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Instructions

1. This exam consists of eight (8) problems all counted equally for a total of100%.

2. You are encouraged to try to solve every problem; there is no penalty for incorrect answers.

3. In order to pass this exam, it is enough that you solve essentially correctly at least five (5) problems
and that you have an overall score of at least65%.

4. State explicitly all results that you use in your proofs and verify that these results apply.

5. Please write your work and answers clearlyin the blank space under each question.

Conventions

1. For a setA, 1A denotes the indicator function or characteristic function ofA.

2. If a measure is not specified, use Lebesgue measure onIR. This measure is denoted bym.

3. If a σ-algebra onIR is not specified, use the Borelσ-algebra.

1. In each case compute
∫
X f dµ, whereX = {1, 2, 3, . . .} = IN and all subsets ofX are measurable.

(a) f(x) = 1/x andµ is counting measure; i.e.,µ(B) equals the number of elements, finite or
infinite, in B.

(b) f(x) = 2−x andµ is counting measure; i.e.,µ(B) equals the number of elements, finite or
infinite, in B.

(c) f(x) = ex andµ(B) = 1B(13).

(d) f(x) = (xπx)−1 andµ({k}) = k(π/2)k for all k ∈ X.

2. Let{fj , j ∈ IN} be a sequence of functions inL2[0, 1] with Fourier coefficients

f̂j(n) =
∫ 1

0
e−2πinxfj(x)dx.

Assume the following about{f̂j(n)}.
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(a) There exists a positive sequence in`2(ZZ), {c(n), n ∈ ZZ}, such that

sup
j∈IN

|f̂j(n)| ≤ c(n) for all n ∈ ZZ.

(b) For each fixedn ∈ ZZ, f̂∞(n) = limj→∞ f̂j(n) exists.

Prove that there exists a functionf ∈ L2[0, 1] such thatfj → f in L2[0, 1].

3. LetC[−1, 1] denote the space of bounded continuous functions mapping[−1, 1] into IR.

(a) Prove thatC[−1, 1] is a Banach space with norm‖f‖ = supt∈[−1,1] |f(t)|.
(b) Let T be a bounded linear operator mappingC[−1, 1] into IR. Give the definition of the
operator norm‖T‖.
(c) Forf ∈ C[−1, 1] define

Sf =
∫ 1

−1
x2f(x)dx and Tf =

∫ 1

−1
x3f(x)dx.

(i) Give the numerical values of‖S‖ and‖T‖.
(ii) Is the supremum in the definition of‖S‖ attained? Is the supremum in the definition of‖T‖

attained? Explain your answers.

4. The purpose of this problem is to prove that

lim
n→∞

√
n

∫ π/2

0
cosn(x) dx =

∫ ∞

0
exp[−x2/2] dx.

Prove this by combining the limit in part (a) and the steps in part (b).

(a) First show that for any0 < δ < π/2

lim
n→∞

√
n

∫ π/2

δ
cosn(x) dx = 0.

(b) For any0 < δ < π/2 andn ∈ IN the change of variabley =
√

nx gives

√
n

∫ δ

0
cosn(x) dx =

∫ δ
√

n

0
cosn(y/

√
n) dy.

Complete the proof of the limit in the first display in this problem by using without proof the
inequality

1− 1
2
x2 ≤ cos(x) ≤ exp[−x2/2] for 0 ≤ x ≤ π/2.

5. Let(X,M) be a measure space. Let{fn, n ∈ IN} be a sequence of measurable functions mapping
X into IR and letf be a measurable function mappingX into IR.
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(a) Define the set
A = {x ∈ X : lim

n→∞
fn(x) = f(x)}.

Prove thatA ∈M.

(b) Define the set

B = {x ∈ X : {fn(x), n ∈ IN} is not a Cauchy sequence}.

Prove thatB ∈M.

6. Letf : IR → IR be a nondecreasing function. It is known thatf is differentiable a.e. and thatf ′ is
a measurable function. Prove that for any closed bounded interval[a, b]∫ b

a
f ′(x) dx ≤ f(b)− f(a).

Hints. Work with the functionh(x) which equalsf(x) for x ∈ [a, b] and equalsf(b) for x > b.
Apply Fatou’s lemma.

7. Let (X,M, µ) be a measure space,{fn, n ∈ IN} a sequence of nonnegativeL2(µ)-functions
mappingX into [0,∞), andf a nonnegativeL2(µ)-function mappingX into [0,∞). Denote the
L2(µ)-norm by‖ · ‖. Assume that

fn → f a.e. and lim
n→∞

‖fn‖ = ‖f‖.

Prove that lim
n→∞

‖f − fn‖ = 0. (Hint. Expand‖f − fn‖2.)

8. Let(X,M, µ) and(Y,N , ν) be measure spaces that arenot σ-finite.

(a) LetA be a set inM andB a set inN . Forx ∈ X andy ∈ Y define the functionsf(x) = 1A(x),
g(y) = 1B(y), andh(x, y) = f(x)g(y). Without using the Fubini-Tonelli Theorem, prove that∫

X×Y
h d(µ× ν) =

∫
X

fdµ ·
∫

Y
gdν.

(b) Letf be a nonnegative measurable function mappingX into [0,∞) andg a nonnegative mea-
surable function mappingY into [0,∞). For x ∈ X andy ∈ Y defineh(x, y) = f(x)g(y).
Without using the Fubini-Tonelli Theorem, prove that∫

X×Y
h d(µ× ν) =

∫
X

fdµ ·
∫

Y
gdν.

(c) Explain why in parts (a) and (b) the Fubini-Tonelli Theorem cannot be applied.
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