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Abstra ct. Let © be a reducedroot system of rank r. A Weyl group multiple

converging for <(sj) suzciently large, which has meromorphic cortinuation to C'
and satis es functional equations under the transformations of C" corresponding
to the Weyl group of ©. Two constructions of such seriesare available, one [1{4]
basedon summing products of n-th order Gausssums, the second[5] basedon av-
eraginga certain group action over the Weyl group. In ead case,the essetial work
occurs at a genericprime p; the local factors, satisfying local functional equations,
are then piecedinto a global object. In this paper we study these constructions
and the relationship betweenthem. First we extend the averaging construction
to obtain twisted Weyl group multiple Dirichlet series,whosep-parts are given by
evaluating certain rational functions in r variables. Then we dewelop properties of
such a rational function, giving its precisedenominator, shawing that the nonzero
coezxcients of its numerator are indexed by points that are contained in a certain
corvex polytope, determining the coezxcients corresponding to the vertices, and
shawing that in the untwisted casethe rational function is uniquely determined
from its polar behavior and the local functional equations. We also give evidence
that in the case© = A,, the p-part obtained here exactly matchesthe p-part of the
twisted multiple Dirichlet seriesintroducedin [3] whenn = 2.

1. Intr oduction

Let © beareducedroot systemofrankr. A Weyl group multiple Dirichlet seriesfor
© is a Dirichlet seriesin r complexvariabless;; ¢¢¢; s;, initially corvergingfor <(s;)
suzciently large, which has meromorphiccortinuation to C" and satis es functional
equationsunder the transformationsof C" correspndingto the Weyl group of ©. For
example,every LanglandsL-function L(s;¥;r) is a Dirichlet seriesthat is expected
to have a functional equationof type A, sinces 7! 1j sis atransformation of order
2. Let n be a xed positive integer and let K be a xed global eld cortaining the
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2n-th roots of unity!. In [1{4] a broad classof Weyl group multiple Dirichlet series
was exhibited, basedon summing products of n-th order Gausssums. Theseseries
are expectedto be the Whittak er coexcients of minimal parabolic Eisensteinseries
on the n-fold cover of the simply connectedalgebraic group G over K whoseroot
systemis the dual of the root system®© (i.e. © is the root systemof the L-group - G).
In the articles cited above, the serieswas de ned for all © if n is suzciently large
and for all n if © = A,, and its properties were establishedin the rst of thesecases,
and conjecturedin the second.

Let g(c) denotesthe ngth order Gausssum of modulus c formed from the n-th
power residuesymbol ¢ . Then the Chineseremainder theorem implies that for

(c1;¢) = 1the sum satis esthe twisteﬁj muIti%Iicativit y relation
H H

9(cicp) = a % g(cy) 9(cz):

C , G

Similarly, the coezxcients of the Weyl group multiple Dirichlet seriessatisfy a twisted
multiplicativit y (see[3], Eq. (2)). Thus, though theseseriesare not in generalEuler
products, they may be reconstituted from a description of their p-part for a given
prime p of norm g: We denotethe (arithmetic part of the) coexcients at sud a prime

The Weyl group multiple Dirichlet seriesin the casen = 2 areof particular interest;
for example,the study of automorphic forms on double covers of classicalgroupsis
related to the theta correspndence.For n = 2, an alternative method of de ning a
Weyl group multiple Dirchlet seriesvalid for all simply-lacedroot systems,wasgiven
in [5]. (Though the argumerts of n-th order Gausssumsvary for n > 2, for n = 2they
are essetially xed, and the construction doesnot make direct useof Gausssums.)
In this approad, the p-part of the seriesis constructed as a certain average over
the Weyl group under a natural but non-olbvious action. By construction, this series
satis esthe requisite cortinuation and local functional equations,and theselead to

not iderti ed. Nor is the size of the spaceof p-parts satisfying the local functional
equationsapparert (is the series,for example,uniquely determined by them?). By
cortrast, the approad of [3] provides a conbinatorial descriptionfor the coetcients
of a seriesof type A, that is expectedto have cortinuation and functional equations.
Howewer, exceptin low-rank casestheseproperties are only conjectured. Moreover,
it is not obvious that thesetwo very di®eren constructionsare even related. In this
paper we take a number of stepstowards addressingtheseissues.

To descrile our results further, let us review some basic features of these two
constructions. We beginwith the seriesof [1{4]. Let © be a simply-lacedroot system
with Weyl group W. Fix a decompsition of © = ©" [ ©' into positive and negative

1That K contain the n-th roots of unity is essetial. The extra requiremert that K contain the
2n-th roots is made for cornvenience.
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P
roots, and [_lpt ®y;:::; ® be the simple roots. Let %= % wo ® If w2 W and
o wle= ir:l ki®, then the point (kqi;:::;k;) is called stable The stable points
form the verticesof a corvex polytope called the permutahelron attachedto ©. The

geometry of this object will be of great concernbelow. The seriesdescribed in [1{4]

vertex attached to w is a (speci ¢) product of I(w) n-th order Gausssums, where
[(w) is the length of w; (b) if n is suxciently large (the stablecase then all other
coezxcients are zero;(c) for all n , 1, all coexcients correspnding to points outside
the permutahedron are zero.

The seriesdescriked in [1{4] comein two °avors: untwisted and twisted. The
untwisted seriesshouldcorrespnd to the rst Whittak er coexcient for the Eisenstein
series;the twisted coexcients should correspnd to higher Whittak er coexcients.
The adjective \t wisted" is usedsincewhen the relevant indicesare relatively prime,
this correspnds to twisting the original Weyl group multiple Dirichlet seriesby
characters. The description of the previous paragraph is for the untwisted series;
howewer, it remainsvalid provided one doesnot twist by powersof p. It is precisely
when one looks at the p-part of a serieswith twisting by powers of p that new
featuresarise. In this case,the permutahedron expands(in a speci ¢ way; see[2])
to take into accoun the twisting. The verticesof this expandedpermutahedron are
called the twisted stablepoints. With the permutahedron replacedby this expanded
one and the stable vertices by the twisted stable ones,statemerns (a), (b), and (c)
above are still expectedto hold. In [3] preciseconjecturesconcerningthe interior
coezxcients are formulated for all n in the case© = A,, while in [2] the twisted series
are de ned for all reducedroot systems© and their cortinuations and functional
equationsestablished,provided n is suxciently large (dependingon ©). One expects
the existenceof twisted Weyl group multiple Dirichlet seriesfor all © and all n, and
the formula of [2] for the coezxcients at the twisted stable vertices (once again, a
product of |(w) Gausssums;seeTheorem4.2 below) is expectedto remain valid for
all n. For A, this is consisten with the conjecturesin [3]; see[2].

We turn to the seriesdescrited in [5]. Suppgsethat the root system®©gs simply-
laced. Let o = og bethe root lattice. For, = [, k® 2 o, letd(® = [, ki be
the usual height function, and let x- be the monomial x* ¢¢¢x* . Let p be a prime
of norm g. In [5], the authors construct a rational function f (x):

Y
f(x)= %; D(x) = (1 q@®i1x2®y.

) ®20*

which is invariant under a certain W-action. The construction will be descriked in

Dirichlet series(assciated to © and n = 2) which has meromorphiccortinuation to
C" and a group of functional equationsisomorphicto W.
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The work of [5] concernsonly untwisted series. Howewer, the method can be
adapted to construct twisted seriesas well. We carry out this extension,basedon

2 below. Thus, our rst result is a wider classof Weyl group multiple Dirichlet series
with cortinuation to C'.

With this extensionin hand, we pursuetwo goals. Oneis to dewelop properties of
the construction of [5] and of this extension;the secondis to study its relation to the
seriesof [1{4]. The twisted rational function f (x; ) (here” 2 (Z )" is anindex that
speci esthe twisting) is of the form N (x; ‘))(:D(x). Write

N(x;) = ax:
,2m
Then we will shav

2 N(x;") is a polynomial (Theorem 2.4).

2 The support of N (x; ") is cortained in a certain corvex polytope | ) (The-
orem 3.2).

2 The coetcients a for , avertex of | ) coincidewith the stable coexcients
descrited in [2] (Theorem 4.2).

2 In the untwisted case,the seriesobtained in [5] is the unique serieswith de-
nominator D (x) satisfyingthe desiredfunctional equationsand having leading
coexcient 1 (Corollary 5.8).

Even in the untwisted caseead of theseresults is new. In that case| ) is the
corvex hull in g = & - R of the points

i w2, w2 W.

Basedon theseresults, it seemsnatural to conjecturethat if © = A, then for a
given prime p the seriesconstructed here, generalizingthe construction of [5], is in
fact identically the sameasthe p-part of the seriesconstructedusing Gelfand-Tsetlin
patternsin [3]. We note somecomputational evidencefor this aswell (seethe remarks
after Example 2.6).

The remainder of this paper is organizedas follows. In Section 2, we construct a
twisted analogueof the quadratic Weyl group multiple Dirichlet seriesof [5], valid
for any simply lacedroot system®©. The p-part is obtained from a rational function
f(x;7). Weidentify the denominator of this function, capturing the polar behavior
of the series.We provide someexplicit exampleswhen®© = A,, note that in ead case
this seriesis the sameasthe seriesof [3], and describe somecomputational evidence
that suggeststhat this iderti cation holds in general. In Section 3, we study the
support of the numerator N (x; ), and shaw that it is cortained in a polytope| ) as
described above. This result dependson describingthe polytope group-theoretically
In Section4 we nd the coezxcients at the vertices of the polytope, that is, the
stable coexcients (both twisted and untwisted). We shaw that thesecoezcients are
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all determined from the degreeO coexcient of N(x; ). As noted, these match the
coezcients of [2,3]. In Section5, we discussthe remaining coexcients of N (x; ). In
the untwisted case we show that thesecoezxcients areall determinedby the functional
equations and the stable coexcients, hencethe seriesis uniquely determined by
the denominator, functional equations,and constart coexcient. Surprisingly, in the
twisted case,this uniquenessno longer holds, and we explain why this is the case,
due to the existenceof other regular orbits for the W-action on the points in | ).
Finally, in Section6 we explain how to piecetogether the p-parts described hereinto
a twisted multiple Dirichlet serieswith analytic cortinuation and group of functional
equations.

We thank Daniel Bump and Jim Humphreys for helpful corversations. We also
thank Ben Brubaker and Daniel Bump for sharingsoftwarethat allowedusto compare
our resultswith thoseof [3]. Finally, we thank the organizersof the Stanford Multiple
Dirichlet SeriesWorkshop, held at Stanford University in the summer of 2006 and
supported by an NSF FocusedResearb Group grant, where substartial portions of
this work were carried out.

2. Rationality = and denomina tor

We rst dewelop the de nition of the rational function f (x;") which givesthe p-
part of a twisted quadratic Weyl group multiple Dirichlet series.We emphasizethat
this construction, basedon averaging over a suitable group action, was introduced
and carried out for the untwisted seriesin [5]. Herewe modify the group action in [5]
to accomalate twisting, and this allows us to generalizethose results using similar
methods. Oncethesep-parts satisfy the desiredlocal functional equations,it follows
that they may be combined by twisted multiplicativit y to give a W -invariant function
on C"; seeSection6 below.

Let F = C(x) = C(Xy1;X2;:::;X,) bethe eld of rational functions in the variables
X1; X250 X, Let © = (Ig;:::;1;) denotean r-tuple of nonnegatiwe integers. This is
the twisting parameter. We de ne an "-twisted action of W on F: This is donein
stages.

Let %4;:::;% 2 W bethe simplere®ectionscorrespndingto the simpleroots, and
let q be a xed prime power. First, for x = (X1;X2;:::;%,) de ne %x = x% where

8

< xixqu if i andj are adjacen,
(2.1) xj0 = . 1=(ogx;) ifi=j,and

COX otherwise.

Next, de ne 2;x = x° where
%
o_ i X if i andj are adjacen,
(2.2) Xi X; otherwise.
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Forf 2 F de ne

FO)+ (D' (ix) )i (i)' Gix).
2 2 '
Finally we cande ne the action of W on F for a generator% 2 W :

i3 _oLioox P e+ 3 1 Piei (30
@4 (W)= i e SO0 Q00+ L ppan @' ()
Note that despitethe presenceof the P gs, (f %) (x) will in fact be a power series
in g: For example,supposel; is even. Then in the function f ; ead of the neighbors x;
of x; getsreplacedby x;x;" G: But the sum of degreesof the neighbors of x; is even
in f* and odd in f.: Thereforeboth summandsin (2.4) arein K: The argumert is
similar for |; odd.

(2.3) fl(x)=

and fl (x) =

(3.13)]. As in [5], one can prove the following lemma; the proof is essetially the
sameasthat of [5, Lemma 3.2], and we omit the detalils.

Lemma 2.1. The de nition (2.4) extendsto give an action of W on F.

The main result of Section 3 of [5] is the construction of a W-invariant rational
function with certain limiting behavior. This is summarizedbelow.
Theorem 2.2. De ne vy
6(x)= (@i Ox*);
®20*
j (wW;x) = 6(X)=6( wx) = sgnw)q W 204w A,
and X
FOG) = et jwx)(2jw)(x):
w2W
Then f (x; ") is a W-invariant rational function satisfying

(1) for eachi = 1;2;:::;r, the function f satis es the following limiting condi-
tion: if x; = O for everyj adjaentto i, then

(2.5) f(x;)@i xi)™ isindependentof x;;
where m; is 0 if |; is evenand is 1 otherwise.
(2) f(0;0;:::;0;7) = L

In [5] this theorem is proven only for the untwisted action, i.e. only for = =

argumernt. We will alsoneedbelow the analoguesfor the twisted action of Lemma
3.3(c) and Lemma 3.9 of [5]. We state thesewithout proof.

Lemma 2.3. Letw 2 W and " be an r-tuple of nonnegative integers.
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(a) Letg;h 2 F: If g is an evenfunction of all the x;, then
(ghj-w)(x) = g(wx) ¢(hj-w)(x):
(b) x* W{1pw)(x) is regular at the origin.
(c) x7 % Ljw (x) is regular at the origin for i = 1;2;:::;r.
Put
N(x;).
D(x)

Y
D(x) := (1i (@i 1x2®).

®20*

FOxG7) =

Theorem 2.4. N(Xx;") is a polynomial.

Proof. First, we will showv that f (x; )D(x)¢( x) is a polynomial. In fact, we will
prove, for any w 2 W,

(2.6) J (W; x)(1j-w)(X)Dw(x)
is a polynomial, where v
Dw(x) = (Li o' @i x*):
®20(w)

Here ©(w) denotesthe subsetof positive roots made negative by w. The proof that
(2.6) is a polynomial will be by induction on the length I(w) of w: When w is the
identit y, there is nothing to prove. Supposethat for w 2 W, (2.6) is a polynomial,

1 (W; x)(1j-w)(X)Dw(x) = P(x);
sa. Let % be a simplere°ection sud that I(w3%) = I(w) + 1: Then
j (W¥; X)(1j) w¥)(X)D v,
J (W%, x)(1] V\QA)F()X% vﬁ(x)
J(#X) 5= % () Duy (X)

w

_ TG x)(P]-%)(x) . .
(2.7) = Dy (%) ¢Dys(X); by Lemma2.3(a):

By the denition (2.4) of the action of %; we canwrite (Pj-%)(x) asPa(x)=(1j x?)
where P, is a Laurent polynomial in the x;: Howewer, as Lemma 2.3 (b) implies
that (2.6) is regular at the origin, it follows that P, is a polynomial. Moreover, the
denominator DW(%X)Yis equalto
(Li o) = Duy, ()1 i xP)

®20(w)
Plugging this bad into (2.7), we concludethat

J (W%; X)(1] W) (X) Dz (X) = | (%4 X)P2(X)
is polynomial. Thereforef (x)D (x)¢( x) = N (x)¢( x) is a polynomial.
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To completethe proof, it will sui)((:e to shaw that
(2.8) h(x) =" j(w;x)(1j-w)(x)
w2W
is divisible by ¢( x): This function satis es
h(x) = J (% x)(hj-%)(x):
Setting x; = § 1=P q in the above equation, we deducethat

h(x) | = i h(x)

xi=§1=" g xi=§1=" g’

and that hencelj ox? dividesh(x): Similarly, we canshow that 1; g®®x2® divides
h(x) for all positive roots ® This completesthe proof of the theorem. a

Remark 2.5. Though we do not require this fact, we point out that that the proofs
of Lemma 2.3 and Theorem 2.4 actually shav that N is a polynomial in g aswell.

Example 2.6. Here we give someexamplesof the polynomials N (x; ") for the root

systemA,. We use(x;y) for the variablesinstead of (x1;X;). To get the rational

function f (x; "), ead of the following shouldbe divided by (1 x2)(1i y?)(1i ax?y?).
2= (0;0): N=1+x+yj X% xy?j x%2

2= (Lo N =17 x2+y+ (qi Dx?y+ oy ox?y®i o’y
2= (L1): N =15 X2 y2+ (1 gx®y?+ gxy?+ ox®y* i axfy?
2°=(2,0): N =1+ (qi 1)*+ P+ y+ (qi X%y gxly+ (Fi qxPy*+

(Fi x%y?+ (i x?y°+ (ai @) x> i xPy*i ofxyh.

2= (21): N =1+ (qi 1)®+ox®i y?+ (1i 29+ F)x*y2+ (F i 9 x%y*+
(@i P)x¥?i X2+ (Ai F)XPy*+ (@i ) xPyt+ (i g xtyt+
(q2 I q3) X5y4 + q3x3y5 i q3X5y5.

2 7= (22): 1+ (g 1x*+ o+ (qi D)y*+ (1§ 3g+ 207) XPy?+ (i o) XPy?+
Qi 207+ P)xy? + (i )Xy + ay’ + (i X%y + (i F)xY
Xy + (i 208+ )Xy + (i )Xy + (i 200+ 207§ g xy*+
(i 268+ a)xSy*+ (i P)xPy°+ (i 208+ ) x*y°+ (@i o) x%°i
XY+ (i d)xPy i a'x®yC

The invarianceof f (x; ") and the limiting conditions imply that the Taylor series
coexcients of f can be usedto construct the p-part of a twisted multiple Dirichlet
serieswith cortinuation to C' and functional equation. The p-parts are combined
using twisted multiplicativit y, as explainedin Section6.

In fact, we conjecture that for © = A, this p-part will coincide with the p-part
coming from the construction of [3] via Gelfand{Tsetlin patterns. As evidence,we
have cgmputed N (x; ") for the root systemsA,, r - 4, for all twisting parameters
* with li - 6. For eah of these 2597 seriesthe polynomial N (x; ) matchesthe
numerator polynomial predicted by the Gelfand{Tsetlin conjecture.
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3. The support of the numera tor

P
Recall that o denot&sthe root lattice of ©, and that for , = [, k® 2 g, x:

denotesthe monomial ~[_, x. Write
X
(3.1) N(x;) = ax;
.20
where N (x; °) is the polynomial from Theorem 2.4. Our goal in this sectionis to
investigatethe support of N (x; ), that is the set

SuppN(x;")=f, 2aja 6 Og:

The main result (Theorem 3.2) is that SuppN (x; ") is cortained in a certain trans-
lated weight polytope for ©.

We begin by discussingrelations that the coexcients a must satisfy. Recall that
N (x; ") is the numerator of the rational function

F0) = T

Y
D(x):=  (1i @),
®20*

and that f (x) is invariant under a certain action of the Weyl group W. The W-
invariance of f (x) and the simple form of the denominator D(x) imply that the
numerator N (x; ") satis es certain relations under the W-action. In particular, ap-
plying the re°ection % givesthe relation

(B2) (qPx*™ i DN(x;7) = gt PxBDO(L+ x%)(x® | 1N, (%ax)
+ q(3:2+|k:2)x(lk+1)®k(1i X2®k)N|i;\(3/{kX):
Inserting (3.1) in (3.2) and collecting terms, we nd

dO2( a + (1i 1=Qa+q, + &s26,=0 (even),
PaedO2(a i a e =q) (odd);
In (3.3) we have usedthe notation

21 = %, + (I + D&,
27 =0 %hoi k&=, '+&,and
2 d: ol Zisthe usualheigh function on the root lattice;
we also are assumingthat , - *, in other words that the di®erence! ;| , is a
nonnegative sum of simpleroots. \Ev en/odd" in (3.3) refersto the following. De ne
"kia!l Z by

X
(3.4) k@)=t Ky,
j»k

P
where! = Kk ®, and wherej » k meansthat the nodeslabelled j and k are
adjacent in the Dynkin diagram for ©. Then we are in the even/odd caseaccording

(3.3) ra ;2 i & =
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to whether' () is evenor odd. Note that ' (*) = ' (, ), since! j , is a multiple
of ®.

The functional equation (3.3) can be simpli ed in the ewven case. Keeping the
notation ,; 1;  asabove, let us apply the functional equation (3.3) with , replaced
byt + 2@. Since%(* + 2Q)+® =, i 2& and® + 2@ (, i 2®)+®& = | + 6&;
we obtain

g ‘O a4 + (Li 1=9a ;e +a =0 (even)
Paec i02(a 26, i a =) (odd):
Notice that 1, , + 2@, are identically equal exceptin the k-th position, so' (%) is
ewvenif andonly if ' ((, + 2®) is even (and if and only if ' (, ) is even). In the odd

case,equations(3.3), (3.5) are equivalert. Howeer, in the even case,they are not;
instead, it is is easyto conmbine them to obtain

(35) Cfa i ane =

(3.6) a+a e =d0% (g +a.g) (even).

Hence(3.6) holds for all , in the even case. Conversely in the even case(3.6) for
all | implies (3.3): take g times (3.6) with , replacedby , i ® and subtract the
original (3.6). We summarizethe above discussionin the following proposition:

Prop osition 3.1. Let,; * 2 o satisfy! = %, + (I + 1)®, and supmse?! , ,. Put
=, j1+@®,anddene’' :a! Zasin (3.4). Then the coetcients of N(x;")
satisfy

(3.73) W@ e +a =g %(a+a.e=0; if'k)isevenand

B7b) A, a =" adO2@ | awe=d); i () is odd.

simply-laced, these form the dual basisto the simple roots with respect to the W-
invariant scalar product h¢¢i. Recall that the closureof the dominant chamter in
ag = o - Risde ned by the inequalities

(3.8) By;xi, 0, k=1:::;r;
herewe have slightly abusednotation to let x denotea point in @g. Given a twisting
parameter™ = (I3;:::;1;), let u= p(*) be the dominant weight

n= %2+ 1$ «;

where %2is the sum of the fundamenral weights. Note that p is regular, that is the
inequalities (3.8) are strict when evaluated on L.
Let | = | , bethe corvex hull in ag of the points

MHi Wy, w2 W
Our goalis to prove the following theorem:
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Theorem 3.2. The supprt SuppN (Xx; ) is contained in the polytope | .

Example 3.3. Figure 1 shows the support for the polynomial N (x; y; (2;2)) from
Example 2.6. The shadedhexagonis the polygon|. The grey dots are nonzero
coezxcients of N (X; y; (2; 2)).

X

Figure 1. The support of N (X;y; (2; 2)).

Before we prove the theorem we make a few remarks about the polytope | and
the geometry of the action (3.7a), (3.7b). After shifting | by p we seethat |
is isomorphic to the corvex hull | © of the points fi wuj w 2 Wg, and is thus a
Coxeterhelron or permutahelron of type W. In particular, from the theory of suc
polytopeswe know that the verticesof| areexactly the points pj wy, and hencethat
i hasjWj vertices. Shifting makesthe connectionbetween, and! more apparert.
Supposethat | © (respectively, 1 9 is the vertex of | © obtained by translating , (resp.,
1). Then ,%and t%arerelated by %, °= 1% in other words, after shifting ! to ! ©
the functional equations(3.7a), (3.7b) relate coexcients of monomials attached to
weights that are connectedby the usual re°ection action of W.

It is not hard descrike a set of inequalitiesde ning |: it is cut out by the system

(3.9) hws i;x i (Ui wwi, 0, w2W; i=1;:::;r:
To prove this, one obsenesthat the inequalities
Mbi;xi , O i=21:::;r

de ne the facetscortaining the origin, and usesthe fact that the Weyl group W acts
transitiv ely on the verticesby atne transformations. The samecomputation shows
that the inequalitieslabelled by w are active at the vertex uj w

The system (3.9) is redundart. We clarify this in the following lemma, whose
statement requiresthe notion of the right desent set of an elemen w 2 W. By
de nition, this is the setR (w) = f%j I(w3) < I(w)g.
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Lemma 3.4. Let3% 2 R(w) andletu= w%. Thenif j 6 k, the inequalities
hws i x i (i wpi, O

and
hu$ i xi (i uwi, O

are equivalent.

Proof. This follows since %$ = $« if j 6 k. Indeed, starting with the second
inequality, we have

hu$ i x i (Ui upi

%S X i (i up)i
hu%$ X i (Hi up) + Wl wi
= WS ;x i (Ui Wi + hu$ i upi wpi:

(In the last line we againused¥%$ ¢ = $ if j 6 k.) By W-invariance, the second
term on the last line is

S Hi Ypui;
which vanishessincepi %p is a multiple of ® . This completesthe proof. o
We will also needthe following geometriclemma about |, whosestatemen uses
the left desent setL (w) of anelemen w 2 W. By de nition L (w) = f3%j I(3%4w) <

[(w)g. Recallthat ©(w) denotesthe subsetof the positive roots made negative by
w. If w= u¥% andI(w) = I(u) + 1, then from the theory of Coxeter groups|[7]

(3.10a) ©(w) = %O(u) [ f&g;
(3.10Db) ow H=0owu Y[ fueg:
Lemma 3.5. Let! = pj wu be a vertexof | , and supmse 3 2 L (w). Then
any lattice point of the form * + m®y, where m is a positive integer, lies outside| .

Similarly, let u = %w andlet , = pj ul Then any point of the form | | m®,
where m is a positive integer, lies outside ;| .

Proof. Forthe rst statemert, it suxcesto show that ! + m® violatesthe inequalities
active at *, which are given by

hws$i;xi (Ui wwi, 0, i=1:::;r:
Thus we want to shov
hw$ ;2 + m®j Li=hwv$;;m®i=imhu$;&i<0
for at leastonei. In fact, we will prove the stronger statemert that

Sincem > 0, we must show

hu$ :®i =M u'®i>0 i=21::::r
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This follows if and only if ® 620(u’ 1).
Sosupposeon the cortrary that ® 2 ©(ui 1). By (3.10a), we have

O ') = O(U' %) = %Ou' ) [ f&g:

In particular 3%©(u' 1) consistsof positive roots. But if ® 2 ©(ui ) then %® is
negative. This cortradiction completesthe proof of the rst statemert; the second
statemert is proved in almost exactly the sameway. a

Proof of Theorem3.2. We useinduction onthe length. SinceN (x; ) isapolynomial,
we know that a = 0 if , violates the inequalities active at the origin. Indeed,
otherwiseN (x; ) would have polar terms.

Now let w 2 W satisfy I(w) > 0, and supposewe have veri ed the inequalities
at all verticespj up wherel(u) < I(w). Let % 2 R (w), which is nonempty since
I(w) > 0. Then Lemma3.4impliesthat a = O unless, satis esthe inequalities

hwsjix i (Hi wWi, O;
forany j 6 k. If JR(w)j > 1, this shows that in fact all desiredinequalities hold for

the support of N(x; ") at the vertex puj w

Thus we assumeR (w) = f%g. Wemust shav a = 0if | violates
(3.11) WS i (ki wii, O
Let % 2 L (w); againL (w) 6 ; if [(w) > 0. Choose?! 2 a sud that

(1) * violates (3.11),

(2) a« 6 0, and

(3) ao=Oforall 1°=1 + m® with m > 0.
By Lemma3.5it is possibleto nd sudc a!. Indeedthe proof of Lemma 3.5 shaws
that if * violates (3.11), sodo all the points * + m®, m > 0. SinceN(x;") has
bounded support there must be nal point in the support of N(x;") on the ray
L+ m®.

Nw®apply the relation (3.3) with % to a, wherea. is the rst coexcient on the
right sideof (3.7a), (3.7b). Note that sincea. . ne, = 0for m > 0, asfar asthe right
hand sidesof theseequationsare concernedit doesn't matter whether we are in the
even or the odd case. Applying % producesthe left hand sideda ; ¢ + a in the
even case,and ofa ; 2 i a andthe odd case. It is easyto seethat a and hence
(Lemma3.5)a ;e anda ; ,e Vvanish by the induction hypothesis,since, violates
the inequalitiesactive at pj ¥wp (cf. Figure 2). Hencea: vanishes.This shovsthat
a. = Ounlesst satis es(3.11), and completesthe proof of the theorem. a

Remark 3.6. Theorem3.2showsthat the support of N (x; ") is cortained in a trans-
lated weight polytope|. We caution the readerthat although N (x; ") is constructed
using the regular dominart weight |, the polytope| is not a translate of the weigh
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il

Figure 2. Cheding the inequalitiesat the vertex labelled 12. By in-
duction we assumethat all desiredinequalitieshold at verticeslabelled
by w with I(w) - 1. The point * violating the dashedinequality leads
to a point , violating the inequalitiesat 2 = % ¢12.

1

polytope P for the represemation with highest weight . In fact, | is a translate
of the weight polytope attached to the represetation with lowestweight j . This
polytope di®ersfrom P in general,sincej pis not usually in the W-orbit of W

4. Stable coefficients

The coexcients a of N(x; ) attached to the verticesof | are called the stable
coexcients. The goal of this sectionis to shav that the functional equations(3.3),
togetherwith the initial condition ap = 1, imply that the stable coexcients of N (X; )
are given by the formul%z from [2{4].

We caution the reader on three points. The rst is that in the comparisonthat
follows, it is corveniert to usea slightly di®eren labelling convertion for the vertices
of |: the elemen w 2 W now corresmndsto the vertex ij wi

The secondis that we are using slightly di®eren normalizations for Gausssums
than thosefound in [2{4]. Hencethe formula in Theorem4.1 di®ersslightly from the
formul*zin [2,4], in that ead factor includesa g-power denominator.

Finally, in [2], the twisting parameter” = (I1;:::;l;) correspndsto the dominart
weigh p,%z li$ i, whereasfor us * is attached to the regular dominan weigh
nu= %+ |;$;. Hencethe results of [2,4] are expressedn terms of the generalized
height function dﬁ: a !l Z de ned by dﬁ(’) = hu+ Y%; i. Theorem4.2, on the other
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hand, usesthe function d,(,) = hy,i. Note that dﬁo " dy, soour statemert of
Theorem4.1is consisten with [2].

Theorem 4.1. [2,4] Let, = pj wi'n Let A be the stablecoetcient attachel to
, in [2]. Thenif © is simply-laced, we have

Y
(4.1) A = gu(p @1 F; ph(®)=fu(®Z,

®20(wi 1)

whee g;(p?; p°) is the quadatic Gausssum, and wheee d,, is the function on the root
lattice de ned by dy(,) = hs , i.

Wereferthe readerto [4] for a precisede nition of the Gausssum. For our purposes
all we will needto know is (4.4) below.

We now shaw that the stabletermsof N (x; *) coincidewith thosegivenby Theorem
4.1.

P
Theorem 4.2. SupmwseN (x;") = ax- wheea = 1 Thenif , = pi wily
the coexcient a is givenby (4.1). In other words,a = A .

Proof. We prove the theorem by induction on the length of w. To begin, note that
Ag=a= 1.

Now supposel(3%wi 1) = I(wi 1) + 1, and that the coexcients agreeon all weights
attachedto u2 W with I(u) - I(w). Let® = pj %wi i Thent = 3%, + (I; + 1)®
and?! > _; hencewe canapply (3.7a), (3.7b), which yields

QA% i, +1i@)=2 if *i(*) is even,and
4.2 a =af
(4.2) > i qd(%,i LHi®)=2) 122 f i(*) is odd:

Note that the other coexcients of N (x; ") appearingin (3.7a), (3.7b) vanishby The-
orem 3.2 and Lemma3.5.

Applying (3.10b)in (4.1), we nd

(4.3a) A: = Y G (pH(®1 1; ph(®)=(fh(®=2
®20(%wi 1) y
(4.3b) = g (pMWi 1 pBu (W) = cflu(W®)=2 ¢ (Gu(p(®i L: ph(®)=fu(®=2).
@20(wi 1)

The product on (4.3b) is just A , which equalsa by induction. Hencewe must
investigatethe rst term, which is the Gausssum attachedto w®,. For the quadratic
Gausssum g;(p” *; p°) we have

(
g 2 if bis odd, and

4.4 bi 1. by —
(4.4) %P ) i P if biseven.
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Hence

(
ol(We)=2i 122 jf d (Ww®) is odd, and

4.5 A. = A £
(45) : i gweN=2i 1 jf d (w®) is even.

It followsthat to show that (4.2) and (4.5) agree,we must show that dy,(w®) is even
if and only if * ;(*) is odd, and that d,(W®) = d(34, i , + i®) + 1.
We begin by computing d(3%, i ., + i®). It is easyto seethat
Vo i L HIi®& =10 | ®;
which implies
5 d%, i . +i®&)=d(*i .,)i &
Now write 1 = k;j®. Then

X X
L= A De = K+ K@+ @)+ (i + 1 k)®:
ig)T j»i
Thus
u — ¢
i, = Ki+2kii lii 1®;
j»i
and
(4.6) dt i )i 1=2ki "i(*)i 2

is our expressionfor d(%, | , + Ii®).
On the other hand,

dy(W®) = hywe®i
= W T ®
X -
= huj k,g;i ®i
=ilii 1+h k®;®i:

The last equation of the above gives
(4.7) dy(w®) = 2k "i(*)i L

From (4.6) and (4.7), we seethat d,(W®) = d(%, i , + li®) + 1. Moreover (4.7)
shawsthat the parity of d,(w®) is the opposite of that of ' (). This completesthe
proof. o
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5. Unst able coefficients

In this sectionwe investigatethe implications of the relations (3.7a), (3.7b) on the
coexcients a_attachedto weights other than the verticesof |. Sud coezxcients are
calledunstablecoexcients [2{4]. The main result of this section,Theorem5.7, is that
in the untwisted casepu = %; the numerator polynomial and hencef (x) is uniquely
determined by (3.7a), (3.7b) and the normalization condition ag = 1. We conclude
by discussingthe extert to which N (x; ") is not uniquely determined.

Recallthat aweight | is regular if it liesin the interior of a Weyl chamber. Equiv-
alertly, the stabilizerP = P(,) of, in W istrivial. The stabilizer P of any weigh is
a subgroupof W generatedby a subsetof the simple re°ections. Indeed,if , lieson
the hyperplane xed by %, then % 2 P, and sud simplere°ectionsgenerateP. Any
subgroupgeneratedby a subsetof the simplere°ectionsis calleda standad paralolic
sulgroup. We recall the following basic fact about sud subgroups,whoseproof can
be found, for example,in [7]:

Prop osition 5.1. Let P ¥2W be a standad paralolic sulgroup. Then any cosetwP
contains a unique elementw® of maximal length.

Now let N(x;") = P a x: be our polynomial. By Theorem 3.2 the support of
N (x; ") consistsat most of the monomialsx: where, 2 @ liesin the corvex hull of
the point uj wiw 2 W. Sudh , correspnd to the weights of the represetation
V. with highest weight p, after shifting. The preciseconnectionis as follows. Let
£ be the set of dominant weightsof V.. Then the support of N (x; ") consistsof all
monomialsx: where, hasthe form

=M ow», w2 W, »2 £

For » 2 £, let O, bethe W-orbit fuij w»jw2 Wg, andlet O = fO, j»2 £g.
The set £ is naturally a posetby the usual partial order on weights (note that pis
the maximal elemert), and we usethis to turn O into a poset: O,, - O, if and only
if »- »0

For any » 2 £, let | , be the corvex hull in @y of the points in O,. If »is
regularthen | , isisomorphicto a permutahedron, with verticesin bijection with W.
Otherwise, the orbit O,, has fewer than jW| vertices. Indeed,if P = P(Y) Y2 W is
the stabilizer of », then jO,j equalsthe number of cosetsjW=Pj. Accordingly, we can
alsowrite

O,=fui wP»jw2 Wg:

Remark 5.2. Although we do not needit, it is known that | , is a degenerationof
| u obtained by cortracting the edgesin | , labelled by the simple re°ectionsin P.
Another way to expressthe relationship between; ,, and |  is to obsenethat | ,, is
obtained from | ,, by parallel translation of the facetsof | , until someof the faces
collapse. This hasthe consequenceghat essetally the samesystem of inequalities
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(3.9) descrikesthe polytope | .. In particular, | , is described by
(5.1) hwS ;X i (Ui wP»)i, 0 k=1;:::5r; w2 W

As beforethis systemis redundart. Also, someinequalitiesdo not de ne facets,and
instead are active only on higher-calimensionfaces. Newertheless| ,, is cut out by
the system(5.1).

We are now ready to prove the geometricresultsthat allow usto analyzeunstable
coexcients. The main point is the following generalizationof Lemma 3.5:

Lemma 5.3. Let, = pj uP» be a vertexof | ,, whee P = P(»), and supmse
u 2 uP is the unique maximal elementin this coset. Let w = %u and supmse
[(w) > I(u). Then! = pj wP»is a di®eent vertexof | ,. Moreover, if any point of
theform * + m®, m, 1liesin an orbit O 2 O, we haveO > O,. Similarly, if any
point of the form , | m®, m , 1liesin an orbit O 2 O, we haveO > O,,.

Beforewe prove Lemma 5.3, we needanother lemmaabout the geometry of dom-
inant weighs:

Lemma 5.4. Let» and” be weightssuchthat ~ > ». Let " °be the unique dominant
weightin the W-orbit of . Then "> »,

Proof. Let C(©*) be the conegeneratedby the positive roots. Then ~ > » implies
" i »2 C(©"). Onthe other handif " °is the dominart weight in the orbit of ", then
certainly "% ~ 2 C(©"). But then "% » 2 C(©"), sinceC(©") is corvex. This
completesthe proof. o

Proof of Lemmab5.3. First, it is clearthat , 6 *, sincel(w) > I(u) and u is the
maximal elemen of the cosetuP.

We now shov O > O,, whereO is the orbit correspndingto * + m®, m > 1. We
have » = wi }(uj ). Let

C=wilpi i m@) = »i mw e
and let " °be the unique dominart weigh in the W-orbit of *. Then O = O-o. Now
(5.2) O(w' ') = O(u %) = %OU' ) [ f&g;
which implies
wil® 2 © :

Thus” > » By Lemmab5.4we have " 9> », which provesO > O,

The statemert about , | m® is provedin almostthe sameway. The computation
boils down to

®, 620(u’ 1):
This is clearly true, sinceby (5.2) the set %4©(ui ) consistsof positive roots. g
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Hencein applicationsof (3.7a), (3.7b), if , and?! areweights with * = % + (I +
1)® and?! > _, then we know that the weights |, | 2®,, | ®,* + ®;! + 2@ live
in bigger orbits in O and are attached to previously determined coexcients.

We likewisehave a versionof Lemma3.5 evenif 3% xes a vertex:

Lemma 5.5. Let, = pj uP»beavertexof| ,. Letw = %u with I(w) > I(u), and
supmse! = pj wP» equals, . Then if any point of the form * + m®,, m , 1 lies
in an orbit O 2 O, we haveO > O,. Similarly if any point of the form , | m®,
m , 1liesin an orbit O, we haveO > O,,.

5

Proof. The proofsof both statemeris are essetially the sameasthoseof Lemmabs.3,
eventhoughthe points , , 1 coincide. Again the key points arethat ®, 620(u’ ); ®, 2
O(wi 1). o

Remark 5.6. It is perhapsinaccurate to descrite Lemmas5.3 and 5.5 as general-
izations of Lemma 3.5, sincethe statemerts are sodi®eren. Howeer they really are
the same,sinceit is the samegeometricfact about left desceh setsthat is behind
all of them.

Also, the inequalities (5.1) are lurking hereaswell. The points * + m®,, , i M®
lie outside | ,. The fact that these points violate (5.1) again boils down to ®, 62
O 1); ®& 2 O(w' 1).

We can now prove the main result of this section.

Theorem 5.7. Let N(x; ) be the numerator, normalized so that ag = 1. Supmse
that p is the only regular dominant weightin the representationV, of highestweight
K Then all other coetcients of N (x; ) are uniquely determinel by the functional
equations (3.7a), (3.7b).

Proof. The proof is by descendinginduction over the orbit posetO. To begin, we
know from Theorem4.2 that all the coexcients attachedto the elemerts of the orbit
O, are uniquely determinedoncewe know a; = 1.

Now x an orbit O,, where» 2 £ is di®eren from p, and assumewe have deter-
mined the coexcients attachedto all orbits O with O > O,. By assumption» is not
regular, sowe can nd a simple functional equation from (3.7a), (3.7b) relating the
corresnding coexcient a , , = Wi », to itself. It is trivial to seethat if ' (,) is
ewven, then a appearson both sidesof (3.7a) with di®eren coexcients; if ' (,) is
odd then clearly a appearson both sidesof (3.7b) with di®eren coexcients. By
Lemma5.5, all other a o in (3.7a), (3.7b) comefrom previously determined orbits.
Thus a is determined.

Now, successigly applying Lemmab5.5we candeterminethe remaining coexcients
of the form pj w», wherew 2 W. The basicstrategy is the sameasin the proof of
Theorem4.2;if there is morethan onepoint in this orbit, all oneneedsto be ableto
do is move from oneto another by left multiplication by a simple re°ection

L= i WP»j! pj %wP»=:18
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wherew is maximal in the cosetwP and |(3%w) > I(w). Then Lemma 5.3 shavs
that a= and the coezxcients from higher orbits determine a: o. o

Corollary 5.8. The only regular dominant weight for the representation V., is %2

termined by the functional equations (3.7a), (3.7b) after settingag = 1.

Proof. Supgpse, € %2is another regular dominart weigtht for this represetation.
rite | = ¢$;. Then we must have ea ¢ 6 0, since, is regular. SinceYz=
$, it followsthat ¥4 , must be alinear combination of the $; with nonpositive

coezxcients.

On the other hand, ¥4 ., is a nonnegatiwe linear conbination of the simple roots,
since¥zis higherthan | in the partial order. The fundamertal weighs are themsehes
positive rational linear conmbinations of the simple roots, as one seesby examining
the inverseCartan matrix for any simple complexLie algebra. Thus %, , is simul-
taneously a nonpositive and a nonnegatiwe linear conbination of the fundamenal
weights. This means;= |, a cortradiction. HenceYzis the only regular dominart
weight in the represemation V., and by Theorem5.7 the polynomial N (x) is uniquely
determined. a

Remark 5.9. There are other regular dominart weights p6 %sud that V, satis es
the conditionsof Theorem5.7. For example,computationsshaw that for © = A, with
r - 5 the represemation V.4 ¢, hasa unique regular dominart weight; presumably
this represetation doesfor all r. We do not know another characterization of weights
for any given © with this property.

Remark 5.10. One can also ask how big the spaceof possiblenumerators N (x; )
can be if p doesnot satisfy the conditions of Theorem 5.7. Examplesfor A, show
that the complex dimension of this spaceapparerily equalsthe number of regular
dominart weights of the represemation V,. This should be true for all ©, although
we have not cheded the details.

6. The global multiple Dirichlet series

In this nal section, we descrike preciselyhow a multiple Dirichlet seriescan be
built up out of the p-parts. We follow the methods of [5], where the untwisted case
was worked out in detail. We remark, however that the H function de ned below
is the analogueof the H function of [1{4] rather than that of [5]. For the relation
betweenthe two, seeRemark 4.3 of [5]. D¢

For simplicity, we work over Q; the eld of rational numbers, and let % denote
the usualquadratic residuesymbol for d; m odd and relatively prime. For an arbitrary
global eld K; oneneedsto work over the ring Os of S-integersof K for a suzciently
large set of primes S and to replacep by g = jOs=pOsj. Additionally, somecare
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needsto be taken to de ne the quadratic residue symbol properly. We refer the
readerto [6] and [5] for details.
Given an odd prime p and twisting pa)Eameter‘; we write

(6.1) N(x;)= a(p;)x:
.20

Fix an r-tuple of positive odd integerst = (t1;t,;:::;t;): The goal of this section
is to de ne the t-twisted multiple Dirichlet seriesassaiated to the root system®© for
n = 2: Actually, we will needto introducea family of series

Z(s1;::1;8,2,;1,0)

where2 rangesover r-tuples? = (Aj;A;;:::; A) of Dirichlet charactersunrami ed
outside of 2. We abbreviate this seriesby Z(s;t;?) ; and it is understood that ©
remains xed. Eadh serieswill be a sum over r-tuples of odd positive integers.

We call anr-tuple m = (mg;:::;m,) of positive integersodd if eat of the m;'s is
odd. We denoteby 2( m) the produc\t{

A (my)
i
and by H(m;t) the coexcient H(mq; m,;:::;m,;t) de ned below.
De nition 6.1. The coexcient H(my;m,:::;m,;t) is de ned by the following two
conditions:
(1) Sup@sem = (p*;:::;p%), wherep is an odd prime and p'ijjt;: Suppose

, = i k®2a: Then
H(p et = a (p)
where™ = (I3;:::;1)):
(2) Given mj,m0 odd with (mym, ¢¢¢m, ; mIm3 ¢¢em®) = 1 we have
Hmmgcmmgy Y Fn 1ol
..... [ . - 0
H(my;:ioyme t)H(mMI; o, most) i adi m; mJ
i<j
Finally, for an r-tuple s = (sy;:::;s;) of complexnumbers, de | Re |
X a H “t Y t.#.
62  Z(stH =N AL
- m;’ . r’hi
m=(mg;mz;:;m;) odd IR i=1

wheret? is the squarefreepart of t;, m; is the part of m; relatively prime to ti# and
N (s) is the normali€ng zetafactor

(6.3) N(s) = 3(2h®ysi | d(®) + 1); h®ysi = ®s; + C0C+ @ s;:

®20*
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The series(6.2) corvergesfor <(s;)) A 1,1- i - r.

Now, giventhe invarianceof the p-parts of Z(s;t;%) underthe action of W de ned
by (2.4), we may mimic the techniquesof Section5 of [5] to show the following: for
“xed twisting parametert, the vector of all Z(s;t;%) hasanalytic cortinuation and

satis es functional equationsrelating the valuesat s = (s1;:::;s;) to the valuesat
%,5= (s%;:::;80) forjo= 1;2;:::;r; where

< g +5s,i 1=2 ifj andj, are adjacen,
(6.4) ss=. 1i s, if j = jo, and

TS otherwise.

Thesefunctional equationsare involutions generatinga group of functional equations
of Z(s;t;3) : We then deduce

Theorem 6.2. Fix a twisting parameter t. Each function Z(s;t;®) has analytic
continuation to C'. The collection of thesefunctions as? rangesover r-tuples of
Dirichlet characters unrami ed outside of 2 satis es a group of functional equations
isomorphicto W. Finally, eachZ(s;t;#) is analytic outsidethe hyperplanes(ws); =
1forw2 W;1- j - r, whee (ws); denotesthe j™ compnent of ws.

The proof of the theoremis very similar to the proof of Theorem5.5 of [5], and so
we leave the details to the reader.
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