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Wednesday, August 31, 2005

Instructions

1. This exam consists of eight (8) problems all counted equally for a tofidl(%%.
2. You are encouraged to try to solve every problem; there is no penalty for incorrect answers.

3. Inorder to pass this exam, it is enough that you solve essentially correctly at least five (5) problems
and that you have an overall score of at le#6%.

4. State explicitly all results that you use in your proofs and verify that these results apply.

5. Please write your work and answers cleamlyhe blank space under each question.

Conventions

1. For a se#4, 1,4 denotes the indicator function or characteristic function of

2. If ameasure is not specified, use Lebesgue measukfe dihis measure is denoted by.

w

. Ifac-algebra onR is not specified, use the Borelalgebra.

1. Forn € IN consider the following functions off?.
@fn=21 Lo,
() fr = Lot »
©) fa=mn-11/m
(d) fr = 1 ok (j1y ok F =2+ j,j € N,k € IN,0 < j < 2%,

For each sequendg/,,,n € IN} in (a), (b), (c), (d), determine whether or nft — 0 pointwise,
fn — 0a.e.,f, — 0uniformly, andf,, — 0in L'(IR). Explain your answers.

2. Let X be a nonempty seR?(X) the class of all subsets df, andu* a function mapping? (X)
into [0, oo].

(a) What properties mugt® satisfy if u* is an outer measure?

(b) Leté Cc P(X)andp : £ — [0,00] be suchtha) € £, X € &, andp() = 0. ForanyA C X
define



u*(A) = inf{Zp(Ej) tEje& and A C U E]} .
j=1

Jj=1

Prove thaf* is an outer measure.

. Let(X, M, 1) be a measure space with< p(X) < oo and letf be a measurable function on
satisfyingf(z) > Oforallz € X.

(a) Leta be any fixed real number satisfyifg< o < pu(X) < oc.
Prove that

inf{/Efd,u:EeM,,u(E) > a} > 0.

(b) Give an example to show that the result in part (a) is false if one drops the hypothesis that
w(X) < 0.

. Letf € L'(IR) be a function mappingR into IR.
The Fourier transforrrf of f is defined for € IR by

fle) = /B ¢ f(z) dx,

wherei = /—1.
(a) Prove thaf € L=(IR).
(b) Prove thatf is a uniformly continuous function.

(c) Besides assuming thte L!(IR), assume that has compact support.
Prove thatf is aC* function.
Hint. Prove and use the fact that for real numbers, andb, |e?** — €| < |z||a — b|.

. Let’H be a real Hilbert space with inner prodyet-) and associated norip- ||.

(a) LetT : H — 'H be a linear operator. Define the concept thds aboundedinear operator
and give the formula fo{T||.

For the remainder of this problem ldt: H — H be a bounded linear operator.

(b) For fixedz € H definep,(z) = (Ax, z) for x € H. Prove thatp, : H — IR is a bounded
linear functional or.

Part (b) implies the following basic fact, which you need not prove: there exists a unique linear
operatorA* with the property that



(Az, z) = (z, A*z) forallz € H andz € H.

(c) Prove that|A*|| = || A]|.
(d) Prove that| A*A|| = || A|%.

. Lets be a fixed positive number. Prove that

00 i 02 1
/ emse T g = 2 log(1 + 4572)
0 T 4

by integratinge % sin(2zy) with respect tac € (0,0), y € (0, 1) and with respect tg € (0, 1),
€ (0,00). Justify all your steps. Hint. cos(26) = 1 — 2sin?6.)

. Let(X, M, ) be a measure spacgf,,, » € IN} a sequence of measurable functions mapping
into IR, f a measurable function mappidginto IR, andp a real number satisfying < p < co.

(a) Define the concepts th#it — f in measure and thdtf,, — f||, — 0 (convergence i.”(X)).
(b) Prove that if| f,, — f||, — 0, thenf,, — f in measure.

(c) Assume that there exists a nonnegagive L?(X) such that f,(z)| < g(z) for all z € X.
Prove that iff,, — f in measure, thefif,, — f|l, — 0. In order to do this, use without proof the
following formula, valid for any measurable functiéron X:

/X P dy = p /0 oL op(a) da,

whereoy, (o) = p({z € X : |h(z)| > a}).

. Defineg(z) = 2=/ forz € (0,1) andg(z) = 0 forz € IR\ (0, 1).
(a) Evaluatefy, g(z)dz and conclude that € L'(IR).

(b) Let{rk, k € IN} be the set of rational numbers iR and let{ay, k € IR} be any sequence of
real numbers satisfying, > 0 and)_, . ar < co. In terms of these quantities define foe IR

f@) =" apglz—rp).
P

(i) Prove thatf € L'(IR).

(ii) Prove thatf ¢ L?([«, ]) for any real numbers and g satisfying—oco < a < 8 < oo.



