WEYL GROUP MUL TIPLE DIRICHLET SERIES OF TYPE
A;

GAUTAM CHINT A AND PAUL E. GUNNELLS

Abstra ct. A Weyl group multiple Dirichlet series is a Diric hlet series
in seweral complex variables attached to a root system ©. The number
of variables equalsthe rank r of the root system, and the seriessatis es
a group of functional equations isomorphic to the Weyl group W of ©.
In this paper we construct a Weyl group multiple Diric hlet seriesover
the rational function "eld using n" order Gauss sums attached to the
root system of type A,. The basic technique is that of [8,9]; namely,
we construct a rational function in r variables invariant under a certain
action of W, and usethis to build a\lo cal factor" of the global series.

In memory of Seige Lang

1. Intr oduction

Weyl group multiple Dirichlet seriesare Dirichlet seriesin r complex

group of functional equationsisomorphic to the Weyl group of a nite root
system of rank r, and whose coe+cients are products of n!" order Gauss
sums. The study of these serieswas introduced in [2], which also suggested
a method for proving the analytic corntinuation and functional equations of
theseseries. However, complete proofs have only beengivenin certain cases:

(1) the stable case when the rank r of © is small relative to the order
n [3], and
(2) the quadmatic case whenn = 2 and with © of any rank [8,9].

In this paper we extend the quadratic casemethods of [8,9] to arbitrary
n for the root systemA,. The resulting seriesis not new: for A, andn, 2
onefalls in the stable range, and therefore our result follows from the work
of [3]. (In fact, this casewas treated earlier in [2].) Neverthelessthere are
seweral reasonswhy a new treatment of A is desirable. First, the methods
used here are completely di®erent from those of [3] and give a di®ereri
technique to construct Weyl group multiple Dirichlet series. Second,the
technique preseried here will work for a root system © of arbitrary rank
and for arbitrary n, with no stability restriction. This will be the subject of
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a forthcoming publication; one of the main goals of the presen paper is an
exposition of our method in the simplest nontrivial case,namely © = A,.

With this latter goal in mind we also adopt certain assumptionsto make
the exposition simpler. For instance, we work over a rational function eld
to avoid the annoyance of having to deal with Hilb ert symbols. We also
focus on the untwisted case (seex2 for an explanation of this terminology)
to avoid some notational complexities. A comparison with the methods
of [2,8,9] indicates how to extend our methods to an arbitrary global "eld
containing the 2n™ roots of unity and to arbitrary twists.

We now describe our main result in greater detail. Let F be a nite
“eld whosecardinality q is congruert to 1 mod 4n. Let K be the rational
function "eld F(t), and let O = F[t]. Let Omon ¥2 O be the subsetof monic
polynomials. We let K; = F((ti 1)) denote the "eld of Laurent seriesin
ti 1. 3

For x;y 2 O relatively prime, we denote by § the n!" order power
residue symbol. We have the reciprocity law

3 X, 3 y
(1.1) y T X

for x; y monic. The reciprocity law takesthis particularly simple form be-
causeof our assumptionthat the cardinality of F is congruert to 1 mod 4.
Lety 7! e(y) be an additive character on K ; with the following property:
if | 2K isthe setofall y 2 K sud that the restriction of e to yO is trivial,
then | = O. Fix an embedding 2 from the the n" roots of unity in F to CE:
For r;c2 O we de ne the Gausssum g(r;?; ¢) by
X 33 o 3

2 X e Q

. 2. -
g(r;3c) - .

y mod ¢

We will alsousethe notation g;(r;c) = g(r;2';c) and g(r;c) = g(r;2 c): Note
that 2' is not necessarilyan embedding.
We are now ready to de ne our double Dirichlet series. Put

(1.2) Z(s1;82) =
X H(a;c) .

. ~NiNS1\i 179. ANi NS2YVi 171. ~2Nj NS1j ns2yj 1
(li g ) "(Li g ) "(Li g ) Tk

€120 mon €220 mon
where the coezcient H(cy; cy) is de ned asfollows:

(1) (Twisted multiplicativit y) If gcd(cicp; didy) = 1then

3 ‘3 3 3 3 - 3 -
H(cidg;cod) ¢ di ¢ dp ¢ il dg il

H(ci;cH(di;d)  di o d2 ¢ dp C2

(1.3)
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(2) (p-part) If pis prime, then
X
(1.4) H (P p)x Y = 1+ g(L;p)x + g(L; p)y + 9(L; P)I(p; P*)xy?
kil, 0

+ 9(1; p)g(p; pPA)X2y + g(L; p)2a(p; p?)x2y?:
Our main result is

Theorem 1.1. The doubleDirichlet seriesZ(s1;s2) convergesabsolutelyfor
Re(s;) suxciently largeand hasan analytic continuation to all (s1;s,) 2 C2.
Moreover, Z(s1;S2) satis es two functional equations of the form

(1.5) %a: (s1;82) 7! (2i s1;S1+S2i 1) and ¥z: (s1;82) 7! (S1+S2i 1;2) sp):

These two functional equations generate a sulgroup of the atne transfor-
mations of C? isomorphic to the symmetric group Ss.

The precisestatemert of the functional equationsinvolvesa set of double
pirichlet seriesZ(s1;sz;i;j), whereO - i;j - nj 1, and whereZ(ss;sz) =

i Z(s1;S2;1;]); we refer to Theorem 4.1 for details. Moreover, one can
explicitly write down Z (s1; sp) asarational function in g St; g 2: Forn = 2;
this was rst done by Ho®stein and Rosen[13], and later by Fisher and
Friedberg [10], whoseapproad is closerto the point of view of this paper.
For n > 2 the A, serieshave beencomputed by Chinta [6].

As stated above this theorem follows from the work of [2,3]. In [4], the
authors study the harder problem of constructing twisted Weyl group mul-
tiple Dirichlet seriesassaiated to the root systemA,. They construct suc
seriesfor A, and present a conjectural description of the seriesassaiated
to A, for arbitrary r and n. However, exceptfor © = A, and any n or for
any A, and n suzciently large with respect to the rank, they are unable to
prove that the seriesthey de ne satisfy the requisite functional equations.

Our method has the advantage that functional equations are essetially
built-in to our de nition. As in the caseof [2{4, 9] the Weyl group multiple
Dirichlet seriesare completely determined by their p-parts and the twisted
multiplicativit y satis ed by the coexcients. Our approac is to shaw that
if the p-parts (which can be expressedas rational functions in the jpji 5)
satisfy certain functional equations,then the global multiple Dirichlet series
satis es the requisite global functional equations. This leadsus to de ne a
certain action of the Weyl group of the root system®© on rational functions in
r indeterminates. This approad, rst introducedin [5], hasbeencarried out
in the quadratic casefor an arbitrary simply-laced root system, see[8,9].
We will extend this approad to arbitrary © and n in forthcoming work.
Howewer, though the basic ideas are clear, the non-obvious group action
required on rational functions can appear unmotivated and complicated in
the generalsetting. Therefore, we feelit is worthwhile in this paper to work
out in detail the simplest nontrivial case,the rank two root systemA:

Here is a short plan of the paper. Section 2 describes the Weyl group
action on rational functions that leadsto a p-part (1.4) with the desired
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functional equations. Although the focus of this paper is untwisted A,, we
work more generally at rst and state the full action for a general (simply
laced) root system. We then specializeto untwisted A,. Section 3 reviews
the Dirichlet seriesof Kubota; in the current framework, these seriesare
Weyl group multiple Dirichlet seriesattachedto Ai. The main result of this
sectionis Theorem 3.4, which shaws that a certain Dirichlet seriesE (s;m)
built from the function H (c;d) (1.3) satis es the samefunctional equations
as Kubota's. Finally, in Section 4 we use Theorem 3.4 to complete the
proof of Theorem 1.1. The basic idea is that the (one variable) functional
equationsof the E (s; m) induce a bivariate functional equationin the double
Dirichlet series.

2. A Weyl group action on rational functions

Let © be an irreducible simply laced root system of rank r with Weyl
group W. Choose an ordering of the roots and let © = ©* [ © be the
decomposition into positive and negative roots. Let

bethe setof simpleroots and let 3 bethe Weyl group elemern corresponding
to the re°ection through the hyperplane perpendicular to ®;. We say that i
and| areadjacentifi 6 | and (%3/11)3 = 1. The Weyl group W is generated

- < 3 ifi andj are adjacert,
(2.1) (%%)'W) = 1with r(i;j)= . 1 ifi=j,and
© 2 otherwise,

for 1- i;j - r. The action of the generators% on the roots is
< ®+® ifiand]j areadjacer,
(2.2) e = i@ ifi =j,and
@ otherwise.
De ne

sgnw) = (j 1)/°en )

Let ng bethe lattice generatedby the roots. Any ® 2 o g hasa unique rep-
resenation asan integral linear combination of the simple roots:

(2.3) ®= ky® + ko®, + CCC+ Kk, @) :

We call the set Supp(®) of j suc that k; 6 0 in (2.3) the supprt of ® We
denote by

d(®) = k1 + ko + ¢CC+ k;
the usual height function on g and pL)J(t
d(@® = ki

i»]
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wherei » | meansthat the nodeslabeled by i and j are adjacert in the
Dynkin diagram of ©: Introduce a partial ordering on o g by de ning ®° 0
if eahh ki, 0in (2.3). Given®, 2 rng, dene®° if®; ° 0.

Let F = C(x) = C(x1;X2;:::;Xr) be the eld of rational functions in

(I1;:::;1;) be an r-tuple of nonnegative integers. The tuple " is called a
isting parameter; it should be thought of as corresponding to the weight
(I + 1)$;, wherethe $; are the fundamertal weights of ©. The case

"= (0;:::;0) is called the untwisted case For ead choiceof ~ we will de ne

an action of the Weyl group W on F.

Let p be a prime in O of norm p. The action will involve the Gausssums

< PXiX; if i andj are adjacen,
A4 Xi = =(p°X; if1=7,an
2 P=. 1=p%g) ifi=j,and

TXj otherwise.

Next, givenf 2 F write
f(x)= ax ;

and for integersk;i; j de ne «
(i j) = ax :
“k=imodn
de(T)=j modn

Finally we can de ne the action of W on F for a generator % 2 W:

(2.5) (fj%)(x) =

X 194 1
(pxk)'¥ (Pij (xi)fk(Zaxs i i Te) + Qi (i) fu(Zax;j + 1 i i k)
i=0 j=0
where
Pij(x) = (px)ti(2+*hn T Ipini 1'?(n;
o ) 1i pan
Qj (x) = i/gzn i (L p)(pX)l' nlilpw;
°(1:p) = g(1;p)=p ifi is not congruert to 0 mod n,
gthp = i1 otherwise.
Here (i), = i i nbi=nc is the minimal nonnegative integer congruert to i

modulo n. One can shaw that this action of the generators%; extendsto an
action of W on F; in particular the de ning relations (2.1) are satis ed.

Iwe remark that our normalization for Gauss sums follows [3,4] and not [8,9]. Seel9,
Remark 3.12] for a discussion of this.
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Now we specialize to the focus of this paper: we set© = A, and ~ =
(0;0). To simplify notation we write x;y for the variables of F. With these
simpli cations the action of ¥ takesthe form

(2.6) (fj¥a)(xy) =
N 1% 13 3 - 3
Pi 0Of1 eyl + Qi (0f1 Zripxyij + 1i i
i=0 j=0
the action of % is similar. An invariant rational function for this action is
N (x; ) .
(i phiIxM)(@i phitym)(1i pniixnyn)’

where the numerator N (X; y) is

(2.7) h(x;y) =

(2.8)
N(x;y) = NP(xy) = 1+ gi(L;p)x + 91(L; p)y + pai(L; p)ga(L; p)xy?
+ par(L; P)G(L; XY + par(L; p)°ga(1; pPXZy2:

Let uswrite h(x;y) as
X

(2.9) h(x;y) = a(p*;p)xky'
kil, 0 «~
A !
X | Xt X k. vk
=y a(p*; p)x
I, 0 i=0 k=i modn
X %1
I, 0i=0
say.

The following two lemmasare proved by a direct computation.

Lemma 2.1. We haveN®(x; 0) = 1+ gi(1;p)x; NP (0:y) = 1+ gi(1;p)y
andforj =Imodn;andO0- i- nj 1,
3 4 3 -

h®PY (i) = (pX)'Pj (Oh i + (p)'Q (Oh Al + 1
Lemma 2.2. Let

where = 0if Ij 2i = j 1mod n and is 1 otherwise. Then
3 ,

f PN (x;i) = (px)'i (i 2)ng (P 521_;i

X
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3. Kubot a's Dirichlet series

The basic building blocks of the multiple Dirichlet seriesare the Kub ota
Dirichlet seriesconstructed from Gausssums[14,15]. Let m be a nonzero
polynomial in O and let s be a complex variable. These seriesare de ned

by

X .
(3.1) D(s;m) = (Lj g ™) ! 9(m: )
jdjs
d20 mon
and
. el X g(m; d)
(3.2) D(s;m;i)= (1 gq"i")it 'd',S :
degd=i mod n 19
d20 mon

Kub ota proved that theseserieshave meromorphic continuation to s2 C
with possiblepolesonly at s = 18 1=n and satisfy a functional equation.
Actually, Kubota worked over a number eld, but the constructions over a
function eld are identical.

If the degreeof misnk + j, whereO- j - nj 1, this functional equation
takesthe form

X
(3.3) D(s;m) = jmjlti s T (S)D(2i s;m;i);
0-i-nj1

where the Tj (s) are certain quotients of Dirichlet polynomials. For xed
s the T dependonly on 2i i j: We will not needto know anything more
about the functional equation, but a more explicit description can be found
in Ho®stein[12] or Patterson [17].

Given a set of primes S; we de ne

g(m; d)
jdjs

(3.4) Ds(sim) = (1 ¢ ™)?

(d;S)=1
d20 mon

If mg= szs p we sometimeswrite Dy, (s; m) for Ds(s;m):
We record someproperties of Gausssumsthat we will userepeatedly.

Prop osition 3.1. Leta;m;c;c°2 O:
s -

() If (a;0)= Ltheng(am;)= 2 ' g(m;o):
(i) If (c;c9 = 1 then

g (m; e = gi(m; Q)gi(m; C% “,

Using this proposition we canrelate the functions D g to the functions D go
for di®erent setsS and S This is the cortent of the following two lemmas.
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Lemma 3.2. Let p 2 Omon be prime of norm p: For an integer i with
O0- i- nj 1andmg;my;p all pairwise relatively prime, we have

) . m i; i+1
D, (sim2p) = Dpm, (s;m2p) + %mel(s;mzp(”' 11 2h):

More geneally, ~ ~
A ! A !
X Y L Ritl Y Y
g(m; p'™*) . i (i ii 2)n
W Ds s; pe¢ prt
p2 S§ p2 So
pliim  plim

D(s;m) =
So¥%S  p2So

Proof. We prove only the rst part of the Lemma. For p;mq;m, asin the
statemert,

X ’
(Li " ")Dm,(simzp) = —g(mép-s—’d)
(d;my)=1 19
d20 mon
_X X g(mop'sdp¥)
et
c o@mpe AP
d20 mon
. . 3 4
_X X g(mapsd)g(maps )T d
idispk 2k
K, 0 (d:m;p)=1 Jojpe P
d20 mon 0 1

. . 3 ’
X gmap'id) g omap'ip)” d

(d;m1p)=1
d20 mon

The Gausssum in the inner sum vanishesunlessk = 0 or i + 1: This proves
the Lemma. o

Inverting the previous Lemma, we obtain
Lemma 3.3. If 0- i- nj 2andmq;my;p as alove,

D, (simzp') = g(mzp'; p'**) Dim, (5;mopi 11 2)
1i jpjni 1j ns | jpj(i+1)s 1i jpjni 1i ns

Dpm, (s;m2p') =

andifi=nj 1, '
Dm,(s;m2p') .

mel(S;mZpi) = 1i jpjni 1j ns*

Now supposethat N (x;y) = N (P (x;y) is the polynomial from (2.8). We
dene a function H on pairs of powers of p by setting H (p*;p') to be the
coexcient of xKy' in N (x; y):

N(Gy) = H(ESp)xky":
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We extend H to all pairs of monic polynomials by the twisted multiplica-
tivit y relation: if ged(cd;cd9 = 1, then we put
3 7.3 73 ’ 3 ‘¢
2 2 i1l
3.5)  H(cdd) = H(c:d)H (c® d9 CEO dzcitcit

d®  do d
In particular, note that
(3.6) H(d;1) = g(1;d):
Now considerthe Dirichlet series
(3.7) E(ssm)= (1j q"i™)it H(g;m):
d20 mon

That E(s;m) satis es the samefunctional equation as D (s;m) is the main
result of this section:

Theorem 3.4. Letm 2 Opon be a monic polynomial of degree nk+ j, where
O- j- nj 1l Then X
E(s;m) = jmjti s T (S)E(i s;m;i):
0-i-nj1
Proof. Beforetackling the generalcase,we rst considerm = p' for a prime

p. Then
X H(d K. Al
Al P p)

(i gyt
d20 mon k, O
(d;p)=1

3
X H(@EPphg;d)” d
jpjksds p2ki |

,

= (1 qim)it
d20 mon k, O
(d;p)=1
X H (P p) .
= ijTDp(S;p(II 2k)n)
k, 0
0 1
1 i+nk.
= X Dp(S'p(lizj)n)@ 1 % H (P :'p)A
! inil S iniks
=0 jpirs, o Ip
% 1 o o
= Dp(s; pl'i 2ImyhPD (jpji s;);
j=0

where h(P)) wasintroducedin (2.9). Using Lemma 3.3 the previous expres-
sion becomes
% 1 .
D(s; p(li ZJ)n)h(p:l)(jpji $)

38

. X 1+ g(p(ll zj)n;p(li 2j)n"’l)

| - (1 21 )0 +1L
=0 Jpj((x j)n+1)s

D (s;p@ 111 Am)h®D (i1 =:);

- by (3.5) and (3.6)
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wheret = 0if I j 2 © nj 1(n) andis 1 otherwise. Replacej by | + 1 |
in the secondsummation and regroup to conclude

X 1 .
(3.9) E(s;p) = D(s;p!t Am)f PO (jpji %;j):
j=0
(Note the useof the identity nj 2 (Ii 2))n=(2j i |i 2)n:) Using the

functional equations(3.3) of D and f (®) (Lemma 2.2), we write

(3.10)

E(s;p)jpit @ 9!
x 15 1 .

= Ti(ti 2i)n degp(S)D 217 s;ptT @iy PN (2 s;j)
j=0 i=0
5 1 _

= T degp(li 2)n degp(S)D @21 s;plT A0 j degp)f PV (2 s;j)
W =0 2 3
X 1 5 1

= Tidegp(9)4 D@i s;pli @i jdegp)f P2 s;j)5
i=0 j=0
% 1

= Tt degp(SEQ i s;p';i);
i=0

where the third equality comesfrom our remark that the T depend only
on 2i j j: This is the functional equation we wishedto prove, in the special
casem = p':
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The argumert for generalm is similar. Let m = p'll p'22 ¢¢eplr wherethe pj
are distinct primes. Then

(3.11)
Em =@ gyt HEm
d20 mon JdJS
g iyt X H(dp* ooepte; py ¢0dpr )

d20 mon ki;iikr, O jdjsjpljkls ¢¢¢jprjkrs

(d;m)=1
= (1 qim)it X H(d)H (pf*; py) CeeH (pt: plr)
d20 mon Ki;:ikr, O jdjsjpljkls ¢¢¢jprjkrs
(d;m)=1
£35 i d2Y e T opk T ople i
m prooepl e pb b

Y 3. X1 X1 o .
= BT ee” Du(sip{t V" cotp(i 30n)
aéb Pb ji=0 j,=0
Y ipe Cple it
. | ,
a6 b P Py

£ h(Prld)(s;j 1) eeehP 1) (s;j )

symbols

Y 3 'a'3 'a' i1
(3.12) C(j1) = p]-—i p’Tab :
a6 b Py Py

Letting J; = (lii 2ji)n fori = 1;:::r; we have

(3.13)
@i jpy" Y ")Dm(s;p1t €600} )C(j1) = Dpyeas (S;p1* ¢¢¢p7 )C(j1)
31¢¢ J,; Ji+1 . .
! #1g(pljp1j(JI+1)psl )Dpzw; (s;p71 141 2" g2 eeep? ) C(j 1)

by Lemma 3.3. In the secondterm on the right hand side, replaceji by
l1+ 1 j1: For &, 6 O this gives

(3.14)
g(pg-Zjli l1i 2)n p%z ¢ea .r]r ; p521'1i l1i n

jplj((zjli l1i 1)n)s Dp,cas (S; pilpéz ¢eep; )C(lyj j1+ 1)

The Gausssum can be written as

3 3 J'.
P22 €00 i1 210 14 2)n. @i1i i Dy,
(3.15) ﬁ g(p(llll 1i 2) ,pglll 1 )),
1
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andC(l1j ji+ 1)is

~

s , A s o3 !
(3.16) Py oep) i1 Y g o1
’ l1j j1+1 pib I ’
P1 asb Po Pp
a;b61

Taking the product of (3.15) and (3.16) yields
I

Ay s s !

(p@ti 111 2n @i i Dy pE pE il
b H I

(3.17) Py b Pb Py

' a;b61

= g(p{iti i A pleisi i Dy gy

" py ootpd

Therefore, continuing from the last line of (3.11),

(3.18)

Y 3. X1 X1 L _
E(sm)= & 6 Dpe(s;pyt 7" eoaplti A0
aéb Pb ji=0 j,=0

Y 3422 ga 1
£ S_ Fs_' 1) (5, )22 (51 5) coon(P ) (s );
aéb b b

where m®= p'22 ¢e¢¢pl : Repeating this procedureto remove the primes from
m one at a time, we nd that up to a constart of modulus one, E(s;m) is
equal to .
1 g 1 AY !Ys-a’s .a"l
(3.19) 66¢  D(s;py* 6ecp") f (Paila)(s; ] ) Pa pJTa o
j1=0 j;=0 a=1 b BB Py

We may now apply the functional equationsof D and the f (Pa'l2) asin (3.10)
to concludethat E(s;m) satis es the functional equation

K 1
(3.20) E(s;m) = jmj" ®  Tigegm(S)E(2i sim;i):
i=0
This completesthe proof of the theorem. o

For later use,we record the following bound:
Prop osition 3.5. Forall2> 0, m2 O and0- i< n;
21 for Re(s) > 3 + 2
(si 1i )(si 1+ DE(sm;i) ¢ = jmiz**  for 1j 2< Re(s) < 3+ 2
jmjli s** for Re(s) < 3 2

Proof. Use the meromorphy and functional equation of E(s;m) together
with the corwvexity principle, cf. [11, Eq. (2.3)] and [16, Propostion 8.4]. =
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4. The double dirichlet series

Recallthe de nition of the double Dirichlet seriesfrom (1.2){(1.4). In this
sectionwe shaw that Z (s1;s») hasa meromorphic continuation to s;;s, 2 C
and satis es a group of functional equation isomorphic to W: In [2], the au-
thors show in detail how the analytic continuation of a Weyl group multiple
Diric hlet seriesfollows from the functional equations. Therefore we concen-
trate on establishing the functional equationsof Z (s1;S>):

Actually we needto consider slightly di®erert series. For integers O -
i;j - nj 1wedene

(4.2)
Z(s1;82;0)) =

o o RV X H(d;m)
1: ghimstyi 41 gninszyi 41 . @2"i nsii nszyil B s
( i g ) 1( i g ) 1( i g ) 20 20 o ijslj d] S2

degm=i mod n degd=j mod n
We further intro duce the notation

Z(s1;So;i; 8) = Z(s1;S2;;])

and X
Z(s1;82;:)) = Z(si;szi0]):

i
These seriesare absolutely corvergert for Re(s1); Re(sz) > 3=2: In fact, we
cando a little better. Summing over d rst yields

Z(suszihi ) = (L1 )LL) L @ e

1
X X .
‘ o1 X HEm,
m20 mon JmJ d20 mon J J
degm=i mod n
(4.2) = (1 g"i My 1(1i q2n1 ns1i nsz)i 1 X E(s2;m)
M20 mon jmj51

degm=i mod n

By the corvexity bound of Proposition 3.5, this represertation of Z(s1; S;i; )
is seento meromorphic for Re(s;) > 0O;Re(sz) > 2: Alternativ ely, sum-
ming over m rst we deducethat Z(s;;s;i; ©) is meromorphic for Re(sp) >
0;Re(s1) > 2: Let R be the tube domain that is the union of these three
regionsof initial meromorphy:
R = fRe(s1); Re(sz) > 3=2g[ fRe(s1) > 0;Re(sz) > 29
[ fRe(sy) > O;Re(sy) > 20

Let the Weyl group W act on C? by

(4.3) ¥ :(s1;82) 7' (2§ s1;s1+S2i 1); ¥ :(s1;82) 7! (Ss1+s2i 1,2 Sp):
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Let F be the real points of a closedfundamertal domain for the action of
W on C?:
F = fRe(s1);Re(s2) , 1o
One caneasilyseethat Rr F\ R is compact. Therefore, by the principle of
analytic cortinuation and Bochner's tub etheorem|[1], to provethat Z(s1;sy)
has a meromorphic cortin uation to C? it su*cesto show that the functions
Z(s1;S2;1; j) satisfy functional equationsas(si; Sy) goesto (2j S1;S1+S2j 1)
and (s1+ s2i 1,2 sp): For details, we refer to [2, Section 3].
To prove the ¥ functional equation, we begin with (4.2) and write

X E(s2;m)

. ANi NS1yi . ~2Nnj ns1j nszyi 1
i g 1)11(1| N1 NSii Nsz)i imis:

Z(s1;S2;i; B)

mM20 mon
degm=i mod n

(1i qni nsl); l(li q2n; ns1j nsz)i 1
X jmjti sz X 1

£ W_ Tii(s2)E(2i s2;m;j); by Thm. 3.4
mM20 mon j=0
degm=i mod n
Nl
= Tji(s2)Z(s1+ s2i 12§ spiii))
j=0

The % functional equation is proved similarly.
We concludethat

Theorem 4.1. The doubleDirichlet serieshasa meromorphic continuation
to s1;82 2 C and is holomorphic away from the hyperplanes

s1= 18 3;s,=18 T ands; + s, = 2§ L:
Furthermore, Z (s;;s2) satis es the functional equations
X

Z(s1;82) = Tji(s2)Z(s1+ s2i 1,20 sz;i0i))
= Ti(s)Z@2j sysi+ s2i Liirj):
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