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Abstract

In this talk I will present a non-linear Schrödinger type
formulation of Einstein’s equations for a Friedmann-Lemâıtre-
Robertson-Walker universe with scalar field and perfect fluid
matter source. This provides for an alternate method of ob-
taining exact solutions of the Einstein field equations for a
homogeneous, isotropic universe. Some examples of exact
solutions obtained in this way will be demonstrated, and I
will mention analogous work that is currently being done
with a Bianchi metric in an anisotropic universe.
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Einstein Equations

For coordinates {xi}n
i=1 and metric g =

∑
ij gijdxidxj:

Γk
ij =

1

2

n∑
l=1

glk(
∂gil

∂xj

+
∂gjl

∂xi

− ∂gij

∂xl

) are Christoffell Symbols,

Rl
ijk =

∂Γl
jk

∂xi

−∂Γl
ik

∂xj

+
n∑

s=1

(
Γl

isΓ
s
jk − Γl

jsΓ
s
ik

)
is the Curvature Tensor,

Rij =
∑

l

Rl
ilj is the Ricci Tensor,

where gij denotes elements of the inverse matrix.
We will use units such that the speed of light is one.

We consider Einstein’s Equations with zero cosmological constant:

Rij −
1

2
gijR = −K2Tij.

Einstein postulated that the energy-momentum tensor Tij should be
modeled on the stress tensor of a perfect fluid with density ρT (t) and
pressure pT (t). That is, he postulated that the energy-momentum
tensor takes the form

T ij = (ρT + pT )δi1δj1 + pTg
ij.
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FLRW field equations

For a Friedmann-Lemâıtre-Robertson-Walker (FLRW) universe, which
is a homogenous, isotropic model with perfect fluid matter source,
scalar field φ and potential V , density ρ, pressure p and the metric
g take the form

g = ds2 = −dt2 +
a2

1− kr2
dr2 + r2a2dθ2 + a2r2 sin2 θdφ2,

ρT =
φ̇2

2
+ V ◦ φ+

D(t)

an

pT =
φ̇2

2
− V ◦ φ+

(n− 3)D(t)

3an
,

for coordinates x1 = t, x2 = r, x3 = θ and x4 = φ,
curvature parameter k = −1, 0 or 1, and
scale factor a = a(t) (the expansion rate of the universe).
Also, n 6= 0 is a constant and
D(t) is a non-constant function of t.

Therefore by direct computation, Einstein’s field equations in a
FLRW universe take the form

H2 +
k

a2

(i)
=
K2

3
[
φ̇2

2
+ V ◦ φ+

D(t)

an
]

Ḣ +H2 (ii)
= −K

2

6
[−φ̇2 + V ◦ φ− D(t)(n− 2)

2an
]

for K2 := 8πG, G is Newton’s constant, and H := ȧ
a

is the Hubble
parameter.
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Correspondence between

FLRW field equations and

a Schrödinger-type equation

In 2003, Floyd Williams and Panos Kevrekidis described a corre-
spondence between the FLRW field equations and an Ermakov-
Milne-Pinney (EMP) equation [5]. It is known that there is a fur-
ther correspondence between the EMP equation and a Schrödinger-
type equation, which was the motivation for the following theo-
rem. These correspondences were the motivation for the follow-
ing, which relates FLRW field equations directly with a non-linear
Schrödinger-type equation.

Theorem 1. Given n and k as above, E(x) and P (x), let u(x)
be a solution to the non-linear Schrödinger-type equation

u′′ + [E(x)− P (x)]u = −nk
2
u(4−n)/n (NLS) .

Define σ(t), ψ(x) and D(t) to be such that

σ̇(t) = u(σ(t)), ψ′(x)2 =
4

nK2
P (x) and D(t) = − 12

n2K2
E(σ(t))

Then the following triple solves the FRLW field equations:

a(t) = u(σ(t))−2/n φ(t) = ψ(σ(t))

V =

[
12

K2n2
(u′)2 +

2u2

K2n

(
6

n
E − P

)
+

3k

K2
u

4
n

]
◦ ψ−1.
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Conversely,
given D(t), n and k let (a, φ, V ) be a solution of the FRLW field
equations.
Define σ(t), ψ(x), E(x) and P (x) to be such that

σ̇(t) = a(t)−n/2 ψ(x) = φ(σ−1(x))

E(x) := −K
2n2

12
D(σ−1(x)) P (x) =

nK2

4
ψ′(x)2.

Then a solution to NLS is

u(x) := a(σ−1(x))−
n
2 .

Examples from various papers in the literature have been recon-
structed using this theorem.

This theorem can also be used to show that for a(t) given, φ
and V that satisfy the FRLW field equations take the form

φ̇(t)2 = − 2

K2

[
Ḣ − k

a2

]
− nD(t)

3an
,

V (φ(t)) =
3

K2

[
H2 +

Ḣ

3
+

2k

3a2

]
+

(n− 6)D(t)

6an

These equations are well-known in the literature.
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Alternative Perspective If the scale factor a(t), D(t), k and n
are first specified, then

a(t) ⇒ u(x), E(x) via Theorem 1 (converse)

⇒ Solve for the remaining P (x) using NLS equation

⇒ φ(t), V via Theorem 1.

Alternative Perspective with D(t)=0 In this case, n is not
specified by the FRLW field equations

⇒ can choose n such that resulting u-data is computable

Since NLS is linear when n = 2 and n = 4, these are often conve-
nient choices.
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Example (reproduce example from literature) This exam-
ple appears in a paper by Ellis and Madsen[3]. Let k = 1, D = 0
and

a(t) = A cosh(ωt), A, ω > 0.

By the converse of Theorem 1, let σ(t) be such that σ̇ = a(t)−n/2.
Here, n = 4 is a nice choice since then

σ̇ =
1

A2
sech2ωt and σ(t) =

1

ωA2
tanhωt

Still using Theorem 1 converse, E = 0 and

u(x) = a
(
σ−1(x)

)−n/2
=

1

A2

(
1− ω2A4x2

)
.

The function P (x) is still unknown, so solving NLS for it, we find

P (x) =
2A2(1− ω2A2)

1− ω2A4x2
.

Now that we have u-data, we may use the theorem (first implica-
tion) to get the φ and V which satisfy the FRLW field equations.
According to the theorem, we need ψ such that

ψ′(x)2 =
1

K2
P (x) =

2A2(1− ω2A2)

K2(1− ω2A4x2)

Therefore for A2ω2 < 1, ψ(x) =

√
2(1−ω2A2)

ωKA
Arcsin(ωA2x) + ψo for

ψo an integration constant. Finally, φ and V take the form

φ(t) = ψ(σ(t)) =

√
2(1− ω2A2)

ωKA
Arcsin(tanhωt) + ψo

V (y) =
2(1− ω2A2)

K2A2
cos2

(
ωKA√

2(1− ω2A2)
(y − ψo)

)
+

3ω2

K2
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Example (new) For k = −8λ2, n = 1,

E(x) = x2 +
27λ2

4
and P (x) = x2,

a solution of NLS is

u(x) = −3
√

3

4
tanh(

√
27

8
λx).

Then according to the theorem, the functions below are constructed,
some with the aid of Mathematica.

σ(t) =
1

λ

√
8

27
Arcsinh(e

− 27λ
8
√

2
(t−c1)

)

ψ(x) =
1

K
x2 + c2

D(t) = − 12

K2

(
8

27λ2
Arcsinh2

(
e
− 27λ

8
√

2
(t−c1)

)
+

27

4
λ2

)
,

where c1 and c2 are integration constants. And therefore the fol-
lowing triple solves the FRLW field equations:

a(t) =
16

27

(
1 + e

27λ
4
√

2
(t−c1)

)
φ(t) =

8

27Kλ2
Arcsinh2

(
e
− 27λ

8
√

2
(t−c1)

)
+ c2

V (y) =
2187λ2

32K2
+

135

8K
(y − c2) tanh2

√
27

8
Kλ2(y − c2), y > c2.

This example was inspired by a separate example in a paper by
Dionisio Bazeia[1].
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General Solution of Special Case Using Duffing Equation
By choosing

n = 1 k = 2B < 0 E(x)− P (x) = A > 0,

NLS reduces to the Duffing equation

u′′ + Au = −Bu3,

which has a general solution

u(x) =

√
A

−B
tanh

(√
A

2
(x− c1)

)
for some constant c1.

Then by the above theorem,

σ(t) =

√
2

A
Arcsinh

(
e

A√
−2B

(t−c2)
)

+ c1 for some constant c2

ψ(t) = ± 2

K

[∫ √
P (x)dx

]
D(t) = − 12

K2
E(σ(t))

And the solution to the FLRW field equations is

a(t) = −B
A

(
e−
√

2
−B

A(t−c2) + 1
)

φ(t) = ψ(σ(t))

V (φ(t)) = − 2A

K2B

3A+
5P (σ(t))(

1 + e−
√

2
−B

A(t−c2)
)

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Anisotropic universe

with Bianchi I metric.

For a given scalar field φ(t), potential V , energy-momentum tensor

Tij = − ∂φ

∂xi

∂φ

∂xj

+
1

2
gij

[∑
k,s

gks ∂φ

∂xk

∂φ

∂xs

+ 2V ◦ φ

]
,

and Bianchi I metric

g = −dt2 +X(t)2dx2 + Y (t)2
(
dy2 + dz2

)
,

the Einstein field equations take the form

2
ẊẎ

XY
+
Ẏ 2

Y 2

(a)
= K2

[
1

2
φ̇2 + V ◦ φ

]

2
Ÿ

Y
+
Ẏ 2

Y 2

(b)
= −K2

[
1

2
φ̇2 − V ◦ φ

]

Ÿ

Y
+
ẊẎ

XY
+
Ẍ

X

(c)
= −K2

[
1

2
φ̇2 − V ◦ φ

]
.
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A number of other equations can be established

• Conservation equation for ρ = 1
2
φ̇2+V ◦φ and p = 1

2
φ̇2−V ◦φ

ρ̇+ 3H(ρ+ p) = 0

• For H := 1
3

(
Ẋ
X

+ 2 Ẏ
Y

)
and µ := 1√

3

(
Ẋ
X
− Ẏ

Y

)
, (a) can be

rewritten as

3H2 − µ2 (a)′

= K2

[
1

2
φ̇2 + V ◦ φ

]

• By direct computation and (a)-(c),

µ̇+ 3Hµ = 0

• Using the above equations we can verify Raychaudhuri’s equa-
tion

3Ḣ + 3H2 + 2µ2 (d)
= −K

2

2
(ρ+ 3p)

Now, the equations (a)’ and (d) are exactly the field equations for
an FRLW universe by choosing

n = 6 k = 0 a =
[
XY 2

]1/3
D(t) =

1

K2
µ2a6
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The goal is to obtain, for a given φ and V , the implication

u(x) solving NLS for E < 0 constant

⇒ a(t) solving FRLW field equations

?⇒ (X, Y ) solving Bianchi I field equations

? is possible by rewriting

X(t) = R(t)eα(t) Y (t) = R(t)eβ(t) for some α+ 2β = 0.

Then by examining the converse implication, (X, Y ) ⇒ (a, φ, V ) ⇒
u(x), we can make an ansatz for α:

α =
2

3

√
−Eσ(t), for σ such that σ̇ = u ◦ σ,

and R is given by

a =
[
XY 2

]1/3
=
[
ReαR2e2β

]1/3
= R,

thereby combining to give X and Y .
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That is,

Theorem 2. Given E(x) = E constant and P (x), let u(x) be
a solution to the linear Schrödinger-type equation

u′′ + [E(x)− P (x)]u = 0.

Define σ(t) to be such that

˙σ(t) = u(σ(t)).

Then for a(t) = u(σ(t))−1/3 and α(t) = 2
3

√
−Eσ(t), the functions

X(t) = a(t)eα(t) and Y (t) = a(t)e−α(t)/2

solve the Bianchi I field equations.

A similar result is currently being investigated for the more
general metric

ds2 = −dt2 +X(t)dx2 + Y (t)2dy2 + Z(t)2dz2
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