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Instructions

1. This exam consists of eight (8) problems all counted equally for a total of100%.

2. You are encouraged to try to solve every problem; there is no penalty for incorrect answers.

3. In order to pass this exam, it is enough that you solve essentially correctly at least five (5) problems
and that you have an overall score of at least65%.

4. State explicitly all results that you use in your proofs and verify that these results apply.

5. Please write your work and answers clearlyin the blank space under each question.

Conventions

1. For a setA, 1A denotes the indicator function or characteristic function ofA.

2. If a measure is not specified, use Lebesgue measure onIR. This measure is denoted bym.

3. If a σ-algebra onIR is not specified, use the Borelσ-algebra.

1. Forn ∈ IN consider the following functions onIR.

(a)fn = 1
n · 1(0,n) ,

(b) fn = 1(n,n+1) ,

(c) fn = n · 1[0,1/n] ,

(d) fn = 1[j/2k,(j+1)/2k] if n = 2k + j, j ∈ IN, k ∈ IN, 0 ≤ j < 2k .

For each sequence{fn, n ∈ IN} in (a), (b), (c), (d), determine whether or notfn → 0 pointwise,
fn → 0 a.e.,fn → 0 uniformly, andfn → 0 in L1(IR). Explain your answers.

2. LetX be a nonempty set,P(X) the class of all subsets ofX, andµ∗ a function mappingP(X)
into [0,∞].

(a) What properties mustµ∗ satisfy ifµ∗ is an outer measure?

(b) LetE ⊂ P(X) andρ : E → [0,∞] be such that∅ ∈ E , X ∈ E , andρ(∅) = 0. For anyA ⊂ X
define
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µ∗(A) = inf


∞∑

j=1

ρ(Ej) : Ej ∈ E and A ⊂
∞⋃

j=1

Ej

 .

Prove thatµ∗ is an outer measure.

3. Let(X,M, µ) be a measure space with0 < µ(X) < ∞ and letf be a measurable function onX
satisfyingf(x) > 0 for all x ∈ X.

(a) Letα be any fixed real number satisfying0 < α < µ(X) < ∞.

Prove that

inf
{∫

E
fdµ : E ∈M, µ(E) ≥ α

}
> 0.

(b) Give an example to show that the result in part (a) is false if one drops the hypothesis that
µ(X) < ∞.

4. Letf ∈ L1(IR) be a function mappingIR into IR.

The Fourier transform̂f of f is defined forξ ∈ IR by

f̂(ξ) =
∫

IR
eixξ f(x) dx ,

wherei =
√
−1.

(a) Prove that̂f ∈ L∞(IR).

(b) Prove thatf̂ is a uniformly continuous function.

(c) Besides assuming thatf ∈ L1(IR), assume thatf has compact support.

Prove thatf̂ is aC∞ function.

Hint. Prove and use the fact that for real numbersx, a, andb, |eixa − eixb| ≤ |x| |a− b|.

5. LetH be a real Hilbert space with inner product〈·, ·〉 and associated norm‖ · ‖.

(a) LetT : H → H be a linear operator. Define the concept thatT is aboundedlinear operator
and give the formula for‖T‖.
For the remainder of this problem letA : H → H be a bounded linear operator.

(b) For fixedz ∈ H defineϕz(x) = 〈Ax, z〉 for x ∈ H. Prove thatϕz : H → IR is a bounded
linear functional onH.

Part (b) implies the following basic fact, which you need not prove: there exists a unique linear
operatorA∗ with the property that
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〈Ax, z〉 = 〈x,A∗z〉 for all x ∈ H andz ∈ H.

(c) Prove that‖A∗‖ = ‖A‖.

(d) Prove that‖A∗A‖ = ‖A‖2.

6. Lets be a fixed positive number. Prove that

∫ ∞

0
e−sx sin2 x

x
dx =

1
4

log(1 + 4s−2)

by integratinge−sx sin(2xy) with respect tox ∈ (0,∞), y ∈ (0, 1) and with respect toy ∈ (0, 1),
x ∈ (0,∞). Justify all your steps. (Hint. cos(2θ) = 1− 2 sin2 θ.)

7. Let(X,M, µ) be a measure space,{fn, n ∈ IN} a sequence of measurable functions mappingX
into IR, f a measurable function mappingX into IR, andp a real number satisfying1 ≤ p < ∞.

(a) Define the concepts thatfn → f in measure and that‖fn − f‖p → 0 (convergence inLp(X)).

(b) Prove that if‖fn − f‖p → 0, thenfn → f in measure.

(c) Assume that there exists a nonnegativeg ∈ Lp(X) such that|fn(x)| ≤ g(x) for all x ∈ X.
Prove that iffn → f in measure, then‖fn − f‖p → 0. In order to do this, use without proof the
following formula, valid for any measurable functionh onX:

∫
X
|h|p dµ = p

∫ ∞

0
αp−1 σh(α) dα,

whereσh(α) = µ({x ∈ X : |h(x)| > α}).

8. Defineg(x) = x−1/2 for x ∈ (0, 1) andg(x) = 0 for x ∈ IR \ (0, 1).

(a) Evaluate
∫
IR g(x)dx and conclude thatg ∈ L1(IR).

(b) Let{rk, k ∈ IN} be the set of rational numbers inIR and let{ak, k ∈ IR} be any sequence of
real numbers satisfyingak > 0 and

∑
k∈IN ak < ∞. In terms of these quantities define forx ∈ IR

f(x) =
∞∑

k=1

ak g(x− rk).

(i) Prove thatf ∈ L1(IR).

(ii) Prove thatf 6∈ L2([α, β]) for any real numbersα andβ satisfying−∞ < α < β < ∞.
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