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I nstructions

1. This exam consists of eight (8) problems all counted dgiml a total 0f100%.
2. You are encouraged to try to solve every problem; there igamalty for incorrect answers.

3. Inorder to pass this exam, it is enough that you solve ésdlgrcorrectly at least five (5) problems
and that you have an overall score of at |e#H8%.

4. State explicitly all results that you use in your proofd aerify that these results apply.

5. Please write your work and answers cleamlyhe blank space under each question.

Conventions

1. Foraset4, 1,4 denotes the indicator function or characteristic funcobrl.
2. If a measure is not specified, use Lebesgue measuRe dhis measure is denoted by.

3. Ifac-algebra orR is not specified, use the Borelalgebra.



1. LetB be the Boreb-algebra of subsets @ and letm be Lebesgue measure.

(@ ForA € Bandc € RletA+c={x € R : z = a+ cforsomea € A}. Prove that
A+ceB.
Hint: ConsidertheseD = {A € B : A+ ce Bforallc € R}.

(b) Prove thatfor anyl € B andc € R we have
m(A+c)=m(4).

(c) Let f be an integrable function. Prove that for atye 5

/ fa+dmz) = [ flo)dm(z).
A

A-+c



2. Let(X, M, u) be a measure space afid X — [0, co) a non-negative measurable function. For
k € Z consider the level sets

Fp={zeX :2"< flz)<2MNY, E,={zeX:2"<fa)}.
Show that the following are equivalent.
@ feL'(n).
(b) fj 25 u(Fy) < oo

k=—o0

© > 2u(Er) < oo

k=—o0



3. Let(X, M, u) be ameasure spadgf;, }»cn and{ g, }»cn Sequences of measurable functions, and
f andg measurable functions. Assume thfgt— f in measure ang,, — ¢ in measure.
(a) Prove thatfor any, b € R, af,, + bg, — af + bg in measure.
(b) Prove thatf,| — |f|in measure.

(c) Assume that there exisfd < oo such thatlf,,| < M a.e,|g,| < M a.e. for alln and
|f| < M a.e,|g| < M a.e. Prove thaf,, g, — fg in measure.



4. Let[a, b] be afinite interval ang : [a, b] — R.

(a) Give the definition of the concept that f's of bounded variation.”

(b) Suppose thaf is continuous on the closed interval ], differentiable on the open interval
(a,b), and thakup,¢(, ) | f'(z)| < co. Prove thatf is of bounded variation.

(c) Prove that the function

2?sin(1/z) if 0<z<1/7

f(:”):{ 0 if =0

is of bounded variation.
(d) Prove that the function

zsin(l/z) if 0<z<1/w

f(:”):{ 0 if =0

is not of bounded variation.



5. Consider the measurable sp&be P), whereP is theo-algebra of all subsets &f. Let , and
two measures oflN, P).

(@) Find, and describe explicitly, two subsetsNof I; and Iy, such that the following three
properties hold:

i. The measure; defined by\,(E) = A(E N I;) forany E € P satisfies\; < p.
ii. The measure\, defined by \o(E) = A(E N Iy) forany £ € P satisfies\s L p.
. A= A1+ Ao
(b) Find an explicit formula for a functioh : N — R such that, for allF € P,

M(E) = /E hdji.

Is h unique?



6. Letl <p<g<r<ocandletl? = LP(X, M, u) for some measure spac&, M, u). L? and
L™ are defined similarly.

(&) Showthat.? C ILP + L"; i.e., anyf € L7 can be written ag = g + h withg € LP and
helL".

(b) Show thatl? N L™ c L7 and thatforanyf € LP N L™, || flly < || fIlplI ]}~ for a suitable
A
Hint: Use Holder’s Inequality.



7. Let(X, || - ||) be a Banach space. Suppose thatan be written as the direct sum of two linear
subspaced/ andN; i.e. X = M & N. This means that € X can be expressed uniquely as
x=1y+ zwherey € M andz € N.

(@) Foranyz € X define||z|’ = ||y|| + ||z||. Prove that| - ||’ defines a norm o .

(b) Consider the normed vector spdcg, || - ||'). Which additional property of the subspades
andN is needed to ensure th@X, || - |') is a Banach space? Prove your answer.



8.

(@) Suppose that e L'([0, 1]), and define fon € Z

1
Cn = / f(z)e ™ dm(z) .
0
Prove the Riemann-Lebesgue lemma; i.e., that

lim ¢, = 0.
n—oo

Hint: Approximatef by a function inL? and use Hilbert space theorems.

(b) Suppose thak’ is a measurable subset[0f 1] and{u, },cn @n arbitrary sequence of real
numbers. Prove that

lim [ cos®(nz 4 u,) dm(z) = ——=.

Hint: cos®a = %(1 + cos(2a)), cos(a+b) = cos(a) cos(b) — sin(a) sin(b).



