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Abstra ct . We consider large time and in�nite particle limit for system of particles with
random potential functions. The randomnessenters the potential through an external er-
godic Markov process, modeling oscillating environment with good statistical averaging
properties. At large time, the ergodic processin the potential convergesto its equilibrium
measureand an averaged(with respect to such measure)macroscopicequation for the whole
system is derived.

From each individual particle's point of view, both law of large number and central limit
theorem type of averaging are possible in this context. Models of this type are known as
random evolutions. Instead of one particle, we focus on the collective behavior of in�nite
particles. We separately rescalepotential functions (t ype one) which annihilates the equi-
librium measureof the ergodic environment process,and the potential functions which may
not annihilate such measure(t ype two). Appropriately rescaledto the macroscopiclimit,
type two potentials give a transport term while type one potentials give a nonlinear di�u-
sion term. The resulting equation is a version of nonlinear Vlasov-Fokker-Planck equation.
The solution of such equation is unique and we will verify this using a probabilistic particle
representation method.

1. Intr oduction

We rigorously derive a versionof nonlinear Vlasov-Fokker-Planck equation

@t � (t; x; v) + v � r x � (t; x; v) � (� X � r �� 1 + r �	 1)( t; x) � r v � (t; x; v) = a(� X ; x) � D 2
vv � (t; x; v)

(1.1)

asmulti-scale limit of in�nite interacting particles with random potential. SeeTheorem6.9.
In equation(1.1), x; v 2 Rd, D 2

vv is the Hessianmatrix wherethe derivativesareonly taken
with respect to v; a is somesquarematrix speci�ed in (1.19)usingpotential functionsde�ning
the dynamic at the microscopiclevel; and by M � N for two d � d matrices M = (m ij )d� d

and N = (nij )d� d, we mean

M � N �
dX

i;j =1

mij nj i :(1.2)

The whole equation (1.1) is understood in the weak (Schwartz distributional) sense,where
in particular � (t; x; v) is understood asa probability measurein x; v-variables,and � X is the
x-marginal probability measureof � (i.e. � X (dx) = � (dx; Rd)).

We prove that probability measurevalued solution for (1.1) is unique. This is proved in
Section6 using a probabilistic method (Theorem 6.8) known as the particle representation
method.

Date: Sept. 28, 2005.
I thank Thomas G. Kurtz for explaining the particle representation method to me.
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1.1. The microscopic model. Let x = (x1; : : : ; xN ) denote the position of N -particles,
N = 1; 2; : : : . Each x i 2 Rd. Similarly, we also use vi to denote the velocity of the i -th
particle. We assumethat each particle hasunit mass.Let � : Rd 7! R be an even function,
modeling pair-wise interaction potential between two particles. In the absenceof external
force, the N -particles i = 1; 2; : : : ; N follows Newton's law

_x i (t) = vi (t)(1.3)

_vi (t) = �
1
N

NX

j =1

(r �)
�

x i (t) � x j (t)
�

:

In this article, we considera situation where the interaction potential is subject to in-

uence by a random environment factor. Let S be a compact metric spacemodeling the
state of a particle in the random environment. When particles i and j are in their respec-
tive "environmental" state yi ; yj 2 S, their interaction potential function is modeled using
�( z; yi ; yj ) : (z; yi ; yj ) 2 Rd � S � S 7! R. Out of physical considerations,we assumethat
thesefunctions are even in the z-variable

�( z; y1; y2) = �( z; y2; y1); �( z; y1; y2) = �( � z; y1; y2):(1.4)

We only considerthe casewhere the random environment is provided by a large external
Markov processY(t) = (Y1(t); : : : ; YN (t)) 2 SN with generatorB . Generalizationsto sta-
tionary non-Markovian processis possiblebut will not be pursued here. To free us from
possiblecomplications causedby boundary conditions in the x-variable, we also introduce
an external potential 	( x; y), acting on each individual particle at location x when the en-
vironment is in state y. The de�ning systemof equationsfor the N -particles then becomes

_x i (t) = vi (t)(1.5)

_vi (t) = �
1
N

NX

j =1

(r � n )
�

x i (t) � x j (t); Yi (nt); Yj (nt)
�

� (r 	 n )
�

x i (t); Yi (nt)
�

wherei = 1; 2; : : : ; N . We adapt the following notational convention throughout this article:

r �( x; y1; y2) = r x �( x; y1; y2); r 	( x; y) = r x 	( x; y):(1.6)

The n in Yi (nt) can be viewed as a scaling parameter which measuresthe degreeof sepa-
ration of time scalesbetweenthe environment processand the particle process.The above
systemof equationsis a convienient way of modeling "random exchangeof momentum" type
phenomenonwhich is typical in plasmaphysics,statistical physics,amongother applications.

To explain (1.5), we introducea family of energyfunctions indexedby ~y = (y1; y2; : : : ; yN )

EN ;~y =
1
2

NX

i =1

jvi j2 +
NX

i =1

	 n (x i ; yi ) + N � 1
NX

i;j =1

� n (x i � x j ; yi ; yj ):

The dynamic given by (1.5) can be viewed as a mixture of two motions: First, a ran-
dom hopping among the di�erent energy surfacesdictated by the large Markov processes
(Y1(nt); : : : ; YN (nt)); Second,the deterministic motion on the energysurfaceit is currently
on, the energyfunction is constant along the tra jectory of this motion.

We are interested in large time behavior of the system. Therefore, we introduce the
following further rescaling: let the new position and velocity vectors for the i -th particle be
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x(n)
i (t) = x i (nt) and v(n)

i (t) = _x(n)
i (t) = nvi (nt). Then

_x(n)
i (t) = v(n)

i (t)(1.7)

_v(n)
i (t) = n

n
�

1
N

NX

j =1

(r � n )
�

x(n)
i (t) � x(n)

j (t); Yi (n2t); Yj (n2t)
�

�r 	 n (x(n)
i (t); Yi (n2t))

o
:

Under appropriate smoothnessand growth conditions on 	 n ; � n and regularities on Y,
the above equation hasa unique solution.

1.2. Structural assumptions. To highlight ideas,we only considerthe setting where all
Yi s are independent Markov processwith weak in�nitesimal generator B in Cb(S) in the
following sense.For boundedmeasurablefunction f , let

S(t)f (y) = E[f (Yi (t)) jYi (0) = y]:

By the Markov property of Yi , we have

S(t + r ) = S(t)S(r ); t; r � 0:

We assumethat S(t) : Cb(S) 7! Cb(S). We de�ne the domain D(B) of B to be functions
such that

lim sup
t ! 0

sup
y2 S

t � 1jS(t)f (y) � f (y)j < + 1

and that the limit

B f (y) = lim
t ! 0+

t � 1(S(t)f (y) � f (y))

exists. We de�ne Bf as the above limit.
Similarly, we de�ne generatorB for Y = (Y1; : : : ; YN ). The relation betweenB and B is

B ' (y1; : : : ; yN ) =
mX

k=1

B' (y1; : : : ; yi � 1; �; yi +1 ; : : : ; yN )(yi ):

whenever ' (y1; : : : ; yi � 1; �; yi +1 ; : : : ; yN ) 2 D(B) and B ' (y1; : : : ; yi � 1; �; yi +1 ; : : : ; yN )(yi ) 2
Cb(SN ).

We assumethat Yi has the following ergodic properties.

Condition 1.1. Let Y be the Markov processon a compact metric space S with weak in�n-
itesimal generator B .

1. Y has a unique stationary probability measure � 0(dy) in the sensethat

lim
t ! + 1

S(t)f (x) = lim
t ! + 1

E[f (Y(t)) jY(0) = x] =
Z

f (y)� 0(dy) � P� 0 f ; 8x 2 S:

2. for each bounded measurablefunction h, there existsconstant Ch > 0 suchthat

jS(t)h(x) � � 0h(x)j � Ch(1 + t2)� 1:
3



Typical examplessatisfying the above requirements are random walks (continuous time)
with a communication condition (in the sensethat there is positive probability to reach each
point from any other point), Brownian motionson compactmanifold, etc, etc. By the second
part of Condition 1.1, the measure

� (y; dz) =
Z 1

0
(P(Y(t) 2 dzjY(0) = y) � � 0(dz))dt

is well de�ned. Let ' 2 B(S). We will write

(P� ' )(y) =
Z

' (z)� (y; dz):

Then using the semigroupproperty, it follows that for ' satisfying P� 0 ' = 0,

BP� ' = � ':(1.8)

For general' 2 Cb(S), sinceBP� 0 ' = 0 and P� 0 (' � P� 0 ' ) = 0, consequently

BP� ' (y) + ' (y) = P� 0 ':(1.9)

Similarly, we can state a multi-v ariate version of the above result using B . Let ' =
' (y1; : : : ; ym ) 2 Cb(Sm ), de�ne

(P� 
 :::
 � ' )(y1; : : : ; ym ) =
Z

S
: : :

Z

S
' (z1; : : : ; zm )� (y1; dz1) : : : � (ym ; dzm ):

Then

BP� 
 :::
 � ' (y1; : : : ; ym) + ' (y1; : : : ; ym )(1.10)

= By1 P� 
 :::
 � ' (y1; : : : ; ym ) + : : : + Bym P� 
 :::
 � ' (y1; : : : ; ym ) + ' (y1; : : : ; ym )

= P� 0 
 :::
 � 0 ':

The following notation will be useful. For a smooth function f on Rd, we denote

jD k f (x)j =
X

i 1+ :::+ i d = k

j
@k

@x i 1
1 : : : @x i d

d

f (x)j; x 2 Rd:

Without pursuing generality, we assumethe following working conditions on potential func-
tions throughout the article. We alsoassumea scalingrelation betweenn and N .

Condition 1.2.
1. � n and 	 n satisfy

� n (x; y1; y2) = n� 1� 1(x; y1; y2) + � 2(x; y1; y2); 	 n (x; y) = n� 1	 1(x; y) + 	 2(x; y)(1.11)

where
Z

S� S
r � 2(x; y1; y2)� 0(dy1)� 0(dy2) = 0;

Z

S
r 	 2(x; y)� 0(dy) = 0(1.12)

(recall (1.6) for the notation r � 2; r 	 2); and
2. r � 1(z; y1; y2); r � 2(z; y1; y2) 2 Cb(Rd � S � S) and

sup
z2 Rd ;y1 ;y22 S

(jD 1� 2(z; y1; y2)j + jD 2� 2(z; y1; y2)j) < + 1 ;

where the D k ; k = 1; 2 appliesto the z-variable; and
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3. � 1; 	 1 � 0, r 	 2(z; y) 2 Cb(Rd � S); and for each x 2 Rd, r 	 1(x; �) 2 Cb(S), �	 1 2
C(Rd), and

lim
M ! + 1

inf
jzj>M

�	 1(z) = + 1 :

See (1.14) for de�nition of �	 1.
4. The number of particles N and the multiple time scale parameter n satisfy

lim
n! + 1

nN � 1 = 0:(1.13)

From now on, we write

�� 1(x) =
Z

S

Z

S
� 1(x; y1; y2)� 0(dy1)� 0(dy2); �	 1(x) =

Z

y2 S
	 1(x; y)� 0(dy):(1.14)

1.3. Main result. The symmetry amongparticle labels suggeststhat we can identify the
(x i (�); vi (�); Yi (n2�))-system with its empirical measurewithout any loseof generality:


 n (t; dx; dv; dy) �
1
N

NX

i =1

� f x ( n )
i (t );v( n )

i (t );Yi (n2 t )g(dx; dv; dy):(1.15)

Let N be �xed and n ! + 1 , the Y = (Y1; : : : ; YN ) dependencein (1.7) canbe averagedout
in at least two ways { law of large number and central limit theorem. In the central limit
scaling, it is known that (x(n)

1 ; � � � ; x(n)
N ; v(n)

1 ; � � � ; v(n)
N ) convergesto a R2d-valued stochastic

di�usion given by Ito's equation. The law of large number is simply an averagedODE with
the Yi variables replaced by integration with respect to their stationary measures. Such
problems are called random evolution, seeChapter 12.4 of Ethier and Kurtz [3]. Also see
the end of that chapter for a review of history for random evolution problems. On the
other hand, if we directly look at theseweakly interacting stochastic di�usion equations(we
can view these as the limiting caseof n = + 1 with N �nite but �xed), and then pass
N to in�nit y for the empirical measures(1.15), it is known that we will end up with some
deterministic partial di�erential equationdescribingtransport plus di�usion behaviors. Such
limiting procedureis known as the McKean-Vlasov limit (e.g. Dawsonand Gartner [2]).

The basic messageof this article is that (1.1) can be viewed as a limit of (1.7) when
both n and N go to in�nit y at the sametime, with appropriate speed. We provide rigorous
justi�cation of such view through an in�nite dimensionalgeneralizationof the techniques
usedfor random evolution problemsas discussedin Ethier and Kurtz [3] using martingale
problem method.

In the above discussedlimit, we expect the dy component in 
 n to be averaged out.
Therefore, we introduce notation � n to denote the (X ; V)-marginal probability measureof

 n :

� n (t; dx; dv) = 
 n;X ;V (t; dx; dv) = 
 n (t; dx; dv; S):(1.16)

Similarly, we denotethe X -marginal of � n (t; dx; dv) by

� n;X (t; dx) � � n (t; dx; Rd):(1.17)

More generally, for any probability measure
 2 P(Rd � Rd � S), we denote � (dx; dv) =

 (dx; dv; S) and � X (dx) = � (dx; Rd). In other words, � will always be used as the x; v-
marginal of corresponding measure
 which has three arguments x; v; y.
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In Theorem 4.4, we show that f � n (�) : n = 1; 2; : : : g is a tight sequenceas stochastic
processeswith tra jectories in the spaceCP (Rd � Rd ) [0; + 1 ). In Theorem 5.1, we conclude
that any limit point of the above sequenceis a solution to the stochastic Vlasov-Fokker-
Planck equation (1.1). Finally, with additional smoothnesshypothesison � i ; 	 i ; i = 1; 2, in
Theorem6.9, we show that solution to (1.1) is unique, hence� n convergesto the solution of
(1.1).

We specify the coe�cien ts in (1.1) next: Recall the de�nition of �� 1 and �	 1 in (1.14), we
let

��� 2(x; y) =
Z

�y2 S

Z

z2 S
� 2(x; y; z)� ( �y; dz)� 0(d�y);(1.18)

and de�ne the d � d squarematrix a(�; x) = (aij (�; x)) i;j =1 ;::: ;d to be

aij (�; x) = aij (� X ; x)(1.19)

= �
1
2

P� 0

n�
P� (� X � r (i ) ��� 2(x; y) + r (i ) 	 2(x; y))

�

By

�
P� (� X � r (j ) ��� 2(x; y) + r (j ) 	 2(x; y))

�

+
�

P� (� X � r (j ) ��� 2(x; y) + r (j ) 	 2(x; y))
�

By

�
P� (� X � r (i ) ��� 2(x; y) + r (i ) 	 2(x; y))

� o

= E(P� (� X � r (i ) ��� 2(x; �) + r (i ) 	 2(x; �))) ;

P� (� X � r (j ) ��� 2(x; �) + r (j ) 	 2(x; �))))

whereE is the Dirichlet form associated with B:

E(f ; g) =
1
2

Z
(f Bg + gBf )d� 0; f ; g 2 D(B):

By symmetry property of E, a(� ; x) is a non-negative de�nite matrix.

Our program for the proof is described asfollows. First, 
 n (�) is a measurevaluedMarkov
process.Weidentify its in�nitesimal generatorAn through the associatedmartingaleproblem
(in the senseof Stroock and Varadhan [9], seealsoEthier and Kurtz [3]): for a classof test
functions f n (with preciseform to be identi�ed later),

f n (
 n(t)) � f n (
 n (0)) �
Z t

0
An f n (
 n(s))ds = M f n

n (t)

whereM f n
n is a martingale. Second,we show that for a su�cien tly largeclassof smooth test

function of the form f (
 ) = f (� ) (i.e. f only dependson 
 through its X ; V-marginals), we
�nd f n 2 D(An ),

f n (
 ) = f (� ) + n� 1g(
 ) + n� 2h(
 );

such that there is a limit operator A with domain containing functions f s, in the sensethat

An f n (
 n ) ! Af (� )

whenever the X ; V-marginal of 
 n convergesto � in weakconvergenceof probability measure
sense.Third, we show that f 
 n(�) : n = 1; 2; : : : g is a relatively compact sequence.Then,
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putting every step together by passingn ! + 1 , we have that for any limit point � of the
relative compactsequencefrom � n , it satis�es

f (� (t)) � f (� (0)) �
Z t

0
Af (� (s))ds = 0:

We show that this is just another way to expressthe weak(Schwartz distributional) solution
of (1.1). Finally, we demonstratesuch solution is unique and consequently concludethat
the previousconvergencealong subsequenceclaim is true for convergencealong the original
sequence.

1.4. Notations. For any two vectors � = (� 1; : : : ; � d); � = (� 1; : : : ; � d) 2 Rd, we de�ne
matrix

� � � = (� i � j ) ij :(1.20)

If E0 is a metric space,we use B(E0) to denote bounded measurablefunctions, C(E0)
continuous functions, Cb(E0) boundedcontinuous functions, P(E0) the spaceof probability
measureson E0, and M � (E0) the spaceof signedBorel measureson E0. Let f 2 B(E0), we
denote kf k = supx2 E0

jf (x)j. For a function g : 
 2 M � (E0) 7! R, we de�ne its �rst and
secondvariational derivativesas functions

� g
� 


: E0 7! R;
� 2g
� 
 2

: E0 � E0 7! R

satisfying the Taylor's expansion

g(
 + t
 0) � g(
 ) = th
� g
� 


; 
 0i +
1
2

t2h
� 2g
� 
 2

; 
 0 
 
 0i + o(t2)(1.21)

for each 
 0 2 M � (E0) with compact support. In the above, 
 0 
 
 0 meansthe product
measureon E0 � E0.

As an example,we considertest function

f (
 ) =  (h' 1; 
 i ; : : : ; h' m ; 
 i ) : ' k 2 B(Rd � Rd � S);  2 C2(Rm )(1.22)

for 
 a signedmeasureon Rd � Rd � S. Then

� f
� 


(x; v; y) =
mX

k=1

@k  (h' 1; 
 i ; : : : ; h' m ; 
 i )' k(x; v; y);

and

� 2f
� 
 2

(x; v; y; �x; �v; �y) =
mX

k;l=1

@2
kl  (h' 1; 
 i ; : : : ; h' m ; 
 i )' k(x; v; y)' l ( �x; �v; �y):

Wealsoconsideranotherclassof test functions. To simplify notation we considerthe general
casewhereE0 is a metric space.Our main interest is when E0 = Rd � Rd � S. Let

f (
 ) =
Z

E0

: : :
Z

E0

' (x1; x2; x3; x4)
 (dx1)
 (dx2)
 (dx3)
 (dx4) : M � (E0) 7! R;
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where ' is boundedand continuous. Then

� f
� 


(x) =
Z

E0

Z

E0

Z

E0

' (x; x2; x3; x4)
 (dx2)
 (dx3)
 (dx4)

+
Z

E0

Z

E0

Z

E0

' (x1; x; x3; x4)
 (dx1)
 (dx3)
 (dx4)

+
Z

E0

Z

E0

Z

E0

' (x1; x2; x; x4)
 (dx1)
 (dx2)
 (dx4)

+
Z

E0

Z

E0

Z

E0

' (x1; x2; x3; x)
 (dx1)
 (dx2)
 (dx3);

Taking another variational derivative, the expressionof (� 2=� 
 2)f (x; �x) can be similarly
expressed.It is involved with more terms.

Throughout this paper, we denote

E 0
n = f 
 (dx; dv; dy) = N � 1

NX

i =1

� f x i ;vi ;y i g(dx; dv; dy) : x i ; vi 2 Rd; yi 2 Sg;(1.23)

and

En = f � (dx; dv) = 
 (dx; dv; S) : 
 2 E 0
ng:(1.24)

We alsodenoteE = P(Rd � Rd) the spaceof probability measureson Rd � Rd with a typical
element written � = � (dx; dv). Similarly, we denote E 0 = P(Rd � Rd � S) with a typical
element 
 = 
 (dx; dv; dy). Unlessspeci�ed otherwise, the topology on thesespaceswe use
is always the weak convergenceof probability measuretopology.

We note that for � 2 En , it hasmoments upto all orders(both in x and in v variables).
For an operator B , D(B) denote the domain of B . If f = f (x; v; y) : Rd � Rd � S 7! R

and f (x; v; �) 2 D(B), we write Byf (x; v; y) = (B f (x; v; �))( y).
For any sequenceof problem measures� n ; � on a completeseparablemetric space,� n ) �

denoteconvergenceunder the weak convergenceof probability measuretopology.

2. Mar tingale pr oblem

First, we identify An for a relatively simpler classof test functions (1.22). Later, we will
�nd that another type of test functions is also needed.The procedureexplainedbelow can
be then analogouslyapplied to derive the extensionto the new test functions.

We let F n
t = � (Yi (r ) : n = 1; 2; : : : ; N ; 0 � r � n2tg. Let ' = ' (x; v; y); r x '; r v ' 2

C(Rd � Rd � S), and ' (x; v; �) 2 D(B) and By ' (x; v; y) is boundedcontinuous. Then for
every t � s � 0,

' (x(n)
i (t); v(n)

i (t); Yi (n2t)) � ' (x(n)
i (s); v(n)

i (s); Yi (n2t))

=
Z t

s

n
v(n)

i (r ) � r x ' (x(n)
i (r ); v(n)

i (r ); Yi (n2t))

� n
� Z

Rd � Rd � S
r � n (x(n)

i (r ) � �x; Yi (n2r ); �y)
 n(r ; d�x; d�v; d�y)

+ r 	 n (x(n)
i (r ); Yi (n2r ))

�
� r v ' (x(n)

i (r ); v(n)
i (r ); Yi (n2t))

o
dr;
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and

E[' (x(n)
i (s); v(n)

i (s); Yi (n2t)) � ' (x(n)
i (s); v(n)

i (s); Yi (n2s)) jF n
s ]

= E[
Z t

s
n2B' (x(n)

i (s); v(n)
i (s); Yi (n2r ))dr jF n

s ]:

Therefore,by Lemma 4.3.4of Ethier and Kurtz [3],

' (x(n)
i (t); v(n)

i (t); Yi (n2t)) �
Z t

0

�
v(n)

i (r )r x ' (x(n)
i (r ); v(n)

i (r ); Yi (n2r ))dr

� n(
Z

Rd � Rd � S
r � n (x(n)

i (r ) � x; Yi (n2r ); y)
 n(r ; dx; dv; dy)

+ r 	 n (x(n)
i (r ); Yi (n2r ))) � r v ' (x(n)

i (r ); v(n)
i (r ); Yi (n2r ))

� n2B' (x(n)
i (r ); v(n)

i (r ); Yi (n2r ))
�

ds � M '
i (t);

is a martingale. Let

(' 1; ' 2)B (x; v; y) = By(' 1' 2)(x; v; y) � ' 1(x; v; y)By ' 2(x; v; y) � ' 2(x; v; y)By ' 1(x; v; y):

Then the co-quadraticvariation process

[M ' 1
i ; M ' 2

j ](t) =
Z t

0
n2(' 1; ' 2)B (x(n)

i (r ); v(n)
i (r ); Yi (n2r ))dr; when i = j ; and = 0; when i 6= j;

First, we considertest functions of the form (1.22). Noting the process
 n(t) in (1.15) is
essentially identi�ed from a �nite dimensionaldynamic, by the classical�nite dimensional
Ito's formula, if we de�ne

An f (
 )(2.1)

= h
 ;
�

v � r x � n(
Z

Rd � Rd � S
r � n (x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 n (x; y)) � r v + n2By

� � f
� 


i

+
n2

2N
h
 ;

mX

k;l=1

@2
kl  (h' 1; 
 i ; : : : ; h' m ; 
 i )h' k ; ' l i B i

= h
 ; v � r x
� f
� 


�
� Z

r � 1(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 1(x; y)
�

� r v
� f
� 


i

+ nh
 ;
� Z

Rd � Rd � S
r � 2(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 2(x; y)

�
� r v

� f
� 


i

+ n2h
 ; By
� f
� 


i

+
n2

2N

�
h
 ; B

� 2f
� 
 2

(x; v; �; x; v; �)(y)i

� 2h
 (dx; dv; dy) 
 � f x;v ;yg(d�x; d�v; d�y); By
� 2f
� 
 2

(x; v; y; �x; �v; �y)i
�

;

then

f (
 n(t)) � f (
 n(0)) �
Z t

0
An f (
 n (s))ds(2.2)

9



is a martingale. That is, An is the generator for the martingale problem determining the
probability-measure-valued process
 n (�).

Having only test functions f of the form (1.22) is not good enough. Later, we needto
considertest functions of the form such asg in (3.4) and h in (3.5). Theseare special cases
of

f (
 ) = � 1(h�; ' 1i ; : : : ; h�; ' m i )
Z Z Z Z

� 2(x; �x; ��x; x̂; y; �y; ��y; ŷ)� 3(x; v)


 (dx; dv; dy)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y)
 (dx̂; dv̂; dŷ);

where ' k 2 C1
c (Rd � Rd), � 1 2 C2(Rm ) and � 2; � 3 are boundedcontinuous functions. For

such case,at least when 
 2 E 0
n , the �rst two variational derivatives � f =� 
 and � 2f =� 
 2

are well de�ned smooth functions { seethe secondexample of variational derivatives in
last section. For such f , we de�ne An f using variational derivatives by (2.1). Note that

 n (t) 2 E 0

n (de�ned in (1.15)) is identi�ed with a �nite dimensional stochastic dynamic.
Therefore, essentially the samearguments as in the early part of this section applies, and
�nite dimensionalIto's formula allow us to concludethat (2.2) is still a martingale.

3. Genera tor conver gence f or a class of per turbed test functions

Again, throughout this paper, � denotethe X ; V-marginalof 
 ( i.e. � (dx; dv) = 
 (dx; dv; S)).
We will �nd a particular sub-classof test functions of (1.22) useful and we de�ne

D0 = f f (� ) =  (h' 1; � i ; : : : ; h' m ; � i ) : ' k 2 C1
c (Rd � Rd);  2 C2(Rm )g:(3.1)

In this section,we want to identify an operator A � Cb(E) � Cb(E) which is the limit for
An � Cb(En ) � Cb(En ) in the sensethat: for every f 2 D(A) = D0 (see(3.1) and note that
f = f (� ) only dependson � ), there exists f n 2 D(An ) such that

lim
n! + 1

f n (
 n) = f (� ); lim
n! + 1

An f n (
 n) = Af (� )

whenever En 3 � n ) � 2 E (note that � n is the x; v-marginal of 
 n 2 E 0
n ). Additionally , we

will show

sup
n

sup

 2 E 0

n

jf n(
 )j < + 1 ;

and there exists C0; C1 > 0,

jAn f n (
 )j � C0 + n� 1C1

Z
jvjd
 ; 
 2 E 0

n :(3.2)

We claim that such f n can be taken to be

f n (
 ) = f (� ) + n� 1g(
 ) + n� 2h(
 )(3.3)

with

g(
 ) = �
Z Z �

P� 
 � r � 2(x � �x; y; �y) + P� r 	 2(x; y)
�

� r v
� f
� �

(x; v)
 (dx; dv; dy)
 (d�x; d�v; d�y);

(3.4)

10



whereP� 
 � r � 2(x; y; �y) =
R

z2 S

R
�z2 S r � 2(x; z; �z)� (y; dz)� ( �y; d�z); and with

h(
 ) =
Z

P� (�r 	 1)(x; y) � r v
� f
� �

(x; v)
 (dx; dv; dy)(3.5)

+
Z Z

P� 
 � r � 1(x � �x; y; �y) � r v
� f
� �

(x; v)
 (dx; dv; dy)
 (d�x; d�v; d�y)

+
Z Z Z

P� 
 � 
 � a1(x; y; �x; �y; ��x; ��y) � D 2
vv

� f
� �

(x; v)


 (dx; dv; dy)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y)

+
Z Z Z Z

P� 
 � 
 � 
 � a2(x; y; �x; �y; ��x; ��y; x̂; ŷ) � r ��vr v
� 2f
� � 2

(x; v; ��x; ��v)


 (dx; dv; dy)
 (dx̂; dv̂; dŷ)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y):

See(3.14) and (3.15) for the de�nition of matrices a1; a2. In the above (and below), we
denotematrix

r ��vr v
� 2f
� � 2

(x; v; ��x; ��v) =
� @2

@vi @��vj

� 2f
� � 2

(x; v; ��x; ��v)
�

d� d
:

Therefore,

P� 
 � 
 � 
 � a2(x; y; �x; �y; ��x; ��y; x̂; ŷ) � r ��vr v
� 2f
� � 2

(x; v; ��x; ��v)

=
mX

k;l=1

@2
kl  (h�; ' 1i ; : : : ; h�; ' m i )r ��v ' k(��x; ��v) � P� 
 � 
 � 
 � a2(x; y; �x; �y; ��x; ��y; x̂; ŷ) � r v ' l (x; v):

Since� f =� � 2 Cc(Rd � Rd); � 2f =� � 2 2 Cc(Rd � Rd � Rd � Rd), both g; h 2 Cb(E 0
n ). Below,

we explain the choice of g and h, together with the convergenceof H n f n to H f , through
explicit calculations.

By the martingale problem (2.2), for f n of the form (3.3),

An f n (
 ) = An f (
 ) + n� 1Ang(
 ) + n� 2Anh(
 )(3.6)

= h
 ; v � r x
� f
� �

�
� Z

r � 1(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 1(x; y)
�

� r v
� f
� �

i

+ h
 ; �
� Z

Rd � Rd � S
r � 2(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 2(x; y)

�
� r v

� g
� 


i

+ h
 ; By
� h
� 


i

+ nh
 ; �
� Z

Rd � Rd � S
r � 2(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 2(x; y)

�
� r v

� f
� �

+ By
� g
� 


i

+ o(1);
11



where

o(1) = n� 1
n

h
 ; v � r x
� g
� 


�
� Z

r � 1(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 1(x; y)
�

� r v
� g
� 


i

+
n2

2N

�
h
 ; B

� 2g
� 
 2

(x; v; �; x; v; �)(y)i

� 2h
 (dx; dv; dy) 
 � f x;v ;yg(d�x; d�v; d�y); By
� 2g
� 
 2

(x; v; y; �x; �v; �y)i
�

g

+ n� 2
n

h
 ; v � r x
� h
� 


�
� Z

r � 1(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 1(x; y)
�

� r v
� h
� 


i

+ nh
 ;
� Z

Rd � Rd � S
r � 2(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 2(x; y)

�
� r v

� h
� 


i

+
n2

2N

�
h
 ; B

� 2h
� 
 2

(x; v; �; x; v; �)(y)i

� 2h
 (dx; dv; dy) 
 � f x;v ;yg(d�x; d�v; d�y); By
� 2h
� 
 2

(x; v; y; �x; �v; �y)i
� o

:

If g is taken to be (3.4), then following Taylor expansion(1.21), we identify

� g
� 


(x; v; y) = �
Z

P� 
 � r � 2(x � �x; y; �y) � r v
� f
� �

(x; v)
 (d�x; d�v; d�y)(3.7)

�
Z

(P� 
 � r � 2(��x � x; ��y; y)r ��v
� f
� �

(��x; ��v)
 (d��x; d��v; d��y)

� P� r 	 2(x; y) � r v
� f
� �

(x; v)

�
Z Z �

P� 
 � r � 2(��x � �x; ��y; �y) + P� r 	 2(��x; ��y)
�

�r ��v
� 2f
� � 2

(��x; ��v; x; v)
 (d��x; d��v; d��y)
 (d�x; d�v; d�y):

Similarly, we can also compute � 2g=� 
 2 explicitly. From the conditions on � 2; 	 2 (Condi-
tion 1.2), it follows that

r x
� g
� 


(x; v; y); r v
� g
� 


(x; v; y); B
� 2g
� 
 2

(x; v; �; x; v; �)(y); By
� 2g
� 
 2

(x; v; y; �x; �v; �y)(3.8)

are all boundedover their respective domain. Analogousestimatesholds when g is replaced
by the h in (3.5). Note that because� f =� �; � 2f =� � 2 have compact support,

r v
� g
� 


(x; v; y) 2 Cc(Rd � Rd � S):(3.9)

To emphasizethe dependenceof o(1) on n and on 
 , we write o(1; n; 
 ). By (3.8) and
similar boundedestimatesfor h and by (3.9), there exists C1; C2; C3 > 0,

jo(1; n; 
 )j � n� 1(C2 + C1

Z
jvjd
 ) +

n
N

C3; 
 2 E 0
n :(3.10)
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Therefore

lim
n! + 1

sup
n

sup

 2 E 0

n ;
R

jvjd
 � C
jo(1; n; 
 )j = 0; 8C > 0:

Henceo(1) is a higher order term.
We now explain the choice of g and h assumingthey are well chosenso that o(1) is a

higher order term in the sensethat (3.10) holds. Our point of departure is (3.6). In order
to have the above An f n staying boundedas we passn ! + 1 , we have to chooseg so that

h
 ; �
� Z

Rd � Rd � S
r � 2(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 2(x; y)

�
� r v

� f
� 


+ By
� g
� 


i = 0:(3.11)

g in (3.4) is chosenso that this is satis�ed. We verify this below. � g=� 
 is given by (3.7).
By (1.10) and by (1.12),

Z
By

� g
� 


(x; v; y)
 (dx; dv; dy)(3.12)

=
Z Z n�

By(� P� 
 � r � 2(x � �x; y; �y)) + B �y(� P� 
 � r � 2(x � �x; y; �y))
�

� r v
� f
� �

(x; v)

+ By(� P� r 	 2(x; y)) �
� f
� �

(x; v)
o


 (d�x; d�v; d�y)
 (dx; dv; dy)

=
Z Z

(r � 2(x � �x; y; �y) + r 	 2(x; y)) � r v
� f
� �

(x; v)
 (d�x; d�v; d�y)
 (dx; dv; dy):

Hence(3.11) is satis�ed.
We can now usethe above choiceof g to simplify the An f n in (3.6), and work further on

identifying a good choiceof h next. Note that

r v
� g
� 


(x; v; y)(3.13)

=
�

�
Z

P� 
 � r � 2(x � �x; y; �y)
 (d�x; d�v; d�y) � P� r 	 2(x; y)
�

� Dvv
� f
� �

(x; v)

�r v

Z Z �
P� 
 � r � 2(��x � �x; ��y; �y) + P� r 	 2(��x; ��y)

�

�r ��v
� 2f
� � 2

(��x; ��v; x; v)
 (d��x; d��v; d��y)
 (d�x; d�v; d�y):

whereDvv denotesthe d � d Hessianmatrix

D 2
vv ' (x; v) =

� @2

@v(i )@v(j )
' (x; v)

�

d� d
; v = (v(1) ; : : : ; v(d)):

Let matrices

a1(x; y; �x; �y; ��x; ��y) =
�

r � 2(x � �x; y; �y) + r 	 2(x; y)
�

(3.14)

�
�

P� 
 � r � 2(x � ��x; y; ��y) + P� r 	 2(x; y)
�

;

(see(1.20) for the de�nition of " � ") and

a2(x; y; �x; �y; ��x; ��y; x̂; ŷ) = (r � 2(x � �x; y; �y) + r 	 2(x; y))(3.15)

� (P� 
 � r � 2(��x � x̂; ��y; ŷ) + P� r 	 2(��x; ��y)) :
13



Then

An f n (
 )(3.16)

= h
 ; v � r x
� f
� �

�
� Z

r � 1(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 1(x; y)
�

� r v
� f
� �

i

+ h
 ;
Z Z

a1(x; y; �x; �y; ��x; ��y) � D 2
vv

� f
� �

(x; v)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y)i

+ h
 ;
Z Z Z

a2(x; y; �x; �y; ��x; ��y; x̂; ŷ) � r ��vr v
� 2f
� � 2

(x; v; ��x; ��v)


 (dx̂; dv̂; dŷ)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y)i

+ h
 ; By
� h
� 


i + o(1):

The idea of choosingh is such that the above limit of An f n only dependson � (the X ; V-
marginal of 
 ). To achieve this, we need to "averageout" all the y; �y; ��y; ŷ dependencein
(3.16). h in (3.5) servessuch a purpose.We verify in several steps.

First, we make three interesting observations (3.17), (3.18) and (3.19) in order to sim-
plify the expressionof h
 ; By � h=� 
 i . Let ' 1 = ' 1(y; ŷ; �y; ��y) 2 Cb(S4) \ D(B ), and ' 2 =
' 2(� ; x; v; ��x; ��v) 2 Cb(E � (Rd � Rd)2) where� ' 2=� � is still a boundedfunction. By (1.10),

h
 ; B
�

� 


Z Z Z Z
P� 
 � 
 � 
 � ' 1(y; ŷ; �y; ��y)' 2(� ; x; v; ��x; ��v)(3.17)


 (dx; dv; dy)
 (dx̂; dv̂; dŷ)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y)i

=
Z Z Z Z �

BP� 
 � 
 � 
 � ' 1(y; ŷ; �y; ��y)
�

' 2(� ; x; v; ��x; ��v)


 (dx; dv; dy)
 (dx̂; dv̂; dŷ)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y)

=
Z Z Z Z �

� ' 1(y; ŷ; �y; ��y) + P� 0 
 � 0 
 � 0 
 � 0 ' 1

�
' 2(� ; x; v; ��x; ��v)


 (dx; dv; dy)
 (dx̂; dv̂; dŷ)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y):

We note that

P� 0 
 � 0 
 � 0 
 � 0 a2(x; y; �x; �y; ��x; ��y; x̂; ŷ)(3.18)

= P� 0 
 � 0 
 � 0 
 � 0

n
(r � 2(x � �x; y; �y) + r 	 2(x; y)) � (P� 
 � r � 2(��x � x̂; ��y; ŷ) + P� r 	 2(��x; ��y))

o

=
n�

P� 0 
 � 0B(� P� 
 � r � 2(x � �x; y; �y) � P� r 	 2(x; y))
�

�
�

P� 0 
 � 0 (P� 
 � r � 2(��x � x̂; ��y; ŷ) + P� r 	 2(��x; ��y))
� o

= 0;
14



and that
Z Z

P� 0 
 � 0 
 � 0a1(x; y; �x; �y; ��x; ��y)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y)(3.19)

=
Z Z

P� 0 
 � 0 
 � 0

n�
r � 2(x � �x; y; �y) + r 	 2(x; y)

�

�
�

P� 
 � r � 2(x � ��x; y; ��y) + P� r 	 2(x; y)
�o


 (d�x; d�v; d�y)
 (d��x; d��v; d��y)

=
Z Z

P� 0 
 � 0 
 � 0

n�
� B (P� 
 � r � 2(x � �x; y; �y) + P� r 	 2(x; y))

�

�
�

P� 
 � r � 2(x � ��x; y; ��y) + P� r 	 2(x; y)
�o


 (d�x; d�v; d�y)
 (d��x; d��v; d��y)

=
Z Z

P� 0

n�
� ByP� (r ��� 2(x � �x; y) + r 	 2(x; y))

�

�
�

P� (r ��� 2(x � ��x; y) + r 	 2(x; y))
�o


 (d�x; d�v; d�y)
 (d��x; d��v; d��y);

=
Z

�x; �v; �y

Z

��x; ��v;��y

Z

y2 S

n�
� BP� (r ��� 2(x � �x; y) + r 	 2(x; y))

�

�
�

P� (r ��� 2(x � ��x; y) + r 	 2(x; y))
�o

� 0(dy)
 (d��x; d��v; d��y)
 (d�x; d�v; d�y)

=
Z

y2 S

n�
� BP� (� X � r ��� 2(x; y) + r 	 2(x; y))

�
�

�
P� (� X � r ��� 2(x; y) + r 	 2(x; y))

�o
� 0(dy);

where ��� 2(x; y) is de�ned in (1.18).
In view of the above three identities, the right hand sideof (3.16) reducesto

An f n (
 ) = Af (� ) + o(1);(3.20)

where

Af (� ) = h�; v � r x
� f
� �

(x; v) � (� X � r �� 1 + r �	 1)(x; y) � r v
� f
� �

+ a(�; x) � D 2
vv

� f
� �

(x; v)i

(3.21)

with �� 1; �	 1 de�ned by (1.14) and squarematrix a(�; x) de�ned by (1.19).

Lemma 3.1. Let A be de�ned according to (3.21) and f n by (3.3) with g; h 2 Cb(E 0) given
by (3.4), (3.5). Then

lim
n! + 1

An f n (
 n ) = Af (� );

whenever� n (dx; dv) = 
 n(dx; dv; S) ) � (dx; dv) in the weak convergence of probability mea-
sure topology and supn

R
jvjd
 n < + 1 . Moreover (3.2) holds.

Proof. The conclusionfollows from (3.20) and (3.10).

4. Ener gy estima tes and tightness

Again, � n denotesthe x; v-marginal of 
 n 2 E 0
n � P(Rd � Rd � S) (i.e. � n (dx; dv) =


 n (dx; dv; S) 2 En ). We prove that, under appropriate initial conditions, the sequenceof
stochastic processesf � n (t; dx; dv); 0 � t < + 1 : n = 1; 2; : : : g is tight (i.e. relatively
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compactin weakconvergencetopology for the probability measuresin the tra jectory space).
SeeTheorem4.4.

Following the generalmethod given by Theorem 9.1 in Chapter 3 of [3], there are two
key steps in proving tightness for processes.First, we prove a compact containment prop-
erty (Lemma 4.1) by studying the time evolution of an energyfunction which is e�ectively
averagedat the macroscopicscale.

Let

E(� ) =
Z

x;v

Z

�x; �v

� 1
2

jvj2 +
1
2

�� 1(x � �x) + �	 1(x)
�

� (d�x; d�v)� (dx; dv);(4.1)

and

V(� ) = log(1 + E(� )) :(4.2)

Since�� 1; �	 1 � 0 and �	 1 hascompactlevel set in Rd (Condition 1.2.3),E and V havecompact
level setsin P(Rd � Rd) under the weak convergenceof probability measuretopology.

Lemma 4.1. Supposethat

sup
n

E[V(� n (0))] < + 1 :(4.3)

Then

lim
M ! + 1

sup
n

P(� n;M � T) = 0; 8T > 0:(4.4)

Consequently, we havea compact containment property: for each T > 0, � > 0, there exists
compact set K = K (T; � ) � P(Rd � Rd) suchthat

P(9t; 0 � t � T; � n (t) 62K ) < �:

Furthermore, we haveenergy estimate

E[V(� n (t))] � E [V(� n (0))] + t(n� 1C0 + ktr (a1)k1 )(4.5)

where C0 > 0 is somedeterministic constant dependingon 	 i ; � i and B.

We prove this result using a stochastic Lyapunov function technique. Let � 2 En .
First, we note that for ' (x; v) : Rd � Rd 7! R which is bounded from below,

R
'd� =

N � 1 P N
i=1 ' (x i ; vi ) < + 1 . In particular,

R
( �	 1(x) + jvj2)d� < + 1 .

Proof. From the de�nition of the �rst two variational derivatives in (1.21), for � 2 En and

 2 E 0

n (see(1.24) and (1.23)),

� V
� �

(x; v) = (1 + E(� )) � 1(
1
2

jvj2 +
Z

�x

�� 1(x � �x)� X (d�x) + �	 1(x)) ;

and

� 2V
� � 2

(x; v; �x; �v) = (1 + E(� )) � 1 �� 1(x � �x) �
� V
� �

(x; v)
� V
� �

( �x; �v):
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We let gV = gV (
 ) and hV = hV (
 ) be respectively de�ned as in (3.4) and (3.5) with � f =� �
and � 2f =� � 2 replacedby � V=� � and � 2V=� � 2. In view of the special form for � 2 En ; 
 2 E 0

n ,

gV (
 ) = � (1 + E(� )) � 1
Z Z �

P� 
 � r � 2(x � �x; y; �y) + P� r 	 2(x; y)
�

� v
 (dx; dv; dy)
 (d�x; d�v; d�y)

= � (1 + E(� )) � 1N � 2
NX

i =1

NX

j =1

�
P� 
 � r � 2(x i � x j ; yi ; yj ) + P� r 	 2(x i ; yi )

�
� vi ;

and

sup
n

sup

 2 E 0

n

jgV (
 )j < + 1 :

Similarly, for 
 2 E 0
n ,

hV (
 ) = (1 + E(� )) � 1f
Z Z

v � (P� (�r 	 1)(x; y) + P� 
 � r � 1(x � �x; y; �y))


 (dx; dv; dy)
 (d�x; d�v; d�y)

+
Z Z Z

Tr(P� 
 � 
 � a1(x; y; �x; �y; ��x; ��y)) 
 (dx; dv; dy)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y)g

+(1 + E(� )) � 2
Z Z Z Z

P� 
 � 
 � 
 � a2(x; y; �x; �y; ��x; ��y; x̂; ŷ) � (v � ��v)


 (dx; dv; dy)
 (dx̂; dv̂; dŷ)
 (d�x; d�v; d�y)
 (d��x; d��v; d��y);

and it follows

sup
n

sup

 2 E 0

n

jhV (
 )j < + 1 :

Furthermore, following similar computations as in (3.7) and (3.13), we can verify

sup
n

sup

 2 E 0

n

(jh
 ; v � r x
� gV

� 

ij + jh
 ; r 	 1(x; y) � r v

� gV

� 

ij + jh
 ; By

� 2gV

� 
 2
(x; v; y; x; v; y)ij

+ jh
 (dx; dv; dy) 
 � f x;v ;yg(d�x; d�y; d�y); By
� 2gV

� 
 2
(x; v; y; �x; �v; �y)ij ) < + 1 :

Analogousestimateshold when gV is replacedby hV aswell.
Let

Vn(
 ) = V(� ) + n� 1gV (
 ) + n� 2hV (
 ):

We extend the de�nition of An to Vn according to the secondexpressionin (2.1) where
everything is expressedin terms of � Vn=� 
 and � 2Vn=� 
 2. We now de�ne stopping time

� n;M = inf f t � 0 : V(� n (t)) > M g:(4.6)

Recall that for each �xed n, 
 n (t) is a probability measureconcentrated only on a �nite
number of points. By the usual �nite dimensionalIto's formula,

Vn (
 n (t ^ � n;M )) � Vn (
 n(0)) �
Z t^ � n;M

0
AnVn (
 n(s))ds

is a martingale. We estimate AnVn next.
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Following similar computations as in the previoussection,we have for 
 2 E 0
n ,

AnVn (
 )(4.7)

= h�; v � r x
� V
� �

(x; v) �
�

� � r �� 1(x) + r �	 1(x)
�

� r v
� V
� �

(x; v)

+ a(�; x) � D 2
vv

� V
� �

(x; v)i

+ n� 1
n

h
 ; v � r x
� gV

� 

�

� Z
r � 1(x � �x; y; �y)
 (d�x; d�v; d�y)

+ r 	 1(x; y)
�

� r v
� gV

� 

i +

n2

2N

�
h
 ; B

� 2gV

� 
 2
(x; v; �; x; v; �)(y)i

� 2h
 (dx; dv; dy) 
 � f x;v ;yg(d�x; d�v; d�y); By
� 2gV

� 
 2
(x; v; y; �x; �v; �y)i

� o
;

+ n� 2
n�

h
 ; v � r x
� hV

� 

�

� Z
r � 1(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 1(x; y)

�
� r v

� hV

� 

i
�

+
n2

2N

�
h
 ; B

� 2hV

� 
 2
(x; v; �; x; v; �)(y)i

� 2h
 (dx; dv; dy) 
 � f x;v ;yg(d�x; d�v; d�y); By
� 2hV

� 
 2
(x; v; y; �x; �v; �y)i

� o

+ n� 1
n

h
 ;
� Z

Rd � Rd � S
r � 2(x � �x; y; �y)
 (d�x; d�v; d�y) + r 	 2(x; y)

�
� r v

� hV

� 

i
o

� kTr(a1)k1 + n� 1C0

whereC0 > 0 is somedeterministic constant depending on 	 i ; � i and B.
Consequently,

E[Vn (
 n (t ^ � n;M )] � E [Vn (
 n (0))] + t(n� 1C0 + ktr (a1)k1 ):(4.8)

For each n �xed, V(� n (t)) is a processwhich is continuous in time. Let T; M > 0,

M P(� n;M � T) � E[V(� n (� n;M )) I � n;M � T ] � E [V(� n (T ^ � n;M )) I � n;M � T ]

� E [Vn (
 n(T ^ � n;M ))] + sup
m

sup

 2 E 0

m

(n� 1jgV (
 )j + n� 2jhV (
 )j)

� E [Vn (
 n(0))] + T(n� 1C0 + ktr (a1)k1 ) + sup
m

sup

 2 E 0

m

(n� 1jgV (
 )j + n� 2jhV (
 )j):

Therefore (4.4) follows. Let � > 0, by selectingM large enough,then the compact con-
tainment properly alsofollows. Finally, (4.5) follows from (4.8) by taking M ! + 1 and by
noting lower semicontinuity of V .

We choosea special M = M n = 2log(n), and denote

� n = � n;M n :

Then from this de�nition and the de�nition of V ,

I (r � � n )n� 1eV=2(� n (r )) � n� 1eM n =2 = 1; r > 0:(4.9)

Lemma 4.2. For each f 2 D0 (see (3.1)), f f (� n (� ^ � n )) : n = 1; 2; : : : g is a sequence of
relatively compact real valued processes.
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Proof. We apply Theorem9.4 in Chapter 3 of Ethier and Kurtz [3].
Let T > 0. Let f n be given as in (3.3) with g; h de�ned by (3.4), (3.5). First, we note

sup
n

E[ sup
0� t � T

jf n (
 n(t ^ � n )) � f (� n (t ^ � n )) j] � n� 1kgk + n� 2khk ! 0; as n ! + 1 :

This veri�es (9.17) in the above mentioned Theorem9.4 of [3].
With each n �xed, 
 n really only identify with a �nite dimensional stochastic dynamic

and by the �nite dimensionalIto's formula,

f n (
 n (t ^ � n )) � f n (
 n(0)) �
Z t^ � n

0
An f n (
 n (r ))dr

is a martingale. By estimate (3.2) (Lemma 3.1) and noting (4.9), for T > 0,

sup
n=1 ;2;:::

E[ sup
0� t � T

j
Z t

0
I (r � � n )An f n (
 n(r ))dr j]

� sup
n

E[ sup
0� t � T

j
Z t

0
I (r � � n )

�
C0 + n� 1C1

s Z
jvj2d
 n(r )

�
dr j)

� sup
n

E[ sup
0� t � T

j
Z t

0
I (r � � n )(C0 +

p
2n� 1C1 expf V=2(� n (r ))g)drj)

� (C0 + 2C1)T < + 1 :

This veri�es (9.18) in Theorem9.4 in Chapter 3 of [3].
The conclusionof this lemma follows from the above two estimates.

We concludethe tightnessproperty.

Lemma 4.3. The sequence of measure valued processesf � n (� ^ � n ) : n = 1; 2; : : : g is tight
with trajectory in space CP (Rd � Rd ) [0; + 1 ).

Proof. The classof functions in D0 is closedunder multiplication and linear combinations,
and separatespoints in P(Rd � Rd). In addition, for each � 2 P(Rd � Rd), we can �nd
f 2 D0, f (� ) 6= 0. By a generalizationof Stone-Weierstrasstheorem (e.g. Theorem A.8 in
Appendix A of Fengand Kurtz [6]), D0 is a densesubsetof Cb(P(Rd � Rd)) in the topology
of uniform convergenceon compactset.

Combining Lemmas 4.1 and 4.2, the result follows from Theorem 9.1 in Chapter 3 of
Ethier and Kurtz [3].

Theorem 4.4. Suppose that (4.3) hold. Then (4.5) holds and the processesf � n (�) : n =
1; 2; : : : g is tight with trajectories in space CP (Rd � Rd ) [0; + 1 ).

Proof. Let f � nk (� ^ � nk ) : k = 1; 2; : : : g be a convergent subsequencewith limiting point � 0(�).
The existenceof such sequencefollows from the tightnessresult of Lemma4.3. Let r be any
metric which gives the weak convergenceof probability measuretopology on P(Rd � Rd).
Then for each � > 0,

P( sup
0� t � T

r (� n (t ^ � n ); � n (t)) > � ) � P(� n � T) ! 0; as n ! + 1 :

Therefore by Slusky's theorem (e.g. Corollary 3.3 in Chapter 3 of Ethier and Kurtz [3]),
f � nk (�) : k = 1; 2; : : : g convergesin distribution to process� 0(�) as well.

Thereforef � n (�) : n = 1; 2; : : : g is relatively compact in the tra jectory space.
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5. Identifying the limit equa tion

Let f n be given by (3.3) and � n;M be given by (4.6). By Ito's formula,

E[
�

f n (
 n(t ^ � n;M )) � f n (
 n (s ^ � n;M )) �
Z t^ � n;M

s^ � n;M

An f n (
 n(r ))dr
�

� k
i=1 hi (� n (t i ))] = 0;

and for every h1; : : : ; hk 2 Cb(E), 0 � t1 � : : : ; tk � s � t, and k = 1; 2; : : : . Let � 0(�) be a
limit processesof f � n (�) : n = 1; 2; : : : g (Theorem 4.4). Then by the convergenceof An f n to
Af in Lemma 3.1,

E[
�

f (� 0(t)) � f (� 0(s)) �
Z t

s
Af (� 0(r ))dr

�
� k

i=1 hi (� 0(t i ))] = 0;

implying � 0 is a solution to the martingale problem

f (� 0(t)) � f (� 0(0)) �
Z t

0
Af (� 0(s))ds = M f (t)(5.1)

whereM f is a martingale with respect to the natural �ltration induced by � 0.
We notice that A is really a �rst-order di�erential operator in in�nite dimensionsin the

sensethat A(f g) = f Ag + gAf , if f ; g 2 D(A). In particular,

A(f 2) � 2f Af � 0; f 2 D(A):

Therefore,by Exercise29 on page93 of Ethier and Kurtz [3], the quadratic variation

[M f ; M f ](t) =
Z t

0
(Af 2(� 0(s)) � 2f (� 0(s))Af (� 0(s))) ds � 0:

This implies that M f � 0. In particular, taking f (� ) = h'; � i for ' 2 C1
c (Rd � Rd), this

meansthat � is just a weak solution (Schwartz distributional sense)to (1.1). Thereforewe
arrive at

Theorem 5.1. Suppose(4.3) holds. Then under Condition 1.2, stochasticprocessf � n : n =
1; 2; : : : g is tight, and every convergent subsequence convergesin probability to a weak (i.e.
Schwartzdistributional) solution of (1.1) in the path space.

If we can show that weak solution to (1.1) is unique, then the above conclusion can
be strengthenedfrom convergenceof subsequenceto convergence.We pursue this without
additional mild conditions on � i ; 	 i ; i = 1; 2 next.

6. Uniqueness of the Vlaso v-F okker-Planck equation - a par ticle
represent ation appr oach

Uniquenessof probability-measure-valued solution for (1.1) can be proved using a proba-
bilistic approach.

First, we considera countably in�nite systemof stochastic di�erential equations

_x i (t) = vi (t)(6.1)

dvi (t) = � X (t) � r �� 1(x i (t))dt + r �	 1(x i (t))dt +
p

2� (� (t); x i (t))dWi (t);

for some� such that � � T = a. In the above equation,

� (t; dx; dv) = lim
n! + 1

1
n

nX

j =1

� x i (t );vi (t )(dx; dv);(6.2)
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and (W1; W2; : : : ; Wk ; : : : ) is a countably in�nite sequenceof i.i.d. standard Brownian mo-
tions. In the above, we de�ne � (� ; x) = a1=2(�; x) wherea is given by (1.19). Note that a is
non-negative de�nite squarematrix, therefore its squareroot is well de�ned. The following
additional smoothnesscondition on � 2; 	 2 will be useful in this section.

Condition 6.1. 	 2(x; y); � 2(x; y1; y2) havecontinuousderivativesin the x-variableupto the
third order. Moreover,

sup
x2 Rd ;y1 ;y22 S

jD 1� 2(x; y1; y2)j + jD 2� 2(x; y1; y2)j + jD 3� 2(x; y1; y2)j < + 1

and

sup
x2 Rd ;y2 S

jD 1	 2(x; y)j + jD 2	 2(x; y)j + jD 3	 2(x; y)j < + 1

where all derivativesare taken with respect to x.

With the above condition, by Theorem 5.2.3 of Stroock and Varadhan [9], and by the
de�ning structure of a in (1.19) (also noting (1.8)), a1=2 is Lipschitz in the sense

ja1=2(� ; x) � a1=2(
 ; y)j � C(jx � yj + dW (�; 
 )) ;

wheredW is the order-0 Wassersteinmetric on P(Rd � Rd):

dW (�; 
 ) = sup
f 2 Cb(Rd � Rd );jf j� 1;jf (x;v )� f (y;u)j�j x � yj+ jv� uj

j
Z

f d� �
Z

f d
 j:(6.3)

Condition 6.2. r �� 1; r �	 1 : Rd 7! R are Lipschitz continuous.

By Section10 of Kurtz and Protter [8], we have the following

Lemma 6.3. Let Conditions 6.1 and 6.2 hold. Assumethat the initial valuesare random
variables and f (x i (0); vi (0)) : i = 1; 2; : : : g is a stationary sequence. Then existence and
strong uniquenessholdsfor the system(6.1).

We denoteE0 = Rd � Rd. The state spaceof (6.1) is

(E0)1 = f (~x; ~v) = (x1; : : : ; xn ; : : : ; v1; : : : ; vn ; : : : ) : (xk ; vk) 2 E0g;

with the usual product topology. From the symmetry of labels in (6.1), if the initial
value (~x(0);~v(0)) is exchangeable,then the solution (uniquenessfollows from Lemma 6.3)
(~x(t);~v(t)) for (6.1) is exchangeablefor all t > 0. Let � beany weak(Schwartz distributional)
solution of partial di�erential equation(1.1). The goalof this sectionis to apply the Markov
mapping theoremof Kurtz [7] to show that (Theorem 6.8)

� (t) = lim
n! + 1

nX

k=1

� (x i (t );vi (t )) :

The above limit existsbecausethat f (x i (t); vi (t)) ; i = 1; 2; : : : g is an exchangeablesequence
for all t > 0. Therefore, the uniquenessof � follows from the uniquenessof (6.1) which is
veri�ed in Lemma6.3. The method is known asparticle representation method. We provide
the details next.

First, we expresssolution to (6.1) in terms of a martingale problem. We consider

D(A0) = f g(~x;~v) = � m
k=1 ' k(xk ; vk) : ' k 2 C1

c (Rd � Rd); m = 1; 2; : : : g:(6.4)
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For each such g 2 D(A0), we de�ne

A0g(~x; ~v) =
mX

k=1

(� j 6= k ' j (x j ; vj ))
�

vk � r x ' k(xk ; vk)(6.5)

+( � (~x; ~v) � r �� 1(xk) + r �	 1(xk)) � r v ' k(xk ; vk)

+ a(� (~x; ~v); xk) � D 2
vv ' k(xk ; vk)

�

Then by Ito's formula, any solution to the in�nite system (6.1) is also a solution to the
martingale problem

g(~x(t);~v(t)) � g(~x(0);~v(0)) �
Z t

0
A0g(~x(s);~v(s))ds = martinagle:(6.6)

Let

H = f h(~x;~v) = f (x1; v1; : : : ; xm ; vm ) � f (x � 1 ; v� 1 ; : : : ; x � m ; v� m ) :

all permutation � ; f 2 B((E0)m ); m = 1; : : : g:

Assumeadditionally that the distribution � 0 2 P((E0)1 ) for ((xk(0); vk(0)) : k = 1; 2; : : : )
is exchangeable. Becauseof the symmetry in (6.1), exchangeability of ((xk(t); vk(t)) : k =
1; 2; : : : ) follows for all t > 0, therefore

E[h(~x(t);~v(t))] = 0; t � 0; h 2 H:(6.7)

We call (~x; ~v) a solution to the restricted martingale problem for (A0; H ; � 0) in the sensethat
both (6.6) and (6.7) are satis�ed.

As in the setting of �nite multi-dimensional di�usion processes,we alsohave the following.

Lemma 6.4. Let (~x; ~v) be a solution to the restricted martingaleproblemfor (A0; H ; � 0) with
trajectory in C(E0)1 [0; + 1 ) and �ltr ation fF t : t � 0g, on a probability space (
 ; F ; P). Then
there existscountablyin�nite i:i:d BrownianmotionsWi s andprobability space ( ~
 ; ~F ; ~P) with
�ltr ation ~F t � F t and (~~x; ~~v) on probability space ( ~
 ; ~F ; ~P) with �ltr ation ~F t . (~~x; ~~v) has the
samedistribution as (~x;~v), and (~~x;~~v) satis�es Ito's equation (6.1).

Proof. The same proof of Proposition 3.1 and Theorem 3.3 in Chapter 5 of Ethier and
Kurtz [3] apply to this countably in�nite systemsetting.

Therefore,by Lemma 6.3, we have

Lemma 6.5. Let the initial distribution � 0 be exchangeable. Any solution of the restricted
martingale problemfor (A0; H ; � 0), with trajectory in C(E0 )1 [0; + 1 ), is unique.

Next, we de�ne a map � : (E0)1 7! P(E0) (� is the map 
 in Kurtz [7]'s notation). Let

 0 2 P(E0) be arbitrary but �xed. We de�ne

� (~x; ~v) = lim
n! + 1

n� 1
nX

k=1

� (xk ;vk ) 2 P(E0); (~x; ~v) 2 (E0)1

if the limit on the right handsideexistsin the weakconvergenceof probability measuresense;
and � (~x; ~v) = 
 0 otherwise. We now de�ne a transition probability measure� : P(E0) 7!
(E0)1 :

� (� ; d~x; d~v) = � 1
k=1 � (dxk ; dvk):

We verify another condition required by Theorem3.2, Corollaries3.5, 3.7 of Kurtz [7].
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Lemma 6.6. The set � � 1(� ) = f (~x; ~v) 2 (E0)1 : � (~x; ~v) = � g satis�es

� (� ; � � 1(� )) = 1:(6.8)

Proof. We note that if we take (E0)1 to be a probability spaceendowed with the product
measure� 1

i=1 � (dxi ; dvi ), then (6.8) holds becauseof the strong law of large number.

We verify someregularity properties for A0, which is neededto apply a version of the
Markov mapping theorem(Corollary 3.7) of Kurtz [7].

From (6.4), D(A0) is closedunder multiplication and separatespoints. It is also a pre-
generator in the senseof that paper becausesystem(6.1) can be approximated by similar
systemswhen the Brownian motion terms are replacedby centered i.i.d. Poissonprocesses.
Furthermore, we have

Lemma 6.7. There exists a countablesubsetf gkg � D(A0) such that the graph of A0 is
contained in the bounded pointwise closure of the linear span of f (gk ; A0gk)g.

Proof. Noting the form (6.5), we can always approximate the ' j s by countable sequenceof
polynomials with rational coe�cien ts. The collection of such polynomials (and henceany
�nite products of them) is countable.

Theorem 6.8. [Uniquenessand particle representationof solution] Let Condition 1.2 hold.
De�ne

C = f (
Z

g(~x; ~v)� (�; d~x; d~v);
Z

A0g(~x;~v)� (�; d~x; d~v)) : g 2 D(A0)g:

Then
1. D(A0) consistsof functions of the form

f (� ) =
Z

g(~x; ~v)� (� ; d~x; d~v) = � m
k=1 h' k ; � i ;

and

Cf (� ) �
Z

A0g(~x;~v)� (� ; d~x; d~v)

=
mX

k=1

(� j 6= kh' j ; � i )
�

hv � r x ' k + (� � r �� 1 + r �	 1) � r v ' k

+ a(�; x) � D 2
vv ' k); � i

�
:

2. D(C) is closed under multiplication, Cf 2 = 2f Cf and for eachf 2 D(C). Any solution
to the martingale problemfor C satis�es

f (� (t)) � f (� (0)) �
Z t

0
Cf (� (s))ds = 0;(6.9)

which is equivalent to (Schwartzdistributional) solution of (1.1).
3. Let � 2 CP (Rd � Rd ) [0; + 1 ) be a solution to (6.9) with deterministic initial condition

� (0) = � 0 2 P(E0). Let (~x; ~v) be the unique solution (see Lemma 6.3) to (6.1) with
initial distribution (~x;~v) � � 0(d~x; d~v) = � 1

i=1 � 0(dxi ; dvi ). Assumethat Conditions 6.1,
6.2 hold. Then the particle representation

� (t) = � (~x(t);~v(t)) :
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holds. Consequently, solution to (6.9), in the path space CP (Rd � Rd ) [0; + 1 ), is unique.
That is, weak (Schwartzdistributional) solution to (1.1) in CP (Rd � Rd ) [0; + 1 ) is unique.

Proof. The �rst two parts of the theoremfollows by direct veri�cation. SinceCf 2 = 2f Cf ,
as in Section 5, the martingale appearing in the martingale problem for C has to be zero
and (6.9) follows.

Part three follows by applying Corollary 3.7 of Kurtz [7] and by noting existenceand
uniquenessfor solution of restricted martingale problem for (A0; H ; � 0) is equivalent to exis-
tenceand uniquenessfor in�nite system(6.1) with initial condition (~x(0);~v(0)) � � 0.

Using the above conclusion,we can strengthenthe existenceresult in Theorem5.1 to the
following.

Theorem 6.9. Suppose(4.3) hold. Then under Conditions 1.2, and 6.1 and 6.2, the sto-
chasticprocessesf � n : n = 1; 2; : : : g in (1.16) convergesin probability to the uniquesolution
of partial di�er ential equation (1.1) in CP (Rd � Rd ) [0; + 1 ).

7. Comments on lar ge devia tion

Large deviation behavior is also expected to hold for (1.7). At least informally, similar
operator convergence(using perturbed test functions) method as employed in this article
can be used to prove large deviation as well. For a systematic exposition on generator
convergenceapproach to large deviation, seeFengand Kurtz [6].

Let

Hn f (
 ) =
1
N

e� N f AneN f (
 )(7.1)

Then by Lemma 3.2 in Chapter 4 of Ethier and Kurtz [3],

expf N f (
 n(t)) � N f (
 n (s)) �
Z t

s
N Hn f (
 n (r ))drg = M f

n (t) � M f
n (s)(7.2)

whereM f
n (t) is a meanonenonnegative martingale. By the main result in [6], convergence

of Hn to a limit H , together with someregularities on f 
 n : n = 1; 2; : : : g and on H , implies
a large deviation principle satis�ed by the associate processes:

lim
n! + 1

1
N

logP(� n (�) 2 A) = � inf
� 2 A

I (� (�)) ; 8 su�cien tly regular set A � CP (Rd � Rd ) [0; 1 );

whereI is a functional characterizedby H .
For the speci�c application here,H is identi�ed as follows: for each f 2 D(H ), we select

g and h, let

f n (
 ) = f (� ) +
1
n

g(
 ) +
1
n2

h(
 )(7.3)

then

Hn f n (
 n ) ! H f (� ); whenever � n (dx; dv) � 
 n(dx; dv; S) ) � (dx; dv):

Comparedto the An , whoseconvergenceis justi�ed in this article, Hns are fully nonlinear.
However, the sameidea on how to construct "p erturbed test function" f ns apply without
essential change. In �nite dimensions,similar problemshave beenconsideredby Evans [4],
who alsodevisedthe nameof perturbed test function method.
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Routine but long calculationsreveal that H has to be of the following form.

H f (� ) = h�; v � r x
� f
� �

� (� X � r �� 1 + r �	 1)(x; y) � r v
� f
� �

+ a(� X ; x) � D 2
vv

� f
� �

i

+
Z

r v
� f
� �

(x; v) � a(� X ; x) � r v
� f
� �

(x; v)� (dx; dv):

The regularity on H neededhereis a type of uniqueness(the comparisonprinciple) result
on viscosity solution of

(I � � H )f = h;(7.4)

for su�cien tly many bounded continuous h and all � > 0. This turns out to be a hard
analysisproblem and is interesting to investigateon its own right. Earlier analysisliterature
had focusedon simplersituations wherethe state spaceis a subsetof a Banach space,instead
of spaceof probability measures.SeeCrandall and Lions [1]. Relying on masstransport
technique and exploring the probabilistic connection here, Feng and Katsoulakis [5], and
Sections9.4 and 13.3 of Feng and Kurtz [6] made progressin extending earlier viscosity
techniquesto certain problemswith probability measurevalued state space.

The large deviation rate function can be expressedas a type of cost functional using
a control variable p = p(t; x; v) appearing in the following controlled partial di�erential
equation of the Fokker-Planck type

@t � + v � r x � � (� X � r �� 1 + r �	 1) � r v � + r v(� r vp) = a(� X ; x) � D 2
vv �:(7.5)

Details and rigorous justi�cations of the above mentioned approach will be pursuedelse-
where.
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