a0 + a1x + a2x2. Clearly, f is a 1-1 correspondencefrom the countable set ((Q � Q) � (Q � f 0g)
to the set Q 2[2], and so, Q 2[x] is also a countable set.

SinceQ 2[x] is countable, we can make it into an in�nite list of polynomials:

Q 2[x] = f p1(x); p2(x); : : : ; pn (x); : : :g:

By the quadratic formula, the set Rn of roots of the n-th polynomial pn (x) = c+ bx + ax2 can be
calculated to be

Rn = f
b+

p
b2 � 4ac
2a

;
b�

p
b2 � 4ac
2a

g;

and so, Rn has one or two elements, depending on whether or not b2 � 4ac = 0. In any case,Rn

is a �nite set, and so, it is also a countable set.
SinceR =

S 1
n =1 Rn = R1 [ : : : [ Rn [ : : : is the countable union of countable sets,Theorem 2.25

implies R is a countable set. This completesthe proof of Proposition 2.26. 2

We now brie
y explain how to write an integern 2 N in a baseb, 2 � b � 10. We write n in base
basdk dk � 1 : : : d0 with di 2 f 0; 1; 2; : : : ; b� 1g, if n hasthe valuedk �bk + dk � 1 �bk � 1+ : : :+ d1 �b1+ d0�b0.
For example, the integer 22 (in base10) can be expressedas 22 = 2� 32 + 1� 3+ 1� 30 = 18+ 3+ 1,
and so, in base3, we write the number n = 22 (base 10) as n = 211 (base 3). Similarly, we can
expressany real number r in any baseb, 2 � b � 10. If r = n:d1d2 : : : (base 10) for n 2 Z, then
we expressr as the baseb number dk : : : d1d0:d� 1d� 2 : : :, if the in�nite seriesdk � bk + : : : ; + d1 �
b1 + d0 � b0 + d� 1 � b� 1 + d� 2 � b� 2 + : : :, convergesto r and where di 2 f 0; 1; 2; : : : ; b � 1g. For
example, the base10 number 5:5 can be expressedas11:2 in base4. Similarly, we can convert any
real number expressedin a baseb; 2 � b � 10, to a decimal number in base10. For example, the
base6 number 21:3 is the number 2 � 6 + 1 � 60 + 3 � 6� 1 = 133

6 = 13:5 in base10. Note that for a
baseb > 10, oneneedsto add more \basic" digits to f 0; 1; 2; : : : ; 9g in order to expressnumbers in
N or R.

Theorem 2.28 The set of abstract decimal numbers A(R) (also using any other base) has the
samesize as the set of points on the real number line R.

Proof. We shall prove the theorem in the caseof base10. Note that two abstract decimal numbers,
n:d1d2 : : : and m:e1e2 : : : represent the samereal number or point on the real number line, if the
distance between the points on the real number line is zero. For example, the distance between
the in�nite repeating decimal numbers 1:999: : : and 2:000: : : is zero, and so, these two abstract
decimal numbers represent the samereal number. In fact, a simple argument shows that the only
way that a nonzeroreal number n:d1d2 : : : hasmore than onerepresentation asan abstract decimal
number is that for somepositive integer k, and for all i � k; then di = 0 or for i � k; then di = 9.

Thus, if r is a real number of nonunique decimal representation, then r must have a decimal
representation which ends in all zeroes. But, if r = n:d1d2 : : : ends in all zeroes, then it is clearly
representable as a rational number k

m , where k 2 Z; m 2 N and m is a power of 10. For example,
2:4300: : : = 243

100 . In particular, sincethe set of rational numbers is a countable set, then the set X
of the real numbers of nonunique decimal representation is a countable set.

Let Y = R � X be the set of real numbers with unique decimal expansions. De�ne A(R; X )
be the subset of A(R) representing numbers in X and similarly de�ne A(R; Y). Since A(R; X )
is the union of two countable in�nite sets (namely the decimals ending in all 0's (except for the
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number 0 = 0:00: : :, which has a unique decimal representation) or in all 9's), A(R; X ) is a
countable in�nite set. SinceA(R; X ) and X are both countable in�nite sets, they have the same
size. Let f X : A(R; X ) ! X be a 1-1 correspondenceand let f Y : A(R; Y ) ! Y be the obvious 1-1
correspondence.Then, the function f : A(R) ! R de�ned to be f X on A(R; X ) and f Y on A(R; Y )
is a 1-1 correspondence,which provesthe theorem. 2

We now develop the notion of a set A having smaller size than another set B . To do this, we
�rst need to de�ne what it meansfor the set A to have size less than or equal to the size of B .
Intuitiv ely, A should have sizelessthan or equal to the sizeof B , if A has the samesizeasa subset
of B . For example, if A = f a; b;cg and B = f 1; 2; 3; 4g, then A has the samesize as the subset
C = f 1; 2; 3g of B ; in other words, there is a 1-1 correspondencef : A ! C � B . By consideringf
to be a function from A to B , we seethat f : A ! B is a 1-1 function. This discussionmotivates
the next de�nition.

De�nition 2.29 Given two sets A and B , we write jAj � jB j, if there exists a 1-1 function
f : A ! B . We write jAj < jB j, if jAj � jB j and jAj 6= jB j. If jAj � jB j, then we say that "the size
of A is less than or equal to the sizeof B ". If jAj < B , we say that "the sizeof A is less than the
sizeof B ."

De�nition 2.30 The power set of a set A, denoted by P(A), is the set of all subsetsof A.

Example 2.31 P(f 1; 2g) = f � ; f 1g; f 2g; f 1; 2gg.

Over a hundred yearsagoCantor de�ned the notion of the sizeof sets,in terms of the existence
of 1-1 correspondences,and intro duced the de�nitions of countable and uncountable sets. He also
proved the following interesting results:

1. The set Q is countable.

2. The set R is uncountable.

3. jP (N)j = jRj.

4. For any set A, then jAj < jP (A)j:

We now prove this last result.

Theorem 2.32 (Can tor's Theorem) For any set A, jAj < jP (A)j: In particular, there are in-
�nite sets of arbitrarily large size.

Proof. Let f : A ! P(A) be the function f (a) = f ag. Clearly, f is 1-1, and so, jAj � jP (A)j. If
jAj = jP (A)j, then there exists a function F : A ! P(A) which is onto (in fact, 1-1 and onto). We
will prove that such an onto function F cannot exist, which will prove Cantor's Theorem.

Supposeto the contrary , there exists a function F : A ! P(A) which is onto. De�ne the special
subset AF = f x 2 A j x =2 F (x)g 2 P(A). Sincewe are assumingF is onto, there exists a y 2 A
such that F (y) = AF . We now ask the question: \Is y 2 AF ?". If y 2 AF , then, by de�nition of
AF ; y =2 F (y) but F (y) = AF , and so, y =2 AF , which is a contradiction. So, we conclude that
y =2 AF . Since y =2 AF , then, by the de�nition of AF ; y 2 F (y) = AF , which is a contradiction.
Sincey 2 AF or y =2 AF , we obtain the desiredcontradiction. This meansthat the onto function
F doesnot exist, and so, jAj 6= jP (A)j. Since jAj � jP (A)j and jAj 6= jP (A)j, then jAj < jP (A)j.
2
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De�nition 2.33 Given two sets,A and B , let F (A; B ) be the set of all functions f : A ! B from
A to B .

Theorem 2.34 Given a set A, then

jP (A)j = jF (A; f 0; 1g)j:

Proof. We needto �nd a function H : P(A) ! F (A; f 0; 1g), which is 1-1 and onto. For B 2 P(A);
de�ne the function H (B ) : A ! f 0; 1g by:

H (B )(x) = 0; if x =2 B ;

H (B )(x) = 1; if x 2 B :

Clearly, di�eren t subsetsdetermine di�eren t functions, and so, H is 1-1. Let f : A ! f 0; 1g 2
F (A; f 0; 1g): De�ne the subsetB f = f � 1(1) = f x 2 A j f (x) = 1g. Then, H (B f ) = f , and so, H
is onto. SinceH is 1-1 and onto, the theorem is proved. 2

Theorem 2.35 P(N) has the samesize as the set S of all in�nite sequences of 0's and 1's.

Proof. Let A � N = f 1; 2; : : : ; n; : : :g be a subset. Let S(A) be the sequenceof zeros and ones
we obtain by replacing every element of A in this list of N by a 1 and every element of N � A
by a zero, and then remove the set brackets and commas. For example, if A = f 2; 5; 6g, then
S(A) = 010011000: : :; the �rst digit of S(A) is 0 since 1 =2 A, the seconddigit of S(A) is 1 since
2 2 A, the third digit of S(A) is 0 since 4 =2 A, and so on. Clearly, the function S: P(N) ! S is
1-1 and onto, by using an argument similar to that usedin the proof of the previous theorem. By
de�nition of size,P(N) and S have the samesize,which provesthe theorem. 2

Corollary 2.36 jP (N)j = jRj.

Proof. The setS of in�nite sequencesof 0's and 1's, after placing a decimalpoint at the beginningof
the sequence,can be identi�ed with the abstract base2 numbersin the interval [0; 1], Theorem 2.27
then implies that jSj = j[0; 1]j: Sincethe removal of a point from an in�nite set doesnot changeits
size, jSj = j(0; 1)j: By homework problem 13, j(0; 1)j = jRj. By Theorem 2.34, jP (N)j = jSj. Since
jP (N)j = jSj = j(0; 1)j and j(0; 1)j = jRj, then the transitiv e property of size implies jP (N)j = jRj:
2

Corollary 2.37 R is an uncountableset.

Proof. By Cantor's Theorem, P(N) is an uncountable set. By Corollary 2.35, we concludethat R
is also an uncountable set. 2

We now give a more direct proof that R is an uncountable set. You will need to know this
proof for your exams.

Theorem 2.38 R is an uncountableset.

11



Proof. Supposeto the contrary that R is a countable set. Then, the open unit interval I = (0; 1)
in R of numbers between0 and 1 is a countable set.

SinceI is countable, then we can make I into an in�nite list: I = f r 1; r2; : : : ; rn ; : : :g. Making
this listing f r1; r2; : : : ; rn ; : : :g of elements in I into a vertical listing, we obtain:

r1 = :d1;1d1;2 : : : d1;n : : :

r2 = :d2;1d2;2 : : : d2;n : : :

...
...

rn = :dn; 1dn; 2 : : : dn;n : : :

...
...

with digits di;j 2 f 0; 1; : : : ; 9g. Now, de�ne the decimal number r = :d(1)d(2) : : : d(n) : : :, where
d(n) = 5, if dn;n < 5, and d(n) = 4; if dn;n � 5. Note that the real number r has a unique
expressionasan abstract decimal number, sincenoneof its digits are 0 or 9. Note r 6= 0 and r 6= 1,
and so, r 2 I = (0; 1):

Sincer 2 I , then r = r k , for somek 2 N. But, the k-th digit of r k is dk ;k and the k-th digit of
r is d(k) 6= dk ;k , and so, r 6= r k for any k 2 N. This contradiction provesthe theorem. 2

De�nition 2.39 Let p and q be logical statements which are either true or false. Then:

1. � p is true ( ) p is false.

2. p _ q is true ( ) p or q is true.

3. p ^ q is true ( ) p and q are true.

4. p ! q is false ( ) p is true and q is false.

5. p $ q is true ( ) p and q are both true or both false. In this case,we say that p and q are
logically equivalent.

6. The contrapositive of the implication p ! q is the implication � q ! � p: It is logically
equivalent to p ! q (seehomework problem 19).

7. p is a tautology, if it is logically true (truth table is all true).

8. p is a contradiction, if it is logically false (truth table is all false).

The statement p ! q above is called an implication with premisep and conclusion q. The premise
p in an implication p ! q is also called the hypothesis. Two examplesof tautologies are \ p _ � p"
or \ p ! (p _ q)". An exampleof a contradiction is \ p ^ � p".
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Many theoremsin mathematics take the form of an implication: \If [p is true], then [q is true]."
For example,\If [f : A ! B and g: B ! C is 1-1 functions], then [g� f : A ! C is a 1-1 function]."
Even many de�nitions in mathematics give a de�ning property in terms of an implication. For
example,a function f : A ! B is 1-1, if

[x1 6= x2] =) [f (x1) 6= f (x2)]:

Using the fact that the contrap ositive of an implication is logically equivalent to it, we obtain the
alternativ e secondde�nition: A function f : A ! B is 1-1, if

[f (x1) = f (x2)] =) [x1 = x2]:

By statement 4 in De�nition 2.15, an implication p ! q is true whenever its premisep is false.
In particular, the implication

[1 + 2 = 4] =) [5 = 6]

is a true statement, since the hypothesis1 + 2 = 4 of the implication is false. Many students �nd
this type of logical argument counter-intuitiv e and di�cult to accept, until they realize that this
is just a consequenceof the mathematical de�nition or the truth table for p ! q, which we give
below.

p q p ! q
T T T
T F F
F T T
F F T

Truth tables for logical statements give a tabular method for calculating the truth values of
the statement for di�eren t assignments of truth or false for the logical variables. Below are the
truth tables for the logical statements p ! � p and (p ! q) ! p. More truth tables appear in the
homework exercises.

p � p p ! � p
T F F
F T T

p q p ! q (p ! q) ! p
T T T T
T F F T
F T T F
F F T F

The next theorem can be proven by writing down the truth tables for p ^ (q ^ r ) and for
(p ^ q) _ (p ^ r ) and then checking that they are the same.

Theorem 2.40 (p ^ (q _ r )) $ ((p ^ q) _ (p ^ r )) .

Theoremsin logic, such asTheorem 2.39,can be useful at times for proving that two di�eren tly
described setsare really the same.

De�nition 2.41 Let A and B be sets. Then:
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1. A � B meansthat x 2 A =) x 2 B ; if A � B , then we say A is a subsetof B

2. A = B meansthat A � B and B � A, or equivalently , that A and B have the sameelements.

We now apply the previous theorem to prove one of the distributiv e rules for unions and
intersectionsof setsgiven in the next theorem.

Theorem 2.42 (Distributiv e Rules) Let A; B ; C be sets. Then:

A \ (B [ C) = (A \ B ) [ (A \ C);

A [ (B \ C) = (A [ B ) \ (A [ C):

Proof. We will prove the �rst equation. Actually we will show that A \ (B [ C) � (A \ B ) [ (A \ C)
and will leave the proof that (A \ B ) [ (A \ C) � A \ (B [ C) ashomework problem 23. By de�nition
of equality of two sets,the two containment equationsthen provethat A\ (B [ C) = (A\ B )[ (A\ C).

Let x 2 A \ (B [ C). By de�nition of intersection, x 2 A and x 2 B [ C, and so, by de�nition
of union, we obtain the statement: (x 2 A) and (x 2 B or x 2 C). By the previous theorem,
letting p = (x 2 A); q = (x 2 B ) and r = (x 2 C), we obtain the logically equivalent statement:
(x 2 A and x 2 B ) or (x 2 A and x 2 C). By de�nition of intersection, x 2 A \ B or x 2 A \ C.
By de�nition of union, x 2 (A \ B ) [ (A \ C). By de�nition of containment � , we have shown
A \ (B \ C) � (A \ B ) [ (A \ C). 2

De�nition 2.43 If A � X , then the complementof A in X is: Ac = f x 2 X j x =2 Ag = X � A.

Theorem 2.44 (DeMorgan's Laws) Let A and B be subsetsof X . Let Ac and B c denotetheir
complementsin X . Then:

(A [ B )c = Ac \ B c;

and
(A \ B )c = Ac [ B c:

Proof. We will prove the �rst equation: (A [ B )c = Ac \ B c. It holds sincex 2 (A [ B )c ( ) x =2
A [ B ( ) (x =2 A) and (x =2 B ) ( ) (x 2 Ac) and (x 2 B c) ( ) x 2 Ac \ B c: 2

The following axiom for the natural numbers N clearly holds but cannot be proved; hence,the
word \axiom" or \principle."

W ell-Ordering Principle : Given any nonempty subsetA � N, then A contains a least element,
i.e., there exists an element x 2 A such that for all y 2 A, then x � y:

We now usethis axiom for N to prove the principle of mathematical induction.

Theorem 2.45 (Principle of Mathematical Induction) Suppose S = f S1; S2; : : : ; Sn ; : : :g is
a collection of logical statementsindexed by the natural numbers N. If S1 is true and Sn ! Sn +1

for every n 2 N, then all of the statementsin S are true.

14



Proof. Arguing by contradiction, assumethat the principle of mathematical induction fails. Then,
there exists a collection S = f S1; S2; : : : ; Sn ; : : :g of logical statements for which S1 is true, Sn !
Sn +1 for all n 2 N, but some statement Sm is false. Let F = f i 2 N j Si is falseg. Since
m 2 F; F 6= �. By the well-ordering principle, F has a smallest element k 2 F . SinceS1 is true,
k 6= 1 and so k � 1 2 N � F , which meansSk � 1 is true. SinceSk � 1 ! Sk with true premiseSk � 1,
then the conclusion Sk must be true, but it is not, since k 2 F . This contradiction proves the
principle of mathematical induction holds. 2

Someinteresting summation formulas in number theory can be provedby applying the principle
of mathematical induction. Below is one such formula. (Seehomework problem 25 for four more
examples.)

Theorem 2.46 For every integer n 2 N,

nX

k=1

k =
n(n + 1)

2
:

Proof. We will prove the theorem by applying the principle of induction. We will consider the
formulas f Sn = [

P n
k=1 k = n (n +1)

2 ] j n 2 Ng to be an in�nite sequenceof logical statements
indexed by the natural numbers.

1. S1 is true, since
P 1

k=1 k = 1 = 1(1+1)
2 .

2. Assume Sn holds and we will prove Sn +1 holds; this will prove that Sn ! Sn +1 . So, �x
n 2 N, and assumeSn is true:

1 + 2 + : : : + n =
nX

k=1

k =
n(n + 1)

2
:

Adding n + 1 to each side of the above formula, we obtain the following related formula:

1 + 2 + : : : + n + (n + 1) =
n +1X

k=1

k =
n(n + 1)

2
+ (n + 1):

Simplifying the right hand side of this equation we obtain,

n +1X

k=1

k =
n(n + 1)

2
+ (n + 1) =

n(n + 1)
2

+
2(n + 1)

2
=

n(n + 1) + 2(n + 1)
2

=
(n + 1)(n + 2)

2
:

Thus,
P n +1

k=1 k = (n +1)(( n +1)+1)
2 , which meansthat Sn +1 holds.

SinceS1 is true and Sn ! Sn +1 for all n 2 N, then the formula
P n

k=1 k = n (n +1)
2 holds for all

n 2 N by the principle of mathematical induction. 2

De�nition 2.47 A collection � of nonempty subsetsof a set A is called a partition of A, if it
satis�es the following two statements:
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1. The union [ � = A.

2. The subsetsin � are pairwise disjoint in the sensethat any two di�eren t subsetsin � are
disjoint. Equivalently , if B ; C 2 � and B \ C 6= �, then B = C.

Example 2.48 Let E = f 2n j n 2 Zg be the set of even integersand let O = f 2n + 1 j n 2 Zg be
the set of odd integers. Then � = f E ; Og is a partition of Z. Another familiar partition of Z is
into the subsetof negative integers, the subsetof positive integersand the subsetcontaining 0.

Example 2.49 In the proof of Theorem 2.27, we de�ned the subset A(R; X ) � A(R) whose
elements represent real numberswhich have two representativ esin A(R) and the subsetA(R; Y) �
A(R) whoseelements represent real numberswith unique representativ esin A(R). SinceA(R; X ) =
A(R; Y )c; � = f A(R; X ); A(R; Y)g is a partition of A(R).

Theorem 2.50 If A is a set with n elements,then jP (A)j = 2n .

Proof. We will prove this theorem by induction on the sizeof A. First note that if jAj = 0, then
the theorem is true, since the power set of the empty set has one element and 1 = 20. Assume
that the theorem holds for any set A with jAj = n. Let B be a set with B = f b1; : : : ; bn ; bn +1 g.
Let A = f b1; : : : ; bn g = B � f bn +1 g. Then P(A) is a subset P(B ) with 2n elements by our
inductiv e hypothesis. Note that P(B ) = P(A) [ P(A)c, where P(A)c is the complement of P(A)
in P(B ). There is a natural function F : P(A) ! P(A)c de�ned by F (W ) = W [ f bn +1 g; which is
clearly 1-1 and onto. Hence, jP (A)j = jP (A)cj. Since fP (A); P(A)cg is a partition of P(B ); then
jP (B )j = jP (A)j + jP (A)cj = 2n + 2n = 2n +1 ; which provesthe theorem by induction. 2

Note that Theorem 2.49 is also an immediate corollary of Theorem 2.33 and Theorem 2.50
below. Recall that F (A; B ) = f f : A ! B g.

Theorem 2.51 If A and B are �nite nonempty sets, then jF (A; B )j = jB j jA j .

Proof. SupposeA = f a1; a2; : : : ; an g and B = f b1; b2; : : : ; bm g. Note that in this situation, for each
ak 2 A, there are m possiblechoicesof valuesfor a given function f 2 F (A; B ).

We will prove the theorem by induction on n, which is the size of A. If n = 1, then clearly
F (A; B ) = m = m jA j .

Now assumethat whenever C is a set with sizen and B is a �nite set, then jF (C; B )j = jB j jC j =
jB jn . Let A = f a1; : : : ; an ; an +1 g and let C = f a1; a2; : : : ; an g. Then, by our inductiv e hypothesis,
jF (C; B )j = jB j jC j . Note that every function f 2 F (C; B ) gives rise for each k; 1 � k � m, to
the function f k : A ! B where f k (a) = f (a) if a 2 C and f k (an +1 ) = bk . Also, note that every
g 2 F (A; B ) with g(an +1 ) = bk is of the form g = f k , where f = gj f a1 ;::: ;a n g; heregjf a1 ;::: ;a n g is the
restriction of g to the subset f a1; : : : ; an g � A: This meansthat jF (A; B )j = mjF (C; B )j: Hence,
by elementary arithmetic,

jF (A; B )j = mjF (C; B )j = mjB j jC j = mjB jn = mmn = mn +1 = jB j jA j ;

which provesthe theorem by the principle of mathematical induction. 2

De�nition 2.52 If R is an equivalence relation on a set S and a 2 S, then the equivalence
class of a, written as [a], consistsof all elements in S which are R related to a. In other words,
[a] = f x 2 S j aR xg. Let SR = f [a] j a 2 Sg denote the set of equivalence classesin S.
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Example 2.53 Considerthe following relation R on Z. Two integersin Z are R equivalent if their
di�erence is an even integer or, equivalently , nR m for n; m 2 Z, if 9k 2 Z such that n � m = 2k.
It is easyto seethat the equivalenceclassof an odd integer is the set O of odd integers,and that
the equivalenceclassof an even integer is the set E of even integers. Thus, the set of equivalence
classesSR = f O; Eg is a partition of Z. This partitioning property of the equivalencerelation R
on Z demonstratesa special caseof the next theorem.

Theorem 2.54 (Fundamen tal Theorem of Equiv alence Relations) SupposeR is an equiv-
alence relation on a set S. Then, the set of equivalence classesSR is a partition of S.

Proof. First note that for any a 2 S; aR a by the re
exiv e property of R . Therefore, for every
a 2 S; a 2 [a], and so,S � [ SR . SinceSR consistsof subsetsof S, then [ SR � S. SinceS � [ SR

and [ SR � S, then S = [ SR .
Next we must check that two di�eren t equivalence classesare disjoint; this is the pairwise

disjoint property that a partition of S must satisfy. Equivalently , we must verify that if two
equivalenceclassesin SR intersect, then they are equal. Supposethat [a]; [b] 2 SR and [a]\ [b] 6= � .
Our goal is to prove [a] = [b], which meansthat we must prove [a] � [b] and [b] � [a]. We �rst show
[a] � [b]. Let y 2 [a], which meansaR y holds, and we will prove that y 2 [b]. Since [a] \ [b] 6= � ,
there exists an x 2 [a] \ [b], which means that x 2 [a] and x 2 [b]. Thus, aR x and bR x hold
and, by the symmetry property of R ; we obtain xR a as well. Thus, bR x and xR a hold and, by
transitivit y, bR a holds. Since bR a and aR y hold, transitivit y shows bR y holds, which implies
y 2 [b]. This proves[a] � [b]. Arguing similarly, we obtain [b] � [a], and so, [a] = [b]. Thus, SR is
a partition of S. 2

Homew ork Problems

1. Let f : f 1; 2g ! f a; b;cg be de�ned by f (1) = a and f (2) = c: Let g: f a; b;cg ! f 3; 5g be
de�ned by g(a) = 3; g(b) = 3; g(c) = 5:

(a) Which of the functions in f f ; g; g � f g are 1-1 functions? Explain why.

(b) Which of the functions in f f ; g; g � f g are onto functions? Explain why.

2. SupposeA = f A1; A2; A5g, whereA1 = f� 1; 2; 3g; A2 = f 2; 3; 4g and A5 = f
p

2; 1; 2; 3; : : : ; n; : : : j
n 2 Ng.

(a) What is \A = A1 \ A2 \ A5?

(b) What is [A = A1 [ A2 [ A5?

3. Is � an equivalencerelation on R? Which properties of an equivalencerelation are satis�ed?

4. Is 6= an equivalencerelation on R? Which properties of an equivalencerelation are satis�ed?

5. SupposeA = f 1; 2g, B = f a; b;cg and C = f 3; 4g. What is the set A � B ? What is the set
A � A � C? What is the set A � (A � C)?

6. Expressthe base10 number 15 2 N as a base3 number.
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7. Expressthe base2 number 110:1 as a base10 number.

8. List all the elements in the power set P(f 1; 2; 3g):

9. Note that a function f : R ! R is 1-1, when its graph G = f (x; f (x)) 2 R2 j x 2 Rg satis�es
the following horizontal line test: Every horizontal line in R2 intersects G in at most one
point. Also, note that f : R ! R is onto, if it satis�es: Every horizontal line in R2 intersects
G in at least one point. Write down functions f : R ! R satisfying each of the following
conditions:

(a) f is 1-1 but not onto.

(b) f is onto but not 1-1.

(c) f is both 1-1 and onto.

(d) f is neither 1-1 nor onto.

10. (a) Is the function f : R ! R de�ned by f (x) = x sin(x) a 1-1 function?

(b) Is f (x) onto? Explain your answers.

11. Prove that the set of irrational numbers I in R is an uncountable set. (Hint: First note that
R = Q [ I and then apply the statements of Proposition 2.20 and Theorem 2.37.)

12. Write down a linear function f : [0; 1] ! [2; 5] of the form f (x) = ax + b, which is a 1-1
correspondence.

13. Prove that the open interval (0; 1) = f t 2 R j 0 < t < 1g has the samesizeas R. Prove this
fact by drawing the graph of a function f : (0; 1) ! R, which is 1-1 and onto. (Hint: Consider
a graph that has the appearanceof the graph of tan(x).)

14. Supposef : A ! B and g: B ! C. Prove that if g � f : A ! C is onto, then g: B ! C is
onto.

15. Supposef : A ! B and g: B ! C. Prove that if g � f : A ! C is 1-1, then f is 1-1. (Hint:
Prove the contrap ositive of this implication or give a proof by contradiction.)

16. SupposeA; B ; C are sets. Prove that if jAj � jB j and jB j � jCj, then jAj � jCj:

17. Suppose F : f 1; 2; 3g ! P(f 1; 2; 3g) is de�ned by F (1) = f 1g; F (2) = f 1; 3g; F (3) = � .
What is the set AF = f x 2 f 1; 2; 3g j x =2 F (x)g?

18. Write down the truth table for (p ! q) ! p.

19. Prove that p ! q and its contrap ositive � q ! � p are logically equivalent, by showing that
they have the sametruth tables.

20. Write down the truth table for (p _ q) ! (p ^ q).

21. Prove the statement p ! (p _ q) is a tautology.

22. Use De�nition 2.40 to prove that for two setsA, B , if A [ B = A \ B , then A = B . (Hint:
First show that if x 2 A, then x 2 B , under the assumption A [ B = A \ B .)
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23. Prove that (A \ B ) [ (A \ C) � A \ (B [ C):

24. Prove that (A \ B )c = Ac [ B c. (Hint: Try to mimic the proof of the �rst equation in
Theorem 2.13.)

25. Prove the following summation formulas by using the principle of mathematical induction:

(a)
P n

k=1 k2 = n (n +1)(2 n +1)
6

(b)
P n

k=1 (2k � 1) = n2

(c)
P n

k=0 2k = 2n +1 � 1

(d)
P n

k=1
1

k(k+1) = n
n +1

26. Let A = f 1; 2; 3; 4; 5g. Then � = ff 1; 2g; f 3; 4; 5gg is a partition of A. Give three di�eren t
examples� 1; � 2; � 3 of partitions of A that are di�eren t from � and where � 1 contains the
subset f 1; 2; 3g as one of its elements, but no subset in � 2 or in � 3 has three elements.

27. UseProposition 2.20 and the principle of mathematical induction to prove that for n � 1, if
f A1; : : : ; An ; An +1 g is a �nite collection of countable sets, then A =

S n +1
i =1 A i is a countable

set. You can usethe obvious fact that A = (A1 [ A2 [ : : : [ An ) [ An +1 . Here is a suggestion
for showing this result. For a �nite collection f A1; : : : ; An ; An +1 g of countable sets,consider
Sn to be the statement:

n +1[

i =1

A i is a countable set:

For n = 1; S1 is true by Proposition 2.20. AssumeSn is true and then prove Sn +1 is true,
using the fact that

S n +1
i =1 An = (

S n
i =1 A i ) [ An +1 and applying Proposition 2.20. Then,

concludethe problem, by applying the principle of mathematical induction.

28. SupposeC = f A1; : : : ; An g is an arbitrary �nite collection of sets.

(a) For n > 2, show that jA1 � A2 � : : : � An � An +1 j = j(A1 � A2 � : : : � An ) � An +1 j
by constructing an obvious 1-1 correspondencef : A1 � : : : � An � An +1 ! (A1 � A2 �
: : : � An ) � An +1 : (You don't needto prove that the function f is 1-1 and onto; you just
needto de�ne it.)

(b) Use the principle of mathematical induction to prove that the �nite cross product of
countable sets is a countable set. In other words, if A1; : : : ; An are n countable sets,
then A1 � A2 � : : : � An is a countable set. (Hint: Let Sn be the statement that
A1 � A2 � : : : An is countable, when C = f A1; : : : ; An g consists of n countable sets.
Start the induction proof with n = 2 countable sets and then apply Theorem 2.23 to
conclude that the �rst statement S2 is true. Next, apply part (a) of this problem to
show that Sn ! Sn +1 , for n � 2.)

29. For each n 2 N, let the set Q n [x] = f a0 + a1x + : : :+ an xn j ak 2 Q and an 6= 0
1 for n > 0g be

the set of rational coe�cien t polynomials of degreen. Let Q 0[x] = Q be the set of constant
polynomials.
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(a) Prove that Q n [x] is a countable set. (Hint: Thinking in terms of the coe�cien ts
a0; a1; : : : ; an of a polynomial a0 + a1x + : : :+ an xn 2 Q n [x], for n > 0, prove that Q n [x]
has the samesizeasthe crossproduct (� n

k=1 Q) � (Q � f 0g), where � n
k=1 Q = Q� : : : � Q

is the crossproduct of Q with itself n times, and then apply part (b) of the previous
homework problem. Note that we did this directly for n = 2 in the proof of Proposi-
tion 2.26.)

(b) Prove that the set Q[x] of all rational coe�cien t polynomials is a countable set. (Hint:
Prove that Q[x] is a countable union of countable setsand apply Theorem 2.25.)

(c) A complexnumber a 2 C is called an algebraic number, if it is a root or zeroof a nonzero
polynomial p(x) 2 Q[x]. Prove that the set A of algebraic numbers is a countable set.
(Hint: By part (b), we can make an in�nite list: Q[x] = f p1(x); p2(x); : : : ; pk (x); : : :g.
Use the fundamental theorem of algebra, which implies that each polynomial in Q n [x]
hasat most n complex roots, to prove that A is a countable union of countable sets,and
so, is itself a countable set. Also, seethe proof of Proposition 2.26 for this argument.)

(d) A real number r 2 R is called transcendental, if it is not algebraic. For example, it
can be shown that the numbers � and e are transcendental. Prove that the set T of
transcendental real numbers is uncountable. (Hint: Apply part (c) and then apply an
argument similar to the one used in the proof of homework problem 11.)

30. Prove that
p

2 is an algebraic number but not a rational number. (Hint: To prove
p

2 is not
rational, assumeto the contrary that

p
2 = m

n is reduced to lowest terms. Squareeach side
of the equation and simplify by multiplying each side by n2, and then show 2 divides both m
and n, to obtain a contradiction to the assumption that m

n is reducedto lowest terms. You
can usethe fact that if a prime divides the product of two integers,then it divides oneof the
integers.)

31. Let R 3 be the following relation on Z. Given m; n 2 Z, then mR 3n, if there exists a k 2 Z,
such that (n � m) = 3k.

(a) Prove R 3 is an equivalencerelation on Z:

(b) Describe the equivalenceclass[2] as a subsetof Z. Is 4 2 [2]?

32. Let S = ff a; bg; f a; b;cg; f 5g; f 3; 4g; f 6; 7; 8gg. Let R be the equivalencerelation on S of two
setshaving the samesize. Write down the set of equivalenceclassesSR for this equivalence
relation R on S. (Hint: SR has 3 elements.)

3 Elemen tary group theory .

A binary operation � on a set A assignsto each ordered pair of elements (a; b) 2 A � A another
element in A, usually denotedby a� b. Familiar binary operationsare addition + and multiplication
� on the set of integersZ.

Note that + on Z inducesa binary operation + on the set of even integersE = f 2k j k 2 Zg;
sincefor 2k1; 2k2 2 E, then 2k1; +2 k2 = 2(k1 + k2) 2 E . However, + is not a binary operation on
the set of odd integersO = f 2k + 1 j k 2 Zg, since1 + 3 = 4, which is not an odd integer.
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De�nition 3.1 A group (G; � ) is a set G together with a binary operation � satisfying:

1. 9 an element e 2 G, such that 8g 2 G; e � g = g � e = g;

2. 8g 2 G, there exists an element g 2 G, such that g � g = g � g = e;

3. The operation � is associative: 8a; b;c 2 G; a � (b� c) = (a � b) � c.

When the group operation � of a group G is well-understood, then we usually usemultiplicativ e
notation, rather than emphasizethe operation. In other words, instead of writing a� b, we write ab.
In the de�nition of a group G, any element a, such as e, which satis�es 8g 2 G; a � g = g � a = g,
is called an identity elementfor G. By the next proposition, G has a unique identit y element, and
so, from now on, we will call e in the de�nition of a group the identity elementof G. The element
g such that gg = gg = e given in the de�nition of a group G is called an inverse of g, and it is also
unique by the next proposition; we will denote this element by g� 1 and call it the inverse of g.
When the group operation on G is denoted by the symbol \+", then the unique inverseof g will
be denoted by \ � g" rather than \ g� 1" and, in this case,we will use \0" to denote the identit y
element of G instead of \ e".

Prop osition 3.2 If G is a group, then the following statementshold:

1. For a; x; y 2 G; (ax = ay) =) (x = y) and (xa = ya) =) (x = y). (cancelation laws)

2. G has a unique identity element. (uniquenessof identit y)

3. Every element of G has a unique inverse element. (uniquenessof inverse)

4. 8a; b 2 G; (ab) � 1 = b� 1a� 1.

5. 8a; b;c 2 G; (abc) � 1 = c� 1b� 1a� 1.

6. For x; y 2 G; xy = e ( ) y = x � 1.

7. For a 2 G, (a� 1)� 1 = a.

Proof. We �rst prove the left cancelation law. Suppose ax = ay. Multiply each side of this
equation on left by the \in verse" a, whoseexistenceis given in statement 2 of the de�nition of
group, to obtain: a(ax) = a(ay), and so, (aa)x = (aa)y =) ex = ey =) x = y: This proves the
left cancelation law holds. The proof of the right cancelation law is similar.

Supposee1 and e2 are identit y elements in G. Sincee1 is an identit y element, then e1e2 = e2.
Sincee2 is an identit y element, then e1e2 = e1. Thesetwo equations imply e1 = e2, and so, G has
a unique identit y element, which is the element e given in the de�nition of a group.

If g1; g2 2 G are inverseelements of g, then g1g = e and g2g = e. Thus, g1g = g2g, and so, by
the right cancelation law, g1 = g2, which provesthe uniquenessof the inverseof g.

In order to prove statement 4, �rst multiply ab and b� 1a� 1 to get:

(ab)(b� 1a� 1) = a(bb� 1)a� 1 = aea� 1 = aa� 1 = e:

A similar calculation shows (b� 1a� 1)(ab) = e; and so, by de�nition of inverse, (ab) � 1 = b� 1a;� 1

which provesstatement 4 holds.
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A slight modi�cation of the proof of statement 4 provesstatement 5.
Clearly, if y = x � 1, then xy = e. On the other hand, if xy = e, we can multiply each sideof this

equation on the left by x � 1 to obtain: x � 1(xy) = x � 1e = x � 1. So, x � 1 = x � 1(xy) = (x � 1x)y =
ey = y; which provesstatement 6 holds.

Let a 2 G and let a� 1 2 G be its inverse. By de�nition of inverse,aa� 1 = a� 1a = e. This
equation also meansa = (a� 1)� 1. This completesthe proof of the proposition. 2

Example 3.3 1. One familiar exampleof a group is the set of integers(Z; +) : Here, e = 0 and
the inverseof n 2 Z is � n.

2. (R; +) ; (Q+ ; �) and (R � f 0g; �) are also well-known examplesof groupswith e = 0 in the �rst
exampleand e = 1

1 = 1 in the other two multiplicativ e groups.

3. Another familiar group is (M (2; R); +) of 2� 2 real matrices under the operation of addition:

�
a b
c d

�
+

�
e f
g h

�
=

�
a + e b+ f
c + g d + h

�
:

The zero matrix 0 =
�

0 0
0 0

�
plays the role of the identit y element.

4. The generallinear group of real 2� 2 invertible matrices, denotedby (GL(2; R); �); is a group
under multiplication of matrices. (SeeSection 4 for how to multiply matrices.)

5. Any subspaceof the vector spaceRn is a group under addition of vectors. More generally,
every vector spaceV over a �eld F is a group under + by the axioms for a vector space.
(SeeSection4 for the de�nition of vector spaceover a �eld, if you have not yet studied linear
algebra.)

In all of the above examplesof groups,except (GL(2; R); �) the group operation is commutativ e.

De�nition 3.4 A group (G; � ) is an abelian or a commutative group, if 8a; b 2 G; a � b = b� a.

De�nition 3.5 Given n 2 N and m 2 N [ f 0g = f 0; 1; 2; : : :g; then m mo d (n) is the remainder
of dividing m by n. For example,10 mo d (6) = 4 and 14 mo d (3) = 2.

The proof of the following proposition is straightforward and will be left to the reader.

Prop osition 3.6 Let Zn = f 0; 1; 2; : : : ; n � 1g and de�ne for a; b 2 Zn the binary operation
a + b = (a + b) mo d (n). Note that the operation of + on the right hand side of the equation is
addition of the integers a; b if a + b < n and equalsa + b� n if a + b � n. Then:

1. (Zn ; +) is an abelian group under + .

2. e = 0.

3. The inverse of 0 is 0 and the inverse of a 2 Zn � f 0g is n � a.
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The �nite abelian group Zn = f 0; 1; 2; : : : ; n � 1g is the important building block example for
all �nite abelian groups. By taking crossproducts of such groups,we seeby homework problem 15
that we can make new abelian groups. For example,Z2 � Z2 = f (0; 0); (1; 0); (0; 1); (1; 1)g is a new
abelian group under + with four elements, wherewe add orderedpairs by adding their coordinates.
For example,(1; 0)+ (1; 1) = (1+ 1; 0+ 1) = (2; 0) = (0; 1) 2 Z2 � Z2; note that (0; 0) is the identit y
element in Z2 � Z2.

Sometimeswe consider Zn to correspond to the set of hours on a clock with n hour positions
with the operation of clock arithmetic. Our familiar caseof this would be Z12 = f 0; 1; 2; : : : ; 11g,
where we consider12 o'clock to correspond to 0 o'clock. We then consider2 + 3 to be the hour 5,
or 8 + 6 = 14 mo d (12) = 2 mo d (12) to be the hour 2. Here, we consider all the possiblehour
times as elements in Z, but we identify any hour time k 2 Z with k mo d (n) 2 Z12 on the clock.
Note that if k 2 Z is negative, then k mo d (n) corresponds to n � (jkj mo d (n)) in Zn .

De�nition 3.7 If g 2 G, and n 2 N, then we let gn denote the product of g with itself n times
under our multiplicativ e convention for a group. For example,g3 = ggg. The order of an element
g 2 G, denoted by o(g), is the smallest positive integer n 2 N such that gn = e; if there is no such
positive integer n, then we say that g has in�nite order.

Example 3.8 The element 2 2 Z6 hasorder 3, sincethe group operation in Z6 is + and 2+ 2+ 2 = 0
but 2 + 2 = 4 6= 0. The element 2 2 Z has in�nite order, since no �nite sum 2 + : : : + 2 is ever
equal to 0. It is easyto check that every element in Z2 � Z2 � f (0; 0)g has order 2; for instance,
(1; 0) + (1; 0) = (2; 0) = (0; 0), and so, (1; 0) has order 2. The element � 1 2 R � f 0g has order 2
in the multiplicativ e group R � f 0g, since(� 1)2 = 1, which is the identit y element of the group.

The next proposition follows directly from the de�nition of a group.

Prop osition 3.9 A subsetH of a group G is itself a group under the binary operation in G if
and only if the following three statementshold:

1. e 2 H , where e is the identity element in G.

2. 8h 2 H; h� 1 2 H , where h� 1 is the inverse of h in the group G.

3. 8a; b 2 H; ab2 H .

Proposition 3.3 motivates our next de�nition.

De�nition 3.10 A subsetH � G is called a subgroup, if the following three statements hold:

1. e 2 H , where e is the identit y element of G. (existence of identity )

2. 8h 2 H; then h� 1 2 H , where h� 1 is the inverseof h in G. (existence of inverse)

3. 8a; b 2 H; then ab2 H . (closure)

Example 3.11 We now show that the set of even integersE = f 2n j n 2 Zg is a subgroup of Z.
Recall that e = 0 and the additiv e inverseof k 2 Z is � k. Since 0 = 2 � 0 2 E, E contains the
identit y element of Z. If 2n 2 E, then � 2n = 2(� n) 2 E, and so, the the additiv e inverseof each
element of E lies in E . Finally, if 2m; 2n 2 E, then 2m + 2n = 2(m + n) 2 E, which provesthat
E is closedunder the operation +. By de�nition of subgroup, we seethat E is a subgroup of Z.
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Theorem 3.12 If H1; H2 are two subgroups of a group G, then H 1 \ H2 is a subgroup of G.

Proof.

1. SinceH1 and H2 aresubgroups,e 2 H1 and e 2 H2. By de�nition of intersection, e 2 H 1\ H2.

2. If a 2 H1 \ H2, then a 2 H1 and a 2 H2 by de�nition of intersection. SinceH 1 and H2 are
subgroups,a� 1 2 H1 and a� 1 2 H2. By de�nition of intersection, a� 1 2 H1 \ H2.

3. If a; b 2 H1 \ H2, then a; b 2 H1 and a; b 2 H2. Since H1 and H2 are subgroups,ab 2 H 1

and ab2 H2. Hence,ab2 H1 \ H2 by de�nition of intersection.

By de�nition of subgroup, H 1 \ H2 is a subgroup. 2

The proof of the next theorem is a warm-up exercisefor homework problem 5, where you will
be asked to prove that the intersection of an arbitrary collection of subgroupsof a given group is
again a subgroup of the group.

Theorem 3.13 The intersection of three subgroups of a group is again a subgroup of the group.

Proof. SupposeA = f H 1; H2; H3g = f H i gi 2 I = f 1;2;3g is a collection of three subgroupsof a group
G. We now check that

T
A = H1 \ H2 \ H3 is a subgroup of G.

1. Sincee 2 H i for each i 2 I , then e 2
T

A by de�nition of intersection.

2. Let a 2
T

A. By de�nition of intersection, a 2 H i for each i 2 I . Since H i is a subgroup,
a� 1 2 H i for each i 2 I . By de�nition of intersection, a� 1 2

T
A.

3. Let a; b 2
T

A. By de�nition of intersection, a; b 2 H i for each i 2 I . SinceH i is a subgroup,
ab2 H i for each i 2 I . By de�nition of intersection, ab2

T
A.

By de�nition of subgroup,
T

A is a subgroup. 2

De�nition 3.14 If G is a group, then the center of G is C(G) = f a 2 G j 8x 2 G; ax = xag.

Example 3.15 Recall that GL(2; R) is the group of real 2 � 2 invertible matrices with binary

operation being the multiplication of matrices and with identit y element
�

1 0
0 1

�
. It is not di�cult

to prove that the center of GL(2; R) consistsof the matrices
�

a 0
0 a

�
, where a 2 R � f 0g.

Theorem 3.16 If G is a group, then the center C(G) is a subgroup.

Proof.

1. Sinceex = xe for 8x 2 G; then e 2 C(G).

2. Supposea 2 C(G). Then ax = xa for all x 2 G. Multiply this equation on left and right
by a� 1 to obtain: (a� 1axa� 1) = (a� 1xaa� 1), which implies (a� 1a)(xa� 1) = (a� 1x)(aa� 1);
which implies exa� 1 = a� 1xe, which implies xa� 1 = a� 1x; 8x 2 G. Hence,a� 1 2 C(G).
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3. Finally supposea; b 2 C(G) and let x 2 G. Then, using the associative law,

(ab)x = a(bx) = a(xb) = (ax)b = (xa)b = x(ab);

and so, ab2 C(G).

By de�nition of subgroup, C(G) is a subgroup of G. 2

Theorem 3.17 Suppose H is a subgroup of the group G and a 2 G. De�ne aH a� 1 = f aha� 1 j
h 2 H g. Then, aH a� 1 is a subgroup of G.

Proof.

1. SinceH is a subgroup, e 2 H . Note that aea� 1 = aa� 1 = e, and so, e 2 aH a� 1.

2. Let b 2 aH a� 1. Then, b = aha� 1 for some h 2 H . Since H is a subgroup, h� 1 2 H ,
and so, ah� 1a� 1 2 aH a� 1. Since (a� 1)� 1 = a; statement 5 of Proposition 3.2 implies
b� 1 = (aha� 1)� 1 = (a� 1)� 1h� 1a� 1 = ah� 1a� 1, and so, b� 1 2 aH a� 1.

3. We now check the closureproperty. Supposeah1a� 1; ah2a� 1 2 aH a� 1, whereh1; h2 2 H: By
the closureproperty in H ; h1h2 2 H: Now multiply: (ah1a� 1)(ah2a� 1) = ah1(a� 1a)h2a� 1 =
ah1eh2a� 1 = a(h1h2)a� 1 2 aH a� 1:

By de�nition of subgroup, aH a� 1 is a subgroup of G. 2

De�nition 3.18 A function f : G1 ! G2 betweengroups G1 and G2 is called a group homomor-
phism, if 8a; b 2 G, then f (ab) = f (a)f (b): More speci�cally , if � is the operation on G1 and � is
the operation on G2, then f is a homomorphism if f (a � b) = f (a) � f (b).

Example 3.19 1. ConsiderR to bea group under + and R+ to bea group under multiplication.
Then, f (x) = ex : R ! R+ is a group homomorphism, sinceex + y = ex ey .

2. Similarly, the inverse function to ex ; the natural log function ln(x) : R+ ! R is a group
homomorphism, sinceln(xy) = ln(x) + ln(y).

3. Recall that (GL(2; R); �) is the group of real 2 � 2 invertible matrices. The determinant
function det : GL (2; R) ! R� f 0g is a group homomorphism,sincedet(AB ) = det(A)�det(B ).
Here, we considerR � f 0g to be a group under multiplication. (Seehomework problem 7 in
Section 4 for the de�nition of det and the proof of the homomorphism property.)

4. Let G be the group of in�nitely di�eren tiable functions on the unit interval [0; 1] under the
operation of addition of functions. Then, the derivative function D(f (x)) = f 0(x) is a group
homomorphism D : G ! G, since (f (x) + g(x)) 0 = f 0(x) + g0(x): Also, the integral function
I : G ! R de�ned by I (f ) =

R1
0 f (x)dx is a group homomorphism, since the integral of a

sum of functions is the sum of their integrals

5. If V and W are vector spacesover a �eld F and L : V ! W is a linear transformation, then L
is a group homomorphism, sinceL(v1 + v2) = L (v1) + L (v2). (SeeSection4 for the de�nition
of linear transformation, if you have not yet studied linear algebra.)
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De�nition 3.20 Let f : A ! B be a function. Then, Im( f ) = f (A) = f b 2 B j 9a 2 A such that
b = f (a)g is the set of valuesof the function f . The set Im( f ) or f (A) is called the image of the
function f . Note that f : A ! B is onto if and only if f (A) = B .

Example 3.21 Let A = f� 3; 3; 4; 5g and B = R. Let f (x) = x2 and consider f to be a function
from A to B . Then Im( f ) = f 9; 16; 25g.

Theorem 3.22 Suppose that f : G1 ! G2 is a group homomorphism and that e1 2 G1; e2 2 G2

are the respective identity elements. Then:

1. f (e1) = e2:

2. 8a 2 G1; f (a� 1) = (f (a)) � 1:

3. The image f (G1) is a subgroup of G2.

Proof.

1. Since e1 = e1e1, then this equation and the homomorphism property for f gives f (e1) =
f (e1e1) = f (e1)f (e1), which implies f (e1) = f (e1)f (e1). Sincee2 is the identit y element in
G2; f (e1)e2 = f (e1)f (e1). By the left cancelation law, e2 = f (e1).

2. If a 2 G1, then aa� 1 = e1. By statement 1 and the homomorphism property for f ,
f (a)f (a� 1) = f (aa� 1) = f (e1) = e2, and so,

f (a)f (a� 1) = e2:

Statement 6 in Proposition 3.2 now implies f (a� 1) = (f (a)) � 1:

3. We now prove f (G1) is a subgroup of G2.

(a) By statement 1, e2 = f (e1) 2 f (G1).

(b) Let b 2 f (G1). Then, by de�nition of the image f (G1); 9a 2 G1 such that b = f (a).
By statement 2, f (a� 1) = (f (a)) � 1 = b� 1. Hence,b� 1 2 f (G1):

(c) Let a; b 2 f (G1). Then, by de�nition of the imagef (G1); 9x; y 2 G1 such that a = f (x)
and b = f (y). Then, ab= f (x)f (y) = f (xy), and so, ab2 f (G1).

By de�nition of subgroup, f (G1) is a subgroup of G2. 2

De�nition 3.23 If f : A ! B and W � B , then f � 1(W ) = f a 2 A j f (a) 2 W g. The subset
f � 1(W ) of A is called the inverse image of W .

Example 3.24 Consider the function f (x) = x2 to be a function from R to R. Let W =
f� 6; 0; 1; 2; 4g. Then, F � 1(W ) = f 0; � 1; �

p
2; � 2g:

Theorem 3.25 Supposef : G1 ! G2 is a group homomorphismand H � G2 is a subgroup of G2.
Then, the inverse image f � 1(H ) of H is a subgroup of G1.

Proof.
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1. Since H is a subgroup of G2, e2 2 H . By statement 1 of Theorem 3.22, f (e1) = e2. Since
f (e1) = e2, then e1 2 f � 1(H ) by de�nition of inverseimage.

2. Let a 2 f � 1(H ). Then, f (a) 2 H by the de�nition of inverseimage. SinceH is a subgroup
(f (a)) � 1 2 H . By statement 2 of Theorem 3.22, f (a� 1) = (f (a)) � 1 2 H , and so, a� 1 2
f � 1(H ).

3. Finally, let a; b 2 f � 1(H ), which meansthat f (a); f (b) 2 H . Note that f (ab) = f (a)f (b) 2
H , sinceH is closedunder the group operation in G2. This shows ab2 f � 1(H ).

Thus, we have shown that f � 1(H ) satis�es the three properties - existenceof identit y, existence
of inverses,and closureof the group operation - necessaryto be a subgroup of G1. 2

De�nition 3.26 Suppose f : G1 ! G2 is a group homomorphism. The kernel of f is the set
Ker(f ) = f a 2 G1 j f (a) = e2g; where e2 is the identit y element of G2.

Theorem 3.27 If f : G1 ! G2 is a group homomorphism, then Ker(f ) is a subgroup of G1.

Proof.

1. By statement 1 of Theorem 3.22, f (e1) = e2, and so, e1 2 Ker(f ).

2. If a 2 Ker(f ), then, by Theorem 3.22, f (a� 1) = (f (a)) � 1 = e� 1
2 = e2, and so, a� 1 2 Ker(f ):

3. If a; b 2 Ker(f ), then f (ab) = f (a)f (b) = e2e2 = e2, and so, ab2 Ker(f ).

By de�nition of subgroup, Ker(f ) is a subgroup of G1. 2

Theorem 3.28 If f : G1 ! G2 and g: G2 ! G3 are group homomorphisms,then g � f : G1 ! G3

is a group homomorphism.

Proof. Let a; b 2 G1. For the sake of clarit y, we will usethe multiplicativ e notation convention for
the group operation for G1, let � be the group operation in G2 and let � be the operation in G3.
Since f and g are homomorphisms(g � f )(ab) = g(f (ab)) = g(f (a) � f (b)) = g(f (a)) �g(f (b)) =
(g � f )(a)�(g � f )(b): By de�nition of homomorphism, g � f is a group homomorphism. 2

De�nition 3.29 If H � G is a subgroup and a 2 G, then de�ne

aH = f ah 2 G j h 2 H g and H a = f ha 2 G j h 2 H g:

The set aH is called the left coset of a and H . Similarly, H a is called the right coset of a and H .
Let G=H denote the set of left cosetsof H . Note that G=H = f aH j a 2 Gg is a collection of
certain subsetsof G, and so, it is a subsetof the power set P(G) of G.

We now turn our attention to the proof of Lagrange'sTheorem, which describesa fundamental
relationship betweenthe sizeof a �nite group G and the sizeof any of its subgroupsH . Lagrange's
Theorem will follow easily from a seriesof �v e lemmasconcerningthe left cosetsof H in G.

Lemma 3.30 If H � G is a subgroup and h 2 H , then H = hH .

27



Proof. Since h 2 H , then hH = f hh0 j h0 2 H g � H by the closure property of the subgroup
H . In particular, since h� 1 2 H; then h� 1H � H . Now multiply on the left, each side of the
containment equation h� 1H � H by h to obtain h(h� 1H ) � hH , and so:

H = eH = (hh� 1)H = h(h� 1H ) � hH :

Thus, H � hH . SincehH � H also holds, H = hH : 2

Lemma 3.31 If H � G is a subgroup and a; b 2 G with aH \ bH 6= � , then aH = bH.

Proof. Suppose aH \ bH 6= �. By de�nition of intersection, there exists an element ah1 2 aH
and an element bh2 2 bH such that ah1 = bh2, for someh1; h2 2 H . Becauseah1 = bh2; then
(ah1)H = (bh2)H : But, (ah1)H = a(h1H ) = aH by the previous lemma. Similarly, (bh2)H = bH,
and so, aH = bH. 2

Lemma 3.32 If H � G is a subgroup and a 2 G, then a 2 aH .

Proof. Sincee 2 H; then a = ae 2 aH: 2

Lemma 3.33 If H � G is a subgroup, then � = G=H is a partition of G.

Proof. By Lemma 3.32, every a 2 G is in its own coset aH , and so, the union [ � = G. By
Lemma 3.31, di�eren t cosetsare disjoint, which implies � = G=H is a partition of G by the
de�nition of partition. 2

Lemma 3.34 If H � G is a subgroup and aH is a left coset of H , then jH j = jaH j, which means
that every left coset of H has the samesize as H .

Proof. Recall that two setshave the samesizemeansthat there exists a function betweenthe sets
that is both 1-1 and onto. De�ne f : H ! aH by f (x) = ax: If f (x1) = f (x2); then ax1 = ax2

which implies by the left cancelation law that x1 = x2. By de�nition of 1-1, f is 1-1. The function
f is clearly onto, since for any element ah 2 aH; f (h) = ah. This provesf is both 1-1 and onto,
and so, jH j = jaH j: 2

Theorem 3.35 (Lagrange's Theorem) If G is a �nite group and H � G is a subgroup, then
jGj = jH j � jG=Hj. In particular, if G is a �nite group and H is a subgroup, then jH j divides jGj.

Proof. This theorem is a simple consequenceof Lemmas 3.33 and 3.34. Lemma 3.33 implies
that the set of left cosets G=H partitions G into a �nite number of pairwise disjoint subsets
a1H; a2H; : : : ; an H , where n = jG=Hj. It follows that jGj = ja1H j + ja2H j + : : : + jan H j: By
Lemma 3.34, each ak H has the size jH j, and so:

jGj = ja1H j + ja2H j + : : : + jan H j = jH j + jH j + : : : + jH j = jH j � n = jH j � jG=Hj:

This equation completesthe proof of Lagrange'sTheorem. 2
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Prop osition 3.36 SupposeG is a �nite group and g 2 G. Then, hgi = f gn j n 2 Ng is a subgroup
of G. Furthermore, the integer sizeof this subgroup, which we denoteby jhgij , is equal to the order
o(g) of g. In particular, Lagrange's Theorem implies o(g) divides jGj.

Proof.

1. SinceG is a �nite set and hgi = f g; g2; : : : ; gn ; : : :g � G; then the subsethgi is �nite. Hence,
for somen; k 2 N; gn = gn + k = gn gk . So, gn e = gn = gn gk . By the left cancelation law,
e = gk , and so, e 2 hgi . In particular, g has �nite order o(g) and supposethat from now on
o(g) = k. Then, clearly, hgi = f g; g2; : : : ; gk = eg.

2. For any n; 1 � n < k; gn gk � n = gk = e, and so, every element gn in hgi has an inverse.

3. Given two elements a = gm and b = gn in hgi , then ab = gm gn = gm + n lies in hgi . Hence,
hgi is closedunder the operation of G.

This completesthe proof that hgi is a subgroup of G.
We now prove that the elements in f g; g2; : : : ; gk = eg are distinct. By our choice of k = o(a);

the element e appears only once in this list. If gi = gi + j , where i; j 2 N and i + j < k; then
gi e = gi gj and so, by the left cancelation law, e = gj . This equation contradicts the fact that
e = gk appearsonly oncein f g; g2; : : : ; gk = eg. This contradiction provesthat jhgij = o(g). 2

Corollary 3.37 If G is a �nite group with n elementsand a 2 G, then an = e.

Proof. Let a 2 G with order k = o(a), and so, ak = e. By Proposition 3.36, the order of a divides
jGj = n, which meansthat we can factor n as n = km. Then, an = akm = (ak )m = em = e: 2

De�nition 3.38 Recall from the statement of Proposition 3.36 that if G is a �nite group, then
hgi = f gn j n 2 Ng. When G is an in�nite group and g 2 G, then we de�ne hgi = f gn j n 2 Zg.
A group G is called a cyclic group, if for someg 2 G; then G = hgi . If G = hgi , then we call g a
generator of G.

Note that Zn = h1i , and so, it is a �nite cyclic group of order or sizen with 1 as a generator.
Since Z4 = f 0; 1; 2; 3g = f 3; 3 + 3 = 2; 3 + 3 + 3 = 1; 3 + 3 + 3 + 3 = 0g, then we also
seethat Z4 = h3i , and so, 3 is a generator for Z4. However, 2 2 Z4 is not a generator, since
h2i = f 2; 2 + 2 = 0g 6= Z4. Note that Z = h1i = h� 1i is an in�nite cyclic group with generators1
and � 1. Finally, note that any cyclic group G = hgi is abelian, sincegi gj = gi + j = gj + i = gj gi .

Theorem 3.39 Suppose f : G1 ! G2 is a group homomorphism. Then, f is 1-1 if and only if
Ker(f ) = f e1g.

Proof. Suppose f is 1-1 and we will show that Ker(f ) = f e1g. By part 1 of Theorem 3.22,
f (e1) = e2, and so, e1 2 Ker(f ). If a 2 Ker(f ); then f (a) = e2 = f (e1), and so, by de�nition of
1-1, a = e1. This provesKer(f ) = f e1g.

Now assumethat Ker(f ) = f e1g and we will prove that f is 1-1. Supposef (a) = f (b) and we
will verify that a = b. Multiply each side of the equation f (a) = f (b) on the left by (f (b)) � 1 to
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obtain (f (b)) � 1f (a) = (f (b)) � 1f (b) = e2: Using the additional fact that (f (b)) � 1 = f (b� 1) and
the homomorphism property for f , we get:

f (b� 1a) = f (b� 1)f (a) = (f (b)) � 1f (a) = e2:

Since f (b� 1a) = e2, then b� 1a 2 Ker(f ) = f e1g, and so, b� 1a = e1. Multiply each side of the
equation b� 1a = e1 on the left by b to get a = be1 = b, which provesf is 1-1. 2

De�nition 3.40 A homomorphism f : G1 ! G2 is an isomorphism, if it is 1-1 and onto. If there
exists an isomorphism f : G1 ! G2, then we say that the groups G1 and G2 are isomorphic.

Theorem 3.41 SupposeG is a group and a 2 G. De�ne f a : G ! G by f a(x) = axa� 1. Then, f a

is a group isomorphism.

Proof. We �rst show f a is a group homomorphism. Let x; y 2 G. Then,

f a(xy) = axya� 1 = axeya� 1 = ax(a� 1a)ya� 1 = (axa� 1)(aya� 1) = f a(x)f a (y):

We now check that f a is 1-1. Note that f a(x) = f a(y) =) axa� 1 = aya� 1. Applying the
cancelation laws twice givesx = y; which implies f a is 1-1.

To prove f a is onto, we let y 2 G and we will �nd an x 2 G such that f a(x) = y. Note that
f a(x) = y gives the equation axa� 1 = y. We can easily solve for x by multiplying both sides
of the equation axa� 1 = y on left by a� 1 and on the right by a, to obtain x = a� 1ya. Hence,
f a(x) = f a(a� 1ya) = aa� 1yaa� 1 = eye = y: This provesf a is onto.

Sincef a : G ! G is homomorphism which is 1-1 and onto, then f a is an isomorphism. 2

Theorem 3.42 If G is a group, then the set Aut( G) = f f : G ! G j f is a group isomorphismg
is a group under the binary operation of composition of functions. Aut (G) is called the group of
automorphismsof G.

Proof. First note that the composition of isomorphismsis an isomorphism, since the composition
of 1-1 and onto functions is again 1-1 and onto and the composition of homomorphisms is a
homomorphism. Thus, composition of functions in Aut( G) is a binary operation.

Let idG : G ! G be the function idG (x) = x: Then, idG is easily seento be a 1-1 and onto
group homomorphism. Since for any function f : G ! G; idG � f = f � idG = f , then idG is the
identit y element in Aut (G).

Since the inversefunction f � 1 : G ! G of an f 2 Aut (G) is 1-1 and onto, as well as being a
group homomorphism (easy to check), then f � 1 2 Aut( G).

Sincecomposition of functions is associative (homework problem 1), Aut (G) is a group under
composition of functions. 2

Theorem 3.43 Suppose G is a group. Then, the function I : G ! Aut( G), de�ned by I (a) =
f a : G ! G, is a group homomorphismwith Ker(I ) = C(G) = center of G.
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Proof. We �rst check that I is a group homomorphism. This just meansthat I (ab) = f ab is the
samefunction as f a � f b. By de�nition,

f ab(x) = (ab)x(ab) � 1 = abxb� 1a� 1 = a(bxb� 1)a� 1 = f a(bxb� 1) = f a(f b(x)) = (f a � f b)(x):

This provesthat f ab = f a � f b, and so, I is a group homomorphism.
We now check that Ker(I ) = C(G): Clearly, C(G) � Ker(I ), since for any a 2 C(G); f a(x) =

axa� 1 = xaa� 1 = xe = x = idG (x). But, if a 2 Ker(I ); then 8x 2 G; f a(x) = idG (x), and so,
8x 2 G; axa� 1 = x. Multiplying this equation on the right by a gives the equation axa� 1a =
xa =) axe = xa =) ax = xa =) a 2 C(G): Thus, Ker(I ) � C(G), and so, Ker(I ) = C(G): 2

De�nition 3.44 The group isomorphism f a : G ! G de�ned by f a(x) = axa� 1 is called conjuga-
tion by a. The set Inner(G) = f f a j a 2 Gg is the imageof the homomorphism I : G ! Aut (G) in
the previous theorem, and so, it is a subgroup of Aut (G). The group Inner(G) is called the group
of inner automorphismsof G. By Corollary 3.48 to the First Isomorphism Theorem stated below,
Inner(G) is isomorphic to the quotient group or group of left cosetsG=C(G).

Theorem 3.45 (Normal Subgroup Theorem) A subgroup H � G is called normal if any of
the following equivalent properties hold:

1. 8a 2 G; then aH = H a.

2. H is the kernel of somegroup homomorphismf : G ! G0.

3. 8a 2 G and 8h 2 H , then aha� 1 2 H .

4. 8a 2 G, then aH a� 1 � H :

5. 8a 2 G, then aH a� 1 = H .

Proof. SupposeH satis�es statement 1. Let G0 = G=H = set of left cosetsof H . We now check
that for aH; bH 2 G=H; then the set (aH )(bH) = aH bH = f ah1bh2 j h1; h2 2 H g is the coset
abH. Lemma 3.30 implies H H = H , and so, using associativit y and statement 1, we obtain:

aH bH = a(H b)H = a(bH)H = (ab)(H H ) = abH:

Hence,the product of two left cosetsis again a left coset. Note that (aH )(eH) = aeH = aH and,
similarly, (eH)(aH ) = aH . This meansthat the left coset eH = H plays the role of an identit y
element in G=H under the operation (aH )(bH) = abH. Also, note that (a� 1H ) is the inversecoset
of aH and that the multiplication is associative. Hence,G=H is a group.

Now consider the function f : G ! G=H de�ned by f (a) = aH . Then,

f (ab) = abH = (aH )(bH) = f (a)f (b);

which implies f is a homomorphism. We claim that Ker(f ) = H , which will prove that (1) =)
(2) with G0 = G=H. Clearly, H � Ker(f ), since for h 2 H; f (h) = hH = H = eH, which is the
identit y element in G=H: Now supposethat a 2 Ker(f ). Then f (a) = aH = H , since H is the
identit y element in G=H. Since a = ae 2 aH = H; then Ker(f ) � H : Since H � Ker(f ) and
Ker(f ) � H , we concludethat H = Ker(f ), and so, (1) =) (2).
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SupposeH is the kernel of somehomomorphism, f : G ! G0. Then, 8a 2 G and 8h 2 H ,

f (aha� 1) = f (a)f (h)f (a� 1) = f (a)e2(f (a)) � 1 = f (a)( f (a)) � 1 = e2:

Therefore, aha� 1 2 Ker (f ) = H , which provesthat (2) =) (3).
Note that (3) =) (4) by de�nition of the containment symbol � .
Supposethat 8a 2 G; aH a� 1 � H . Then, this containment equation holdsfor a� 1 which means

that a� 1H (a� 1)� 1 � H . Since(a� 1)� 1 = a, we obtain a� 1H a � H : Multiplying the containment
equation a� 1H a � H on the left by a and on right by a� 1, givesH = eHe = aa� 1H aa� 1 � aH a� 1,
and so, H � aH a� 1. Since aH a� 1 � H and H � aH a� 1; then H = aH a� 1, which shows
(4) =) (5).

Assume(5) holds and let a 2 G. Note that (5) =) (1) becausewe can multiply each side of
the equation aH a� 1 = H on the right by a to obtain:

aH a� 1a = aH e = aH = H a:

Since (1) =) (2) =) (3) =) (4) =) (5) =) (1), then all of these statements are equivalent,
which completesthe proof of the theorem. 2

By the proof of the Normal Subgroup Theorem, whenever f : G1 ! G2 is a group homomor-
phism, then the set of left cosetsG1=Ker(f ) is a new group. The next theorem concerning this
cosetgroup G1=Ker(f ) plays an important role in group theory and its applications to other parts
of mathematics.

Theorem 3.46 (First Isomorphism Theorem) If f : G1 ! G2 is an onto group homomor-
phism, then there is a naturally induced group isomorphism,

f : G1=Ker(f ) ! G2; where f (aKer(f )) = f (a):

In particular, G1=Ker(f ) is isomorphic to G2.

Proof. For a 2 G1; let ak 2 aKer(f ): Then f (ak) = f (a)f (k) = f (a)e2 = f (a). Hence,
f (aKer(f )) = f (aKer(f )) = f (a) is a well-de�ned function, where f (aKer(f )) denotesthe unique
element f (a) of the imageof f of the subsetaKer(f ). Note that f (aKer(f ) bKer(f )) = f (abKer(f )) =
f (ab) = f (a)f (b) = f (aKer( f )) f (bKer(f )), which provesf is a homomorphism.

If aKer(f ) 2 Ker(f ), then f (aKer(f )) = f (a) = e2, and so, a 2 Ker(f ). Since a 2 Ker(f ),
Lemma 3.31 implies aKer(f ) = Ker(f ), which is the identit y element in G1=Ker(f ). This proves
that Ker(f ) consistsonly of the identit y element, and so, by Theorem 3.39, f is 1-1.

We now check that f is onto. Let y 2 G2. Sincef is onto, there existsan x 2 G1 with f (x) = y.
But then, f (xKer( f )) = f (x) = y, and so, f is onto. By de�nition of isomorphism, f is a group
isomorphism. 2

Sinceevery group homomorphism f : G1 ! G2 is onto its image Im( f ), which is a subgroup of
G2, then Theorem 3.46 implies the next corollary.

Corollary 3.47 If f : G1 ! G2 is a group homomorphism, then G1=Ker(f ) is isomorphic to the
image of f .

Corollary 3.48 Inner(G) is isomorphic to G=C(G), where C(G) is the center of G.
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Proof. By Theorem 3.43, the homomorphism I : G ! Inner(G) � Aut( G) is an onto homo-
morphism with Ker(I ) = C(G). By the First Isomorphism Theorem, Inner(G) is isomorphic
to G=C(G). 2

Homew ork Problems

1. Supposef : A ! B ; g: B ! C and h : C ! D . Prove that the composition of functions is
associative by showing that (h � (g � f ))( x) = ((h � g) � f )(x) for every x 2 A. (Hint: Recall
that g � f (x) evaluates to be g(f (x)). Completely evaluate each side of the desiredequation
to show equality.)

2. Let A be a set and de�ne the set of permutations of A to be Perm(A) = f f : A ! A j f is
1-1 and ontog. By Corollary 2.8, � is a binary operation on Perm(A). Prove Perm(A) is a
group under this binary operation. What is the identit y element in Perm(A)? Given f 2
Perm(A), then what is the inverseelement? (Hint: Use homework problem 1 and the proof
of Theorem 2.13.)

3. Prove that for k 2 N; kZ = f kn j n 2 Zg is a subgroup of Z. (Hint: Seethe discussionin
Example 3.11.)

4. Prove that the union 2Z [ 3Z is not a subgroup of Z by showing it is not closedunder +.

5. SupposeA = f H � g� 2 I is a collection of subgroupsof a group G. Prove that
T

A =
T

� 2 I H �

is a subgroup of G. (Hint: Seethe proof of Theorem 3.13.)

6. SupposeG is a group such that a � a = e for all a 2 G. Prove that G is abelian. (Hint: Note
that this equation implies that 8a 2 G; a = a� 1. Apply this fact to the element ab and then
usestatement 4 in Proposition 3.2)

7. What is the order of 6 in Z20?

8. What is the intersectionof the subgroupsH 2 = f 0; 2; 4; 6; : : : ; 28g � Z30 and H3 = f 0; 3; 6; : : : ; 27g �
Z30?

9. SupposeG is a group and b 2 G. Then, the centralizer subgroup of b, denotedby C(b), equals
f x 2 G j bx = xbg, or equivalently , C(b) is the set of elements in G that commute with b.
Prove C(b) is a subgroup of G.

10. Let H = 3Z = f 3n j n 2 Zg. List the three di�eren t cosetsof H in Z.

11. Let G = Z6 and let H = f 0; 3g � Z6. List the di�eren t cosetsof H in Z6.

12. List all the subgroupsin Z6. (Hint: They are all cyclic and you can assumethis fact.)

13. List all the generatorsfor Z8.

14. Let G1 and G2 be groups. Consider the binary operation (a1; b1)(a2; b2) = (a1a2; b1b2) on
the crossproduct G1 � G2. Show that this binary operation makesG1 � G2 into a group. For
example, if e1 2 G1 and e2 2 G2 are the identit y elements, then show (e1; e2) is an identit y
element in G1 � G2.
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15. Prove that the group Z2 � Z3 is cyclic under the binary operation de�ned in the previous
homework problem. Make a list of all of the generatorsof this cyclic group.

16. Prove that if G is a group with a prime number p of elements, then G is cyclic. (Hint: Apply
Proposition 3.36 to any element a 2 G � f eg.)

17. What is the image of the function f (x) = x2 : R ! R?

18. What is the image of the function g(x) = x2 : [2; 4] ! R?

19. What is the image of the function f (x) = ex : R ! R?

20. Let f (x) = x2 : R ! R.

(a) What is f � 1(f 0; 3g)?

(b) What is f � 1([4; 1 ))?

(c) What is f � 1([� 10; 4])?

21. If f : A ! B is 1-1, then prove that A and Im( f ) = f (A) have the samesize: jAj = jf (A)j:

22. Supposef : A ! B and W1 and W2 are subsetsof B . Prove that:

(a) f � 1(W1 [ W2) = f � 1(W1) [ f � 1(W2).

(b) f � 1(W1 \ W2) = f � 1(W1) \ f � 1(W2).

(c) f � 1(W c
1 ) = (f � 1(W1))c.

23. Let f : R ! R be de�ned by f (x) = 3x. Prove that f is a group homomorphismof the group
(R; +).

24. Prove the center C(G) of a group G is a normal subgroup of G. You do not needto prove it
is a subgroup.

Challenge Problems

25. Is the group Z4 isomorphic to the group Z6? Why?

26. Prove Z4 is not isomorphic to Z2 � Z2. (Hint: Is Z2 � Z2 a cyclic group?)

27. Prove Z6 is isomorphic to Z2 � Z3 by constructing an isomorphism f : Z6 ! Z2 � Z3. (Hint:
Also, seehomework problem 15).

28. SupposeG is a �nite group and H is a subgroup with jG=Hj = 2. Prove that H is a normal
subgroup of G. (Hint: Use Lemma 3.33 which also holds for right cosets. Think in terms
of the complement of the coset H = eH = H e. Also, note that by the proof of Lagrange's
Theorem, each of the two left (or right) cosetsof H have half the sizeof G.)

29. Prove that the subgroup Inner(G) � Aut (G) is a normal subgroup. (Hint: Use property (3)
in the statement of Theorem 3.45 for the de�nition of normal.)

30. Let C1 ([0; 2� ]) be the set of in�nitely di�eren tiable functions f : [0; 2� ] ! R.
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(a) Prove C1 ([0; 2� ]) is a group under addition of functions: (f + g)(x) = f (x) + g(x):

(b) What is the kernel of the derivative homomorphism D : C1 ([0; 2� ]) ! C1 ([0; 2� ]);
where D(f (x)) = f 0(x)?

(c) Is x2 : [0; 2� ] ! R in the kernelof the group homomorphism
R

: C1 ([0; 2� ]) ! R de�ned
by

R
(f (x)) =

R2�
0 f (x)dx? Why? Prove that cos(x) is in the kernel of

R
.

4 Elemen tary linear algebra and �eld theory .

We now review somebasic results from linear algebra. As we have already seen,group theory is
the study of groups, subgroupsand relationships of subgroupswith group homomorphisms. In a
similar way, linear algebra is the study of vector spaces,subspacesand relationships of subspaces
with linear transformations. We now recall thesebasic de�nitions.

De�nition 4.1 A real vector space V is an abelian group (V; +) together with a map R � V ! V ,
called scalar multiplication (we write �v for the value of (�; v) under this map), which satis�es the
following distributiv e and associative laws:

1. 8� 1; � 2 2 R and 8v 2 V , then (� 1 + � 2)v = � 1v + � 2v:

2. 8� 2 R and 8v1; 8v2 2 V , then � (v1 + v2) = �v 1 + �v 2.

3. 8� 1; � 2 2 R and 8v 2 V , then � 1(� 2v) = (� 1� 2)v1

De�nition 4.2 A subgroupW of a vector spaceV is a subspace, if 8� 2 R and 8w 2 W ; then �w 2
W .

De�nition 4.3 SupposeV and W are real vector spaces.A function L : V ! W is linear, if L is
a group homomorphism (8v; w 2 V; L (v + w) = L(v) + L (w)), and 8� 2 R and 8v 2 V; L (�v ) =
�L (v).

By Theorems3.22and 3.27, for a linear transformation L : V ! W , the kernel Ker(L ) � V and
the image Im(L ) � W are subgroupsof their respective spaces. In fact, simple arguments prove
that Ker(L ) is a subspaceof V and Im(L ) is a subspaceof W . (Seehomework problems 2 and 3.)

We recall that Rn = � n
i =1 R = R � : : : � R, the crossproduct n-times of R, is our standard

exampleof a vector space. In linear algebra, oneconsidersa vector v 2 Rn to be a column vector.
For example, the vector v = (1

3) 2 R2 has �rst coordinate 1 and secondcoordinate 3. Addition of
vectors in Rn is then addition of coordinates of the vectors. For example, (1

3) + (2
2) = (3

5). Finally,
we recall the de�nition of matrix multiplication of a real entry (m � n)-matrix

A =

0

B
B
B
@

a1;1 a1;2 : : : a1;n

a2;1 a2;2 : : : a2;n
...

...
am; 1 am; 2 : : : am;n

1

C
C
C
A
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with an n-vector X =

0

B
@

x1
...

xn

1

C
A 2 Rn to be the m-vector: AX =

0

B
B
B
B
B
@

nP

i =1
a1;i x i

...
nP

i =1
am;i x i

1

C
C
C
C
C
A

2 Rm :

It is straightforward to check that matrix multiplication by A givesrise to a linear transforma-
tion A : Rn ! Rm .

Theorem 4.4 If L : Rn ! Rm is a linear transformation, then L is the samefunction as the one
de�ned by multiplication by the matrix

M L = (L (e1)L (e2) : : : L (en )) ;

where the k-th column of M L is value of L on the k-th basis element ek of Rn , where all the
coordinates of ek are zero except for the k-th coordinate which is 1. (For example, for e1 2 R2,
then e1 = (1

0):)

Proof. Given a vector v =

0

B
@

b1
...

bn

1

C
A 2 Rn ; then v = b1e1 + b2e2 + : : : + bn en =

nP

k=1
bk ek ,

and so, a linear transformation L : Rn ! Rn has the value L(v) = L (
nP

k=1
bk ek ) =

nP

k=1
L(bk ek ) =

nP

k=0
bk L(ek ). In particular, L is determined by its values L (e1); L (e2); : : : ; L (ek ) on the standard

basisf e1; e2; : : : ; en g of Rn . But, given a (m� n)-matrix A = (ai;j ); a simple calculation shows that
A(ek ) is its k-th column. Thus, the linear function M L : Rn ! Rm de�ned by matrix multiplication
by M L is the samelinear transformation as L . 2

Theorem 4.5 If L : Rn ! Rm and H : Rm ! Rk are linear transformations, then the composition
H � L : Rn ! Rm is a linear transformation with matrix M H � L = ((H � L )(e1) : : : (H � L )(en )) :

Proof. The proof that H � L is a group homomorphism follows from Theorem 3.28. Let � 2 R and
v 2 Rn . Then, sinceH and L are linear, we have:

(H � L )( �v ) = H (L (�v )) = H (�L (v)) = �H (L (v)) = � (H � L )(v):

This calculation provesH � L : Rn ! Rk is linear, and Theorem 4.4 completesthe proof. 2

The above theorem tells us how we should multiply matrices. In other words, if A is a (k � m)-
matrix and B is a (m � n)-matrix, then, thought of as linear transformations, A � B : Rn ! Rk is
a linear transformation with (k � n)-matrix

M A � B = (A(B (e1)) : : : A(B (en ))) :

In particular, since the i -th column of B is B (ei ), then the i -th column of M A � B is equal to the
matrix multiplication of A with the i -th column of B . Motiv ated by this observation, we de�ne
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the matrix multiplication of a (k � m)-matrix A with a (m � n)-matrix B with i -th column B i to
be:

AB = A(B1 : : : Bn ) = (AB 1 : : : AB n ):

One can alsoadd two m� n-matrices A = (ai;j ) and B = (bi;j ) : A + B = C = (ci;j = ai;j + bi;j ).

Theorem 4.6 If A is a (k � m)-matrix, B is a (m � n)-matrix and C is a (n � p)-matrix, then
A(B C) = (AB )C. In other words, multiplication of matrices is associative.

Proof. Consider A; B ; C to be the matrices for their corresponding linear functions: A : Rm !
Rk ; B : Rm ! Rn ; C : Rp ! Rn . Then A(B C) is the matrix for the linear transformation
A � (B � C) : Rp ! Rk and (AB )C is the matrix for the linear transformation (A � B ) � C : Rp ! Rk .
By homework problem 1 in Section 3, A � (B � C) = (A � B ) � C, and so, A(B C) = (AB )C: 2

Theorem 4.7 Consider the function R� : R2 ! R2 which is the rotation counter-clockwise by
angle � 2 [0; 2� ) around the origin (0; 0). Then:

1. R� is a linear function;

2. M R � =
�

cos� � sin �
sin � cos�

�
:

Proof. We �rst check that R� is linear. Let v 2 R2 and � 2 R. Then, geometrically speaking, �v is
pointed in the direction v but is made longer by the factor � (in the opposite direction when � is
negative). Clearly, then R� (�v ) = �R � (v): Now considertwo vectorsv1; v2 2 R2. Note that v1 + v2

is the far corner point of the parallelogram with side vectors v1 and v2. Since this parallelogram
rotates under R� to the parallelogram with side vectors R � (v1) and R� (v2) and far corner point
R� (v1) + R� (v2), then R� (v1 + v2) = R� (v1) + R� (v2). This provesR� is linear.

By de�nition of cos� and sin � , R�
�

1
0

�
=

�
cos �
sin �

�
and R�

�
0
1

�
=

�
cos( � + �

2 )
sin( � + �

2 )

�
=

� � sin �
cos �

�
: Statement

2 now follows immediately from Theorem 4.4. 2

Besidesconsidering vector spaceswith scalar multiplication by real numbers, mathematicians
and scientists also �nd it useful to considervector spaceswith multiplication by scalarsin number
systems other than R. For example, one might want to de�ne scalar multiplication of vectors
by rational numbers in Q or by complex numbers in C = f a + b

p
� 1 j a; b 2 Rg. Recall the

multiplication rule for two complex numbers: (a1 + b1
p

� 1)(a2 + b2
p

� 1 = (a1a2 � b1b2) + (a1b2 +
a2b1)

p
� 1.

More generally, we will consider vector spaceswith scalar multiplication by elements in an
arbitrary �eld, where Q; R and C are our classicalexamplesof �elds.

De�nition 4.8 A �eld F is a set F together with two binary operations, + and �, which are
commutativ e and satisfy the following properties:

1. F is a commutativ e group under + with identit y element 0.

2. Multiplication � induces a binary operation on F � f 0g and, with respect to this binary
operation, F � f 0g is a commutativ e group.
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3. The operations of + and � satisfy the distributiv e law: 8a; b;c 2 F; a � (b+ c) = a � b+ a � c:

Remark 4.9 As in group theory, for a �eld F , we usually write ab instead of a � b, the inverseof
a 2 F under + is written \ � a", the identit y element of F � f 0g under multiplication is written
as \1" is unique, and we write \ a� 1" for the unique multiplicativ e inverseof an a 2 F � f 0g. We
say that a subsetF of a �eld F 0 is a sub�eld of F 0, if F is a subgroup of (F 0; +) and F � f 0g is a
subgroup of (F 0 � f 0g; �):

The rational numbers Q with the usual operations of addition and multiplication is a sub�eld
of R. Similarly, the set of complex numbers C = f a + b

p
� 1 j a; b 2 Rg is an example of a �eld

with R as a sub�eld.
There are also important examplesof �elds which are �nite. The most well-known examples

of �nite �elds come from the groups (Zn ; +), when n is a prime. In each Zn , we can de�ne
multiplication mo d (n). For example, in Z6 = f 0; 1; 2; 3; 4; 5g; we have 2 � 3 = 6 = 0 mo d (6) and
4 � 5 = 20 = 2 mo d (6). Since 2 � 3 = 0 mo d (6), then � does not induce a binary operation on
Z6 � f 0g, and so, Z6 is not a �eld, although multiplication is a binary operation on Z6.

The proof of the next proposition is straightforward.

Prop osition 4.10 The binary operations of addition and multiplication on Zn satisfy the following
properties:

1. 8a; b;c;2 Zn ; a(bc) = (ab)c:

2. 8a; b;c 2 Zn ; a(b+ c) = ab+ ac.

3. 8a; b 2 Zn ; ab= ba.

4. 8a 2 Zn ; 1 � a = a.

Theorem 4.11 If p is a prime number, then Zp is a �eld under the binary operations of addition
+ and multiplication � .

Proof. By Proposition 3.6, Zn is a commutativ e group under +. By Proposition 4.10, it remains
to prove that Zp � f 0g is a group under �.

We �rst check that � is a binary operation in Zp � f 0g. Let m; n 2 Zp � f 0g. Then m � n =
mn mo d (p). If mn mo d (p) is zero, then p divides mn. But if a prime divides the product of
two positive integers, then it divides one of them. Since m and n are both positive integers less
than p, then we concludethat p doesnot divide mn, and so, m � n = mn mo d (p) is an element in
Zp � f 0g.

By Proposition 4.10, it remainsonly to show that each element n of Zp � f 0g hasa multiplicativ e
inverse. Fix n 2 Zp � f 0g, consider the function f n : Zp � f 0g ! Zp � f 0g de�ned by f n (x) = nx.
If f n is onto, then there exists an m 2 Zp � f 0g such that f n (m) = nm = 1, and then m will be
the multiplicativ e inversefor n. Thus, we needonly prove that f n is an onto function.

Whenever A is a �nite set and f : A ! A is a 1-1 function, then f is alsoan onto function. One
way to seethis interesting additional property holds for a 1-1 function f is given by the following
argument. By homework problem 21 in Section 3, jAj = jIm( f )j, where Im( f ) � A. But, any
subset B � A with the samesize as A must be equal to A, since A is �nite. Hence, Im( f ) = A;
which meansthat f is onto.
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By the discussionin the previous paragraph, in order to complete the proof of the theorem,
it remains only to show that f n : Zp � f 0g ! Zp � f 0g is 1-1. Suppose f n (x) = f n (y), where
0 < x � y < p. Then, n � x = n � y in Zp � f 0g, and so, n � x � n � y = n(x � y) = 0 in Zp This
meansthat the prime p divides n or p divides x � y. Since0 < n < p, p doesnot divide n, and so,
p divides x � y. Since0 � x � y < p and p divides x � y; which meansx � y = 0, and so, x = y.
This provesthat f n is 1-1, which completesthe proof that every n 2 Zp � f 0g has a multiplicativ e
inverse. 2

Note that we can identify Zn = f 0; 1; 2; : : : ; n � 1g with the set of left cosetsZ=H, for the
subgroup H = nZ = f kn j k 2 Zg. In this case,we can write Z=H = f 0 + H = 0; 1 + H =
1; 2 + H = 2; : : : ; (n � 1) + H = n � 1g = f 0; 1; 2; : : : ; n � 1g. Also, note that the function
� : Z ! Zn , de�ned by � (k) = k mo d (n), is a group homomorphism with Ker(� ) = H = nZ; this
is becausefor i; j 2 Z; � (i + j ) = (i + j ) mo d (n) = i mo d (n) + j mo d (n). Also, note that for
i; j 2 Z; � (ij ) = � (i )� (j ); which meansthat � also preservesthe multiplicativ e operations we have
on Z and on Zn .

Corollary 4.12 (Fermat's Little Theorem) Let p 2 Z be a prime number. If a 2 N is not
divisible by p, then,

ap� 1 = 1 mo d (p):

Proof. Let p be a prime and supposea 2 N is not divisible by p. In this case,� (a) = a = a mo d (p)
is an element of Zp � f 0g. Our goal is to show that ap� 1 � 1 is a multiple of p, which just means
that ap� 1 � 1 is in the kernel of the homomorphism � , which is the subgroup pZ � Z.

Consider � (ap� 1 � 1). Since � is a group homomorphism, � (ap� 1 � 1) = � (ap� 1) + � (� 1) =
� (ap� 1) � 1, where� 1 = p� 1 is the additiv e inverseof 1 in Zp. Since� sendsproducts to products,
� (ap� 1) = (� (a))p� 1 = ap� 1. By Theorem 4.11, Zp � f 0g is a group with p � 1 elements, and
so, by Corollary 3.37, ap� 1 = 1 which is the identit y element in Zp � f 0g. Hence, � (ap� 1 � 1) =
(� (a))p� 1 � 1 = ap� 1 � 1 = 1 � 1 = 0 in Zp, which meansthat ap� 1 � 1 is divisible by p. 2

Recall from homework problem 29 in Section 2, a complex number r 2 C is algebraic, if it is a
root or zero of somenonzeropolynomial a0 + a1x + : : : + an xn with coe�cien ts ai 2 Q. The main
goal of the remainder of this section is to prove that the set A � C of algebraic numbers forms
a sub�eld of C. To prove this interesting theorem in number theory, we �rst need to develop the
notion of a vector spacewith scalar multiplication in a general �eld.

From this point on in this section, the reader may assume that all of the �elds we are
considering are sub�elds of the complex numbers C, if he/she prefers. In any case, the reader
should think of F as a number system where the usual laws of arithmetic hold.

De�nition 4.13 A vector space V over a �eld F is a group V under + together with a map
F � V ! V , called scalar multiplication, which satis�es the following distributiv e and associative
rules:

1. 8� 1; � 2 2 F and 8v 2 V; (� 1 + � 2)v = � 1v + � 2v:

2. 8� 2 F and 8v1; v2 2 V; � (v1 + v2) = �v 1 + �v 2.

3. 8� 1; � 2; 2 F and 8v 2 V; � 1(� 2v) = (� 1� 2)v:
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Note that if a �eld F is a sub�eld of a larger �eld F 0, then for � 2 F and v 2 F 0, one obtains
�v 2 F 0, where�v is the product of � and v in F 0. Note that for � 2 F and v1; v2 2 F 0; � (v1 + v2) =
�v 1 + �v 2 by the distributiv e rule for multiplication in F 0. It is easy to check that this "scalar
multiplication" of elements in F 0 by elements of F makes F 0 into a vector spaceover F . In this
way, we can consider R to be a vector spaceover the sub�eld Q and consider C to be a vector
spaceover the sub�eld R.

We want to de�ne new examplesof sub�elds of C which are di�eren t from R and Q. Sinceany
sub�eld F of C has 1 2 F , and since F is a group under +, then F contains the integers Z as a
subgroup. SinceF � f 0g is also a group under multiplication, then it also holds that Q � F .

Prop osition 4.14 Let Q(
p

2) = f a + b
p

2 j a; b 2 Qg: Then, addition and multiplication are
binary operations on Q(

p
2), which makesQ(

p
2) into a sub�eld of R that is di�er ent from Q:

Proof. Clearly, addition and multiplication on R induce binary operations on Q(
p

2): For example,
(2 + 3

p
2)(7 �

p
2) = 14 + (21 � 2)

p
2 � 6 = 8 + 19

p
2. It is also clear that Q(

p
2) is a group

under addition with 0 = 0 + 0 �
p

2 and the additiv e inverseof a + b
p

2 is � a + � b
p

2. Also, note
that 1 = 1 + 0 �

p
2 is the multiplicativ e identit y element for Q(

p
2) � f 0g: SinceQ(

p
2) � R, the

associative and distributiv e laws for R automatically hold for Q(
p

2):
The only thing left to check to show that Q(

p
2) is a �eld is to verify that any a + b

p
2 2

Q(
p

2) � f 0g has a multiplicativ e inversein Q(
p

2) � f 0g, where either a 6= 0 or b 6= 0. If b = 0,
then a + b

p
2 = a 2 Q � f 0g has a multiplicativ e inverse. Assume now b 6= 0. By homework

problem 30 in Section 2,
p

2 is not a rational number. Since a + b
p

2 6= 0 and
p

2 =2 Q, then
a � b

p
2 is not a rational number, and so, a � b

p
2 6= 0. Hence,

(a + b
p

2) � 1 =
1

a + b
p

2
=

1

a + b
p

2
�

a � b
p

2

a � b
p

2
=

a � b
p

2
a2 � 2b2 =

a
a2 � 2b2 +

� b
a2 � 2b2

p
2 2 Q(

p
2)

Since
p

2 2 Q(
p

2) but
p

2 =2 Q, then Q(
p

2) is a sub�eld of R which is di�eren t from Q. 2

De�nition 4.15 Given a vector spaceV over a �eld F , we say that:

1. A subset S � V spans V , if every v 2 V is a �nite linear combination of vectors in S. In
other words, for v 2 V , there exist a �nite number of vectors v1; v2; : : : ; vn 2 S and scalars
� 1; � 2; : : : ; � n 2 F such that

v = � 1v1 + : : : + � n vn :

2. If S � V , then Span(S) is the set of all �nite linear combinations of vectors in S.

3. A subset S � V is a set of linearly independent vectors, if whenever v1; : : : ; vn 2 S and
� 1; : : : ; � n 2 F such that

� 1v1 + � 2v2 + : : : + � n vn = 0;

then � 1 = � 2 = : : : = � n = 0: We say that S is a linearly dependent set of vectors, if it is not
a linearly independent set of vectors.

4. A subsetS � V is a basis for V , if it spansV and consistsof linearly independent vectors.
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5. A vector spaceV over F has�nite dimensionn, if there existsa �nite subsetS = f v1; v2; : : : ; vn g
which spansV and any subsetof V with lessthan n vectors will not span V . In this casewe
write: dimF V = n.

Note that the standard basis f e1 =
�

1
0

�
; e2 = (0

1)g is a basis for R2 consideredto be a real vector
space. Another basis for R2 is S = f v1 = (1

0); v2 = (1
1)g. To seethis, �rst note that e1 = v1 and

e2 = v2 � v1: Then,
�

a
b

�
= ae1 + be2 = av1 + b(v2 � v1) = (a � b)v1 + bv2;

and so, S spansR2. Furthermore, if av1 + bv2 = 0 = (0
0) for somea; b 2 R, then

a
�

1
0

�
+ b

�
1
1

�
=

�
a
0

�
+

�
b
b

�
=

�
a + b

b

�
=

�
0
0

�
:

Hence, b = 0 and since a + b = 0, then a = 0, and so, the set S is a linearly independent set of
vectors. SinceS spansR2 and it is a linearly independent set of vectors, then S is another basis
for R2.

For the �eld Q(
p

2) described in Proposition 4.14, clearly dimQQ(
p

2) = 2 with basis f v1 =
1; v2 =

p
2g.

In the proof of the next lemma, we will usethe easyto prove fact that if S � V is a nonempty
subset, then Span(S) is a subspaceof V , and so, Span(S) it is closedunder addition.

Lemma 4.16 Suppose V is a vector space over F and S � V is a possibly in�nite subsetof V .
Then:

1. If S is a linearly dependent set of vectors with at least two elements, then somevk 2 S can
be expressed as a �nite linear combination of vectors in S which are di�er ent from vk . In
this case, Span(S) = Span(S � f vk g).

2. If S is a linearly independent set of vectors and the vector v 2 V can be expressed as v =P n
i =1 ai vi =

P n
i =1 bi vi ; for somef v1; v2; : : : ; vn g � S; then ai = bi for all i 2 f 1; 2; : : : ; ng.

3. If S is a basis for V , then everyv 2 V can be expressed uniquely as a �nite linear combination
of vectors in S.

Proof. Suppose eS = f v1; v2; : : : ; vn g � S is a linearly dependent set of vectors with n � 2. Then,
� 1v1 + : : : + � n vn = 0, where some� i 6= 0. After reindexing eS, we may assumethat � 1 6= 0: Since
� 1v1 = �

P n
i =2 � i vi and � 1 6= 0,

v1 = � � 1
1 (

nX

i =2

� � i vi ) =
nX

i =2

(� � � 1
1 � i )vi =

nX

i =2

ai vi ;

where ai = � � � 1
1 � i 2 F: In order to prove Span(S) = Span(S � f v1g), we need to check the

containment equations: Span(S) � Span(S�f v1g) and Span(S�f v1g) � Span(S). SinceS�f v1g �
S, then the de�nition of the span of a set implies Span(S � f v1g) � Span(S). We now show that
Span(S) � Span(S � f v1g), where we are assuming v1 =

P n
i =2 ai vi . If v 2 Span(S), then v =
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P m
i =1 bi wi , wherewi 2 S. Note that we may assumethat w1 = v1 (if v1 doesnot originally appear,

then force it to appear by letting w1 = v1 and b1 = 0). Hence,v = b1v1 +
P n

i =2 b1wi = b1v1 + w,
where v1 and w lie in Span(S � f v1g). Since the span of a set is a subspace,b1v = v1 + w 2
Span(S � f v1g). By de�nition of containment,Span(S) � Span(S � f v1g), which completes the
proof of the �rst statement of the lemma.

SupposeS is a linearly independent set of vectors and
P n

i =1 ai vi =
P n

i =1 bi vi for somesubset
f v1; v2; : : : ; vn g � S: Then, 0 =

P n
i =1 ai vi �

P n
i =1 bi vi =

P n
i =1 (ai � bi )vi . By de�nition of linear

independence,ai � bi = 0 for all i , which meansthat ai = bi for all i 2 f 1; 2; : : : ; ng, which proves
the secondstatement of the lemma. Statement 3 is an immediate consequenceof the de�nition of
basisand of statement 2, which completesthe proof of the lemma. 2

The following result is one of the basic main theoremsin linear algebra.

Theorem 4.17 If V is a vector space of �nite dimension n over a �eld F , then the following
statementshold:

1. If S = f v1; v2; : : : ; vn g is a spanning set with n elements,then S is a basis for V .

2. If � = f w1; w2; : : : ; wk g is a set of k linearly independent vectors, then k � n and if k = n,
then � is a basis for V . In particular, a basis for V exists and has n elements.

3. If � = f w1; w2; : : : ; wk g is a set of k linearly independent vectors, then B can be extended to
a basis B = f w1; : : : ; wk ; vk+1 ; : : : ; vn g for V for someset f vk+1 ; : : : ; vn g � V . In particular,
k � n and if k = n, then � is a basis for V .

Proof.
Let S = f v1; v2; : : : ; vn g be a minimal spanning set for V . By Lemma 4.16, if S is a linearly

dependent set of vectors, then, after possibly reindexing, Span(f v2; : : : ; vn g) = Span(S) = V: But
the spanning set f v2; : : : ; vn g has n � 1 vectors, which contradicts the de�nition of the dimension
which is n. This provesstatement 1.

Let S0 = f v1; : : : ; vn g be a minimal spanning set and let � = f w1; w2; : : : ; wk g be a set of
linearly independent vectors. If n or k is 0, then statement 2 clearly holds, so assumethat both
n and k are greater than 0. Suppose for the moment, after somepossible reindexing of S, that
Sm = f w1; : : : ; wm ; vm +1 : : : ; vn g is a minimal spanning set for somem; 0 � m < n, and we will
show that a similar set Sm +1 exists when m < k. Since m < k; there exists wm +1 2 � and
since Sm spansV, wm +1 = � 1w1 + : : : + � m wm + � m +1 vm +1 + : : : + � n vn . Since the set � is a
linearly independent set of vectors, then statement 2 of Lemma 4.16 implies wm +1 = 1 � wm +1 6=
� 1w1 + : : : + � m wm , and so, after possibly reindexing the set f vm +1 ; : : : ; vn g, we may assume
that � m +1 6= 0. Therefore, vm +1 can be expressedas a linear combination of the vectors in
Sm +1 = f w1; : : : ; wm ; wm +1 ; vm +2 ; : : : ; vn g. It easily follows that Span(Sm +1 ) = Span(Sm ) and
sinceSpan(Sm ) = V , then Span(Sm +1 ) = V as well. Hence,Sm +1 is also a minimal spanning set
for V .

We can continue inductiv ely de�ning Sm as long as m � k and m � n. If k = n, then we see
that Sk = Sn = f w1; w2; : : : ; wn g is a minimal spanningset, and so,by statement 1, it is a basisfor
V . If k > n, then we have that Sn = f w1; w2; : : : ; wn g is a minimal spanning set. SinceSn spans,
then wn +1 2 Span(Sn ). Here, wn +1 = 1 � wn +1 =

P n
i =1 ai wi , which contradicts the uniquenessof

statement 2 of Lemma 4.16 because� = f w1; w2; : : : ; wk g is a linearly independent set of vectors.
This completesthe proof of statement 2.
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Let S = f v1; v2; : : : ; vn g be a basis for V . From the proof of statement 2, we seethat, after
reindexing S, the set B = f w1; : : : ; wk ; vk+1 ; : : : ; vn g is a basis for V and that k � n. This
completesthe proof of the theorem. 2

The next result is an immediate consequenceof statement 2 of Theorem 4.17.

Corollary 4.18 Suppose V is a vector space of �nite dimension n over a �eld F . If S � V is a
subsetwith more than n elements,then S is a linearly dependent set of vectors in V .

De�nition 4.19 SupposeF is a sub�eld of a �eld F 0. We say that � 2 F 0 is algebraic over F , if
� is the root of a nonzeropolynomial in F [x] = f a0 + a1x + : : : + an xn j n 2 N [ f 0g; ai 2 F g. We
say that F 0 is algebraic over F , if every � 2 F 0 is algebraic over F .

Prop osition 4.20 SupposeF is a sub�eld of F 0 and F 0 is a vector space of �nite dimension n over
F . Then, every a 2 F 0 is the root or zero of somenonzero polynomial p(x) =

P n
i =0 � i x i 2 F [x] of

degree at most n. In particular, F 0 is algebraic over F .

Proof. Let � 2 F 0 and consider the set S = f 1; �; � 2; : : : ; � n g of n + 1 vectors in F 0. Since the
dimensionof F 0 is n, Corollary 4.18 implies that this set of vectors is a linearly dependent set over
F . In other words, there exist scalars � 0; : : : ; � n 2 F; not all zero, such that

P n
i =0 � i � i = 0. It

follows that � is a root to the nonzeropolynomial p(x) =
P n

i =0 � i x i . 2

Corollary 4.21 If F � R or F � C is a sub�eld of �nite dimension over Q, then F � A , where
A is the set of algebraic numbers in C. In particular, since the sub�eld Q(

p
2) has dimension 2

over Q, the numbers in Q(
p

2) are all algebraic numbers over Q.

Prop osition 4.22 Suppose F is a sub�eld of a �eld F 0. Suppose � 2 F 0 is the root of a
nonzero polynomial p(x) 2 F [x] of smallest positive degree n + 1. Let F (� ) = f r 2 F 0 j r =P n

i =0 ci � i ; whereci 2 F g = Span(f 1; �; � 2; : : : ; � n g). Then:

1. F (� ) is a vector space of dimension n + 1 over F with basis f 1; �; : : : ; � n g.

2. F (� ) is a sub�eld of F 0.

3. The �eld F (� ) is algebraic over F .

Proof. F (� ) is clearly a vector spaceover F . We now show that f 1; �; � 2; : : : ; � n g is a basis for
F (� ). By de�nition of F (� ); � = f 1; �; � 2; : : : ; � n g spansF (� ).

If for somescalarsai 2 F;
P n

i =0 ai � i = 0, then � is a root of the polynomial q(x) =
P n

i =1 ai x i .
Sincewe are assumingthat a nonzeropolynomial with � asa root hasdegreeat least degreen + 1,
the polynomial q(x) must be identically zero. Therefore, a0 = a1 = : : : = an = 0, which means
that the set � is a linearly independent set of vectors. This completesthe proof of statement 1.

In order to show that F (� ) is a sub�eld of F 0, we�rst haveto show that multiplication is a binary
operation on F (� ). In other words, for bi ; ci 2 F , the product (

P n
i =0 bi � i )(

P n
i =0 ci � i ) 2 F (� ). By

the distributiv e law for multiplication on F 0, there exist constants di 2 F such that

(
nX

i =0

bi � i )(
nX

i =0

ci � i ) =
2nX

i =0

di � i :

43



We claim that there exist scalarsh0; h1; : : : ; hn 2 F such that
P 2n

i =0 di � i =
P n

i =0 hi � i , which
by de�nition of F (� ) is an element in F (� ). By the well-ordering principle, there exists a smallest
integer k, 0 � k � 2n; such that

P 2n
i =0 di � i =

P k
i =0 f i � i , for some scalars f i 2 F . If k � n,

then we have proved our claim. So, supposek > n, and we will obtain a contradiction. In this
case,

P k
i =0 f i � i = (

P k � 1
i =0 f i � i ) + f k � k = (

P k � 1
i =0 f i � i ) + � n +1 f k � k � n � 1. We will obtain the desired

contradiction of the minimalit y of k by showing that � n +1 can be expressedasa linear combination
of lower degreepowers of � , thereby, lowering the degreek of the term f k � k . If the nonzero
polynomial of least degreewhich has � as a root is p(x) =

P n +1
i =0 ai x i , then

P n +1
i =0 ai � i = 0, and

so, � n +1 =
P n

i =0 � a� 1
n +1 ai � i =

P n
i =0 � i � i 2 F (� ), where � i = � a� 1

n +1 ai . Since � n +1 =
P n

i =0 � i � i

is a linear combination of lower degreepowers of � , we obtain a contradiction to the minimalit y
of the positive integer k. Hence,

(
nX

i =0

bi � i )(
nX

i =0

ci � i ) =
2nX

i =0

di � i =
nX

i =0

hi � i 2 F (� );

for somescalarsh0; h1; : : : ; hn 2 F , which provesthat F (� ) is closedunder multiplication.
We now prove that every nonzero � 2 F (� ) has a multiplicativ e inverse. To do this, consider

the subset h� i of F (� ) consisting of all F (� ) multiplies of � : h� i = f �� j � 2 F (� )g. Note
that if 1 2 h� i ; then for some � 2 F (� ); �� = 1, and so, � has the multiplicativ e inverse
� . Also, note that h� i � F (� ) is a subspaceof F (� ) over F , and so, has �nite dimension at
most n + 1. In particular, f � ; � 2; : : : ; � n +2 g � h� i is a linearly dependent set over F , and so,
there exists a nonzero polynomial q(x) =

P n +2
i =1 ai x i such that q(� ) =

P n +2
i =1 ai � i = 0. Note

that
P n +2

i =1 ai � i = � (
P n +2

i =1 ai � i � 1). Factoring out the largest power � k of � in this sum, we get
� k (

P n +2
i = k ai � i � k ) = 0, where ak 6= 0. Since � k 6= 0 and the product of two nonzeroelements in a

�eld is nonzero, then
P n +2

i = k ai � i � k = ak + ak+1 � 1 + : : : + an +2 � n +2 � k = 0: Since h� i is a group
under + and ak+1 � 1 + : : : + an +2 � n +2 � k = r 2 h� i , then ak = � r 2 h� i . Since h� i is a vector
spaceover F; ak 2 F and ak 6= 0, then a� 1

k ak 2 h� i , and so, 1 2 h� i . As observed before, 1 2 h� i
implies � has a multiplicativ e inverse. This provesF (� ) is a sub�eld of F 0.

By Proposition 4.20, F (� ) is algebraic over F , which completesthe proof of Proposition 4.22.
2

Prop osition 4.23 Supposethat F3 is a �eld which is a vector space of �nite dimension n over a
sub�eld F2 � F3: If F2 is a vector space of �nite dimension m over a sub�eld F1 � F2, then, F3

has �nite dimension mn over the sub�eld F1. In particular, F3 is algebraic over F1 and both m
and n divide the dimension of F3 over F1.

Proof. Let B = f � 1; : : : ; � n g be a basis for F2, considered to be a vector spaceover F1. Let
A = f � 1; : : : ; � m g be a basis for F3, consideredto be a vector spaceover F2. We will show that
C = f � j � i 2 F3 j 1 � i � m; 1 � j � ng is a basis for F3, consideredto be a vector spaceover F1.
Note that C has mn elements.

We �rst show that, with respect to F1, Span(C) = F3. Let v 2 F3. Since the vectors in
A span F3 over F2; v =

P m
i =1 ai � i for some ai 2 F2. Since B spans F2 over F1, for each

i 2 f 1; : : : ; mg; ai =
P n

j =1 bj i � j for somebj i 2 F1. Hence,by substitution,

v =
mX

i =1

ai vi =
mX

i =1

(
nX

j =1

bj i � j )� i =
X

i;j

bj i (� j � i );
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and so, Span(C) = F3.
We now prove that C is a set of linearly independent vectors in F3, when considered to

be a vector space over F1. So, suppose
P

i;j bj i (� j � i ) = 0, for some bj i 2 F1. Then, 0 =
P m

i =1 (
P n

j =1 bj i � j )� i , and since A is a linearly independent set of vectors over F2, the coe�cien t
P n

j =1 bj i � j of � i must vanish for each i . Hence, for each i;
P n

j =1 bj i � j = 0. SinceB is a linearly
independent set of vectors over F1, we conclude that for each i , b1i = b2i = : : : = bni = 0: By
de�nition of linear independence,C is a linearly independent set of mn vectors over F1.

We have shown that C is a basis for F3 over F1, and so, the dimension of F3 over F1 is mn.
SinceF3 has �nite dimension over F1, Proposition 4.20 implies F3 is algebraic over F1. 2

Corollary 4.24 SupposeF � F 0 is a sub�eld and f a1; a2; : : : ; an g � F 0 is a �nite set suchthat a1

is algebraic over F , and ak is algebraic over the �eld F (a1; a2; : : : ; ak � 1), where F (a1; a2; : : : ; aj ) =
F (a1; a2; : : : ; aj � 1)(aj ) is de�ned inductively for 2 � j � n. Then, F (a1; a2; : : : ; an ) is a sub�eld
of F 0 of �nite dimension over F , and so, it is algebraic over F .

Proof. Let F0 = F and Fk = F (a1; a2; : : : ; ak ) for k � n. By Proposition 4.22 and the principle of
mathematical induction, Fk is a �eld for k � n. Then, we have F0 � F1 � F2 � : : : � Fn , where
the dimensionof Fk over Fk � 1 is some�nite positive integer mk . By the principle of mathematical
induction and Proposition 4.23, the dimensionof F (a1; a2; : : : ; an ) over F is equal to m1m2 : : : mn ,
which is �nite. 2

Corollary 4.25 Suppose F1 � F2 � F3, where F1 is a sub�eld of F2 and F2 is a sub�eld of F3.
If F2 is algebraic over F1 and � 2 F3 is algebraic over F2, then � is also algebraic over F1.

Proof. Since� is algebraicover F2, � is a root of a nonzeropolynomial p(x) =
P n

k=0 ak xk , for some
ai 2 F2. Sincef a1; a2; : : : ; an g are algebraicover F1, F1(a1; a2; : : : ; an ) has�nite dimensionover F1

by the previous corollary. Since� is algebraic over F1(a1; a2; : : : ; an ); then F1(a1; a2; : : : ; an ; � ) =
F1(a1; a2; : : : ; an )( � ) has �nite dimension over F1, again by the previous corollary. Since � 2
F1(a1; a2; : : : ; an )( � ), Proposition 4.20 implies � is algebraic over F1. 2

De�nition 4.26 A �eld F is algebraically closed, if every polynomial p(x) 2 F [x] can be factored
into linear factors: p(x) = c(x � a1)(x � a2) : : : (x � an ), where c;ai 2 F .

The fundamental theorem of algebra implies that every polynomial p(x) 2 C[x] of degreeat
least 1 has a root in C, and so, by induction on the degreeof p(x), the polynomial p(x) can be
factored into linear factors. Thus, the complex numbers C is an algebraically closed�eld.

Theorem 4.27 Let A � C be the set of algebraic numbers. Then,

1. A is a sub�eld of C:

2. A is algebraically closed.

3. Considered as a vector space over Q; A has a countable in�nite basis f � 1; � 2; : : : ; � n ; : : :g.
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Proof. We �rst show that A is a �eld. Given an element � 2 A , Proposition 4.22 implies Q(� ) is
a �nite dimensional vector spaceover Q, Q(� ) is a �eld and Q(� ) � A . In particular, if � 6= 0,
then the multiplicativ e inverseof � in Q(� ) is also algebraic.

We now verify that the binary operations of addition and multiplication induce binary op-
erations on A. It then follows that A is a sub�eld of C. Let �; � 2 A . By Corollary 4.24,
Q(�; � ) = Q(� )( � ) is a sub�eld of C which is algebraic over Q; hence,Q(�; � ) � A . Since � + �
and �� 2 Q(�; � ); then � + � and �� lie in A , which provesthe �rst statement in the theorem. If
� 2 C is algebraicover A , then Corollary 4.25implies � is algebraicover Q, which provesstatement
2.

We now prove that A has a countable basis. By homework problem 29 in Section 1, A is an
in�nite countable set, and so, A can be made into an in�nite list: A = f 0; � 1; � 2; : : : ; � n ; : : :g: Let
� 1 = � 1 and let S1 = f � 1g. Since no �nite subset of A spansA as a vector spaceover Q, there
exists a �rst index i (2) 2 N such that � i (2) =2 Span(S1). De�ne � 2 = � i (2) and let S2 = f � 1; � 2g.
Inductiv ely de�ne Sk ; k 2 N, as follows. Given the set Sk = f � 1; : : : ; � k g, let i (k + 1) be the �rst
index such that � i (k+1) =2 Span(Sk ). De�ne � k+1 = � i (k+1) and let Sk+1 = f � 1; : : : ; � k ; � k+1 g.
Finally, let S =

S 1
k=1 Sk = f � 1; � 2; : : : ; � n ; : : :g. If � 2 A , then � = � k for somek 2 N, and by

de�nition of Sk ; � 2 Span(Sk ). Therefore, � =
P k

i =1 � i � i , which implies the complex numbers in
S span A.

If S werea linear dependent set, then there would exist a �nite setof elements f � � (1) ; � � (2) ; : : : ; � � (n ) g �
S with maxf � (1); � (2); : : : ; � (n)g = � (n) and rational numbers� i 2 Q such that

P n
i =1 � i � � ( i ) = 0,

where some� i 6= 0. But, f � 1; � 2; : : : ; � � (n ) g is a basis for Span(S� (n ) ), and so, it is a linearly in-
dependent set. But, a subsetof a linearly independent set of vectors is also a linearly independent
set of vectors, which gives the desired contradiction. This contradiction completesthe proof that
S = f � 1; � 2; : : : ; � n ; : : :g is a basis for A over Q. 2

Homew ork Problems

1. Let V be a vector spaceover R with additiv e identit y element ~0 called the zero vector or
origin of V .

(a) Prove that for 0 2 R and v 2 V , then 0v = 0. (Hint: Use the fact that 0v = (0 + 0)v =
0v + 0v:)

(b) Prove that for � 2 R, then � ~0 = ~0. (Hint: Use the fact that � ~0 = � (~0 + ~0) = � ~0 + � ~0).

2. Let K be the kernel of a linear transformation L : V ! W , whereV and W are vector spaces
over R. Prove that K is a subspaceof V . (Hint: By Theorem 3.27, K is a subgroup of V .
Usehomework problem (1b) to show that for v 2 K and � 2 R, then L(�v ) = ~0.)

3. Let I be the image of a linear transformation L : V ! W , where V and W are vector spaces
over R. Prove that I is a subspaceof W . (Hint: Use part 3 of Theorem 3.22 and show that
for v 2 I and � 2 R, then �v 2 I .)

4. Calculate the matrix product
�

1 3
� 2 4

�
and the matrix sum

�
1 3

� 2 4

�
+

�
1 0
2 5

�
:
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5. Calculate the product of the following two matrices:

0

@
1 1 2
3 0 4
1 0 2

1

A

0

@
1 1 2
3 0 4
0 1 0

1

A

6. Write down the matrix for the rotation Rz : R3 ! R3 counter-clockwiseby 90 degreesaround
the z-axis.

7. Let M (2; R) be the set of 2 � 2 real matrices. The determinant function, det : M (2; R) ! R,

is de�ned by det
�

a b
c d

�
= ad � bc.

(a) Prove that det(AB ) = det(A) � det(B ). (Hint: Evaluate each side separately and then
comparethem.)

(b) Prove that the matrix I =
�

1 0
0 1

�
satis�es, 8A 2 M (2; R); AI = I A = A.

(c) Supposethat A 2 M (2; R) has a multiplicativ e inverseB , i.e., AB = B A = I . Prove
det(A) 6= 0. (Hint: Use part (a) and the fact that AB = I :)

(d) Supposethat A =
�

a b
c d

�
and D = det(A) 6= 0. Verify that the matrix

B =
�

d
D

� b
D

� c
D

a
D

�

is the multiplicativ e inversematrix to A.

(e) Recall that GL(2; R) � M (2; R) is the subset of matrices with multiplicativ e inverses.
By parts (c) and (d), GL (2; R) = f A 2 M (2; R) j det(A) 6= 0g. Prove that GL(2; R) is
a group under multiplication of matrices. (Hint: Use Theorem 4.6 and parts (a), (b),
(c), (d).)

(f ) Let R� =
� cos � � sin �

sin � cos �

�
be the matrix for rotation in R2 counter-clockwise by the angle

� . Prove R� 2 Ker(det), where det : GL (2; R) ! R � f 0g is the restricted determinant
homomorphism. Here we are considering R � f 0g to be a group under multiplication.
The kernel of the determinate function de�ned in this homework problem is a famous
group in mathematics; it is called the special linear group of real 2 � 2-matrices and is
denoted by SL(2; R).

8. Consider the �eld of complex numbers to be R2 with polar coordinates (r; � ). Recall from
the classyou took in calculus where you studied in�nite series,De Moivre's formula:

ei� = cos(� ) + sin(� )
p

� 1 = cos(� ) + sin(� )i;

where ez =
P 1

n =0
zn

n ! and z = a + bi. Then, every element z = a + bi 2 C can be written in
polar notation as z = rei� , where r is the length

p
a2 + b2 of z and � is its polar angle.

(a) Expressthe complex numbers 2; 1 + i; and 3i in their polar notation rei� .
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(b) Show that, if r 1 is the length of z1 = a1 + b1i and r2 is the length of z2 = a2 + b2i , then
the length of the product z1z2 of the complex numbers is r 1r2.

(c) Using the exponent rule, eaeb = ea+ b for any a; b 2 C, prove that if r 1ei� 1 and r2ei� 2

are complex numbers, then their product r 1ei� 1 r2ei� 2 = r1r2ei ( � 1 + � 2 ) . In particular, the
polar angle of a product of complex numbers is sum of the polar angles.

(d) Usepart (c) to prove that C � f 0g is a commutativ e group under multiplication. What
is the multiplicativ e inverseof rei� ; when r 6= 0?

9. Supposea + b
p

� 1 2 C is a nonzerocomplex number (either a 6= 0 or b 6= 0). Write down its
multiplicativ e inverse. (Hint: First try multiplying it by its complex conjugate a � b

p
� 1).)

10. SupposeF is a �eld with zero element 0. Let a 2 F and show 0 � a = 0. (Hint: Use the fact
that 0 � a = (0 + 0) � a = 0 � a + 0 � a:)

11. If F1 and F2 are sub�elds of a �eld F , then prove F1 \ F2 is also a sub�eld. You can usethe
result from group theory that the intersection of subgroupsof a group is a subgroup.

12. In the �eld Z5, what is the multiplicativ e inverseof 3 2 Z5?

13. In the multiplicativ e group Z5 � f 0g, what is the order of 2? Is Z5 � f 0g a cyclic group?

14. What is the multiplicativ e inverse of 1 +
p

2 in Q(
p

2)? (Hint: Seethe proof of Proposi-
tion 4.14).

15. Prove that f v1 = (1
1); v2 = ( 1

� 1)g is a basis for R2. You can useany of the theorems in this
section or verify it directly by using the de�nition of basis.

16. SupposeF is a sub�eld of a �eld F 0. Prove that every element � 2 F is algebraic. (Hint:
Consider a polynomial of degree1 with � as root.)

17. What is the dimension of Q(5
1
3 ) over Q and why? You can usethe fact that 5

1
3 is a root of

x3 � 5, but it is not a root of a polynomial in Q[x] of lessdegree.

18. Use Proposition 4.23 and the previous homework problem to prove that Q(
p

2) is not a
sub�eld of Q(5

1
3 ).

19. Is
p

3 +
p

5 algebraic over Q? Explain your answer. (Hint: Seethe statement of Theo-
rem 4.27.)

20. Prove that � =
p p

2 +
p

3 is an algebraic number. Also, derive an upper estimate for the
dimension of Q(� ) over Q. (Hint: UseProposition 4.23 and seethe proof of Theorem 4.27.)

21. Let A R � R be the set of real algebraic numbers: A R = A \ R.

(a) Show A R is a �eld. (Hint: Seehomework problem 11 and Theorem 4.27.)

(b) Show that A R is not an algebraically closed�eld.
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5 Metric and top ological spaces.

In a �rst classon calculus, the student is intro ducedto the notion of a continuousfunction f : R !
R. Intuitiv ely, f is continuousif its graph doesnot haveany jumps, or equivalently , if for any x 2 R
and any sequenceof points f xn gn 2 N converging to x, the sequenceof valuesf f (xn )gn 2 N converges
to the value f (x). Later in this class,the student learns the fundamental theorem of calculus. This
theorem has two parts. The �rst part states that for any continuous function f (x) : [a; b] ! R
there exists a di�eren tiable function F (x) : [a; b] ! R with derivative F 0(x) = f (x) for all x in the
interval [a; b]. The secondpart of this theorem relates the area under the graph of f (x) to any
such antiderivative F (x) by

Area =
Z b

a
f (x)dx = F (b) � F (a);

where we assumethe function f (x) is positive.
Our primary goal in this section is to develop the general theory of topological spacesand

continuous functions between these spaces. Along the way, you will be intro duced to a number
of proof techniques and concepts that have a geometrical as well as analytical side. Somefairly
simple applications of this theory will be to give rigorous proofs of the intermediate value theorem,
the max-min theorem and the fundamental of calculus.

The theory of topological spacesbegins with and is motivated by the special caseof a metric
spaceM which is a set whoseelements we call points, where one can measurethe distance d(p;q)
betweenany two points p;q 2 M . The distance function d satis�es three basic intuitiv e properties,
similar to the distancefunction on the real number line or in the Euclidean plane. We now describe
precisenotion of a metric space.

De�nition 5.1 A metric space is a pair (M ; d), where M is a set and d: M � M ! [0; 1 ) is a
distance function on M satisfying for 8p;q; w 2 M :

1. d(p;q) = 0 ( ) p = q;

2. d(p;q) = d(q; p);

3. d(p;w) � d(p;q) + d(q; w) (Triangle Inequality).

De�nition 5.2 Suppose(M ; d) is a metric space.The ball centered at p of radius r > 0 is de�ned
to be B r (p) = f q 2 M j d(p;q) < rg.

De�nition 5.3 A subsetO � M is an open set if for each p 2 O, there exists an r > 0 such that
B r (p) � O.

Theorem 5.4 A ball B r (p) in a metric space (M ; d) is an open set in M .

Proof. Let B r (p) be the ball centered at p of radius r . Let q 2 B r (p). Since d(p;q) < r; then
" = r � d(p;q) is positive. We now show that B " (q) � B r (p).

Let y 2 B " (q), which by de�nition meansd(q; y) < " . By the triangle inequality:

d(p;y) � d(p;q) + d(q; y) < d(p;q) + " = d(p;q) + [r � d(p;q)] = r:

Thus, d(p;y) < r , which meansy 2 B r (p). This provesthat B " (q) � B r (p), and so, by de�nition
of open set, B r (p) is open. 2
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Example 5.5 Our standard example of a metric spaceis (R; d), where for x; y 2 R; d(x; y) =
jy � xj. For example, the distance betweenthe points x = � 3 and y = 6 is d(� 3; 6) = j6� (� 3)j =
j6 + 3j = 9: In homework problem 1, you will verify that (R; d) satis�es the three properties for d
that de�ne a metric spacestructure. Note that for x 2 R and r > 0, then the ball B r (x) centered
at x of radius r is the open interval (x � r; x + r ).

Theorem 5.6 Let (M ; d) be a metric space. Then, the following three statementshold:

1. The intersection of a �nite number of open sets in M is an open set in M .

2. The union of any collection of open sets in M is an open set in M .

3. M and � are open setsof M .

Proof. Let A1; : : : ; An be a �nite number of open sets in M . Let p 2
T n

k=1 Ak . By de�nition
of intersection, p 2 Ak ; for each k; 1 � k � n. Since each Ak is open, there exists an r k > 0
such that B r k (p) � Ak . Let r = minf r 1; r2; : : : ; rn g: Note that r > 0 and B r (p) � B r k (p) � Ak ,
which implies that B r (p) � Ak for each k. By de�nition of intersection, B r (p) �

T n
k=1 Ak . By the

de�nition of open set, the set
T n

k=1 Ak is open.
Now suppose f A � g� 2 I is a collection of open sets in M and p 2

S
� 2 I A � . By de�nition of

union, p is in one of the setsA � , for someindex � . Supposep 2 A � 1 . SinceA � 1 is open, there is
a ball B r (p) � A � 1 : SinceB r (p) � A � 1 and A � 1 �

S
� 2 I A � , then B r (p) �

S
� 2 I A � . This proves

that
S

� 2 I A � is open.
Note that M is an open set, since for any point p 2 M ; B1(p) � M . Finally, the empty set �

is an open set, since the de�ning property of being an open set is satis�ed for every point in � ,
becausethere are no points in � . This completesthe proof of the theorem. 2

The previous theorem plays a fundamental role in the development of the remainder of this
section. Part of the reasonfor this is that many important ideassuch as:

1. Convergenceof a sequenceof points and limits in a metric space;

2. Special properties such as compactnessand connectednessof a metric space;

3. The de�nition of a continuous function f : M 1 ! M 2 betweentwo metric spaces;

can be best understood or de�ned just in terms of open sets in the metric space,rather than in
terms of the distance function. Motiv ated by the statement of Theorem 5.6, we make the following
de�nition.

De�nition 5.7 A topological space is a set X together with a collection TX of subsetscalled open
setssatisfying:

1. The intersection of a �nite number of open sets in X is an open set in X .

2. The union of any collection of open sets in X is an open set in X .

3. X and � are open setsof X .
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We now develop the notion of a limit point p for a sequenceof points f pn gn 2 N in a metric space
(M ; d). Intuitiv ely, p is a limit point of the sequencef pn gn 2 N, if the sequenceof points converges
to p in the sensethat the distances d(p;pn ) converge to zero as n approaches in�nit y. We �rst
show that the understanding of such limits can be carried out solely in terms of the open sets or
the topology of M and, more generally, the concept of a limit point p of a subset A � M also
makessensesolely in terms of the topology of M . Once we prove theseproperties, we will de�ne
the notion of a limit point of a subsetA of an arbitrary topological spaceX , and we prove that a
subsetA � X contains all of its limit points if and only if its complement Ac in X is an open set.

De�nition 5.8 We say that a sequencef an gn 2 N of points in R converges to a point x 2 R, if
8" > 0; 9N " such that for n � N " ; jx � an j < " . If the sequencef an gn 2 N convergesto x, then we
write lim n !1 an = x.

De�nition 5.9 Suppose(M ; d) is a metric spaceand f pn gn 2 N is a sequenceof points in M . We
say that this sequenceconverges to p 2 M , if lim n !1 d(p;pn ) = 0. If the sequencef pn gn 2 N
convergesto p, then we write lim n !1 pn = p.

The proof of the next proposition follows immediately from the above de�nitions.

Prop osition 5.10 Suppose (M ; d) is a metric space. Then lim n !1 pn = p if and only if 8" >
0; 9N such that for n � N , d(p;pn ) < " or, equivalently, 8" > 0; 9N such that for n � N ; pn 2
B " (p).

De�nition 5.11 A point p in a metric space(M ; d) is a limit point of a subsetA � M , if there
exists a sequenceof points pn 2 A; where pn 6= p, such that limn !1 pn = p.

Prop osition 5.12 A point p in a metric space (M ; d) is a limit point of A � M if and only if for
every open set O of M with p 2 O, then (O � f pg) \ A 6= � .

Proof. Supposep is a limit point of a sequencef pn gn 2 N in A such that 8n 2 N; pn 6= p. Suppose
that O is an open set in M with p 2 O. Since O is open, 9B " (p) � O. Since lim n !1 pn = p,
for n large, pn 2 (B " (p) � f pg) � O � f pg. Hence, for n large, pn 2 A \ (O � f pg), and so,
A \ (O � f pg) 6= � :

Now, supposethat for every open set O in M with p 2 O; (O � f pg) \ A 6= �. Consider the
ball B 1

n
(p) for n 2 N. SinceB 1

n
(p) is open, (B 1

n
(p) � f pg) \ A 6= �, and so, there exists a point

pn 2 A � f pg with d(pn ; p) < 1
n . By de�nition of limit point, limn !1 pn = p, which provesp is a

limit point of A. 2

The previous proposition motivates the next important de�nition of limit point of a subsetA
in a topological spaceX .

De�nition 5.13 A point p in a topological spaceX is a limit point of a subsetA � X if and only
if for every open set O of X with p 2 O, then (O � f pg) \ A 6= � . We let L (A) denote the set of
limit points of the subsetA.

De�nition 5.14 A subset A of a topological spaceX is closed, if its complement A c is an open
set in X .
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The next theoremgivesan important and beautiful relationship betweenclosedsetsand subsets
of a topological spacewhich contain all of their limit points.

Theorem 5.15 SupposeX is a topological space. A set A � X is closed if and only if L (A) � A.

Proof. SupposeA � X is closedand we will prove L(A) � A. Let p 2 X . Assumethat p =2 A, and
so, p 2 Ac which is open since A is closed. SinceAc \ A = � , then (Ac � f pg) \ A = �, and so,
by de�nition of limit point, p =2 L(A). Thus, p =2 A =) p =2 L(A): By taking the contrap ositive of
this implication, we obtain p 2 L(A) =) p 2 A, which provesthe desiredcontainment: L (A) � A.

Suppose now that L (A) � A and we will prove that Ac is a union of open sets, and so, by
de�nition of topological space, is itself open. Since L(A) � A; then q 2 Ac =) q =2 L(A). Let
p 2 Ac. Sincep is not a limit point of A, 9 an open set Op with p 2 Op and (Op � f pg) \ A = � .
Since p =2 A; in fact, Op \ A = � . We claim that Ac =

S
p2 A c Op, which will prove Ac is open.

Sincefor each p 2 Ac; Op � Ac, clearly
S

p2 A c Op � Ac. But, q 2 Ac =) q 2 Oq �
S

p2 A c Op, and
so, q 2

S
p2 A c Op, which proves the containment Ac �

S
p2 A c Op. This provesAc =

S
p2 A c Op is

open, sinceit is the union of open sets. By de�nition of closedset, A is a closedset in X . 2

Theorem 5.16 (Closed Subsets Theorem) If X is a topological space, then:

1. The intersection of any collection of closed sets in X is a closed set.

2. The union of a �nite number of closed sets in X is a closed set.

3. X and � are closed sets.

Proof. The above theorem follows immediately from the de�nition of topological space,the de�-
nition of closedset and the DeMorgan's Laws in from set theory. (SeeTheorem 5.17 below.)

For the sake of completeness,we prove statement 1 of Theorem 5.16. SupposeA = f A i gi 2 I is a
collection of closedsetsand considertheir intersection

T
A =

T
i 2 I A i : By DeMorgan's laws stated

in Theorem 5.17 below, (
T

i 2 I A i )c =
S

i 2 I Ac
i which is open, since it is a union of the open sets

Ac
i (open sinceA i is closed) in the topological space. Hence,(

T
A)c is open, which, by de�nition

of closed,means
T

A is a closedset. 2

The proof of the next theorem is straightforward and is similar to the proof of Theorem 2.43,
wherewestated DeMorgan'sLawsfor two setsA; B rather than for an arbitrary collection f A � g� 2 I .

Theorem 5.17 (DeMorgan's Laws) Suppose f A � g� 2 I is a collection of subsetsof a set X .
Then:

1. (
S

� 2 I A � )c =
T

� 2 I Ac
� ;

2. (
T

� 2 I A � )c =
S

� 2 I Ac
� .

De�nition 5.18 SupposeA is a subset of a topological spaceX . Let � = f C j where C is any
closedsubset in X with A � Cg. The closure of A is de�ned to be A =

T
C 2 � C. In other words,

A is the intersection of all closedsubsetsof X which contain A.
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Theorem 5.19 Suppose A � X is a subsetof a topological space X . Then, A is the smallest
closed set in X containing A in the sensethat A is a closed set containing A and any other closed
set containing A has A as a subset. Furthermore,

A = A [ L (A):

Proof. SinceX is a closedset containing A, there is at least one closedset C of X which contains
A. Since every closedset C used in the de�nition of A contains A, the de�nition of intersection
implies A is a set which contains A. SinceA is the intersection of closedsets,Theorem 5.16implies
A is closed. So, A is a closedset that contains A. By the de�nition of A, A is a subset of every
closedset that contains A. This implies A is the smallest closedset containing A.

In order to show that A = A [ L (A); we needto prove that (A [ L (A)) � A and A � (A [ L (A)) :
If B and D are subsetsof a topological spacewith B � D , then, by de�nition of limit point,
L (B ) � L (D). This observation implies that L (A) � L (A) becauseA � A. Since A is closed,
Theorem 5.15 implies L (A) � A. As L(A) � L (A) and L(A) � A, then L(A) � A: Since it is also
the casethat A � A; then (A [ L (A)) � A, which is one of our desiredcontainment equations.

It remains to prove A � (A [ L (A)). Since A is the smallest closed set that contains A, it
su�ces to show that A [ L (A) is closed. The proof that A [ L (A) is closedis a slight modi�cation
of the argument given in the secondparagraph of the proof of Theorem 5.15,which we now repeat
for the sake of completeness.

We will show that A [ L (A) is closedby showing its complement is the union of open sets. Note
that p 2 (A [ L (A)) c =) p =2 (A [ L (A)) =) p =2 A and p =2 L(A): Sincep =2 L(A); 9 an open Op

with p 2 Op and (Op � f pg) \ A = �. Sincep =2 A, in fact, Op \ A = � . SinceOp is an open set
in X which is disjoint from A, the de�nition of limit point implies Op \ L (A) = � ; which means
that Op � (A [ L (A)) c. It follows that (A [ L (A)) c =

S
p2 (A [ L (A )) c Op, which implies (A [ L (A)) c

is open, and so, A [ L (A) is closed. 2

De�nition 5.20 If (M ; dM ) is a metric spaceand A is a subsetof M , then dM inducesa distance
function dA on A by restriction: 8p;q 2 A; dA (p;q) = dM (p;q): We call (A; dA ) a metric subspace
of (M ; dM ): Usually, we suppressthe subscripts and write d instead of dM and dA .

Prop osition 5.21 Suppose A � M is a subspace of a metric space (M ; d), with respect to the
induced distance function. A subsetO � A is open if and only if there exists an open set OM in
M such that O = OM \ A.

Proof. Let A � M . In order not to get mixed up on notation, we will let B A
r (p) denote the ball

of radius r in A centered at p and let B M
r (p) denote the ball of radius r in M centered at p. The

proof of the proposition dependson the set equality: B A
r (p) = B M

r (p) \ A.
We �rst show that if O is an open set in A, then there is an open set OM in M such that

O = OM \ A. By de�nition of open set, for every p 2 O, there exists a ball B A
r p

(p) � O for
somerp > 0. Clearly, O =

S
p2 O B A

r p
(p). Since the balls B M

r p
(p) are open in M and the union

of open sets is open, OM =
S

p2 O B M
r p

(p) is open in M . By the distributiv e law for unions and
intersections,

OM \ A = (
[

p2 O

B M
r p

(p)) \ A =
[

p2 O

(B M
r p

(p) \ A) =
[

p2 O

B A
r p

(p) = O;
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which provesO = OM \ A, where OM is open in M .
Now supposeOM is an open set in M and we will prove that OM \ A is an open set in A. Since

OM is open in M , for each p 2 OM there exists a ball B M
r p

(p) � OM . So, if p 2 OM \ A, then
B A

r p
(p) = B M

r p
(p) \ A � OM \ A. By de�nition of open set in a metric space,OM \ A is an open

set in A. 2

The previous proposition motivates the next de�nition for topological spaces.

De�nition 5.22 If A is a subsetof a topological spaceX , then de�ne a subsetO � A to be open
in A, if there exists an open set OX in X such that O = OX \ A. De�ning open setsof A in this
manner is called the subspace topology on A.

The proof of the next proposition is straightforward and is homework problem 18.

Prop osition 5.23 If A is a subsetof a topological space X with the subspace topology, then A is
a topological space. In other words, the collection of open sets in A satisfy De�nition 5.7.

Prop osition 5.24 If Y is a subspace of a topological space X , then A � Y is closed in Y if and
only if A = C \ Y , where C is a closed set in X . Furthermore, if Y is a closed set in X , then a
closed subsetA of Y is a closed subsetof X .

Proof. Note that A is closedin Y ( ) its complement in Y; Ac, is open in Y ( ) 9 an open set
OA � X such that Y � A = Ac = OA \ Y . But then, A is closedin Y ( ) A = Y � OA = Oc

A \ Y =
C \ Y for the closedset C = Oc

A in X . This provesthe �rst statement in the proposition.
If A is closed in Y , then, by the �rst statement in the proposition, A = C \ Y , where C is

closedX . If Y is also closedin X , then A = C \ Y is a closedset in X , sinceit is the intersection
of two closedsets in X . 2

De�nition 5.25 A topological spaceX is disconnected, if X is the union of two disjoint nonempty
open subsets.We say that X is connected, if it is not disconnected.

Example 5.26 The standard example of a disconnectedspaceis any metric space(M ; d), where
M consistsof exactly two points: M = f p;qg. If r = d(p;q), then B r (p) = f pg and B r (q) = f qg are
open sets by Theorem 5.4. Thus, M is the union of the two disjoint nonempty sets B r (p); B r (q).
More generally, it can be shown that any connectedmetric spacewith more than one point must
be an uncountable set. Another related example of a disconnectedspacewould be the union of
two disjoint disks B1((0; 0)) and B1((3; 0)) of radius 1 centered respectively at the points (0; 0) and
(3; 0) in the plane R2 with the subspacetopology.

The open unit disk B1((0; 0)) of radius 1 centered at (0; 0) in R2 with the subspacetopology is
path connected, in the sensethat any two points in B1((0; 0)) can be joined by a continuous path
in B1((0; 0)) beginning at the �rst point and ending at the secondpoint. It is not di�cult to show
that a path connected topological spaceis always a connectedspace,which means B 1((0; 0)) is
connected.

Prop osition 5.27 A topological space X is connected if and only if the only subsetsof X which
are both open and closed are the subsetsX and � .
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Proof. SupposeX is connectedand A � X is a subset which is both open and closed. Then, A c

is open and X is the disjoint union of the open setsA and Ac. By de�nition of connected,either
A or Ac is the empty set, and so, A = X or A = �.

On the other hand, if X is disconnected,then it is the union of two nonempty disjoint open
setsA and B . SinceA = B c; A is also closed. SinceA and B are nonempty, A is di�eren t from �
and from X . Thus, if X is disconnected,then X contains a subsetwhich is both open and closed
and also not equal to X or � . 2

De�nition 5.28 An interval I � R is any nonempty subsetsuch that for any a; b 2 I with a < b,
then a < t < b implies t 2 I . Note that every interval in R has the form (a; b); [c;d]; (a; c] or [c;b),
where a; b 2 R [ f1 ; �1g and c;d 2 R; in order to prove this well-known characterization of
intervals, one needsthe least-upper-bound property for R given below.

De�nition 5.29 A number b 2 R is an upper bound (lower bound) for A � R, if for all t 2 A; t �
b (t � b): A subsetA � R is bounded from above (below) if 9 an upper (lower) bound for A. The
subset A is bounded, if it is bounded from above and from below; equivalently A is bounded, if
A � [a; b] for somea; b 2 R.

Least-Upp er-Bound Prop ert y: Any nonempty subsetA � R which is boundedfrom above has
a least upper bound, i.e., an upper bound M such that for any other upper bound T, then M � T .
Similarly, any subsetA � R that is bounded from below has a greatest lower bound.

Example 5.30 Consider the set of real numbers A = f 1; 1
2 ; 1

3 ; : : : ; 1
n ; : : :g: The number 5 is an

upper bound for A, 1 is the least upper bound for A and 0 is the greatest lower bound for A.

Theorem 5.31 A subsetX � R with the subspace topology is connected ( ) X is an interval.

Proof. If X is not an interval, then 9 a; b 2 X with a < b and a number t =2 X with a < t < b. Let
O(t; +) = f s 2 R j t < sg and let O(t; � ) = f s 2 R j s < tg. Then, X is the disjoint union of the
two nonempty open subsetsO(t; +) \ X and O(t; � ) \ X of X , which implies X is disconnected.

Now supposethat X is an interval and we shall prove X is connected. Supposeto the contrary
that X is disconnectedand let A � X be a nonempty set which is both open and closed and
where Ac is nonempty. Let a 2 A and b 2 Ac and, without loss of generality, we may assume
that a < b. By intersecting A with the closedinterval [a; b], we see,by Proposition 5.24 and the
de�nition of subspacetopology, that A \ [a; b] is both open and closedin [a; b]. Let B = A \ [a; b]
and recall that a 2 B ; b =2 B and B is open and closedin [a; b]. Let I be the union of all intervals
contained in B which contain a. Since the union of a collection of intervals in R which contain a
given number is again an interval (seehomework problem 13), then I is itself an interval and has
the form either I = [a; c) or I = [a; c], where a � c � b. Since B is a closedset in [a; b]; I � B
and c is a limit point of I , then c is also a limit point of B and so c 2 B . Therefore, the interval
[a; c] � B and, by de�nition of I ; I = [a; c], where c < b. But, sinceB is open in [a; b] and c < b,
for some " > 0; [c;c + ") � B . Since I [ [c;c + ") is an interval in B containing a, we obtain
a contradiction to the fact that I is the largest such interval. This contradiction proves that the
interval X is connected. 2

One of the most important concepts in mathematics is that of \compactness", which in the
topological setting can be described by a topological spacebeing compact. Unfortunately , the
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usual de�nition of \compactness" for a topological spaceX seemssomewhat arti�cial. However,
the reader can be assuredthat this usual de�nition is an essential and important one. One well-
known result from calculus,which wewill deriveusingcompactness,is that any continuousfunction
f : [a; b] ! R on a closed interval [a; b] has a maximum at somepoint p 2 [a; b] and a minimum
value at somepossiblydi�eren t point q 2 [a; b]. We will provethis result by showing that the closed
interval [a; b] is a compact topological space,and further, that a continuous function f : X ! R
on any compact topological spaceX has both a maximum and a minimal value. Soon, we will go
over exactly what it meansfor a function betweentopological spacesto be continuous.

De�nition 5.32 An open cover of a topological spaceX is a collection of open setsf O� g� 2 I such
that X =

S
� 2 I O� . We say that an open covering f O� g� 2 I has a �nite subcover, if there exist a

�nite number of indices � 1; � 2; � � � ; � n in I such that X = O� 1 [ O� 2 [ : : : [ O� n .

De�nition 5.33 A topological spaceX is compact, if every open cover of X hasa �nite subcover.

De�nition 5.34 A collection of subsets� = f C� g� 2 I of a set X satis�es the �nite intersection
property (FIP), if every �nite intersection C� 1 \ : : : \ C� n of sets in � is nonempty.

In the proof of the next theorem, we will use the fact that if Ac is the complement of A in X ,
then (Ac)c = A.

Theorem 5.35 A topological space X is compact if and only if every collection f C� g� 2 I of closed
setsin X , which satis�es the �nite intersection property FIP , hasnonemptyintersection

T
� 2 I C� 6=

� :

Proof. SupposeX is compact and f C� g� 2 I is a collection of closedsets. If � =
T

� 2 I C� , then, by
Theorem 5.17, X = � c = (

T
� 2 I C� )c =

S
� 2 I Cc

� , and so, f Cc
� g� 2 I is an open cover of X . Since

X is compact, there exist a �nite number of indices � 1; � 2; : : : ; � n such that X = Cc
� 1

[ : : : [ Cc
� n

:
Apply Theorem 5.17 again, to obtain � = X c = C� 1 \ : : : \ C� n . Sincesome�nite intersection of
sets in f C� g� 2 I is empty, then f C� g� 2 I does not satisfy FIP. By the contrap ositive, if f C� g� 2 I

satis�es FIP, then
T

� 2 I C� 6= � .
Now, supposethat every collection of closedsets in X which satis�es FIP has nonempty total

intersection and we will prove that X is compact. Let f O� g� 2 I be an open cover of X . Since
X =

S
� 2 I O� ; Theorem 5.17 implies � = X c =

T
� 2 I Oc

� . It follows that the collection of closed
sets f Oc

� g� 2 I does not satisfy FIP, and so, there exist a �nite number of indices � 1; : : : ; � n such
that � = Oc

� 1
\ : : : \ Oc

� n
. Taking complements again, we obtain X = O� 1 [ : : : [ O� n , which

meansthat f O� g� 2 I has a �nite subcover. By de�nition of compact, X is a compact topological
space. 2

Theorem 5.36 A closed bounded interval I = [a; b] � R is compact in the subspace topology.

Proof. If a = b, then I consistsof a single point, and so, it is compact. Assumenow that a < b.
Let f O� g� 2 J be an open cover of [a; b] and we shall prove this cover of I has a �nite subcover.
Since[a; b] =

S
� 2 J O� ; then a 2 O� 1 for someindex � 1 2 J . SinceO� 1 is open in [a; b]; 9 " 1 > 0

such that [a; a + " 1) � O� 1 . Let K � [a; b] be the union of all intervals in [a; b] which contain a
and which can be coveredby a �nite number of the open setsin f O� g� 2 J . Note that K is itself an
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interval of the form [a; c) or [a; c], where a < c � b. If c = b and K = [a; c], then, by de�nition of
K , the interval [a; b] is covered by a �nite number of open sets in f O� g� 2 J , which completesthe
proof. So, we now check that c = b and K = [a; c].

Sincef O� g� 2 I covers I , c 2 O� for some� 2 J . SinceO� is open in the subspacetopology on
[a; b], 9"2 > 0 such that (c � " 2; c + "2) � O� or elsec = b and (c � " 2; c = b] � O� . By de�nition
of K , [a; c � " 2] can be covered by a �nite number O� 1 ; : : : ; O� n of open sets in f O� g� 2 J . But
then, O� 1 ; : : : ; O� n ; O� is a �nite open cover of [a; b] or of [a; c + " 2) � [a; b]; but the possibility
[a; c + " 2) cannot occur by the de�nitions of c and K . Hence,[a; b] is compact. 2

Theorem 5.37 Suppose X is a compact topological space. If A is a closed set in X , then, with
respect to the subspace topology, A is a compact topological space.

Proof. Let f O� g� 2 I be an open cover of A. By de�nition of the subspacetopology, each O� =
OX

� \ A, where OX
� is open in X . Since f Ac; OX

� g� 2 I is an open cover of X and X is compact,
X = Ac [ OX

� 1
[ : : : [ OX

� n
for some�nite set of indices � 1; : : : ; � n in I . But then,

A = X \ A = (Ac [ OX
� 1

[ : : : [ OX
� n

) \ A = (OX
� 1

\ A) [ : : : [ (OX
� n

\ A) = O� 1 [ : : : [ O� n :

By de�nition of compact, A is a compact topological space. 2

In most of the topological spacesthat mathematicians encounter in their research, the converse
of Theorem 5.37 also holds. As the next theorem shows, all metric spacesare included in such
spaces.

Theorem 5.38 If A is a compact subsetof a metric space M , then A is a closed set and A is
bounded in M in the sensethat there exists a point p 2 M and a positive number R such that
A � BR (p).

Proof. First, supposethat A � M is compact. If A is not bounded, then �x a point p 2 M . The
open cover f Bn = Bn (p)gn 2 N of M induces an open cover f Bn \ Agn 2 N of A. This open cover
of A does not have a �nite subcover, since the union of a �nite number of the sets of the form
f Bn 1 \ A; Bn 2 \ A; : : : ; Bn k \ A j n1 < n2 < : : : < nk g equalsBn k \ A which is a bounded set but
A is not bounded. This contradiction provesA is bounded.

For n 2 N, let B 1
n

(x) = f q 2 M j (x; q) � 1
n g be the closed ball of radius 1

n centered at p,
which is a closedset by homework problem 16. If A is not closed, then there is a limit point x
of A with x =2 A. Then, the open set compliments Jn = (B 1

n
(x)) c give rise to an open cover

of M � f xg and 8n 2 N; A is not contained in Jn (since x is not a point of Jn but it is a limit
point of A �

S
n 2 N Jn ). Since x =2 A, then f Jn \ Agn 2 N is an open cover of A. The union of a

�nite number of the sets of the form f Jn 1 \ A; Jn 2 \ A; : : : ; Jn k \ A j n1 < n2 < : : : < nk g equals
Jn k \ A 6= A. Hence, this open cover of A does not have a �nite subcover. This contradiction
provesA is bounded. This completesthe proof that A is closedand bounded in M . 2

Theorem 5.39 (Heine-Borel Theorem) A subsetA � R is compact if and only if A is closed
and bounded.
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Proof. Theorem 5.38 implies that any compact subset of R is closedand bounded. Supposenow
that A � R is closedand bounded. Then, A is a closedsubsetof someclosedinterval [a; b]: Since
[a; b] is compact and A � [a; b] is a closedsubset,Theorem 5.37 implies A is compact. 2

De�nition 5.40 Suppose(M 1; d1) and (M 2; d2) are two metric spaces.A function f : M 1 ! M 2

is continuous at a point p 2 M 1, if limn !1 pn = p implies limn !1 f (pn ) = f (p). A function
f : M 1 ! M 2 is continuous, if it is continuous at every point of M 1.

Theorem 5.41 A function f : M 1 ! M 2 between two metric spaces is continuous if and only if
either of the following statementshold:

1. 8p 2 M 1 and 8" > 0; 9� > 0 such that f (B � (p)) � B " (f (p)).

2. For every open set O � M 2; f � 1(O) is an open set in M 1.

Proof. The property f : M 1 ! M 2 is continuous is clearly equivalent to statement 1. It remains to
prove that statements 1 and 2 are equivalent.

Suppose f : M 1 ! M 2 satis�es statement 1 and O � M 2 is an open set. Let p 2 f � 1(O).
Since O is open, there exists an " > 0 such that B " (f (p)) � O. By statement 1, 9� > 0 such
that f (B � (p)) � B " (f (p)) � O. Hence,f (B � (p)) � O and, by de�nition of inverseimage, B � (p) �
f � 1(O). This provesthat f � 1(O) is an open set in M 1, which proves1 =) 2.

Next, supposef : M 1 ! M 2 and that for every open set O � M 2; the set f � 1(O) is open in M 1.
Let p 2 M 1 and let " > 0. Sinceballs are open sets,B " (f (p)) is open in M 2, and so, f � 1(B " (f (p))
is open in X . Sincep 2 f � 1(B " (f (p)) ; then, by de�nition of open set in a metric space,9 a ball
B � (p) � f � 1(B " (f (p))). Hence,f (B � (p)) � B " (f (p)), which provesthat 2 =) 1. 2

The previous theorem for metric spacesmotivates the next de�nition for topological spaces.

De�nition 5.42 A function f : X ! Y betweentopological spacesis continuous, if for every open
set O � Y; the set f � 1(O) is open in X .

One can also de�ne what it meansfor a function f : X ! Y to be continuous at a point.

De�nition 5.43 A function f : X ! Y is continous at p 2 X , if for every open set O � Y
with f (p) 2 O, there exists an open set Op � X with p 2 Op such that f (Op) � O. Here,
f (Op) = f y 2 Y j there exists an x 2 Op such that f (x) 2 Opg is the image of the subsetOp.

Prop osition 5.44 A function f : X ! Y is a continuous if and only if it is continuous at every
point of X .

Proof. Clearly, if f : X ! Y is continuous, then it is continuous at every point. So, assumenow
that f is continuous at every point of X and we will show f is continuous. Let O � Y be open
and we will prove f � 1(O) is open. Let p 2 f � 1(O). Since f is continuous at p, there exists an
open set Op � X with f (Op) � O. By de�nition of inverseimage, Op � f � 1(O). It follows that
f � 1(O) =

S
p2 f � 1 (O) Op. Sincef � 1(O) is the union of open sets, then it is open. This provesf is

continuous, by de�nition of continuous. 2

De�nition 5.45 Let X by a topological spaceand M a metric spacewith distance function d.
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1. Wesay that a sequenceof functions f n : X ! M convergespointwise if 8x 2 X , lim n !1 f n (x)
exists. In this case,if we de�ne the function f : X ! M by f (x) = lim n !1 f n (x) and we
say that the functions f n converge pointwise to f .

2. Supposethat a sequenceof functions f n : X ! M convergespointwise to f : X ! M , and
8" > 0; 9N such that 8n � N , then d(f n (x); f (x)) < " for 8x 2 X . In this case,we say that
the functions f n converge uniformly to f .

Example 5.46 1. The sequenceof continuous functions f n (x) = xn : [0; 1] ! [0; 1] converges
pointwise to the discontinuous function f : [0; 1] ! [0; 1] with f (1) = 1 and f (x) = 0 for
x 6= 1.

2. The functions f n (x) = 1
n x2 + 2: R ! R converge pointwise to the constant continuous

function f (x) = 2: R ! R, but they do not convergeuniformly to f . On the other hand, for
any �xed interval [a; b] � R the restricted functions f n j[a;b] : [a; b] ! R convergeuniformly to
the constant function 2.

The next theorem is a basic and important theorem in analysis.

Theorem 5.47 (Uniform Limit Theorem) SupposeX is a topological space and M is a metric
space. If a sequence f n : X ! M of continuous functions convergesuniformly to a function f : X !
M , then the limit function f is continuous.

Proof. By Proposition 5.44, it is su�cien t to check that f is continuous at every point of X . So
pick a point p 2 X and an open set O � M and we will prove that there exists an open set Op � X
containing p such that its image satis�es f (Op) � O.

SinceO is open and f (p) 2 0, then there exists an " > 0 such that B2" (f (p)) � O. ChooseN
so that for 8n � N , d(f n (x); f (x)) < " , for all x 2 X . In particular, we seethat d(f N (p)f (p)) < " ,
which meansthat p 2 f � 1

N (B " (f (p)). Note that Op = f � 1
N (B " (f (p)) is an open set of X , since f N

is continuous and B " (f (p)) is open.
We now check that f (Op) � O. SinceOp � f � 1

N (O), then for any x 2 Op, f N (x) 2 B " (f (p)),
which means d(f N (x), f (p)) < " . Since d(f (x); f N (x)) < " , the triangle inequality implies
d(f (x); f (p)) < 2" , and so, f (x) 2 B2" (f (p)). Since B2" (f (p)) � 0, we have f (x) 2 0 as well,
which provesthe desiredcontainment equation f (Op) 2 0. Hence,f is continuousand the theorem
is proved. 2

Example 5.48 Consider the set of di�eren tiable functions F = f f : [0; 1] ! R j � 1 � f (0) � 1
and � 1 � f 0(x) � 1g. It is rather easyto prove that given any sequenceof functions f f n gn 2 N in
F , there exists a subsequencef f n k gk2 N which convergesuniformly to a function f : [0; 1] ! R. By
Theorem 5.47, the limit function f is continuous.

Theorem 5.49 Let X ; Y; Z be topological spaces and f : X ! Y and g: Y ! Z be continuous
functions. Then, g � f : X ! Z is a continuous function.

Proof. Let A � Z be open. Since g is continuous, g� 1(A) is open in Y . Since f is continuous,
f � 1(g� 1(A)) is open in X . By the next lemma, (g � f ) � 1(A) = f � 1(g� 1(A)), and so, (g � f ) � 1(A)
is open in X . By de�nition of continuous function, g � f is continuous. 2
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Lemma 5.50 Suppose A; B ; C are sets and f : A ! B and g: B ! C are functions. Then, for
any subsetX � C,

(g � f ) � 1(X ) = f � 1(g� 1(X )) :

Proof. We �rst check that (g� f ) � 1(X ) � f � 1(g� 1(X )) : If p 2 (g� f ) � 1(X ), then (g� f )(p) 2 X by
de�nition of the inverseimage. But then, g(f (p)) = (g � f )(p) 2 X , and so, f (p) 2 g� 1(X ), which
implies p 2 f � 1(g� 1(X )). Thus, (g� f ) � 1(X ) � f � 1(g� 1(X )) : We next check that f � 1(g� 1(X )) �
(g� f ) � 1(X ). If p 2 f � 1(g� 1(X ), then f (p) 2 g� 1(X ), and so,g(f (p)) 2 X by de�nition of inverse
image. Thus, (g � f )(p) = g(f (p)) 2 X . This proves p 2 (g � f ) � 1(X ): Hence, f � 1(g� 1(X )) �
(g � f ) � 1(X ), which completesthe proof of the lemma. 2

Theorem 5.51 Suppose f : X ! Y is a continuous function between topological spaces. If X is
connected, then the image f (X ) is a connected subspace of Y .

Proof. Arguing by contradiction, supposethat X is connectedbut f (X ) is a disconnectedspace.
By de�nition of disconnected,there are subsetsA; B � f (X ) such that:

1. f (X ) = A [ B ;

2. A; B are open;

3. A \ B = � ;

4. A 6= � and B 6= �.

By de�nition of subspacetopology, A = f (X ) \ AY and B = f (X ) \ B Y , where AY and B Y

are open in Y . Since for every p 2 X ; f (p) 2 f (X ) = A [ B ; then f (p) 2 A or f (p) 2 B . Thus,
p 2 f � 1(A)[ f � 1(B ); which implies X = f � 1(A)[ f � 1(B ): Sincef is continuous,the setsf � 1(A) =
f � 1(AY ) and f � 1(B ) = f � 1(B Y ) are open in X . If p 2 f � 1(A) \ f � 1(B ), then p 2 f � 1(A) and
p 2 f � 1(B ), which implies f (p) 2 A \ B , but A \ B = �. Thus, f � 1(A) \ f � 1(B ) = �. Since
A 6= � and f : X ! f (X ) is onto, 9x 2 X with f (x) 2 A; which proves f � 1(A) 6= �. Similarly,
f � 1(B ) 6= � : The existenceof the disjoint nonempty open setsf � 1(A); f � 1(B ) whoseunion is X
provesX is disconnected,which givesthe desiredcontradiction. 2

The following result is an immediate consequenceof Theorem 5.31 and Theorem 5.51.

Corollary 5.52 (In termediate Value Theorem) If X is a connected topological space and f : X !
R is continuous, then f (X ) is an interval. In particular, if I � R is an interval and f : I ! R is
continuous, then f (I ) � R is an interval.

Theorem 5.53 Suppose f : X ! Y is a continuous function between topological spaces. If X is
compact, then the image f (X ) is a compact subspace of Y .

Proof. Let f A � g� 2 I be an open cover of f (X ). By de�nition of the subspacetopology, for each
� 2 I ; A � = AY

� \ f (X ), where AY
� is an open set in Y . Since f is continuous and onto

f (X ); f f � 1(A � ) = f � 1(AY
� )g� 2 I is an open cover of X . Since X is compact, X = f � 1(A � 1 ) [

: : : [ f � 1(A � n ) for some �nite set of indices � 1; : : : ; � n in I . Note that since A � � f (X ); then
f (f � 1(A � )) = A � for each � 2 I . Hence:

f (X ) = f (f � 1(A � 1 )) [ : : : [ f (f � 1(A � n )) = A � 1 [ : : : [ A � n :
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By de�nition of compact, f (X ) is a compact topological space. 2

Corollary 5.54 (Max-Min Theorem) If X is a compact topological space and f : X ! R is a
continuous function, then f has a maximum M and a minimum value m.

Proof. By Theorem 5.15, f (X ) � R is compact and then, by the Heine-Borel Theorem, f (X ) is a
closedand bounded subset of R. Since f (X ) is a bounded set in R, it has a least upper bound,
say M . Sincef (X ) is a closedset, homework problem 24 implies M 2 f (X ). Similarly, f (X ) has
a greatest lower bound, say m 2 f (X ). Hence,f has a maximum value M and a minimum value
m.

Corollary 5.55 If I = [a; b] is a closed interval in R and f : I ! R is a continuous function,
then f (I ) is a closed interval of the form [m; M ], where m is the minimal value of f and M is the
maximum value of f .

Proof. By Corollary 5.52, f (I ) is an interval. By Theorem 5.53 and Theorem 5.39, the interval
f (I ) must be closedand bounded, and so, it must be of the form [m; M ]: 2

De�nition 5.56 A sequenceof intervals f I k gk2 N in R is nested, if m < n implies I n � I m .

Theorem 5.57 (Nested In terv al Theorem) If f [an ; bn ]gn 2 N are nested closed intervals, thenT
n 2 N[an ; bn ] 6= � . Furthermore, if (bn � an ) ! 0 as n ! 1 , then

T
n 2 N[an ; bn ] is a single point

x0, and for any choice of points pn 2 [an ; bn ], then limn !1 pn = x0.

Proof. Supposef [an ; bn ]gn 2 N are nestedclosedintervals. Then this collection of closedsubsetsof
[a1; b1] clearly satis�es the �nite intersection property FIP. By Theorem 5.35 and Theorem 5.36,T

n 2 N[an ; bn ] 6= � , which provesthe �rst statement in the theorem.
Suppose (bn � an ) ! 0. Then

T
n 2 N[an ; bn ] consists of a single point x0. Otherwise, for all

n 2 N, there would be two points p;q with p;q 2 [an ; bn ] and p 6= q. Sinced(p;q) � bn � an and
(bn � an ) ! 0, then d(p;q) = 0, which contradicts the �rst axiom for the distance function. If
pn 2 [an ; bn ], then the distance from pn to x0 is lessthan or equal to bn � an , since x0 is also a
point in [an ; bn ]. Hence,by de�nition of limit, limn !1 pn = x0. 2

De�nition 5.58 A sequencef ak gk2 N � R is monotonically increasing, if whenever m < n, then
am � an . The sequenceis strictly increasing, if m < n implies am < an .

The proof of the next proposition is homework problem 30.

Prop osition 5.59 If f an gn 2 N � R is a bounded monotonically increasingsequence, then lim n !1 an =
LUBf an gn 2 N, where LUB means the least upper bound.

De�nition 5.60 A sequencef pn gn 2 N in a metric space(M ; d) is a Cauchysequence,if 8" > 0; 9N
such that for all m; n � N ; d(pm ; pn ) < " .

Lemma 5.61 A Cauchy sequence with a convergent subsequence must itself converge.
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Proof. Suppose that f pn gn 2 N is a Cauchy sequenceand f pn i g is a subsequencethat converges
to p 2 M . Let " > 0 and we will �nd a positive integer J such that for j � J; pj 2 B " (p).
Since lim i !1 pn i = p; there exists a positive integer K such that for i � K ; pn i 2 B "

2
(p): Since

f pn gn 2 N is a Cauchy sequence,there exists a positive integer L such for n; m � L; d(pn ; pm ) < "
2 .

Let N = maxf K ; Lg: Then, for n � N ; the triangle inequality implies d(p;pn ) � d(p;pn N ) +
d(pn N ; pn ) < "

2 + "
2 = "; which implies pn 2 B " (p). This implies lim n !1 pn = p. 2

De�nition 5.62 (M ; d) is a completemetric space,if every Cauchy sequencein M converges.

The main classicalexamplesof complete metric spacesare the n-dimensional Euclidean spaces
Rn with the usual Euclidean distance functions. This result follows easily from the fact that R is
complete, a property which holds by Theorem 5.66 given below.

The following proposition is an immediate consequenceof Lemma 5.61.

Prop osition 5.63 A Cauchy sequence f pn gn 2 N in a metric space M is bounded. In other words,
there exists a point p 2 M and number R > 0 such that 8n 2 N; pn 2 BR (p).

Proof. Given a Cauchy sequencef pn gn 2 N in M , there exists an N such that 8m; n � N , we have
d(pm ; pn ) < 1. In particular, for p = pN ; d(p;pn ) < 1 for all n � N . If

R = maxf 1; d(p;p1); d(p;p2); : : : ; d(p;pN � 1)g;

then clearly pn 2 BR (p); 8n 2 N. 2

Corollary 5.64 A Cauchy sequence in R is bounded.

Theorem 5.65 A bounded sequence f pn gn 2 N in R has a convergent subsequence.

Proof. If P = f pn gn 2 N is a bounded sequencein R, then there exist a; b 2 R; a < b, such that
8n 2 N; pn 2 [a; b]. Let [a1; b1] be a subinterval of [a; b] of the form [a; a+ b

2 ] or [ a+ b
2 ; b] such that

pn 2 [a1; b1] for an in�nite set of indices I 1 � N. Similarly, let [a2; b2] a subinterval of the form
[a1; a1 + b1

2 ] or [ a1 + b1
2 ; b1] such that pn 2 [a2; b2] for an in�nite set of indices I 2 � I 1. Continuing

inductiv ely, de�ne the interval [an ; bn ] � [an � 1; bn � 1] and I n � I n � 1. By construction, there exists
a point pn k 2 [ak ; bk ] \ P; where we may assumethat i < j =) n i < n j .

Sincejbn � an j ! 0 as n ! 1 , then the Nested Interval Theorem (Theorem 5.57) implies that
the subsequencepn k convergesto the point

T
n 2 N[an ; bn ]. 2

Theorem 5.66 R with the usual distance function is a complete metric space.

Proof. By Corollary 5.64, a Cauchy sequencef pn gn 2 N in R is bounded. By Theorem 5.65, this
Cauchy sequencehas a convergent subsequence.By Lemma 5.61, the Cauchy sequenceconverges.
2

De�nition 5.67 A function f : M 1 ! M 2 between the metric spaces(M 1; d1) and (M 2; d2) is
uniformly continuous, if 8" > 0; 9� > 0 such that 8p;q 2 M 1; d(p;q) < � =) d(f (p); f (q)) < ":
Equivalently , f is uniformly continuous if 8" > 0; 9� > 0 such that 8p 2 M 1; f (B � (p)) � B " (f (p)).
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Theorem 5.68 If f : M 1 ! M 2 is a continuous function between metric spacesand M 1 is compact,
then f : M 1 ! M 2 is uniformly continuous.

Proof. Let " > 0. Since f is continuous, for every p 2 M 1; 9� (p) > 0; such that f (B2� (p) (p)) �
B "

2
(f (p)) : Since f B � (p) (p)gp2 M 1 is an open cover of M 1 and M 1 is compact, there exists a �nite

subcover � = f B � (p1 ) (p1); : : : ; B � (pn ) (pn )g of M . Let � = minf � (p1); : : : ; � (pn )g.
We now check that for any p 2 M 1, we obtain f (B � (p)) � B " (f (p)). Since � covers M 1,

after reindexing, we may assumethat p 2 B � (p1 ) (p1). Let y 2 B � (p) and we will prove that
d(f (p); f (y)) < " .

By the triangle inequality, d(y; p1) � d(y; p)+ d(p;p1) < � + � (p1) � � (p1)+ � (p1) = 2� (p1); which
implies y 2 B2� (p1 ) (p1): Sincef (B2� (p1 ) (p1)) � B "

2
(f (p1)) ; then f (p) and f (y) are both contained

in B "
2
(f (p1)). As f (p) and f (y) lie in B "

2
(f (p1)), the triangle inequality yields d(f (p); f (y)) �

d(f (p); f (p1)) + d(f (p1); f (y)) < "
2 + "

2 = "; which implies f (B � (p)) � B " (f (p)). 2

In calculus,oneshowsthat if f (x) is a continuouspositivefunction on a closedinterval [a; b] � R,
then one can de�ne the area under the graph, as the limit of the Riemann sums of the formP n

i =1 f (x i )� x i , where a = x0 < x1 < : : : xn � 1 < xn = b; � x i = x i � x i � 1; and as n ! 1 ; � x i !
0. The existence of such a limit follows easily from the fact that f : [a; b] ! R is uniformly
continuous (the compactnessof [a; b] and Theorem 5.68). So, we may assumethat the area under
such a graph makessense,and we will usethis result to prove the fundamental theorem of calculus.

Theorem 5.69 (Fundamen tal Theorem of Calculus) Supposef : [a; b] ! R is a positive con-
tinuous function. Then:

1. There exists a function F : [a; b] ! R such that 8x 2 [a; b]; F 0(x) = limh! 0
F (x + h) � F (x )

h =
f (x). F (x) is called an anti-derivative of f (x):

2. If F : [a; b] ! R is an anti-derivative of f (x), then the area under the graph of f (x) can be
calculated by:

Area =
Z b

a
f (x)dx = F (b) � F (a):

We will needthe following lemma in order to prove this theorem.

Lemma 5.70 Let f : [a; b] ! R be a positive continuous function. De�ne the area function
A(x) : [a; b] ! R:

A(x) =
Z x

a
f (x)dx:

Then, A(x) is di�er entiable and 8x 2 [a; b] has derivative A0(x) = f (x):

For the moment assumeLemma 5.70 holds and we will prove the fundamental theorem of
calculus.

Proof of Theorem 5.69. Let A(x) be the areafunction given in Lemma 5.70. This lemmaimplies
the existenceof an anti-deriv ative for f (x), namely A(x) itself. This provesthe �rst statement in
the theorem.

Let F (x) be an anti-deriv ative function given in the �rst statement of the fundamental theorem
of calculus. Then, (F � A)(x) = F (x) � A(x) = C is a constant function for someC, since the
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derivative (F � A)0(x) = F 0(x) � A0(x) = f (x) � f (x) = 0. Hence,F (x) = A(x) + C. Calculating,
we obtain:

F (b) � F (a) = (A(b) + C) � (A(a) + C) = A(b) � A(a):

But, A(a) = 0, and so, F (b) � F (a) = A(b) =
Rb

a f (x)dx, which provesTheorem 5.69. 2

Proof. Proof of Lemma 5.70. By the de�nition of derivative for any �xed x 2 [a; b]; we need to
verify that the limit A0(x) = limh! 0

A (x + h) � A (x )
h exists and equalsf (x). For the moment, we will

assumethat x 6= b, and that h > 0 and su�cien tly small so that x + h 2 [a; b]: Assumenow that
x is �xed.

Let �( h) be the area of the strip S(h) under the graph of f and over the interval [x; x + h] :
S(h) = f (t; y) j t 2 [x; x + h] and 0 � y � f (t)g. Note that �( h) = A(x + h) � A(x). Let m(h) be
the minimum value of f restricted to [x; x + h] and M (h) be the maximum value; thesemaximum
and minimum values exist by Corollary 5.55. Since the rectangle Rm (h) with base[x; x + h] and
height m(h) is contained in the strip S(h), then m(h) � h = Area(Rm (h) ) � �( h). Similarly onecan
de�ne the rectangle RM (n ) with base[x; x + h] and height M (n) and one obtains the inequalities:

m(h) � h � �( h) � M (h) � h:

Dividing by h, one obtains:

m(h) �
�( h)

h
� M (h):

Sincef is continuous at x, limh! 0 m(h) = limh! 0 M (h) = f (x).
Note that for any sequenceof positive numbers h1 � h2 � : : : � : : :, which are converging to

0, the intervals f [m(hn ); M (hn )]gn 2 N are nested with (M (hn ) � m(hn )) ! 0; as n ! 1 . Since

the values �( h )
h are squeezedbetweenm(h) and M (h), then the Nested Interval Theorem implies

A0(x) = lim h! 0
A (x + h) � A (x )

h = lim h! 0
�( h)

h = f (x). This completes the proof of Lemma 5.70
under the assumption that x 6= b and h > 0. Note that if x = b; then h is negative and if h were
negative instead of positive, then A(x + h) � A(x) = � �( h); and so, our arguments still apply to
prove the lemma. 2

Homew ork Problems

1. De�ne the distance function d on R by d(x; y) = jy � xj. Show that this distance function
d makes R into a metric spaceby verifying that d satis�es the three axioms of a distance
function. (Hint: Note that for real numbers x; y; z; then jz � xj = jz + (� y + y) � xj =
j(z � y) + (y � x)j � jz � yj + jy � xj:)

2. De�ne the taxi cab distancefunction d on R� R by d((x1; y1); (x2; y2)) = jx2 � x1j + jy2 � y1j.
This distance function d makes R � R into a metric space. (You do not need to prove the
previous statement.) Draw a picture of the ball B1((0;0)) of radius 1 centered at the origin
(0; 0).

3. De�ne the Euclidean distance function d on R � R by

d((x1; y1); (x2; y2)) =
p

(x2 � x1)2 + (y2 � y1)2:
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This distance function d makes R � R into a metric space. (You do not need to prove the
previous statement.) Draw a picture of the ball B1((0;0)) of radius 1 centered at the origin
(0; 0).

4. De�ne the distance function d on R � R by d((x1; y1); (x2; y2)) = maxfj x2 � x1j; jy2 � y1jg:
This distance function d makes R � R into a metric space. (You do not need to prove the
previous statement.) Draw a picture of the ball B1((0; 0)) of radius 1 centered at the origin
(0; 0):

5. Suppose(M ; d) is a metric space,p 2 M , and x; y 2 B r (p). Prove that d(x; y) < 2r . This
homework problem implies that diameter of a ball of radius r is at most 2r . (Hint: Use the
triangle inequality.)

6. Show the set equality
T 1

n =1 (� 1=n;1=n) = (� 1; 1) \ ( � 1
2 ; 1

2 ) \ : : : \ ( � 1
n ; 1

n ) : : : = f 0g, where
( � 1

n ; 1
n ) = f t 2 R j � 1

n < t < 1
n g. This homework problem shows that the intersection of

in�nitely many open sets in R neednot be open.

7. Give an example of a countable in�nite collection F of closed intervals A in R such thatS
F =

S
A 2F A is the open interval (0; 1). This homework problem shows that the union of

in�nitely many closedsets in R neednot be a closedset in R.

8. Show that if a < b, then the interval [a; b] is a closedset in R.

9. Prove that if p is a limit point of a subset A in a metric spaceM , then every ball B r (p)
contains in�nitely many di�eren t points of A. (Hint: Supposeto the contrary that there is
a ball B r (p) which intersects A in a �nite number of points. Then produce a smaller ball
B r 0(p) such that (B r 0(p) � f pg) \ A = � . Next, apply the de�nition of limit point to show
that p is not a limit point of A.)

10. Show that the set A = f 1=n j n 2 Ng is not closedin R. (Hint: Apply Theorem 5.15or apply
the de�nition of a closedset).

11. Determine the closureA in R of each of the following setsA. Here, a; b;c 2 R with a < b < c
and (a; b) = f x 2 R j a < x < bg:

(a) �

(b) R

(c) (0; 1)

(d) (a; b) [ (b;c)

(e) Q

(f ) N = f 1; 2; 3; : : : ; n; : : :g

12. Prove that 8a 2 R; lim n !1
a
n = 0. (Hint: For a �xed " > 0, �nd a number N such that for

n � N ; j0 � a
n j = j a

n j < ": )

13. Recall that a nonempty subset A � R is an interval, if for a; b 2 A with a � b, then
a � t � b =) t 2 A. Show that if A = f A � g� 2 I is a collection of intervals with a �xed
number a0 2 A � for all � 2 I , then the union

S
A is an interval.
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14. Prove that between any two positive real numbers a < b, there exists a rational number.
(Hint: Supposethe decimal expansionof b = n:d1d2 : : : dk : : : doesnot end all in zeros,which
can always be assumed(why?). Consider the sequenceof �nite portions bk = n:d1d2 : : : dk of
the decimal expansionfor b.)

15. Prove that between any two real numbers a < b, there exists an irrational number. (Hint:
Think in terms of size: the interval (a; b) is uncountable but Q is not.)

16. Prove that in a metric space(M ; d) that, for any r > 0 and p 2 M , the closedball B r (p) =
f q 2 M j d(p;q) � r g is a closedset. (Hint: Prove that the complement of B r (p) is open by
using the triangle inequality.)

17. Prove that if A � B , then A � B . (Hint: You can prove this containment directly by using
the de�nition of closureor indirectly by using Theorem 5.19).

18. Prove Proposition 5.23.

19. (a) Is [0; 1) an open subsetof [0; 2] with the subset topology? Prove your answer.

(b) Is [0; 1) a closedsubsetof [� 1; 1) with the subset topology? Prove your answer.

(c) Is [0; 1) a closedsubset of [0; 2] with the subset topology? Prove your answer. (Hint:
Parts (a) and (b) of this problem are testing your understanding of subspacetopology.)

20. Prove that if O is an open set in R, then O is a countable union of disjoint open intervals
in R. (Hint: By homework problem 14, each point p 2 O lies in a largest open interval
I p � O, which is the union of all open intervals in O which contain p. Using the collection
of intervals f I pgp2 O , show that O is a union of disjoint open intervals. Then, prove that
there is a countable collection of such disjoint intervals where you pick for each interval a
�xed rational number p 2 Q in the interval, and so, one has a countable indexing set (see
homework problem 14)).

21. Is the collection of open intervals f (n; n + 1) j n 2 Zg an open cover of R? Why?

22. Verify that the set of intervals f (� n; n) j n 2 Ng is an open cover of R with no �nite subcover.

23. Prove that the least upper bound of a nonempty bounded set A � R is unique.

24. SupposeL is the least upper bound of a set A � R and L =2 A. Show L is a limit point of A.

25. Supposef : X ! Y is continuousand A � X is a subspace.Let F : A ! Y be the restriction:
F (x) = f (x); 8x 2 A. Prove F is a continuous function on A.

26. Let A = f 0; 1; 1
2 ; 1

3 ; : : : ; 1
n : : :g � R.

(a) Prove that if f : A ! R is continuous, then f has a maximum value. (Hint: Note that
A is a compact subsetof R.)

(b) Prove that if F : R ! R is continuous, then the restriction of F to A has a maximum
value. (Hint: Apply the previous homework problem and part (a) of this problem.)

27. Prove that a function f : X ! Y is continuous, if for all closedsets A � Y; then f � 1(A) is
closedin X . (Hint: Seehomework problem 22c in Section 3.)
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28. Supposef : X ! Y is a continuous function and the image f (X ) is a subset of a subspace
W � Y. Let f W : X ! W be de�ned by f W (x) = f (x) for all x 2 X . Prove that f W

is also a continuous function. (Hint: This problem is just testing your understanding of
the subspacetopology on the subspaceW and your understanding of the de�nition of a
continuous function.)

Challenge problems

29. Suppose(M ; d) is a metric spaceand p 2 M . De�ne D : M ! R by D(q) = d(p;q), which
is the distance function to p. Prove that D is a continuous function. (Hint: Show that for
q 2 M , that f is continuous at q. Supposef qn gn 2 N is a sequenceof points converging to q.
By the triangle inequality, d(p;qn ) = D(qn ) � D (q) + d(q; qn ) and D(q) � D (qn ) + d(qn ; q).
Hence,

D(q) � d(qn ; q) � D (qn ) � D (q) + d(q; qn ):

Use the above formula to prove lim n !1 D(qn ) = D(q).

30. Prove Proposition 5.59.

31. Prove that a convergent sequencef pn gn 2 N of points in a metric spaceM is Cauchy.

32. Prove that the function f (x) = x2 is not uniformly continuous on [0; + 1 ):

33. Prove that the natural log, ln : [1; 1 ) ! R is uniformly continuous.

34. Suppose(M 1; d1) and (M 2; d2) are metric spaces.Given p = (x1; y1); q = (x2; y2) 2 M 1 � M 2

and let d(p;q) = maxf d1(x1; x2); d(y1; y2)g:

(a) Prove (M 1 � M 2; d) is a metric space.(Hint: Seehomework problem 4.)

(b) Prove that if (M 1; d1) and (M 2; d2) are complete metric spaces,then (M 1 � M 2; d) is
also complete.

35. Suppose A � B � X , where X is a topological space. Consider B to be a topological
subspaceof X . Show that the subspacetopology of A induced from X is the sameas the
subspacetopology of A induced from B . (Hint: You will needto usethe de�nition of subspace
topology to prove this property.)

36. SupposeA is a connectedsubspaceof a topological spaceX and A � B � X . Consider B
to be a topological subspaceof X and show A is a connectedsubspaceof B . (Hint: Apply
the previous homework problem.)

37. SupposeA � X is connectedand B and C are open sets in X such that A \ B \ C = � and
A � (B [ C). Prove A � B or A � C. (Hint: You will needto usethe de�nition of subspace
topology to prove this property.)

38. For each point p 2 X , let the set C(p) be the union of all connectedsubsetsA of X which
contain p. C(p) is called the connected component of X containing p.
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(a) Suppose � = f C� g� 2 I is a collection of connected subsetsof X which all contain a
particular point p. Provethe union

S
� is connected. (Hint: Usehomework problems36

and 37.)

(b) Prove C(p) is a connectedset. (Hint: Apply part (a) of this homework problem.)

(c) Prove that the set of connectedcomponents of X is a partition of X .

39. SupposeA � X is a connectedsubspaceof the topological spaceX .

(a) Prove that the closureA is also a connectedsubspace.

(b) Conclude that the connectedcomponents of X are closedsets.

6 Four typical midterms, some quizzes and a typical �nal
exam.

Name: Midterm 1 Math 300.1

1. A set A is countable if:

2. A set A is uncountable if:

3. A function f : A ! B is 1-1 if:

4. A function f : A ! B is onto if:

5. A logical statement p is a contradiction if:

6. Write down a logical statement (with letters) that is a tautology.

7. A [ B =

8. A \ B =

9. jAj = jB j means

10. jAj � jB j means

11. A relation R on a set S is an equivalencerelation if:

12. SupposeR is an equivalencerelation on S and a 2 S. De�ne the equivalenceclass[a] =

13. Write down the contrap ositive of \If it is cloudy, then the sun doesnot shine."

14. If A is a set, then the power set P(A) is:

15. P(f 1; 2g) =

16. A collection � of subsetsof a set A is a partition of A if:

17. Expressthe real number 15 in base10 as a real number in base4.
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18. If x = 120:2 is a decimal number in base4, then expressit as a decimal number in base10.

19. State the Well-Ordering Principle.

20. State the Principle of Mathematical Induction. (PMI)

21. State Cantor's Theorem.

22. State the fundamental theorem of equivalencerelations.

23. Write down a function f : R ! R that is 1-1 but not onto.

24. Write down a function f : R ! R that is 1-1 and onto.

25. Which of the following setsare countable: N; Q; Z; R; N � N; P(N); N � R; P(Z); P(R)?

26. Write down the truth table for p ! (p ^ q).

27. Prove that if A = f a1; a2; : : : ; an ; : : :g; B = f b1; b2; : : : ; bn ; : : :g and C = f c1; c2; : : : ; cn ; : : :g
are three in�nite countable sets, then A [ B [ C is countable.

28. Prove by the principle of mathematical induction that
P n

k=1 k = n (n +1)
2 :

29. Prove that if f : A ! B and g: B ! C are 1-1 functions, then g � f : A ! C is 1-1.

30. Prove that if f : A ! B and g: B ! C are onto functions, then g � f : A ! C is onto.

31. Prove 3 of the following 5 problems. Two extra credit points for doing a fourth onecorrectly.

(a) Prove that Q+ is a countable set by explaining how to make Q+ into an in�nite list.
List the �rst 10 elements in your listing of Q+ .

(b) Prove that the open interval I = (0; 1) � R is uncountable.

(c) State and prove the Fundamental Theorem of EquivalenceRelations.

(d) Prove that if f : A ! B and g: B ! C are functions with g � f : A ! C onto, then
g: B ! C is onto.

(e) State and prove Cantor's Theorem.

Name: Midterm 2 Math 300.1

1. A group (G; � ) is a set G together with a binary operation � satisfying:

2. If G is a group, then prove the identit y element e is unique.

3. If G is a group, then prove the left cancelation law: (ax = ay) =) (x = y):

4. If G is a group, then prove that the inverseof a 2 G is unique.

5. A subsetH � G is a subgroup of the group G if:

6. A subgroup H � G is normal if:
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7. In the group Z12, what is the order of the element 8?

8. List all of the generatorsof Z8:

9. If H1; H2 are two subgroupsof a group G, then prove H 1 \ H2 is a subgroup of G.

10. De�ne the center of a group G: C(G) =

11. If G is a group, then prove that the center C(G) is a subgroup.

12. For the function f (x) = 2x : R ! R; what is f � 1(f� 4; 4g)? What is f � 1([1; 1 ))?

13. For the function f (x) = x2 : [� 1; 4] ! R, what is Im( f )?

14. If (G1; � ) and (G2; � ) are groups, then f : G1 ! G2 is a group homomorphism if:

15. Supposef : G1 ! G2 is a group homomorphism and e1 2 G1 and e2 2 G2 are the respective
identit y elements. Let a 2 G1. Then prove:

(a) f (e1) = e2.

(b) f (a� 1) = (f (a)) � 1:

16. If f : G1 ! G2 is a group homomorphism, then the kernel of f is: Ker(f ) =

17. State the First Isomorphism Theorem.

18. State and prove Lagrange'sTheorem. This problem counts 10 points.

19. Prove 4 of the following 7 theorems where f : G1 ! G2 is a group homomorphism. These
proofs count 5 points each. One point extra credit for each additional correct proof.

Theorem 1. Ker(f ) is a subgroup of G1.
Theorem 2. Im( f ) = f y 2 G2 j 9x 2 G1 such that f (x) = yg is a subgroup of G2.
Theorem 3. If Ker(f ) = f e1g, then f : G1 ! G2 is 1-1 .
Theorem 4. If h : G2 ! G3 is a group homomorphism, then h � f : G1 ! G3 is a group
homomorphism.
Theorem 5. If H � G2 is a subgroup of G2, then f � 1(H ) = f x 2 G1 j f (x) 2 H g is a
subgroup of G1.
Theorem 6. If G is a �nite group and a 2 G, then hai = f an j n 2 Ng is a subgroup of G.
Theorem 7. The center C(G) of a group G is a subgroup.

Name: Midterm 3 Math 300.1

1. Let R : R2 ! R2 be the re
ection R(x
y ) = (y

x ). ExpressR as a 2 � 2 matrix.

2. Let R : R3 ! R3 be rotation by 120 degreescounter clockwise around the vector (1; 1; 1).
Write down the matrix for the linear transformation R.
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3. Calculate the product of the following two matrices:
0

@
1 1 2
3 0 4
1 0 2

1

A

0

@
1 1 2
3 0 4
0 1 0

1

A

4. In Q(
p

2), what is the multiplicativ e inverseof 2 +
p

2?

5. In the �eld Z5, what is the multiplicativ e inverseof 3?

6. In the multiplicativ e group Z5 � f 0g, what is the order of 3?

7. Is
p

2 +
p

3 an algebraic number? Explain your answer.

8. A �eld F is algebraically closedif:

9. In what follows, V is a vector spaceover a �eld F .

(a) A �eld F is a set with two binary operations + and � which satisfy the following prop-
erties:

(b) A subsetS � V spansV if:

(c) A subsetS � V is a linearly independent set of vectors if:

(d) A vector spaceV over F has �nite dimension n if:

(e) SupposeF is a sub�eld of a �eld F 0. Then, � 2 F 0 is algebraic (with respect to F ) if:

10. Prove that if S = f v1; v2; : : : ; vn g is a linearly independent set of vectors in a vector space
and v 2 V can be expressedas v =

P n
i =1 ai vi =

P n
i =1 bi vi , then ai = bi for i 2 f 1; 2; : : : ; ng.

11. Supposea �eld F2 is a vector spaceof dimension5 over a sub�eld F1 � F2. Prove that every
� 2 F2 is the root of somenonzeropolynomial p(x) with coe�cien ts in F1 and of degreeat
most 5.

12. Prove that if F3 is a �eld which is a vector spaceof �nite dimension n over a sub�eld F2

and F2 is a vector spaceof �nite dimension m over a sub�eld F1 � F2, then F3 has �nite
dimension mn over the sub�eld F3. (Hint: Find a basis for F3 over F1 with mn elements.)

13. De�ne Q(
p

2) and prove it is a sub�eld of R. You do not need to check the associative or
distributiv e laws, sincethey hold in R.

14. Prove that if F is a sub�eld of R with dimension 13 over Q, then Q and F are the only
sub�elds of F . You can useany theoremsin this section to prove this result.

15. Show that the set of real algebraic numbers A R = A \ R is not an algebraically closed�eld.

16. Suppose� 2 C is a root of a polynomial p(x) =
P n +1

i =0 ai x i of smallest positive degreen + 1.
Prove that the set S = f 1; �; � 2; : : : ; � n g � C is a linearly independent set of numbers over
Q.
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Name: Midterm 4 Math 300.1

1. A metric space(M ; d) is a pair whereM is a set with a distancefunction d: M � M ! [0; 1 )
satisfying:

2. If (M ; d) is a metric space,p 2 M and r > 0, then B r (p) =

3. A subsetO � M in a metric space(M ; d) is open if:

4. A topological space is a set X together with a collection TX of subsets called open sets
satisfying:

5. A point p in a topological spaceX is a limit point of a subsetA � X if:

6. A subsetA of a topological spaceX is closedif:

7. If A is a subsetof a topological spaceX , then de�ne the closureof A:
A =

8. A topological spaceX is disconnectedif:

9. Is the real number line R connected?State the theorem that implies your answer.

10. A topological spaceX is compact if:

11. Is the real number line R compact? Prove your answer by producing an open cover of R that
doesnot have a �nite subcover.

12. A function f : M 1 ! M 2 between metric spaces(M 1; d1) and (M 2; d2) is continuous at a
point p 2 M 1 if:

13. A function f : X ! Y betweentopological spacesX and Y is continuous if:

14. State the Least Upper Bound Property for a subsetA � R which is bounded from above.

15. A collection C = f C� j � 2 I g of setssatis�ed the �nite intersection property if:

16. A metric space(M ; d) is complete if:

17. State and prove the Fundamental Theory of Calculus for a continuous positive function
f : [a; b] ! R.

18. Prove 5 of the following 8 theorems. These proofs count 5 points each. One point extra
credit for each additional correct proof over 5.

(a) Suppose(M ; d) is a metric space. Then the ball B r (p) centered at p of radius r is an
open set in M .

(b) If A = f A i gi 2f 1;::: ;n g = f A1; A2; : : : ; An g is a �nite collection of open sets in a metric
space(M ; d), then

T
A = A1 \ A2 \ : : : \ An is an open set in M .

(c) If f A � g� 2 I is a collection of open setsin a metric space(M ; d), then the union
S

� 2 I A �

is an open set in M .
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(d) If A and B are closedsetsof a topological space,then A [ B is a closedset.

(e) Supposef : X ! Y and g: Y ! Z are continuousfunctions betweentopological spaces.
Then g � f : X ! Z is continuous.

(f ) Supposef : X ! Y is a continuous onto function between topological spaces. If X is
connected,then Y is connected.

(g) Supposef : X ! Y is a continuous onto function between topological spaces. If X is
compact, then Y is compact.

(h) A subsetA � X is closedif and only if A contains all of its limit points.

Name: Final Exam Math 300.1

1. A set A is countable if:

2. A function f : A ! B is 1-1 if:

3. A function f : A ! B is onto if:

4. jAj � jB j means:

5. SupposeR is an equivalencerelation on S and a 2 S. De�ne the equivalenceclass[a] =

6. Write down the contrap ositive of "If it is cold, then it is not hot."

7. A collection � of subsetsof A is a partition of A if:

8. Expressthe base2 number 1101.1as a base10 number.

9. State the Well Ordering Principle.

10. State Cantor's Theorem.

11. State the fundamental theorem of equivalencerelations.

12. Which of the following setsare uncountable:
N; Q; Z; R; N � N; P(N); P(Z); P(R):

13. Write down the truth table for (p ^ q) ! p.

14. A group (G; � ) is a set G together with a binary operation � which satis�es:

15. A �eld is a set F together with binary operations + and � which satisfy:

16. A subgroup H � G is normal if:

17. In the group Z12, what is the order of 8?

18. List all of the generatorsfor Z8.

19. If (G1; � ) and (G2; � ) are groups, then f : G1 ! G2 is a group homomorphism if:
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20. If f : A ! B and W � B , then f � 1(W ) =

21. What is the image of the function f (x) = 2x : R ! R?

22. For the function f (x) = 2x : R ! R, what is f � 1([� 4; 4])?

23. State the normal subgroup theorem.

24. Suppose(M ; d) is a metric space.De�ne: B r (p) =

25. A subsetO � M in a metric spaceis open if:

26. A topological space is a set X together with a collection of subsets TX called open sets
satisfying:

27. A point p in a topological spaceX is a limit point of a subsetA � X if:

28. If A is a subsetof a topological spaceX , then de�ne the closureof A: A =

29. A topological spaceX is disconnectedif:

30. A collection of sets � = f A � g� 2 I satis�es the �nite intersection property (FIP) if:

31. SupposeX ; Y are topological spaces.A function f : X ! Y is continuous if:

32. Prove 8 of the following theorems. Theseproofs count 5 points each. One point extra credit
for each additional correct proof over 8.

(a) If f : A ! B and g: B ! C are 1-1 functions, then g � f : A ! C is 1-1.

(b) If f : A ! B and g: B ! C are onto functions, then g � f : A ! C is onto.

(c) Prove Q+ is a countable set and list the �rst 10 elements.

(d) Prove
P n

k=0 2k = 2n +1 � 1 by mathematical induction.

(e) If H1 and H2 are subgroupsof a group G, then H 1 \ H2 is a subgroup of G.

(f ) Suppose f : G1 ! G2 is a group homomorphism and e1 2 G1 and e2 2 G2 are the
respective identit y elements. Prove f (e1) = e2.

(g) If f : G1 ! G2 and g: G2 ! G3 are group homomorphisms,then g � f : G1 ! G3 is a
group homomorphism.

(h) SupposeF is a sub�eld of R of dimension 7 over Q. Prove that Q and F are the only
sub�elds of F . You can useany of the theoremsin the linear algebrasectionof the book
to prove this result.

(i) If X ; Y and Z are topological spacesand f : X ! Y and g: Y ! Z are continuous, then
g � f : X ! Z is continuous.

(j) If (M ; d) is a metric spaceand A and B are open sets, then A \ B is an open set.

(k) R is noncompact.

33. Prove 6 of the following 10 theorems. Theseproofs count 10 points each. Two points extra
credit for each additional correct proof.

74



(a) R is an uncountable set.

(b) State and prove the fundamental theorem of equivalencerelations.

(c) State and prove Cantor's Theorem.

(d) If f : G1 ! G2 is a group homomorphism, then Ker(f ) is a normal subgroup of G1.

(e) If f : G1 ! G2 is a group homomorphism and Ker(f ) = f e1g; then f is 1-1.

(f ) State and prove Lagrange'sTheorem.

(g) What is Q(
p

2)? Prove Q(
p

2) is a sub�eld of R.

(h) An open ball B r (p) in a metric spaceM is an open set.

(i) Supposef : X ! Y is a continuous onto function between topological spaces. If X is
connected,then Y is connected.

(j) A subsetA � X is closedif and only if A contains all its limit points.

Quizzes: The following quizzescount 1 point per problem. However, 1 point is deducted for each
wrong answer with negative scorescounting as zero. You can take a quiz a secondtime but with
2 points taken o�. Also, 2 points will be deducted for each week late that a quiz is taken.

Quiz 1

1. N =

2. A(R)=

3. f : A ! B is 1-1 if:

4. f : A ! B is onto if:

5. A relation R on a set S is an equivalencerelation if:

(a)

(b)

(c)

6. A set A is countable if:

Quiz 2

1. Let A = f 1; 2g. Then A � A=

2. P(f 1; 2; 3g) =

3. Prove that if f : A ! B and g: B ! C are 1-1 functions, then g� f : A ! C is a 1-1 function.
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4. Prove that if f : A ! B and g: B ! C are onto functions, then g � f : A ! C is an onto
function.

Quiz 3

1. What does jAj � jB j mean where A and B are sets?

2. Write down the truth table for p ! (p ! q):

3. If R is an equivalencerelation on a set S and a 2 S, then de�ne the equivalenceclass: [a] =

4. Let A = f 1; 2; 3g. Give three di�eren t examples� 1; � 2; � 3 of partitions of A.

5. State the fundamental theorem of equivalencerelations.

6. State Cantor's Theorem.

Quiz 4

1. A group (G; � ) is a set G together with a binary operation � satisfying:

(a)

(b)

(c)

2. A subsetH � G is a subgroup if:

(a)

(b)

(c)

3. SupposeH1 and H2 are subgroupsof a group G. Prove H 1 \ H2 is a subgroup of G.

4. What is the order of 8 in Z12 = f 0; 1; : : : ; 11g? Show your work.

5. The center of a group G is: C(G) =

Quiz 5

1. Suppose(G1; � ) and (G2; � ) are groups. A function f : G1 ! G2 is a group homomorphism
if:

2. If f : G1 ! G2 is a group homomorphism, then Ker(f ) =

3. If H � G is a subgroup and a 2 G, then aH =

4. State Lagrange'sTheorem.

5. Explain why 3 is a generator for Z4 but 2 is not a generator.

Quiz 6
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1. Multiply thesematrices:
�

1 0
2 3

� �
6 1
1 3

�
. Show your work.

2. A �eld F is a set with two binary operations + and � which satisfy the following properties:

3. Let V be a vector spaceover a �eld F . A subsetS � V spansV if:

4. A subsetS � V is a linearly independent set of vectors if:

5. A vector spaceV over F has �nite dimension n if:

6. SupposeF is a sub�eld of a �eld F 0. Then � 2 F 0 is algebraic (with respect to F ) if:

Quiz 7

1. A metric space(M ; d) is a pair whereM is a set with a distancefunction d: M � M ! [0; 1 )
satisfying:

(a)

(b)

(c)

2. Suppose(M ; d) is a metric space,p 2 M and r > 0. De�ne: B r (p) =

3. A subsetO � M is an open set if:

4. A topological space is a set X together with a collection of subsets TX called open sets
satisfying:

(a)

(b)

(c)

Quiz 8

1. A subsetA of a topological spaceX is closedif:

2. If A is a subsetof a topological space,then: A =

3. A topological spaceX is disconnectedif:

4. A topological spaceX is compact if:

5. A function f : X ! Y betweentopological spacesis continuous if:
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7 Prop osed schedule for the small group meetings for Spring
semester 2004.

1. Answer questions and go over the basic logical symbols in De�nition 2.38 and their truth
tables. Talk about 1-1 and onto functions and go over the proofs of Theorem 2.6 and Theo-
rem 2.7. Given time, go over equivalencerelations.

2. Answer questions and go over some of the results about countable and uncountable sets.
Make sure the students understand how to calculate the power set. Go over basesother than
10. Start going over homework problems.

3. Go over homework problems, mathematical induction and the well-ordering principle.

4. Answer questionsand go over old Midterm 1 exam. Last group sessionbefore Midterm 1.

5. Answer questionsabout groups and de�ne subgroup. Prove Proposition 3.2 and the proofs
of someof the subgroup theoremslike H 1 \ H2 is a subgroup. Go over the group Zn .

6. Go over more subgroup theorems and Theorem 3.22. Go over cosetsand start discussing
about left cosetsand the proof of Lagrange'sTheorem.

7. Discussnormal subgroups. Go over elementary linear algebra and elementary �eld theory.
Answer questionson the homework and go over old Midterm 2. Go over the proof of Theo-
rem 3.46 if time permits. Last group meeting before Midterm 2.

8. Go over real vector spaces,linear transformations, matrix multiplication and elementary
results about �elds.

9. Go over vector spacesover �elds F and elementary �eld theory.

10. Go over the de�nitions of metric spaces,open sets, topological spacesand the proofs of
Theorems5.4 and 5.6. Talk about limits and convergenceof a sequenceof points in metric
spaces.Go over theoremsabout the limit points of subsetsand the de�nition of closedsets.
Discussthe subspacetopology.

11. Go over the properties of \connected", \compact", and \FIP". Answer questions on the
homework. Go over continuous functions in metric and in topological spaces.

12. Answer questions and go over some of the main theorems. Go over the homework and
questions on the old Midterm 4 exam. Be sure to go over the proof of the Fundamental
Theorem of Calculus as it will be a question on the up-coming Midterm. Last group meeting
before Midterm 4.
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