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Abstract. We show that there are contact 3–manifolds of support genus one
which admit infinitely many Stein fillings, but do not admit arbitrarily large

ones. These Stein fillings arise from genus–1 allowable Lefschetz fibrations

with distinct homology groups, all filling a fixed minimal genus open book
supporting the boundary contact 3–manifold. In contrast, we observe that

there are only finitely many possibilities for the homology groups of Stein
fillings of a given contact 3–manifold with support genus zero. We also show

that there are 4–strand braids which admit infinitely many distinct Hurwitz

classes of quasipositive factorizations, yielding in particular an infinite family of
knotted complex analytic annuli in the 4–ball bounded by the same transverse

link up to transverse isotopy. These realize the smallest possible examples in

terms of the number of boundary components a genus–1 mapping class and the
number of strands a braid can have with infinitely many positive/quasipositive

factorizations.

1. Introduction

Open books have gained a prominent role in contact geometry and low dimen-
sional topology ever since Giroux established a striking correspondence between
contact structures and open books on 3–manifolds [21]. It is desirable to de-
duce contact geometric information from coarse topological invariants of support-
ing open books. The minimal genus for a supporting open book, called the support
genus of a contact 3–manifold (Y, ξ) [16], is such an invariant. Thanks to works
of Etnyre, Wendl, and several others, quite a lot is now known about contact
3–manifolds with support genus zero, as well as their symplectic and Stein fillings
(e.g. [15, 35, 31, 22]). In particular, it is known that not all contact structures can
be supported by planar open books [15]. However, 15 years after Giroux, it is still
an open question whether there are contact structures which cannot be supported
by genus–1 open books.

Naturally, one would like to see if there are any distinguishing properties for
contact 3–manifolds that can be supported by genus–1 open books, perhaps similar
to those known to hold for planar ones. There are a few intimately related aspects
we will consider in this note: to date, there are no known examples of planar open
books (resp. planar contact structures) that can be filled by infinitely many allow-
able Lefschetz fibrations (resp. Stein surfaces), whereas there are many examples of
higher g ≥ 2 open books with such fillings (e.g. [29, 17, 7]). On the other hand no
genus–0 or genus–1 open book can be filled by allowable Lefschetz fibrations with
arbitrarily large Euler characteristic (see, for example, [7]), whereas many examples
have been found in recent years again for g ≥ 2 open books [8, 9, 17, 7]. Notably,
the Euler characteristic of fillings of a contact 3–manifold with support genus zero
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is also bounded [30, 22], but this property is not known to extend to support genus
one. (If it did, this would provide an obstruction for contact 3–manifolds with
arbitrarily large Sten fillings to admit genus–1 open books.) In this note, we will
explore each of these types of fillings. We prove the following:

Theorem A. There are (infinitely many) contact 3–manifolds with support genus
one, each one of which admits infinitely many homotopy inequivalent Stein fillings,
but do not admit arbitrarily large ones. These are all supported by genus–1 open
books, each bounding infinitely many distinct genus–1 allowable Lefschetz fibrations
on their Stein fillings with infinitely many distinct homology groups.

Many earlier examples of contact 3–manifolds with infinitely many Stein fillings
(e.g. [29, 2]) have used higher genera open books, which also admit arbitrarily
large Stein fillings by [7, 17]. Examples of contact 3–manifolds with support genus
one and admitting infinitely many Stein fillings were given by Yasui in [36], where
logarithmic transforms were used to produce exotic fillings (see Remark 8). Our
theorem provides the first examples which illustrate that the two classes of contact
3–manifolds are different.

In the course of proving the above theorem, we will observe that fillings of any
given planar contact 3–manifold not only have restricted Euler characteristics, but
also they can have only finitely many homology groups (Proposition 4). In contrast,
we will produce infinitely many factorizations of genus–1 mapping classes into only
four positive Dehn twists, which induce homologically distinct allowable Lefschetz
fibrations (Lemma 5). Two ingredients in this simple construction are suitable par-
tial conjugations which effectively change the homology (e.g. [29, 6, 5]), and the ex-
plicit monodromy of a genus–1 open book with three binding components support-
ing the standard Stein fillable contact structure on T 3 (Lemma 1 and Proposition 2;
also [34]). The small topology of these fillings will then allow us to show that many
of these contact 3–manifolds admit symplectic Calabi-Yau caps introduced in [24], so
as to conclude that they can not admit arbitrarily large Stein fillings (Theorem 7).
We moreover observe that there are contact 3–manifolds supported by planar spinal
open books [25, 8] which also admit infinitely many Stein fillings, but do not admit
arbitrarily large ones (Remark 13).

The second part of our article concerns fillings of quasipositive links, which are
closures of quasipositive braids. By the pioneering works of Rudolph [32] and
Boileau and Orevkov [10], these links are characterized as oriented boundaries of
smooth pieces of complex analytic curves in the unit 4–ball —which can be realized
as braided surfaces. An intimate connection between fillings of contact 3–manifolds
and quasipositive braids is provided by Loi and Piergallini [26], who showed that
every Stein filling of a contact 3–manifold is a branched cover of the Stein 4–ball
along a braided surface.

We will provide infinitely many complex curves in the 4–ball filling the same
transverse links in the boundary 3–sphere:

Theorem B. There are (infinitely many) elements in the 4–strand braid group,
each of which admits infinitely many quasipositive braid factorizations up to Hur-
witz equivalence. A particular family gives infinitely many complex analytic annuli
in the 4–ball with different fundamental group complements, all filling the same
2-component transverse link.
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We will derive these examples from a refined construction of positive factorizations
of elements in the mapping class group of a torus with two boundary components.
These factorizations will commute with the hyperelliptic involution exchanging the
two boundary circles, so they descend to quasipositive factorizations of certain
4–braids (Theorem 10). In turn, the quasipositive factorizations prescribe braided
surfaces, which by the work of Rudolph, can be made complex analytic. The
frugality of our factorizations makes it possible to strike remarkably small topology
among these examples, such as complex annuli filling in the same 2–component
transverse link.

The small infinite families we obtain drastically improve the existing literature
on fillings of genus–1 open books and 4–braids. Our examples demonstrate that
for each k ≥ 2, there are elements in the mapping class group of a torus with k
boundary components which admit infinitely many distinct factorizations into just
four positive Dehn twists, distinguished by their homologies. (For k ≥ 3, same
type of examples with slightly larger number of Dehn twists can be derived from
Yasui’s work in [36].) For k = 1, examples admitting a few distinct factorizations
were obtained by Auroux in [4] using calculations in SL(2,Z), whereas examples of
quasipositive factorizations of some 3– and 4–braids yielding two distinct braided
surfaces were obtained in [3, 19, 4] (see Remarks 11 and 12). Notably, recent work
of Orevkov [28] shows that any 3–braid admits at most finitely many quasipositive
factorizations up to Hurwitz equivalence, and the same goes for positive factoriza-
tions of a mapping class on a torus with one boundary [11]. Hence our examples of
infinite families of fillings are optimal in terms of the number of boundary compo-
nents for genus–1 mapping classes and the number of strands for braids.

Acknowledgements. The first author was partially supported by the NSF Grant
DMS-1510395, and the second author by the Simons Foundation Grant 279342.
We would like to thank Stepan Orevkov for pointing out his result in [28].

2. Background

All manifolds in this paper are assumed to be smooth, compact and oriented.

We denote a genus g surface with n boundary components by Σng , and its map-
ping class group by Γng . This is the group which consists of orientation-preserving
homeomorphisms of Σng that restrict to identity along ∂Σng , modulo isotopies of the
same type. We denote by tc ∈ Γng , the positive (right-handed) Dehn twist along
the simple closed curve c ⊂ Σng . A factorization in Γng

φ = tcl · · · tc1

is called a positive factorization P of φ. Of particular interest to us here are the
factorizations where the Dehn twist curves cj are all homologically essential on Σng .
Here we use the functorial notation for the product of mapping classes; e.g. a given
factorization P = tcl · · · tc1 acts on a curve a on Σng first by tc1 , then tc2 , and so on.

The notation φη will stand for the conjugate element η−1φ η. Lastly, we note two
elementary facts regarding Dehn twists we will repeatedly use: for φ = tc, t

η
c = tη(c)

and if a and b are disjoint curves, ta tb = tb ta.
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Let Bn denote the n-strand braid group, which consists of orientation-preserving
homeomorphism of the unit disk D2 fixing setwise n distinguished marked points
in the interior, modulo isotopies of the same type. We denote by ταj the posi-

tive (right-handed) half-twist along an arc αj between two marked points on D2,
avoiding the others. A factorization in Bn

b = ταl
· · · τα1

is then called a quasipositive factorization of the braid b. A link in the 3–sphere is
said to be quasipositive if it can be realized as the closure of a quasipositive braid.

2.1. Contact 3–manifolds and supporting open books.

A contact structure on a 3–manifold Y is a plane field ξ, which can be globally
written as the kernel of a contact form α ∈ Ω1(Y ) with α ∧ dα 6= 0. An open book
on Y consists of L, an n-component oriented link in Y which is fibered with bundle
map h : Y \ L → S1 such that ∂Ft = L for all Ft = h−1(t). Here L is called the
binding, the surface Ft ∼= Σng , for any t, is called the page of the open book, and
in this case h is called a genus–g open book. An open book is determined up to
isomorphism by an element φ ∈ Γng , called the monodromy, which prescribes the
return map of a flow transverse to the pages and meridional near the binding.

A contact 3–manifold (Y, ξ) is said to be supported by or compatible with an open
book h if ξ is isotopic to a contact structure given by a 1–form α satisfying α > 0 on
the positively oriented tangent planes to L and dα is a volume form on every page.
By the works of Thurston and Winkelnkemper [33] and Giroux [21], every open
book on Y supports some contact structure, and conversely, there are (infinitely
many) open books supporting a given contact structure on Y . The support genus
of a contact 3–manifold (Y, ξ) is then defined to be the smallest possible genus for
an open book supporting it.

2.2. Stein fillings, allowable Lefschetz fibrations and braided surfaces.

A special class of contact 3–manifolds arise as the boundaries of affine complex
4–manifolds. A Stein filling of a contact 3–manifold (Y, ξ) is a 4–manifold (X, J)
equipped with an affine complex structure J in its interior, where the maximal
complex distribution along ∂X = Y is ξ.

A Lefschetz fibration on a 4–manifold X is a map f : X → D2, where each
critical point of f lies in the interior of X and conforms to the local complex
model f(z1, z2) = z1z2 under orientation preserving charts. These singularities are
obtained by attaching 2–handles to a regular fiber along simple-closed curves cj ,
called the vanishing cycles. A Lefschetz fibration is said to be allowable if the fiber
has non-empty boundary and all its vanishing cycles are homologically nontrivial
on F ∼= Σng , n > 0. Given an allowable Lefschetz fibration f : X → D2, if we let

p be a regular value in the interior of the base D2, then composing f with the
radial projection D2 \ {p} → ∂D2 we obtain an open book h : ∂X \ ∂f−1(p)→ S1.
Importantly, any positive factorization P of an open book monodromy φ = tcl · · · tc1
in Γng prescribes an allowable Lefschetz fibration f on a Stein filling (X, J) of (Y, ξ)
supported by this open book,

A braided surface in the 4–ball is an embedded compact surface S, along which
the canonical projection π : D4 ∼= D2 × D2 → D2 restricts to a simple positive
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branched covering, where S and π|S conform to the local complex models w = z2

and π(w, z) = z around each branch point. Any quasipositive factorization of a
braid b = ταl

· · · τα1 in Bn prescribes a braided surface S.

All these geometric objects come together in a beautiful theorem of Loi and
Piergallini. Building on Eliashberg’s topological characterization of Stein fillings
and the work of Rudolph on braided surfaces, they showed that every Stein filling
come from an allowable Lefschetz fibration on X [26] (also see [1], and [8] for a
further generalization to Lefschetz fibrations over arbitrary compact surfaces with
non-empty boundaries), which arise as a branched covering of the Stein 4–ball along
a braided surface S. On the other hand, the works of Rudolph [32] and Boileau
and Orevkov [10] established that quasipositive links are precisely those which are
oriented boundaries of smooth pieces of complex analytic curves in the unit 4–ball,
realized as braided surfaces.

The algebraic topology of a Stein filling X equipped with an allowble Lefschetz
fibration is easy to read off from the corresponding positive factorization P . In
particular we have

π1(X) ∼= π1(Σng ) /N(c1, . . . , cl) ,

where N(c1, . . . , cl) is the subgroup of π1(Σng ) generated normally by {ci}. For {aj}
chosen generators of π1(Σng ) ∼= Z2g+n−1, we therefore get

π1(X) ∼= 〈 a1, . . . , a2g+n−1 |R1, . . . , Rl 〉 ,

where each Ri is a relation obtained by expressing ci in {aj}.

3. Preliminary results

We begin with a relation in the genus–1 mapping class group, which will play a
key role in our constructions to follow.

Lemma 1. The following relation holds in the mapping class group Γ3
1:

tb1tb2tb3 = t−3a1 t
−3
a2 t
−3
a3 tδ1tδ2tδ3 ,

where the curves ai, bi, δi, i = 1, 2, 3, are as shown in Figure 1.

a1 a2

a3
δ3

δ1

δ2

b1 b3b2

Figure 1. Dehn twist curves ai, bi, δi on Σ3
1.
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Proof. This follows from the following relation in Γ3
1, known as the star relation [20]:

(ta1ta2ta3tb2)3 = tδ1tδ2tδ3 ,

which can be derived by applying the lantern relation and braid relations to the
well-known 3-chain relation [23]. For ∆ = tδ1tδ2tδ3 the boundary multitwist, and
η = ta1ta2ta3 , we can rewrite it as

η tb2η tb2η tb2 = ∆

(η−1 tb2η) tb2 (η tb2η
−1) = η−3∆

tη−1(b2) tb2 tη(b2) = η−3∆

tb1tb2tb3 = η−3∆

noting that ∆ commutes with η. Since a1, a2, a3 are all disjoint, η−3 = t−3a1 t
−3
a2 t
−3
a3 ,

which gives us the desired relation. �

As we show below, the mapping class above prescribes an important open book.
A detailed proof of the next proposition can be found in [34]. Here we will give an
alternate argument.

Proposition 2. The open book with monodromy ψ = tb1tb2tb3 supports (T 3, ξcan),
where ξcan is the canonical contact structure on the 3–torus T 3, the unit cotangent
bundle of the 2–torus T 2.

Proof. The positive factorization tb1tb2tb3 prescribes an allowable Lefschetz fibra-
tion whose boundary is the open book with monodromy ψ, which implies that the
boundary contact 3–manifold is Stein fillable.

−1

−1

−1

0

0

0

∼
@

Figure 2. Kirby diagram for the Lefschetz fibration filling Y ,
whose boundary is diffeomorphic to T 3.

The handlebody decomposition for this fibration yields the Kirby diagram in
Figure 2. It is now a Kirby calculus exercise, which we will leave the details of to
the reader. Sliding two of the (−1)–framed 2–handles over the third one we obtain
two pairs of canceling 1– and 2–handle pairs we can remove. The resulting diagram
is easily seen to be the standard diagram for D2 × T 2 with two 1–handles and one
2–handle, whose boundary is T 3. Or instead, one can obtain a surgery diagram for
the boundary 3–manifold after trading the 1–handles with 0–framed unknots in the
first picture, and perform the similar link calculus to arrive at the surgery diagram
for T 3 given on the right hand side of Figure 2.
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Now by Eliashberg [13], the only contact structure on T 3 admitting a Stein filling
is the canonical structure ξcan. �

Remark 3. The star relation prescribes a genus–1 elliptic fibration with three
(−1)–sections [23]. The lemma therefore implies that we can construct the Stein
filling of T 3 as the complement of the union of an I9 fiber (which one gets by
clustering the nodal singularities induced by all the vanishing cycles ai) and three
(−1)–sections.

Before we move on to our construction, we record the following result, which
might be of particular interest.

Proposition 4. Let P be a positive factorization of a mapping class ψ ∈ Γn0 into
Dehn twists along homologically essential curves. Let (XP , JP ) denote the corre-
sponding genus-0 allowable Lefschetz fibration. Then {Hi(XP ) |ψ = P} is a finite
set. It follows that finitely many groups arise as homology groups of all possible
Stein fillings (indeed, all minimal symplectic fillings) of a fixed contact 3–manifold
supported by a planar open book.

Proof. For ψ = P in Γn0 , X = XP admits a handle decomposition with one
0–handle, n 1–handles, and ` 2–handles, where ` is equal to the number of Dehn

twists in P . We thus have H̃i(X;Z) = 0 for i 6= 1, 2.

From [30], proof of Theorem 2.2, (cf. [22], proof of Theorem 1.1), we see that
for a planar mapping class element ψ, the number of Dehn twists in any positive
factorization of ψ (that is, `) is uniformly bounded. This shows that H2(X;Z) has
a finite number of possibilities. Further, the collection of curves {ci} in P gives a
presentation of H1(X;Z) with n generators and ` relations, each of the type

mj,1 a1 + . . .+mj,n an = 0

Each relator is given by writing the homology class of the curve cj in the pre-
sentation P in the basis {ai}, where ai is the corresponding homology genera-
tor in H1(X;Z) for each boundary component δi, and more importantly where
0 ≤ |mj,i| ≤ 1. Therefore there are only finitely many possible relations in a
presentation of H1(X;Z) for a Stein filling X of ξ.

The remainder of the proposition follows from work of Wendl [35] and
Niederkrüger-Wendl [27] equating minimal strong symplectic fillings with positive
factorizations for planar contact manifolds. Namely, any such filling of a contact
3–manifold with planar supporting open book admits an allowable Lefschetz fibra-
tion with planar fibers. �

4. Constructions of infinitely many fillings

The contact 3–manifold (Y, ξ) we are interested is the one derived from (T 3, ξcan)
by a Weinstein handle attachment along b2, which by [18] is supported by the open
book with monodromy φ = ψ tb2 = tb1tb2tb3tb2 . Moreover, by [35], the Stein filling
prescribed by the new positive factorization tb1tb2tb3tb2 is obtained by a Weinstein
handle attachment to the unique Stein filling (D2 × T 2, Jcan) of (T 3, ξcan).

Next is the construction of Stein fillings of (Y, ξ) with distinct homologies:
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Lemma 5. Let (Y, ξ) be the contact 3–manifold supported by the genus–1 open
book with three boundary components, whose monodromy is φ = tb1tb2tb3tb2 . For
any integer n, the mapping class φ admits a positive factorization

Pn = ( tb1tb2tb3 ttna1
(b2) )t

−n
a1 = tt−n

a1
(b1)

tt−n
a1

(b2)
tt−n

a1
(b3)

tb2 .

Let (Xn, Jn) be the Stein filling which is the total space of the allowable Lef-
schetz fibration prescribed by Pn. The family { (Xn, Jn) |n ∈ N} consists of distinct
Stein fillings of the contact 3–manifold (Y, ξ), distinguished by their first homology
H1(Xn;Z) = Z⊕ Z/nZ.

Proof. In the mapping class group Γ3
1, we have

tb1tb2tb3 t
tna1

b2
= t−na1 ( (tb1tb2tb3)t

−n
a1 tb2 ) tna1 = t−na1 (tb1tb2tb3tb2 ) tna1 .

Note that the mapping class tb1tb2tb3 = t−3a1 t
−3
a2 t
−3
a3 tδ1tδ2tδ3 commutes with tna1 , and

thus it stays fixed under the conjugation by t−na1 . We conclude that each Pn is a
positive factorization of φ = tb1tb2tb3tb2 .

We can calculate H1(Xn;Z) using the positive factorization Pn, or the conjugate

factorization P
tna1
n (which prescribes an isomorphic Lefschetz fibration), that is

H1(Xn;Z) ∼= H1(Σ3
1;Z) /N

where N is normally generated by the vanishing cycles b1, b2, b3 and tna1(b2).

The right hand side is generated by the homology classes of the curves a1, a2, a3, b2
on Σ3

1 (which we will denote by the same letters), with the relations

b2 + a1 + a2 + a3 = 0 , b2 = 0 , b2 − a1 − a2 − a3 = 0 , b2 − na1 = 0

induced by the vanishing cycles b1, b2, b3 and t−na1 (b2), where the last one is easily
calculated by the Picard-Lefschetz formula. For n ∈ N, from b2 = 0, a3 = −a1− a2
and na1 = 0, we get H1(Xn;Z) = Z⊕ Z/nZ, generated by a2 and a1.

Lastly, our claim on the support genus of (Y, ξ) follows from Proposition 4. �

Remark 6. The contact manifold (Y0, ξ0) with monodromy tb1tb2tb3tb2 is obtained
from that with monodromy tb1tb2tb3 by Legendrian surgery on b2. As we noted,
the monodromy tb1tb2tb3 yields T 3 and the embedding of this open book maps b2
to a curve isotopic to S1 × {pt} inside T 3 = S1 × T 2. This curve is Legendrian
and traverses the direction of the twisting of the contact planes, and has tb = −1.
Surgery on b2 yields a Seifert fibered 3–manifold over T 2 with a single singular fiber
of order 2.

Next is our first main result, which will build on the example given in Lemma 5.
We will then revamp our examples to an infinite family simply by combining them
with Stein fillable planar open books.

Theorem 7. There are (infinitely many) contact 3–manifolds with support genus
one, each one of which admits infinitely many homotopy inequivalent Stein fillings,
but do not admit arbitrarily large ones. These are all supported by genus–1 open
books bounding genus–1 allowable Lefschetz fibrations on their Stein fillings with
infinitely many distinct homology groups.
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Proof. We will construct a countable family of such examples, (Ym, ξm), m ∈ N,
each admitting a countably family of distinct Stein fillings (Xn,m, Jn,m), n ∈ N.
All will be constructed from our principal example by taking a connected sum with
some planar contact 3-manifold.

Let us begin with (Y0, ξ0) = (Y, ξ). Capping all three boundaries of the genus–1
open book on (Y, ξ) with monodromy φ we get a symplectic cobordism from (Y, ξ)
to a symplectic T 2–fibration [14] with the induced monodromy tb′1tb′2tb′3tb′2 , where
b′i are the images of the curves bi on the closed genus–1 surface. By Remark 3,
we already know that tb′1tb′2tb′3 can be completed to a positive factorization of the
elliptic fibration on E(1). So the factorization tb′1tb′2tb′3tb′2 can be completed to a
symplectic elliptic fibration on the K3 surface. (Note that this means that we can
symplectically embed all our Stein fillings (Xn, Jn) into K3 surface.) That is, the
contact 3–manifold (Y, ξ) admits a Calabi-Yau cap, which by [24] implies that the
Betti numbers of Stein fillings of (Y, ξ) is finite. In particular, it cannot admit
arbitrarily large Stein fillings.

Now let (Y ′, ξ′), where Y ′ 6= S3, be any contact 3–manifold which admits a pla-
nar supporting open book. We simply take (Y ′, ξ′) to be S1×S2 with the canonical
contact structure supported by an annulus open book with trivial monodromy φ′,
which is filled by the trivial allowable Lefschetz fibration with annulus fibers on
(X ′, J ′), the unique Stein filling (S1 ×D3, J ′) of (Y ′, ξ) [12].

By taking certain Murasugi sums of the open book φ with m copies of φ′, we
can get a new genus–1 open book φm supporting a contact 3–manifold (Ym, ξm),
where we set Ym = Y#mY ′. By our assumption on Y ′, we see that π(Ym) are all
different; for Y ′ = S1 × S2, we have π1(Ym) = (Z2) ∗ (Zk). So {(Ym, ξm) |m ∈ N}
consists of infinitely many distinct elements.

This Murasugi sum can be extended to the filling allowable Lefschetz fibrations,
giving us a family of genus–1 allowable Lefschetz fibrations on the Stein fillings
(Xn,m, Jn,m) of each (Ym, ξm), for n ∈ N. Since

H1(Xn,m) = H1(Xn)⊕H1(X ′) = Z2 ⊕ Zn ,

these fillings are all distinct. Moreover, once again by Proposition 4, all (Ym, ξm)
have support genus 1. However, (Ym, ξm) does not admit arbitrarily large Stein
fillings: if it did, by [12] these would split as boundary connected sums of Stein
fillings of (Ym, ξm) and copies of (Y ′, ξ′), respectively. By our pick of (Y ′, ξ′), this
means (Ym, ξm) admits arbitrarily large Stein fillings, contradicting the observation
we have made above. �

Remark 8. The first examples of contact 3–manifolds with support genus one
admitting infinitely many Stein fillings were given by Yasui in [36]. Yasui uses
the same open book description for the standard contact structure on T 3 from the
second author’s thesis [34] to perform logarithmic transforms and produce infinitely
many pairwise exotic Stein fillings, as well as homologically distinct ones. These
also admit genus–1 allowable Lefschetz fibrations, however their monodromies are
different than ours and have many more Dehn twists. Unlike the small fillings
from Lemma 5 we tailored for the proof of the above theorem, most examples with
larger topology (e.g. the fillings with distinct homologies in [36]) do not seem to
embed into the K3 surface. It seems plausible that some of the applications in [36]
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can be modified to produce similar examples to ours, however the rather subtle
partial conjugation employed in our construction of distinct positive factorizations
arguably yields the most direct and explicit proof.

Remark 9 (Uniruled and Calabi-Yau caps). As illustrated by our examples, admit-
ting a Calabi-Yau cap [24] does not impose finiteness on possible homology groups
of Stein or minimal symplectic fillings of a contact 3–manifold. However, admitting
a symplectic cap into a rational surface (as a uniruled cap in [24]) might be suf-
ficient for this, which would extend the case of contact 3–manifolds with support
genus zero we covered in Proposition 4.

Our second main result will also build on a small variation of Lemma 5, this
time to provide infinitely many fillings of quasipositive braids.

Theorem 10. There are (infinitely many) elements in the 4–strand braid group,
each of which admits infinitely many quasipositive braid factorizations up to Hur-
witz equivalence. A particular family gives infinitely many complex analytic annuli
in the 4–ball with different fundamental group complements, all filling the same
2-component transverse link.

Proof. Recall the positive factorizations for the open book monodromy we had in
Lemma 5. Capping off the boundary component δ3 of Σ3

1, we obtain another genus–

1 open book φ̂ on a new contact 3–manifold (Ŷ , ξ̂). It bounds allowable Lefschetz

fibrations on X̂n with 4 singular fibers, coming from positive factorizations

P̂n = ( tb̂1tb̂2tb̂3 ttnâ2
(b̂2)

)t
−n
â2

of φ̂ in Γ2
1. Here âi, b̂i, δi denote the images of ai, bi, δi in the new page Σ2

1; in
particular, â1 = â3.

â1 â2

δ1

δ2

b̂1 b̂2 b̂3

Figure 3. Dehn twist curves âi, b̂i, δi on Σ2
1, symmetric under

the hyperelliptic involution with 4 fixed points.

The same homology arguments show that X̂n can be distinguished by their first

homology, H1(X̂n;Z) = Z /nZ. For, H1(X̂n;Z) is now generated by the homology

classes of â1, â2, b̂2, with the relations

b̂2 + â1 + 2â2 = 0 , b̂2 = 0 , b̂2 − â1 − 2â2 = 0 , b̂2 − n â2 = 0
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induced by the vanishing cycles b̂1, b̂2, b̂3 and t−nâ2 (b̂2). So â2 generates the whole
group and is of order n.

One perk of the factorizations above is that they commute with a hyperelliptic

involution ι on Σ2
1, so each positive factorization P̃n can be viewed as a degree

four quasipositive factorization of the same element in the 4-strand braid group B4.

Topologically, the allowable Lefschetz fibrations on X̃n arise as double branched
coverings along positively braided surfaces Sn in the 4–ball, all filling the same
4–strand braid on the boundary. By the work of Rudolph, all Sn are complex
analytic curves [32].

We easily see that for n odd, the half-twisted bands connect all four horizontal
disks in the band presentation, whereas for n even there are two connected compo-
nents. The Euler characteristic χ(Sn) = 4− 4 = 0 (the number of sheets minus the
number of bands) so, Sn is an annulus when n is odd and is a link of punctured
torus and a disk when n is even. For either family of branched covers parametrized

by odd n or even n, since the double branched covers X̃n, which are all branched
along homeomorphic surfaces Sn in D4 have different homologies, we necessarily
have distinct π1(Dn \ Sn).

Lastly, we note that we could get more elements in B4 with infinitely many
factorizations with distinct π1 complements by simply adding more tb̂2 factors to

P̂n. This would have no effect on the homology calculation in the cover since, the
collection of vanishing cycles will be the same. It will however change the topology
of Sn and yield higher genera knotted complex surfaces filling in these links. �

Remark 11 (Distinct positive factorizations in Γk1). The examples given in the
proofs of Theorems 7 and 10 demonstrate that there are genus–1 mapping classes
in Γk1 for each k ≥ 2, each one of which admits infinitely many inequivalent positive
factorizations with four positive Dehn twists, all with distinct homologies. If we
cap off one more boundary component, our induced factorizations in Γ1

1 yield two
distinct fundamental groups; π1 = 1 or Z3. These complement the work of Auroux
in [4], where pairs of distinct factorizations into three or four positive Dehn twists,
some with distinct homologies, were detected for a few other mapping classes in Γ1

1.

Remark 12 (Quasipositive factorizations for low order braids). There are examples
of low order braids filled by different braided surfaces in the literature. The articles
[3] and [4] give examples of pairs of braided surfaces with distinct fundamental group
complements, filling the same 3-braids. These fillings have distinct topology —one
surface is connected and the other one isn’t. Examples of pairs of connected braided
surfaces filling a 4-braid were obtained by Geng in [19]. Given Theorem 10, one
should ask whether an infinite family of braided surfaces with distinct fundamental
group complements can possibly fill a 3-braid.

Orevkov has recently shown that any 3–braid admits at most finitely many quasi-
positive factorizations up to Hurwitz equivalence [28][Corollary 2]. Since Γ1

1 is iso-
morphic to B3, where positive Dehn twists correspond to positive half-twists, any
mapping class in Γ1

1 also admits at most finitely many positive factorizations. (Also
see [11].) We conclude that our examples of genus–1 mapping classes and braids
with infinitely many positive and quasipositivefactorizations realize the smallest
possible number of boundary components and number of strands, respectively.
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Remark 13 (Fillings of planar spinal open books). An open question regarding
contact 3–manifolds supported by planar open books is if they admit at most finitely
many Stein fillings. Here we can deduce a negative answer for contact 3–manifolds
supported by planar spinal open books, even though it is shown in [25] that these
behave very similar to planar open books in general. For example, their minimal
symplectic fillings also admit planar Lefschetz fibrations over more general compact
surfaces (the topology of which are determined by the spine of the open book), and
they all turn out to be Stein fillings. (The reader can turn to the Appendix of [8]
for an overview of spinal open books introduced in [25].) In turn, our homology ar-
guments in [7][Proposition 1] work the same for the induced positive factorizations,
since the commutators in these factorizations die in the homology. We therefore
conclude that contact 3–manifolds supported by planar spinal open books, just like
the planar case, will not admit arbitrarily large Stein fillings.

Here is a sketch of the construction of these examples: consider the simplest
monodromy we had for the annuli fillings in Theorem 10. If we take the 3rd power
of it, we get a pure 4–braid, whereas the 3rd power of the positive factorizations
will still be distinct. The latter is because the collection of Dehn twists is the
same in double branched covers, so the fillings can still be distinguished by the
same homology calculation. If we now drill out a fibered tubular neighborhood of
the new braided surfaces, the boundary is a planar spinal open book, whereas the
interior is the complement of a complex analytic genus 3 curve (filling the pure
braid), which will yield a minimal symplectic filling. By [25], these are all Stein
fillings.
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