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Do 5 out of the following 8 problems. Indicate clearly which questions you want
graded. Passing standard: 70% with three problems essentially complete. Justify
all your answers.

(1) Let f: M — N be a smooth map between manifolds. Show that
G={(p flp);pe M} CMxN

is a submanifold of M x N diffeomorphic to M.
(2) Let M C R? be a right cylinder over a circle of radius R.
(a) Find an immersion f: R? — R? with image M such that the induced
metric is dx? + dy* when written in the local coordinates (z,y) € R?.
(b) Describe all geodesics on M.
(c) Compute the Gauss curvature of M.
(3) Let X C R? be the surface with parameterization

(vcosu, —vsinu,bu), b#0, (u,v)€ R

Give X the induced metric.
(a) Compute *du, *dv, and *(du A dv).
(b) Compute a local expression in the coordinates (u,v) for the Laplacian
operator A on functions and 2-forms.
(4) (a) Define what it means for a manifold M to be parallelizable. and charac-
terize parallelizability in terms of vector fields on M.
(b) Show that if M, N are parallelizable, then so is M x N.
(c) Give a counterexample to the converse of the previous statement. [You
may use the fact that not every sphere is parallelizable.]
(5) Let P be a homogeneous polynomial of degree r and suppose that

op _opP 0P
8x0 N 8x1 B N 6$n N
only at the origin. Prove that X = {[z¢,...,z,] € P* : P(z) = 0} is an

embedded submanifold of P". [You may use Euler’s theorem for homogeneous
functions: If f is homogeneous in n variables xi,...,x, of degree r, then
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(6) Let

0 I
J = <—In 0) € GLa(R),

where [,, is the n x n identity matrix, and define
G={AcGL(2n,R); ATJA=J}.
(a) Show that G is a Lie subgroup of G Ls,(R).
(b) Compute its Lie algebra and its dimension.
(c) Show that G C SL,(R).
(d) Show that G acts transitively on R?", where elements of R** are given
by column vectors, and the action is matrix multiplication.
(7) (a) Define a connection on a smooth manifold.
(b) Define the Levi-Civita connection on a Riemannian manifold (M, g)
(c) Let (M, g) be a Riemannian manifold and let V be the Levi-Civita con-

nection. Let ® be a covariant tensor of order r, i.e. for each open subset
U C M, ® defines a C*°(U)-multilinear map:

O: X(U)x - x X(U) — C®(U).
Given X € X(U) we define Vx® by

(Vx®)(Y1,....Y,) = X ®(Y;,...,Y,) Z@Yl,..., Yi,....Y,).

Prove that Vx® is a a covariant tensor of order r.
(d) Prove that

Vx(f®) = (X[)P+ fVx®.
(8) Let p € A"(M) and Xy,..., X, 11 € X(M). Show that:

r+1

ng (X17 ce 7Xr+1) = Z (—1)i_1 X7,90 <,Xv17 Ce ,Xi, .. -Xr—i-l)
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+ 3 (~1) (Xz,X] Xl,...,Xi,...,Xj,...XTH)
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