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AUGUST 2008

Do 7 of the following 9 problems.

Passing Standard: For Master’s level, 60% with three questions essentially complete
(including at least one from each part). For Ph. D. level, 75% with two questions from each
part essentially complete.

Show your work!

Part I. Linear Algebra

1(a) Find an orthonormal basis of the subspace V of R* spanned by the column vectors

1 1 1
- -1 R 1 o 2
X1 = 1 ’ 2 = 1 ’ 3= 3
-1 1 4

(b) Let P :V — V be the orthogonal projection of V' onto the plane spanned by #; and
Zy. Calculate the matrix of P with respect to the ordered basis (1,2, &3) of V.

2. Denote by M,,(C) the complex vector space of all nxn complex matrices. Fix A € M,,(C),
and denote by T4 : M, (C)—M,(C) the linear transformation given by

Ta(X) = AX (X € M,(C)).

(a) Show that T4 and A have the same eigenvalues.
(b) Express the characteristic polynomial of T4 in terms of the characteristic polynomial

of A.

3. Let V be an n-dimensional complex vector space and T : V—V a linear transformation.

Let vy, ..., v, be non-zero vectors in V', each an eigenvector for T corresponding to a different
eigenvalue. Show that vy, ..., v, are linearly independent.
4. Let
1 0 a 0
010 O
A= 0 ¢ 3 =2
0 d 2 —1

(a) Determine conditions on a, b, ¢, d so that there is only one Jordan block for each eigenvalue
of A in the Jordan form of A.
(b) Find the Jordan form of A when a =c=d =2 and b = —2.
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|Part II. Advanced Calculus|

1. Let f be a continuous function on [a, b]. If

[ rom

for every continuous function g on [a, b], show that f is identically zero on [a, b].

2. Let {f.(z)}. be a sequence of functions on R such that Z fn(x) converges uniformly

n=1

o

and (pointwise) absolutely on R. Does that mean Z | fu(z)| converges uniformly on R?
n=1

Prove or give a counterexample.

3. If a sequence {a,}, of positive numbers converges to a finite number A, show that

lim Vay---a, =A

n—oo

4. Let f,g: R®*—=R be differentiable functions. Suppose the gradient of f satisfies
V(@) =g(&)¥ for every ¥ € R®.

Show that f is constant on every sphere centered at the origin.

5. Let K be the the solid ‘upside-down’ right circular cone whose vertex is at the origin and
whose base is the unit circle in the plane z = 1 having its center on the z-axis. Let S be the
entire surface of D, including the base, and orient S by its outward unit normals. Evaluate

the surface integral
/ / F-ds
s

where F = 2274+ yj + z k.




