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Instructions

1. This exam consists of eight (8) problems all counted equally for a total of100%.

2. You are encouraged to try to solve every problem; there is no penalty for incorrect answers.

3. In order to pass this exam, it is enough that you solve essentially correctly at least five (5) problems
and that you have an overall score of at least65%.

4. State explicitly all results that you use in your proofs and verify that these results apply.

5. Please write your work and answers clearlyin the blank space under each question.

Conventions

1. For a setA, 1A denotes the indicator function or characteristic functionof A.

2. If a measure is not specified, use Lebesgue measure onR. This measure is denoted bym.

3. If a σ-algebra onR is not specified, use the Borelσ-algebra.
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1. LetB be the Borelσ-algebra of subsets ofR and letm be Lebesgue measure.

(a) ForA ∈ B andc ∈ R let A + c = {x ∈ R : x = a + c for some a ∈ A}. Prove that
A + c ∈ B.
Hint: Consider the setD = {A ∈ B : A + c ∈ B for all c ∈ R}.

(b) Prove that for anyA ∈ B andc ∈ R we have

m(A + c) = m(A) .

(c) Letf be an integrable function. Prove that for anyA ∈ B

∫

A

f(x + c)dm(x) =

∫

A+c

f(x)dm(x) .
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2. Let(X,M, µ) be a measure space andf : X → [0,∞) a non-negative measurable function. For
k ∈ Z consider the level sets

Fk = {x ∈ X : 2k < f(x) ≤ 2k+1} , Ek = {x ∈ X : 2k < f(x)} .

Show that the following are equivalent.

(a) f ∈ L1(µ).

(b)
∞
∑

k=−∞

2kµ(Fk) < ∞.

(c)
∞
∑

k=−∞

2kµ(Ek) < ∞.
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3. Let(X,M, µ) be a measure space,{fn}n∈N and{gn}n∈N sequences of measurable functions, and
f andg measurable functions. Assume thatfn → f in measure andgn → g in measure.

(a) Prove that for anya, b ∈ R, afn + bgn → af + bg in measure.

(b) Prove that|fn| → |f | in measure.

(c) Assume that there existsM < ∞ such that|fn| ≤ M a.e, |gn| < M a.e. for alln and
|f | ≤ M a.e,|g| ≤ M a.e. Prove thatfngn → fg in measure.
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4. Let [a, b] be a finite interval andf : [a, b] → R.

(a) Give the definition of the concept that “f is of bounded variation.”

(b) Suppose thatf is continuous on the closed interval[a, b], differentiable on the open interval
(a, b), and thatsupx∈(a,b) |f

′(x)| < ∞. Prove thatf is of bounded variation.

(c) Prove that the function

f(x) =

{

x2 sin(1/x) if 0 < x ≤ 1/π
0 if x = 0

is of bounded variation.

(d) Prove that the function

f(x) =

{

x sin(1/x) if 0 < x ≤ 1/π
0 if x = 0

is not of bounded variation.
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5. Consider the measurable space(N,P), whereP is theσ-algebra of all subsets ofN. Let µ andλ

two measures on(N,P).

(a) Find, and describe explicitly, two subsets ofN, I1 and I2, such that the following three
properties hold:

i. The measureλ1 defined byλ1(E) ≡ λ(E ∩ I1) for anyE ∈ P satisfiesλ1 ≪ µ.

ii. The measureλ2 defined byλ2(E) ≡ λ(E ∩ I2) for anyE ∈ P satisfiesλ2 ⊥ µ.

iii. λ = λ1 + λ2.

(b) Find an explicit formula for a functionh : N → R such that, for allE ∈ P ,

λ1(E) =

∫

E

hdµ .

Is h unique?
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6. Let1 ≤ p < q < r ≤ ∞ and letLp = Lp(X,M, µ) for some measure space(X,M, µ). Lq and
Lr are defined similarly.

(a) Show thatLq ⊂ Lp + Lr; i.e., anyf ∈ Lq can be written asf = g + h with g ∈ Lp and
h ∈ Lr.

(b) Show thatLp ∩ Lr ⊂ Lq and that for anyf ∈ Lp ∩ Lr, ‖f‖q ≤ ‖f‖λ
p‖f‖

1−λ
r for a suitable

λ.
Hint: Use Hölder’s Inequality.
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7. Let (X, ‖ · ‖) be a Banach space. Suppose thatX can be written as the direct sum of two linear
subspacesM andN ; i.e. X = M ⊕ N . This means thatx ∈ X can be expressed uniquely as
x = y + z wherey ∈ M andz ∈ N .

(a) For anyx ∈ X define‖x‖′ ≡ ‖y‖ + ‖z‖. Prove that‖ · ‖′ defines a norm onX .

(b) Consider the normed vector space(X, ‖ · ‖′). Which additional property of the subspacesM
andN is needed to ensure that(X, ‖ · ‖′) is a Banach space? Prove your answer.
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8. (a) Suppose thatf ∈ L1([0, 1]), and define forn ∈ Z

cn =

∫ 1

0

f(x)e−i2πnxdm(x) .

Prove the Riemann-Lebesgue lemma; i.e., that

lim
n→∞

cn = 0 .

Hint: Approximatef by a function inL2 and use Hilbert space theorems.

(b) Suppose thatE is a measurable subset of[0, 1] and{un}n∈N an arbitrary sequence of real
numbers. Prove that

lim
n→∞

∫

E

cos2(nx + un) dm(x) =
m(E)

2
.

Hint: cos2 a =
1

2
(1 + cos(2a)), cos(a + b) = cos(a) cos(b)− sin(a) sin(b).
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