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Advanced Analysis Qualifying Examination
Department of Mathematics and Statistics
University of Massachusetts

Friday, September 3, 2004

Instructions

1. This exam consists of eight (8) problems all counted equally for a tofiadl(%%.
2. You are encouraged to try to solve every problem; there is no penalty for incorrect answers.

3. Inorder to pass this exam, it is enough that you solve essentially correctly at least five (5) problems
and that you have an overall score of at le#6%.

4. State explicitly all results that you use in your proofs and verify that these results apply.

5. Please write your work and answers cleamlyhe blank space under each question.

Conventions

1. For a se#4, 1,4 denotes the indicator function or characteristic function of
2. If ameasure is not specified, use Lebesgue measukfe dihis measure is denoted by.

3. Ifac-algebra onR is not specified, use the Boretalgebra.



1. Let(X, M, u) be afinite measure space ahdndg complex-valued measurable functions®n
We define i
p(f) =

x4 f]

dp

and seti(f,g) = p(f — 9).
(a) Prove that the space of complex-valued measurable functions is a metric space with metric
d(-, -). Two functions are identified if they are equahb.e.

(b) Prove tha%lingo d(fn, f) = 0ifand only if f,, — f in measure.



2. Let(X, M, 1) be a measure space. Llek p < oo and chooseg so that% + é = 1. Consider the
spaced.”(u) and L9(u) of real-valued measurable functions. oe L9(p) andf € LP(u) we

define

Ty(f) :/ngdu-

(a) Prove thail,(f) is finite using a well known inequality.
(b) Prove that as an operator fraffi(n.) into IR, [|T,]| < [lg||q-
(c) Prove that, in fact|T,|| = ||g|l,- Hint: Considerf = sign(g) |g|?~.



3. LetH be a Hilbert space with scalar prodyet -) and norm|| - ||.
(a) State the Schwarz inequality.
(b) Prove that for alle,y € H

Il {21209 — 1. )] = |[lvliPz — (. vy (1)

(c) Use part (b) to derive the Schwarz inequality and to determine when equality holds in the
Schwarz inequality.



4. Let¢*> denote the space of real sequenees (x4, x2, . ..) such that

|z|lcc = sup |zn| < 00
n>1

Define
C={xel~: Jim 2, = 7o exists} .
(a) Prove that” is a closed linear subspace#f.

(b) Prove that” is nowhere dense; i.e., the interior@fis empty.
Hint: Givenz = (x1,xz2,...) € C'ande > 0, considery = (y1, y2, . . .), wherey,, = z,+&(—1)".



5. Letf € L'(IR) and letg be a bounded measurable function. Prove that
o

im [ g(@) [(f(+1/n) - f(@)] dm(z) = 0.

n—oo —00

Hint: Approximatef by a suitable continuous function.



6. Let(X, M, u) be a finite measure space.
(a) State the Radon-Nikodym Theorem.
(b) Prove that the Radon-Nikodym derivatide /du has the following properties. Part (i) is
known as the chain rule.
(i) Let v be a finite measure oiX, M) such that < p. If f € L'(v), then

/dey:/XfZ:du.

(i) Let » and X be finite measures ofX, M) such thav < pandy < A. Thenr < X and

dv  dv dp

W _ GV, e
dx  dpax e



7. Lety be a nonnegative measurable function@mo) such that

o) = [~ ) dma)

is finite for all» > 0.

(a) Prove that the functiog(r) is continuous for- > 0 by showing that for any nonzero sequence
Jim g(r + hn) = g(r).

(b) Prove that the functiog(r) is differentiable forr > 0 by showing that for any nonzero se-
quence{hy, },,>0 With lim,, . h,, = 0 the limit

i 90+ ) = (1)

n—00 hy,

exists and does not depend on the sequéng@,,>o. What is the value of the derivativg(r)?
Justify all your steps.

Hint: You may use (without proof) that, for all > 0 and alla € IR, a # 0

ar __
el e
—| <



8. (a) LetM be thes-algebra of Lebesgue measurable setf)oh] and letm be Lebesgue measure
on[0,1]. ForA € M we define

p{A} =m{An[o,3]} andv{A} =m{an(} 1]},

Determine the Lebesgue decomposition afith respect tqu.

(b) Let M be thes-algebra of Lebesgue measurable setf)on], let m be Lebesgue measure on
[0, 1], and letm x m be the product measure @h 1] x [0, 1]. Define the function

(z,y) = 2 for0<y<zx<1
IY) =9 0 for 0<z<y<l.

For A € M, define the measure
Tm):/ gd(m x m).
Ax]0,1]

Prove thatr is absolutely continuous with respectitoand compute the Radon-Nikodym deriva-
tive dr/dm .

Hint: Use the Fubini-Tonelli theorem to writg(A) = fol 1a(z) f(x) dm(x) for an appropriate
function f(x).



