FROM PARTICLES IN RANDOM POTENTIALS TO A NONLINEAR
VLASO V-F OKKER-PLANCK EQUA TION

JIN FENG

Abstra ct . We consider large time and in nite particle limit for system of particles with
random potential functions. The randomnessenters the potential through an external er-
godic Markov process, modeling oscillating environment with good statistical averaging
properties. At large time, the ergodic processin the potential convergesto its equilibrium
measureand an averaged(with respectto such measure)macroscopicequation for the whole
systemis derived.

From ead individual particle's point of view, both law of large number and certral limit
theorem type of averaging are possiblein this context. Models of this type are known as
random evwolutions. Instead of one particle, we focus on the collective behavior of in nite
particles. We separately rescalepotential functions (type one) which annihilates the equi-
librium measureof the ergadic environment process,and the potential functions which may
not annihilate sucdh measure(type two). Appropriately rescaledto the macroscopiclimit,
type two potentials give a transport term while type one potentials give a nonlinear di u-
sion term. The resulting equation is a version of nonlinear Vlasov-Fokker-Planck equation.
The solution of such equation is unique and we will verify this using a probabilistic particle
represertation method.

1. Intr oduction
We rigorously derive a version of nonlinear Vlasov-Fokker-Pland equation

(1.1)
@ LXx;V)+V ryx (Gxv) (x 1 oa+r )(Ex) ry (Gxv)=al x;x) DG (6% V)

asmulti-scale limit of in nite interacting particles with random potential. SeeTheorem®6.9.

In equation(1.1), x; v 2 RY, D2, is the Hessianmatrix wherethe derivativesare only taken
with respectto v; ais somesquarematrix speci ed in (1.19)usingpotential functionsde ning
the dynamic at the microscopiclevel; and by M N for twod d matricesM = (mj )4
and N = (nj )4 4, We mean

xd
(12) M N mj Njj:

ihj =1
The whole equation (1.1) is understood in the weak (Schwartz distributional) sensewhere
in particular (t; x; v) is understood asa probability measurein x; v-variables,and x is the
x-marginal probability measureof (i.e. x(dx) = (dx;RY).

We prove that probability measurevalued solution for (1.1) is unique. This is proved in

Section 6 using a probabilistic method (Theorem 6.8) known asthe particle represetation
method.

Date: Sept. 28, 2005.
| thank Thomas G. Kurtz for explaining the particle represenation method to me.
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1.1. The microscopic model. Let x = (X1;:::;XyN) denotethe position of N -particles,
N = 1;2;:::. Each x; 2 RY. Similarly, we also usev; to denote the velocity of the i-th
particle. We assumethat ead particle hasunit mass.Let : R 7! R be an even function,
modeling pair-wise interaction potertial betweentwo particles. In the absenceof external

force,the N -particlesi = 1;2;::: ;N follows Newton's law
(1.3) xi(t) = wvi(t)
1 X
vil) = = (r) xi(t) x(t) :

N
j=1
In this article, we considera situation where the interaction potertial is subject to in-

uence by a random ernvironment factor. Let S be a compact metric spacemodeling the

state of a particle in the random ervironment. When particlesi and j are in their respec-
tive "environmental" state y;;y; 2 S, their interaction potertial function is modeled using

(zyi3y) i (Zyiy) 2 RT S S 7! R. Out of physical considerations,we assumethat

thesefunctions are even in the z-variable

(1.4) (zoyny2) = (zZoyzy1):  (Ziyny2) = (0 Z3y1;Y2):

We only considerthe casewhere the random environmert is provided by a large external
Markov processY (t) = (Ya(t);:::;Yn (1)) 2 SN with generatorB. Generalizationsto sta-
tionary non-Markovian processis possiblebut will not be pursuedhere. To free us from
possiblecomplications causedby boundary conditions in the x-variable, we also introduce
an external potertial ( X;y), acting on ead individual particle at location x whenthe en-
vironmert is in statey. The de ning systemof equationsfor the N -particles then becomes

(1.5 x(t) = wi(t)

1 X
u® = g o) xi@® xx@Yi;int) (o) xi(t); Yi(nt)
j=1
wherei = 1;2;:::;N. We adapt the following notational convertion throughout this article:
(1.6) FOXyny2) =1 x(Xyny2); 1 (Xy) =1 x(xy):

The n in Y;(nt) can be viewed as a scaling parameter which measuresthe degreeof sepa-
ration of time scalesbetweenthe ervironmen processand the particle process. The above
systemof equationsis a corvieniert way of modeling "random exctangeof momerium™ type
phenomenorwhich is typical in plasmaphysics, statistical physics,amongother applications.
To explain (1.5), we introducea family of energyfunctionsindexedby ¥ = (y1;Y2;::: ;Yn)

X X
Buy =5  Jui*+ a(Xi;y) + N 2 n(Xi XYY
i=1 i=1 i =1

The dynamic given by (1.5) can be viewed as a mixture of two motions: First, a ran-
dom hopping among the di erent energy surfacesdictated by the large Markov processes
(Y1(nt);:::;Yn(nt)); Secondthe deterministic motion on the energysurfaceit is currertly
on, the energyfunction is constart along the trajectory of this motion.

We are interested in large time behavior of the system. Therefore, we introduce the

following further rescaling: let the new position and velocity vectorsfor the i-th particle be
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x"(t) = xi(nt) and v{”(t) = x{"(t) = nvi(nt). Then

(1.7) xMt) = v
n
n

X
r o) xPy x™); Yin?t); Y (n?)
j=1

vV(t)

1
N

(0]
r AxM); Yi(n?t)

Under appropriate smoothnessand growth conditionson ; , and regularitieson Y,
the above equation has a unique solution.

1.2. Structural assumptions. To highlight ideas, we only considerthe setting where all
Y;s are independen Markov processwith weak in nitesimal generatorB in Cy(S) in the
following sense.For bounded measurablefunction f, let

S()f (y) = EIf (Yi(t))jYi(0) = yI:
By the Markov property of Y;, we have
S(t+r)=S(t)S(r); tr O

We assumethat S(t) : Cy(S) 7! Cy(S). We de ne the domain D(B) of B to be functions
sud that

lim supsupt 3jS()f (y) f(y)j< +1
tt 0 y2S
and that the limit
Bf (y) = lim t (SO (y) f(y))

exists. We de ne Bf asthe above limit.

Similarly, we de ne generatorB for Y = (Y3;:::;Yn). The relation betweenB and B is
X
B' (yi;iiisyn) = B (YuiiiiVi 1 s Yisns i Yn)(N):
k=1

wherll\le\er' (Ye;::030¥ 10 Yisn i3 Yn) 2 D(B) and B (yg;::i3Yi 15 Yisss iy (Y 2
Cp(SM).
We assumethat Y; hasthe following ergadic properties.

Condition 1.1. LetY be the Markov processon a compact metric space S with weak in n-
itesimal geneator B.

1. Y hasa unique stationary prokability measure (dy) in the sensethat
yA
tIIir+n1 S(t)f (x) = t'Ii[rnl EIf (Y(t)jY(©)=x]= f(y) o(dy) P, f; 8x2S:

2. for each boundal measumble function h, there exists constant C, > 0 suchthat

is(Hh(x)  oh(x)j Ch(l+1t%) *
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Typical examplessatisfying the above requiremens are random walks (cortinuous time)
with a communication condition (in the sensethat there is positive probability to reat eah
point from any other point), Brownian motions on compactmanifold, etc, etc. By the second
part of Condition 1.1, the measure

1

(y;dz) = . (P(Y(t) 2dzY(0)=y) o(dz)dt
is well de ned. Let ' 2 B(S). We will WriteZ
Py = " (2) (y;d2):

Then using the semigroupproperty, it follows that for ' satisfyingP , = 0,

(1.8) BP' =
For general' 2 Cy(S), sinceBP ;) = 0andP ,(' P, )= 0,consequetly
(1.9) BP'"(y)+'(y)=P "

Similarly, we can state a multi-variate version of the above result using B. Let ' =
" (YuiiiiiYm) 2 C(S™), de ne

z
(P ")yuiitiym) = it " (zaiiitizm) (Y dzo) it (Ym; dzm):
S S
Then
(1.10) BP .. "(yuiiiiym)+ ' (Y1l Ym)
= ByP ow Tyniiiiym) i By P T (Yt iym) T (YY)
= P o ol:
The following notation will be useful. For a smooth function f on RY, we denote
X @
iDXf (x)j = j———f(X)j; x2R%:
. : L@l
i1+ i+ig=k 1 d

Without pursuing generality, we assumethe following working conditions on potertial func-
tions throughout the article. We alsoassumea scalingrelation betweenn and N .
Condition 1.2.

1. ,and |, satisfy

(L11)  W(GynY2) = n b oa(yny2) + 20XynYe);  a(Xy) = n

whee ~ Z

(1.12) . Sr 2(X;Y1;Y2) o(dy1) o(dy2) = O; Sr 2(X;y) o(dy) =0

(recall (1.6) for the notationr ,;r ,); and
2.1 1(zZyuya);r 2(z;y1,¥2) 2 Co(RY S S) and

sup  (jD' 2z y1Y2)i+ iD? 2z yY2)i) < +1;
z2R%y1;y22S

1

1(Xy) + 2(x3y)

wheee the D¥; k = 1; 2 appliesto the z-variable; and
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3. 11 071 5zy)2 CyRY S);andfor eachx 2 RY, r 1(x;) 2 Cy(S), 12
C(RY), and
lim inf 4(z2)=+1:
M! +1 jzj>M
See (1.14) for de nition of ;.
4. The numkber of particles N and the multiple time sale parameter n satisfy
(1.13) lim nN 1= 0:

n' +1

From now on, we write
Z Z Z

(1.14) 1(x) = 1(XY15Y2) o(dyr) o(dy2);  1(x) = 1(X;y) o(dy):

s s y2S
1.3. Main result. The symmetry among particle labels suggestshat we can idertify the
(xi();vi();Yi(n?))-systemwith its empirical measurewithout any loseof generality:

(1.15) n (t; dx; dv; dy) (dx; dv; dy):

N ™M™ i (n20g

i=
Let N be xed andn! +1 ,theY = (Yy;:::;Yyn) dependencean (1.7) canbe averagedout
in at leasttwo ways { law of large number and certral limit theorem. In the certral limit
scaling, it is known that (x{™; ;x{™;v{": vy convergesto a R%-valued stochastic
di usion given by Ito's equation. The law of large number is simply an averagedODE with
the Y; variables replaced by integration with respect to their stationary measures. Sut
problems are called random ewlution, seeChapter 12.4 of Ethier and Kurtz [3]. Also see
the end of that chapter for a review of history for random ewlution problems. On the
other hand, if we directly look at theseweakly interacting stochastic di usion equations(we
can view these as the limiting caseof n = +1 with N nite but xed), and then pass
N to in nit y for the empirical measureq1.15), it is known that we will end up with some
deterministic partial di erential equationdescribingtransport plus di usion behaviors. Sut
limiting procedureis known asthe McKean-Vlasw limit (e.g. Dawsonand Gartner [2]).

The basic messageof this article is that (1.1) can be viewed as a limit of (1.7) when
both n and N goto in nit y at the sametime, with appropriate speed. We provide rigorous
justi cation of sud view through an in nite dimensional generalizationof the techniques
usedfor random ewlution problemsas discussedn Ethier and Kurtz [3] using martingale
problem method.

In the above discussedlimit, we expect the dy componert in , to be averaged out.
Therefore, we introduce notation |, to denotethe (X;V)-marginal probability measureof

n-

(1.16) n(tdx;dv) = nxov (6 dx;dv) = (L dx; dv; S):

Similarly, we denotethe X -marginal of | (t; dx;dv) by

(1.17) ax (G dx)  o(t; dx; RY):

More generally for any probability measure 2 P(RY RY S), we denote (dx;dv) =
(dx;dv;S) and x(dx) = (dx;RY. In other words, will always be used as the x; v-

marginal of correspnding measure which hasthree argumerts x; v;y.
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In Theorem 4.4, we show that f () : n = 1;2;:::9 is a tight sequenceas stochastic
processeswith trajectories in the spaceCpra rey[0;+1 ). In Theorem 5.1, we conclude
that any limit point of the above sequenceas a solution to the stochastic Vlasov-Fokker-
Planck equation (1.1). Finally, with additional smaothnesshypothesison ; ;i = 1;2,in
Theorem6.9, we show that solution to (1.1) is unique, hence , corvergesto the solution of
(1.1).

We specify the coe cien ts in (1.1) next: Recallthe de nition of ; and ;in (1.14), we

let 7 7
(1.18) 2(X;y) = 2(X;y:2) (y;dz) o(dy);

y2S z2S

(L.19) & (;x) = a( x;X)
1N

= EPO

P(x r® 206y)+r @ 5(xy)
By P(x r® 206y)+r D 5(x;y)
+ P(x 1D 50qy)+r D 5(xy)
By P(x r® 0cy)+r® 5(x;y)

EP (x r® 206)+r @ 5x);
P(x r® ,0)+r O 5x;))
whereE is the Dirichlet form assc?'ated with B:

E(fig)=  (TBg+gBf)d o ;92 D(B)

By symmetry property of E, a( ;x) is a non-negatie de nite matrix.

o

Our programfor the proof is described asfollows. First, ,() is a measurevalued Markov
process.Weidertify its in nitesimal generatorA, through the assaiated martingale problem
(in the senseof Stroock and Varadhan[9], seealso Ethier and Kurtz [3]): for a classof test
functions f,, (with preciseform to be identi eZd later),

t

fa( (1) Fal( n(0)) 0Anfn( a(s))ds= M/ (t)

whereM/r is a martingale. Secondwe show that for a su cien tly large classof smooth test
function of the formf ( ) = f( ) (i.e. f only dependson through its X;V-marginals), we
nd f, 2 D(An),
faC)=f()+n tg( )+ n *h();
sud that there is a limit operator A with domain cortaining functionsf s, in the sensethat
Anfn(n) ! AF()

wheneer the X ;V-marginal of ,, corvergesto in weakcornvergenceof probability measure

sense.Third, we showv that f () : n = 1;2;:::gis a relatively compact sequence.Then,
6



putting ewery step together by passingn ! +1 , we have that for any limit point of the
relative compactsequencdrom ,, it satis es
z

fFC@®) f£((0) . Af ( (s))ds= O

We show that this is just anotherway to expressthe weak (Schwartz distributional) solution
of (1.1). Finally, we demonstrate sud solution is unique and consequetly concludethat
the previous convergencealong subsequencelaim is true for convergencealong the original
sequence.

1.4. Notations. For any two vectors = (1;:::; q); = (1;:::; q) 2 RY, we dene
matrix
(1.20) =(ij)y:

If Eo is a metric space,we use B(E) to denote bounded measurablefunctions, C(Ey)
continuous functions, Cy(E,) boundedcortinuousfunctions, P(E,) the spaceof probability
measureon Eg, and M (E) the spaceof signedBorel measureson Eq. Let f 2 B(Eg), we
denotekf k = sup,g, jf (x)j. Forafunctiong: 2 M (Eo) 7! R, wedene its rst and
secondvariational derivativesas functions

2

JE R 2B Eo7'R
satisfying the Taylor's expansion
1.21 +t9 —th—g-‘ﬂlﬁhﬁ-0 4 + ot
(121) g o( )= th=; 9+ St?h—, olt?)

for eath °2 M (Eg) with compact support. In the above, © ° meansthe product
measureon Ey  Eo.
As an example,we considertest function

(1.22) f()= (Hq i;zii;Hm i) "«2BRY RY S); 2C%RM
for asignedmeasureonRY RY S. Then
f ay . .
—xviy)= @ (Mg by 1) k(X vry);
k=1
and
2 XT‘ . .
— (X vy x;vry) = @ (Mg i ) kO viy) (6 v y):
k;l=1

We alsoconsideranother classof test functions. To simplify notation we considerthe general
casewhereE, is a metric space.Our main interestis whenEo = RY RY S. Let
z z
f()= fh (X X2i Xai Xa) (dxg) (dxz) (dxz) (dxs) M (Eo) 7' R;
Eo Eo
7



where' is boundedand cortinuous. Then

; Z Z Z
—((X) = (X X2; X3;Xg) (dX2) (dX3) (dXa)
7 7 Fy
+ " (X1 X X3, Xg) (dXg) (dx3) (dXa)
Bo Fo Fo 7
+ " (X1 X25 X Xg) (dXg) (dxz) (dXs)
Eo fo fo 7
+ (X1 X2;5X3;X) (dx1) (dxz) (dXxs);

Eo Eo Eo

Taking another variational derivative, the expressionof ( 2= 2)f (x;x) can be similarly
expressedlt is involved with more terms.
Throughout this paper, we denote

X
(1.23) E2=1f (dx;dv;dy)=N * txiviyig(dX dv; dy) : xi;vi 2 R%y; 2 Sg;

i=1

and

(1.24) E,=f (dx;dv) = (dx;dv;S): 2 Elg:

We alsodenoteE = P(RY RY) the spaceof probability measureson RY RY with atypical
elemen writen = (dx;dv). Similarly, we denoteE°= P(RY RY S) with a typical
elemen = (dx;dv;dy). Unlessspeci ed otherwise,the topology on thesespaceswe use

is always the weak corvergenceof probability measuretopology.

We note that for 2 E,, it hasmomerns upto all orders(both in x and in v variables).

For an operator B, D(B) denotethe domainof B. If f = f(x;v;y) :RY RY S7IR
andf (x;v; ) 2 D(B), wewrite Byf (x;v;y) = (Bf (X;v; ))(y).

For any sequencef problem measures ,,; onacompleteseparablemetric space, |, )
denote convergenceunder the weak corvergenceof probability measuretopology.

2. Mar tingale pr oblem

First, we idertify A, for a relatively simpler classof test functions (1.22). Later, we will
nd that another type of test functions is also needed. The procedureexplainedbelowv can
be then analogouslyapplied to derive the extensionto the new test functions.

Welet F' = (Yi(r) :n=1;2:::;N;0 r  n%tg. Let' ="' (XVv;y)ry5ry 2
C(RY RY S),and' (x;v;) 2 D(B) and B,' (x;v;y) is bounded cortinuous. Then for
eweryt s O,

LGP0 V() OV ()M (9); Yi(n*)

tn

=M ) Vv i)

S Z
n raO™M(r) % Yi(n?r);y) o(r;dx; dv; dy)
Rd Rd S 0
+r o) Yim2r) ey (V) (r); Yi(n?t) dr;
8



and
EL (G (97 (8):Yi(n?)) (" (9); v (); Yi(n*9)iF 3]

= B[ n%B (X" (9):™(s); Yi(nr) driF I

Therefore,by Lemma 4.3.4 of Ethier and Kurtz [3],

t
C v (0); Yi(n?) v P v (n); Yi(ner))dr
7 0
n( ra (XM () X Yi(n?r);y) o(r;dx; dv; dy)
Rd Rd S
w0 AV 1y () Yi(n?n)
n?B" (x™(r);viV(r); Yi(n?r)) ds M, (t);
is a martingale. Let
(1" 2de(6viy) = By( 1" (X viy) " a(viY)By 206 viy) T a(Xviy)By' 1(X Vi)
Then the co-quadratic variation process
Z t
M 5 M 210 = n?C gt e (X (r); vV (r); Yi(n?r))dr; wheni = j;  and = 0; wheni 6 j;
0
First, we considertest functions of the form (1.22). Noting the process ,(t) in (1.15)is
essetially identied from a nite dimensionaldynamic, by the classical nite dimensional
Ito's formula, if we de ne

(2.1) Anf () Z
= h; vry n( ro.(x xyy;y) (dx;dv;dy)+r  n(Xy) rv+ nsz —fi
Rd Rd S
nz X . . .
+Nh ;k-|= @ (H g i;iiish o DR il
f f.
= h;vr,— roa(x xy;y) (dx;dv;dy) +r o(X;y)  ry—i
Z
+nh ; roo(x xpy;y) (dx;dv;dy) +r  »(X;y) rv—fi
Rd Rd S
+n?h ;By—fi
n? 2f .
+N h:B—(X;v; ;X v; )W
2
2h (dx; dv; dy) fx;\,;yg(dx;dv;dy);By—fz(x;v;y;x;v;y)i ;
then
Zt
(2.2) fCn) f(n(0) Anf ( n(s))ds
0

9



is a martingale. That is, A, is the generatorfor the martingale problem determining the
probability-measure-alued process ().

Having only test functions f of the form (1.22) is not good enough. Later, we needto
considertest functions of the form suc asg in (3.4) and h in (3.5). Theseare special cases

of
2722727

fC) = a(h; aisiiishy ' i) 2 X X R Y YY) s(X V)
(dx;dv;dy) (dx;dv;dy) (dx;dv;dy) (d®;de;dg);
where' 2 C! (RY RY), ;2 C?R™) and ,; 3 areboundedcortinuous functions. For
such case,at leastwhen 2 E?, the rst two variational derivatives f= and 2f= 2
are well de ned smooth functions { seethe secondexample of variational derivatives in
last section. For such f, we de ne A,f using variational derivatives by (2.1). Note that
n(t) 2 E? (dened in (1.15)) is idertied with a nite dimensional stochastic dynamic.

Therefore, essehally the sameargumerts as in the early part of this section applies, and
nite dimensionallto's formula allow usto concludethat (2.2) is still a martingale.

3. Genera tor conver gence for a class of perturbed test functions

Again, throughout this paper, denotethe X;V-marginalof (i.e. (dx;dv) = (dx;dv;S)).
We will nd a particular sub-classof test functions of (1.22) usefuland we de ne

(3.1) Do=ff()= (Hq i;:ii;H g i) "w2CH(RY RY; 2 C](RMg:

In this section,we want to idertify anoperator A Cy(E) Cy(E) which is the limit for
A,  Cu(En) Cy(En) in the sensehat: for everyf 2 D(A) = Dy (see(3.1) and note that
f = f( ) only dependson ), there existsf, 2 D(A,) sud that

im fa(n) = F(); fim Anfa( ) = Af ()

wheneerE, 3 ,) 2 E (note that , isthe x;v-marginal of , 2 E?). Additionally, we
will shov

supsupjfa( )j< +1;
n 2EQ

and there existsCy; C1 > 0,

(3.2) jAnfn( )i Co+n 1C12 jvid ; 2 EY
We claim that sud f, canbe takento be
(3.3) fa()=f()+n *g( )+n *h()
with
B4 55
g( )= P r (x x5v;y)+Pr »(xy) rv—f(x; v) (dx;dv;dy) (dx;dv;dy);

10



R R
whereP 1 2(X;¥;¥Y) = o5 sl 2(X2;2) (y;d2z) (y;dz); and with

Z
BHR() =  P(r DY) rv(6v) (@xdvdy)
ZZ ¢
+ P r 1(x xiv;y) ryv—(x;v) (dx;dv;dy) (dx;dv;dy)

Z ZZ ¢

+ P aXy;xy;xy) D2,—(XV)

5 7 ﬁd’z(; dv;dy) (dx;dv;dy) (dx;dv;dy) )

+ P QGY:X VX YR \,—fz(x; V; X; V)

(dx; dv; dy) (dr;d®;dy) (dx;dv;dy) (dx;dv;dy):

See(3.14) and (3.15) for the de nition of matrices a;;a,. In the above (and below), we
denote matrix

2f @ 2f
ror v— (X VX v) = @@ — (X ViX; V) Y g
Therefore,
°f
P 2 Y X YK YRY) 1 v (X VX V)
XT] - .
= @ (h; " aiiiihy i)y k() P (VXY YR Y (X v):
k;l=1

Since f= 2 C(RY RY; 2f= 22 C(RY RY RY RY), both g;h2 C,(E?). Below,
we explain the choice of g and h, together with the corvergenceof H,f,, to Hf, through
explicit calculations.

By the martingale problem (2.2), for f, of the form (3.3),

(3.6) Anfa( )= Anf(£+ n 1Ang( )+n 2Anh( )

= h;v rx—f roa(x xiyry) (dx;dvidy) + 1 a(x;y) rv—fi
Z
+h; roo(x xyy;y) (dx;dv;dy) +r  »(X;y) rv—gi
Rd Rd S
+h ;By—hi
z f
+nh ; Foax YY) (dGdvidy) + T a(GY) T+ By
Rd Rd S
+0(1);

11



where

Z
n
o) = nth:vr, 2 Foax YY) (dedvid) Froa0Gy) 1
n g, i
tog NIB—06V X v )W)
2
2h (dx;dvidy)  fxviyg(dx; dv;dy); By—%(x; ViYiX;viy)io g
n h Z h
+n 2 h;vor,— roa(xc xiyy) (dcdvidy) +r o a(xy) 1y
7 h
+nh ; ro2(x Xiyy) (advidy) + 1 2(xy) 1y
Rd Rd s
N2 2h .
tog B0V v )Y

2 0]
2h (dx;dv;dy)  fxviyg(dx; dv;dy); By—g(x; VY X VL)

If g istakento be (3.4), then following Taylor expansion(1.21), we idertify
Z

(3.7)—g(x; vyy) = P r L»(x xiy;y)r V—f(x; V) (dx;dv;dy)
Z
(P r ox xyyr v—f(x; v) (dx; dv;dy)

Pr oxy)r v_f(X;V)
Z7Z

P r »(x XxXyiy)+Pr a(xy)

2
rv—fz(x; ViX;v) (dx;dv;dy) (dx;dv;dy):

Similarly, we can also compute ?g= 2 explicitly. From the conditionson ,; , (Condi-
tion 1.2), it follows that

(38) 20 Viy)ir 2 (x; v;y):Bi%(X: ViV )(y):Byi%(X; VY X V;Y)

are all boundedover their respective domain. Analogousestimatesholds wheng is replaced
by the h in (3.5). Note that because f = ; ?f = 2 have compactsupport,

(3.9) r V—g(x; Viy) 2 C(RY RY S):

To emphasizethe dependenceof o(1) on n and on , we write o(1;n; ). By (3.8) and
similar bounded estimatesfor h and by (3.9), there existsC;; C,; C3 > 0,
Z

(3.10) jolin; )i 0 (C;+Ci jvd)+ o Cs;  2EN:
12



Therefore
lim sup Sup jo(L;n; )j=0;, 8C>0:
nb+l n' 2E0; jvid C
Henceo(1) is a higher order term.
We now explain the choice of g and h assumingthey are well chosenso that o(1) is a
higher order term in the sensethat (3.10) holds. Our point of departureis (3.6). In order
to have the abozve A,f, staying boundedaswe passn! +1 , we have to chooseg sothat

(3.11) h; Foax Xy @did)+r oY) T+ B, Jiz o
Rd R4 S

g in (3.4) is chosensothat this is satis ed. We verify this belon. g= s given by (3.7).

By (1.10%and by (1.12),

312)  B,-L(xviy) (dx;dv;dy)
ZZn f
By( P r 2x Xy5y)+By( P 1 2x Xjy3y) rv—(XV)

0
+By( Pr axy)) —f(x;v) (dx; dv; dy) (dx;dv;dy)

Z7Z
= (r 2x xiy;y)+r1 oXy) 1 v_f(X;V) (dx; dv; dy) (dx;dv;dy):

Hence(3.11) is satis ed.
We can now usethe above choice of g to simplify the A,f, in (3.6), and work further on
identifying a good choice of h next. Note that

(3.13) r v—g(x; V;Y)
z f
= P r o(x Xxyyy) (dx;dv;dy) Pr »(x;y) Duw—(XV)
Z7Z
ry P r (x xyv;9)+Pr »xy)

2
r \,—fz(x; V;X; V) (dx;dv;dy) (dx;dv;dy):

whereD,, denotesthe d d Hessianmatrix

@
@O @)

DL (xv) = 6v) v ()
Let matrices

(3.14)  ai(xy;xiy;xiy) = 1 X xjysy)+rooa(Xy)

P r x xyiy)+Pr oxy) ;
(see(1.20) for the de nition of " ") and

(B.15) a(Xy;X;yix YRy = (r 20x Xy;y)+ro (X))

(P r ox Ry;P+Pr »(xy):
13



Then

(3.16) Anfin( )Z
= h;v rx—f rooi(x  xpy;y) (dx;dv;dy) +r  1(X;y) rv—fi
ZZ ¢
+h; a (X;y;X;y; X y) D2,—(x;v) (dx;dv;dy) (dx;dv;dy)i
ZZZ 2
+h; 2 Y;X VX YR 1 v (X VX V)

(dR; d; dy) (dx; dv;dy) (dx;dv;dy)i
+h ;By—hi + o(1):

The idea of choosingh is sud that the above limit of A,f, only dependson (the X;V-
marginal of ). To adiewve this, we needto "averageout" all the y;y;y; ¥ dependencein
(3.16). h in (3.5) senessud a purpose. We verify in seeral steps.

First, we make three interesting obsenations (3.17), (3.18) and (3.19) in order to sim-
plify the expressionof h ;By h= i. Let'; =" 1(y;¥5Vy;y) 2 C(S*\ D(B), and ' , =
"L XX V) 2 Co(E (RY RY9?) where ' ,= s still a boundedfunction. By (1.10),

2722727
(3.17) h:B— P YRy YY) 2( X VX V)
2777 (dx; dv;dy) (dg;d¢;dy) (dx;dv;dy) (dx;dv;dy)i
= BP s YY) (s VX v)
2777 (dx;dv;dy) (d®;d®;dg) (dx;dv;dy) (dx;dv;dy)

= YSBYIV TP, o o 0T 25X VX Y)
(dx; dv; dy) (d®;d®;dy) (dx;dv;dy) (dx;dv;dy):

We note that

3.18)P, , onoaz(X:y:x;y:x;y;k;v)

= P, o o o (r 2x x5ysy)+r1 oxy) (P r ox Ry;9+Pr o(X;y))
n

P, .B( P 1 2ox xviy) Pr axy)

Py, o(P 1 2ox Ryi9)+Pr axy)

(0]

o

14



and that

Z7Z
(3.19) P, o aXy;xy;x;y) (dx;dv;dy) (dx;dv;dy)
Z7Z n
= Po o o I 2x Xyiy)+r1 2(Xy)
0}
P r ax xiy;y)+Pr a(xy)  (dx;dv;dy) (dx;dv;dy)
Z7Z n
= Po o o B(P r 2x XxXiy;y)+Pr 2Xy))
0]
P r ax xiy;y)+Pr 2(xy)  (dx;dv;dy) (dx;dv;dy)
ZZ g

= P, ByP (r 2x Xxiy)+r 2Xy))
(0]
P(r 2x xjy)+r 2oxy)  (dx;dv;dy) (dx;dv;dy);
Z Z Z q

= BP (r »(x x;y)+r (X))
XViy  Xviy y2S (0]

, P(r ox xiy)+r 2xy) o(dy) (dx;dv;dy) (dx;dv;dy)
n 0

= Ny BP (x r 206y)+r 2xy)) P(x r 26y)+r 20%y)  o(dy);
y

where ,(Xx;y) is de ned in (1.18).
In view of the above three idertities, the right hand side of (3.16) reducesto

(3.20) Anfa() = Af()+ 0o(2);

where
(3.21)

Af()=h;v Irx—f(x;V) (x r 1+1 1)(XY) rv—f+a(;><) Dév—f(x;v)i

with ;; 1 dened by (1.14) and squarematrix a( ; x) de ned by (1.19).

Lemma 3.1. Let A be de ned according to (3.21) and f, by (3.3) with g;h 2 C,(E9 given
by (3.4), (3.5). Then

n!Iirpl Anfn( n) = Af();

whenever ,(dx;dv) = g (dx;dv;S))  (dx;dv) in the weak convelgene of prokability mea-
sure topology and sup, jvjd , < +1 . Moreover (3.2) holds.

Proof. The conclusionfollows from (3.20) and (3.10). O

4. Ener gy estimates and tightness

Again, , denotesthe x;v-marginalof , 2 E? P(RY RY S) (i.e. ,(dx;dv) =

n(dx;dv;S) 2 E,). We prove that, under appropriate initial conditions, the sequenceof

stochastic processed ,(t;dx;dv);0 t < +1 :n = 1;2;:::g is tight (i.e. relatively
15



compactin weak convergencetopology for the probability measuresn the trajectory space).
SeeTheorem4.4.

Following the generalmethod given by Theorem 9.1 in Chapter 3 of [3], there are two
key stepsin proving tightnessfor processes.First, we prove a compact cortainment prop-
erty (Lemma 4.1) by studying the time ewlution of an energyfunction which is e ectively
averagedat the macroscopicscale.

Let ;5 ) )
(4.1) )= Ejvj2+ 5 1 )+ 1) (dxdv) (dx;dv);
and
(4.2) V()= log(l+ E()):

Since 1; ; Oand ;hascompactlevelsetin R (Condition 1.2.3),E andV have compact
level setsin P(RY RY) under the weak corvergenceof probability measuretopology.

Lemma 4.1. Supmsethat

(4.3) SUpE[V( n(0))] < +1:
Then
(4.4) Lim supP(qm T) =0, 8T > O

Consejuently, we havea compact containment property: for eachT > 0, > 0, there exists
compact setK = K(T; ) P(RY RY) suchthat

POt;0 t T; (t)6X)< :
Furthermore, we haveenegy estimate
(4.5) EIV( n(t)]  E[V( 2(0)] + t(n *Co+ ktr(ai)ky )
where Cy > 0 is somedeterministic constant degendingon ; ; and B.

We prove this result using a stochastic Lyapunov function technique. Let 2 E,.
First, we note that for * (x;v) : RY Iﬁ_.g 7! R which is bounded from below, 'd =
N 1 iNzl' (xi;vi) < +1 . In particular, ( 1(X)+jvjd)d < +1 .

Proof. From the de nition of the rst two variational derivativesin (1.21),for 2 E, and
2 E? (see(1.24) and (1.23)),
Z

Llev = @ EO) GVEE a0 (@) 1();

X

and

2—\g(x;v;X:V)= AHEC) P X X)LV v):

16



Welet gy = gv( ) and hy = hy( ) berespectively de ned asin (3.4) and (3.5) with f=
and %f= 2replacedby V= and 2V= 2. In view of the specialform for 2 E,; 2 E?,

aw() = (@+E()* P r x Xy;y)+Pr o(xy) v (dx;dv;dy) (dx;dv;dy)
AN\
= (L+E()) 'N? P r (i X,ysy)+ProoXiy) v

i=1 j=1
and
supsupjov( )j< +1:
n 29
Similarly, for 2 E?,
Z Z
hy() = @+E() v P(r DY) +P 1 (X XV:y)
777 (dx; dv;dy) (dx;dv;dy)
+ Tr(P a1 (X y;X;y; X y)) (dx;dv;dy) (dx;dv;dy) (dx;dv;dy)g
222722
+1+E()) ° P 2y XYY R (vov)

(dx;dv;dy) (d®;de;dg) (dx;dv;dy) (dx;dv;dy);
and it follows
supsupjhy( )j< +1:
n 2EQ
Furthermore, following similar computationsasin (3.7) and (3.13), we can verify

2
supsup(h v 1,200 + 0T 106Y) Ty + 0 By (X ViYi X Vi)
n 2EQ
2

+jh (dx;dv;dy)  rxviye(dx; dy;dy):Byi'zV(x; ViY; X viy)ij) < +1:

Analogousestimateshold when gy is replacedby hy, aswell.
Let

Va( )= V()+n tgy()+n *hy( ):

We extend the de nition of A, to V, accordingto the secondexpressionin (2.1) where
ewerything is expressedn terms of V,= and 2V,= 2. We now de ne stopping time

(4.6) av = Infft 0:V( »(t)) > Mg

Recall that for eath xed n, ,(t) is a probability measureconcenrated only on a nite
number of points. By the usual nite dimensionallto's formula,
Z t nM
Vn( n(t/\ n;M )) Vn( n(o)) AnVn( n(S))dS
0

is a martingale. We estimate AV, next.
17



Following similar computations asin the previoussection,we have for 2 E?,
(4.7) AnVa()

= hvora—Lev) FA0H T 10 T e (xV)

+a(;X) DZ—L( V)i
n Z

+n ! h;v rxﬂ rooa(x  x;y;y) (dx;dv;dy)

) n2 2 )

FUOa0Gy) T+ o N ;BiZ(x; Vi XV ()
zgv 0]
2h (dx;dv;dy)  txvyg(dX; dvidy); By—=-(X viy; X;viy)i

n h £ h
+n?2 hivr,—r roa(x  xpy;y) (dx;dv;dy) +r  1(X;y) [ y—ri
n2 . 2hv
+Nh,B >

(G V5 5% Vs ) (Y)i
2hv (0]
2h (dx; dv; dy) fxviyg(OX; dv; dy); By—2 (X v;y; x;v;y)i

n Z h 0
+nth; roo(x Xyry) (ddvidy)+ 1 (Gy) 1y —i

Rd R4 S
kTr(al)kl +Nn 1C0

where Cy > 0 is somedeterministic constart dependingon ; ; and B.
Consequetly,

(4.8) EVa( (™ nm)l EVA( 2(0))] + t(n 1Co + ktr(ag)ky ):

For eah n xed, V( n(t)) is a processwhich is cortinuousin time. Let T;M > 0,
MP( n;M T) E[V( n( n;M ))l M T] E[V( n(TA n;M ))l M T]
EM(n(Th am )]+ sup Szlélg(n Yov()i+ n Fhy()j)

EVa( n(0)]+ T(n *Co+ ktr(ag)ky ) + sup Sztég(n Yoy ()it n Fhy (i)

Therefore (4.4) follows. Let > 0, by selectingM large enough,then the compact con-
tainment properly alsofollows. Finally, (4.5) follows from (4.8) by takihg M ! +1 and by
noting lower semicotinuity of V. O

We choosea specialM = M, = 2log(n), and denote

n= nMnp-
Then from this de nition and the de nition of V,
(4.9) I(r o)n 20 1M =1 > Q:

Lemma 4.2. For eachf 2 Dy (se2 (3.2)), ff( n( ™ ) :n=1,2;:::gis a sguene of
relatively compact real valued processes.
18



Proof. We apply Theorem9.4in Chapter 3 of Ethier and Kurtz [3].
Let T > 0. Let f, be givenasin (3.3) with g;h de ned by (3.4), (3.5). First, we note
SUpPE[ sup jfa( n(t™ 1)) f(at™ o)j] n kgk+n 2khk! O; asn! +1:
n ot T
This veri es (9.17) in the above mentioned Theorem 9.4 of [3].
With eathh n xed, | really only idertify with a nite dimensionalstochastic dynamic
and by the nite dimensionallto’'s formula,
t/\

fal( A w)  Fal n(0) " Anfa( n(r)dr

0

is a martingale. By estimate (3.2% (Lemma 3.1) and noting (4.9), for T > 0,
t

sup E[OStUe_j I (r n)Anfn( n(r))drj]

n=1;2;:: 0
SupE[supj I(r n) Co+n 1C; jvjad o (r) drj)
0Ot T

n 0

Z t
SUPE[sup| 1(r  n)(Co+ " 2n 1CyexpfV=2( »(r))g)dr])
n 0Ot T 0

(Co+ 2C)T < +1:

This veri es (9.18) in Theorem9.4in Chapter 3 of [3].
The conclusionof this lemma follows from the above two estimates. O

We concludethe tightnessproperty.

Lemma 4.3. The sguene of measure valuad processes ( * ,) :n = 1;2;:::9is tight
with trajectory in space Cpre groy[0;+1 ).

Proof. The classof functions in Dy is closedunder multiplication and linear combinations,
and separatespoints in P(RY RY). In addition, for eadhh 2 P(RY RY), we can nd
f 2 Do, f( ) 6 0. By a generalizationof Stone-Weierstrasstheorem (e.g. Theorem A.8 in
Appendix A of Fengand Kurtz [6]), Do is a densesubsetof C,(P(RY RY)) in the topology
of uniform corvergenceon compactset.

Combining Lemmas 4.1 and 4.2, the result follows from Theorem 9.1 in Chapter 3 of
Ethier and Kurtz [3]. O

Theorem 4.4. Supmsethat (4.3) hold. Then (4.5) holds and the processesf () : n =
1,2;:::9 is tight with trajectories in space Cpra re)[0;+1 ).

Proof. Letf , (" n):k= 1,2;:::9beacornvergen subsequenceith limiting point o).
The existenceof sud sequencdollows from the tightnessresult of Lemma4.3. Let r be any
metric which givesthe weak corvergenceof probability measuretopology on P(RY RY).
Then for eah > 0,

P(OsypTr( AN D) () > ) P(. T)! O asn! +1:

Therefore by Slusky's theorem (e.g. Corollary 3.3 in Chapter 3 of Ethier and Kurtz [3]),
f o ():k=12:::9corvergesin distribution to process o( ) aswell.
Thereforef ,():n=1;2;:::gis relatively compactin the trajectory space. O
19



5. ldentifying  the limit equation
Let f, begivenby (3.3) and . begivenby (4.6). By Ito's formula,

th nM
E[ fa( n(t™ am))  Fa( n(s” nam)) Anfn( n(r))dr lehi( n(ti))] = 0;
SN M
andforewery hy;:::;he 2 Cy(E), 0 t; itk s t,andk=1;2;:::. Let o() bea
limit processe®ff ,():n= 1,2;:::9 (Theorem4.4). Then by the convergenceof A,f, to
Af in Lemma3.1, .
t
E[ f(o(t) f(os) Af (o(n))dr  hi( o(ti))] = O;
S
implying ¢ is a solution to the martingalei)roblem
t

(5.1) FCo(®)) f(0(0) . Af ((o(s))ds= M (1)

whereM ' is a martingale with respect to the natural ltration inducedby .
We notice that A is really a rst-order di erential operator in in nite dimensionsin the
sensethat A(fg) = f Ag+ gAf , if f;g2 D(A). In particular,

A(f?) 2fAf 0O f 2D(A):
Therefore,by Exercise29 on p%ge93 of Ethier and Kurtz [3], the quadratic variation

MTMT(t) = . (AF2( o(s)  2f ( o(S)AT ( o(9)))ds O

This impliesthat M" 0. In particular, taking f ( ) = H; i for' 2 C}(RY RY), this
meansthat is just a weak solution (Schwartz distributional sense)to (1.1). Thereforewe
arrive at

Theorem 5.1. Supmse(4.3) holds. Then under Condition 1.2, stachasticprocessf , :n =
1;2;:::9 is tight, and every convelgent subsguen@ convegesin prokability to a weak (i.e.
Schwartzdistributional) solution of (1.1) in the path space.

If we can shav that weak solution to (1.1) is unique, then the above conclusion can
be strengthenedfrom convergenceof subsequencéo corvergence.We pursue this without
additional mild conditionson ;; ;i = 1;2 next.

6. Uniqueness of the Vlaso v-F okker-Planck  equation - a par ticle
represent ation appr oach

Uniquenessof probability-measure-alued solution for (1.1) can be proved using a proba-
bilistic approad.
First, we considera courtably in nite systemof stochastic di erential equations

6.1)  x() = w()

p_
dvi(t) = x(t) r i())dt+r a(xi(t)dt+ 2 ( (t); xi(t))dWi(t);
for some sudithat T = a. In the above equation,
1 X
(6.2) (t; dx; dv) = Iim1 o xi (v (0 (AX; dv);
n' +

j=1
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and (Wq; Wy;::: s Wy, :::) is a courtably in nite sequenceof i.i.d. standard Brownian mo-
tions. In the above, we de ne ( ;x) = a'™?(; x) wherea is given by (1.19). Note that a is
non-negatie de nite squarematrix, thereforeits squareroot is well de ned. The following
additional smoothnesscondition on ,; » will be usefulin this section.

Condition 6.1. ,(X;y); 2(X;y1;Y2) havecontinuousderivativesin the x-variable upto the
third order. Moreover,
sup DY o(XyiiYa)i + iD? 2(XYiiYa)i + JD¥ a(XiyiiYa)i < +1

x2R9;y1;y22S
and
sup jDY H(x;y)j+ D% H(x;y)j+ jD® H(x;y)j< +1
x2Rd;y2S

whete all derivativesare taken with respect to x.

With the above condition, by Theorem 5.2.3 of Stroock and Varadhan [9], and by the
de ning structure of a in (1.19) (also noting (1.8)), a'* is Lipschitz in the sense

@ ix) @y Clx yi+dw(s )

wheredy, is the order-0 Wassersteinmetric on P(R? RY): . .

6.3)  dw(: )= sup i fd fd j:

f2Cp(RY RI)jTj Ljf (xv) f(y;uw)ij x yi+jv uj
Condition 6.2. r ;r 41:RY7! R are Lipschitz continuous.
By Section10 of Kurtz and Protter [8], we have the following

Lemma 6.3. Let Conditions 6.1 and 6.2 hold. Assumethat the initial valuesare random
variablesand f (xj(0);v;(0)) : i = 1;2;:::g is a stationary sequene. Then existene and
strong uniquenessholdsfor the system(6.1).

We denoteEy = RY RY. The state spaceof (6.1) is
(Eo)t = f06%) = (Xop:i:  Xno it Ve it Vniiit) - (X Vi) 2 EoQ:;
with the usual product topology From the symmetry of labels in (6.1), if the initial
value (¢(0);%(0)) is exchangeable,then the solution (uniquenessfollows from Lemma 6.3)
(¢(t); »(t)) for (6.1) is excdhangeablefor all t > 0. Let beany weak(Sdwartz distributional)

solution of partial di erential equation(1.1). The goalof this sectionis to apply the Markov
mapping theorem of Kurtz [7]to show that (Theorem 6.8)

X
1= _lm  xovw:

k=1
The above limit existsbecausethat f (x;(t);vi(t));i = 1;2;:::gis an exdhangeablesequence
for all t > 0. Therefore, the uniquenessof follows from the uniquenessof (6.1) which is
veri ed in Lemma6.3. The method is known asparticle represetation method. We provide
the details next.

First, we expresssolution to (6.1) in terms of a martingale problem. We consider

(6.4) D(Ag) = fglx¥) = o' k(iiVi) '« 2 CL(RY RY);m= 1,210
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For ead sud g2 D(Ay), we de ne

xXn
(6.5) Aog(% %) = ek j(Xvi)) Vie 1" k(Xis i)
k=1

+Hav) roaxk) o a(xe)) v k(Xe; )
+a( (6v);xk) D2 k(X Vk)

Then by Ito's formula, any solution to the in nite system (6.1) is also a solution to the

martingale problem .
t

(6.6) g(x(t); ¥(1))  9(x(0);¥(0)) Aog(x(s); ¥(s))ds = martinagle:

0
Let

H = fhesy) = (X v it XmyVm) FT(X v iiisX iV,
all permutation ;f 2 B((Eo)");m= 1;:::q:
Assumeadditionally that the distribution o2 P((Eg)!) for ((x«(0);w(0)) : k = 1;2;::1)
is excdhangeable. Becauseof the symmetry in (6.1), exdhangeability of ((xk(t); vk(t)) : k =
1;2;:::) followsfor all t > 0O, therefore
(6.7) E[hCx(t);»#(t))] =0, t Oh2H:

We call (%; ¥) a solution to the restricted martingale problemfor (Ag;H; o) in the sensehat
both (6.6) and (6.7) are satis ed.
As in the setting of nite multi-dimensional di usion processeswe alsohave the following.

Lemma 6.4. Let (%; v¥) be a solution to the restricted martingale problemfor (Ag; H; o) with
trajectory in Cg,y: [0;+1 ) and Itr ation fF ; :t  Og, on a protability space ( ;F;P). Then
there existscountablyin nite i:i:d Brownian motions W;s and prokability space (~; F; P) with
Itr ation F;  F; and (¥, %) on prokability space (7;F; P) with Itr ation F;. (¥ %) hasthe
samedistribution as (%;¥), and (¥; %) satis es Ito's equation (6.1).

Proof. The same proof of Proposition 3.1 and Theorem 3.3 in Chapter 5 of Ethier and
Kurtz [3] apply to this courtably in nite systemsetting. O

Therefore,by Lemma 6.3, we have

Lemma 6.5. Let the initial distribution o be exchangable. Any solution of the restricted
martingale problemfor (Ao;H; o), with trajectory in Cg,): [0;+1 ), is unique.

Next, we dene amap : (Eg)! 7! P(Ep) ( isthe map in Kurtz [7]'s notation). Let
0 2 P(Eo) bearbitrary but xed. We de ne

X
(%v) = lim n ! xevi) 2 P(Eo); (% %) 2 (Eo)t
' k=1
if the limit onthe right hand sideexistsin the weak corvergenceof probability measuresense;
and (x;¥) =  otherwise. We now de ne a transition probability measure : P(Eg) 7!
(Eo)* :
(b dv) = Fp (dxe;dw):

We verify another condition required by Theorem 3.2, Corollaries 3.5, 3.7 of Kurtz [7].
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Lemma 6.6. Theset 1()=1f(v) 2 (Eo)! : (¢¥) = gsatises

(6.8) (; YN=1
Proof. We note that if we take (Eq)' to be a probability spaceendaved with the product
measure 1, (dx;;dwv), then (6.8) holds becauseof the strong law of large number. O

We verify someregularity properties for Ag, which is neededto apply a version of the
Markov mapping theorem (Corollary 3.7) of Kurtz [7].

From (6.4), D(Ay) is closedunder multiplication and separatespoints. It is also a pre-
generatorin the senseof that paper becausesystem(6.1) can be appraximated by similar
systemswhen the Brownian motion terms are replacedby certered i.i.d. Poissonprocesses.
Furthermore, we have

Lemma 6.7. There exists a countablesubsetfgcg D (Ao) suchthat the graph of Ag is
contained in the boundel pointwise closure of the linear span of f (gy; Aogk)g.

Proof. Noting the form (6.5), we can always appraximate the ' ;s by courtable sequenceof
polynomials with rational coe cients. The collection of sud polynomials (and henceany
nite products of them) is courtable. O

Theorem 6.8. [Uniquenessand particle representationof solution] Let Condition 1.2 hold.

De ne
Z VA

C=1( g*v) (;dx;dv); Aegd(x;%) (;dx;dv)) :g2 D(Ag)Q:

Then
1. D(Ap) consistsof functioniof the form

f()= 9w (;d¢dv)= [LHy i;

and

Z
Cf() Aog(¢;v) (k¢ dv)
XT‘ -
= (jexklj; D) v ryw+(C r 2+r1r 1) ry«
k=1

+a(;x) D3'); i :

2. D(C) is closa under multiplication, Cf 2 = 2f Cf andfor eachf 2 D(C). Any solution
to the martingale problemfor C satis ezs
t

(6.9) FC@®) f((0) . Cf( (s))ds= 0

which is equivalentto (Schwartzdistributional) solution of (1.1).
3. Let 2 Cpra rey[0;+1 ) be a solution to (6.9) with deterministic initial condition
(0) = o 2 P(Ep). Let (3¢, %) be the unique solution (see Lemma6.3) to (6.1) with
initial distribution (x;v) o(dx;dv) = L, o(dx;;dv). Assumethat Conditions 6.1,
6.2 hold. Then the particle representation

()= (x(t);¥(1)):
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holds. Consejuently, solution to (6.9), in the path space Cpra re)[0;+1 ), is unique.
That is, weak (Schwartzdistributional) solutionto (1.1) in Cpra re)[0;+1 ) is unique.

Proof. The rst two parts of the theoremfollows by direct veri cation. SinceCf 2 = 2f Cf,
asin Section5, the martingale appearing in the martingale problem for C hasto be zero
and (6.9) follows.

Part three follows by applying Corollary 3.7 of Kurtz [7] and by noting existenceand
uniguenesdor solution of restricted martingale problemfor (Ag;H; o) is equivalert to exis-
tence and uniquenesdor in nite system(6.1) with initial condition (x(0);¥(0)) 0- O

Using the above conclusion,we can strengthenthe existenceresult in Theorem5.1to the
following.

Theorem 6.9. Supmse (4.3) hold. Then under Conditions 1.2, and 6.1 and 6.2, the sto-
chasticprocessed ,:n= 1;2;:::gin (1.16) convelgesin prokability to the unique solution
of partial di er ential equation (1.1) in Cpra ge)[0;+1 ).

7. Comments on lar ge deviation

Large deviation behavior is also expectedto hold for (1.7). At least informally, similar
operator convergence(using perturbed test functions) method as employed in this article
can be usedto prove large deviation as well. For a systematic exposition on generator
convergenceapproad to large deviation, seeFengand Kurtz [6].

Let

(7.1) Hof () = Nie NEALENT()

Then by Lemma 3.2 in Chapter 4 of Ethier and Kurtz [3],
t

(7.2)  expENf( n(t)) Nf( n(s)) NHof ( n(r))drg= Mg () M/ (s)

S
whereM (t) is a meanone nonnegative martingale. By the main result in [6], corvergence
of H, to alimit H, togetherwith someregularitiesonf ,:n= 1;2;:::gandonH, implies
a large deviation principle satis ed by the assaiate processes:

. 1 . :
nII|r+nl WIogP( n()2A)= |£1£ I( ()); 8suciently regularsetA Cpre re)[0;1 );

wherel is a functional characterizedby H.
For the speci ¢ application here,H is idertied asfollows: for each f 2 D(H), we select
g and h, let

~ 1 1
(7.3) fa()=f()+ =g )+ h()
then
Hofn( n)! Hf(); whenewer (dx; dv) a(dx;dv;S) )  (dx; dv):

Comparedto the A,, whosecorvergenceis justi ed in this article, H,s are fully nonlinear.
Howeer, the sameidea on how to construct "p erturbed test function” f,s apply without
essetial change. In nite dimensions,similar problemshave beenconsideredby Evans [4],

who also devisedthe name of perturbed test function method.
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Routine but long calculationsreveal that H hasto be of the following form.

HE() = hiv re (x 1 141 D0GY) 1 e+ a( x;x) DZ-1i
Z
br eV A xiX) T a6 v) (dx;dv):

The regularity on H neededhereis a type of uniguenesqthe comparisonprinciple) result
on viscosity solution of

(7.4) (1 H)f = h;

for su ciently many bounded cortinuoush and all > 0. This turns out to be a hard
analysisproblem and is interesting to investigateon its own right. Earlier analysisliterature
had focusedon simpler situations wherethe state spaceis a subsetof a Banat space,instead
of spaceof probability measures. SeeCrandall and Lions [1]. Relying on masstransport
technique and exploring the probabilistic connection here, Feng and Katsoulakis [5], and
Sections9.4 and 13.3 of Feng and Kurtz [6] made progressin extending earlier viscosity
techniquesto certain problemswith probability measurevalued state space.

The large deviation rate function can be expressedas a type of cost functional using
a cortrol variable p = p(t; x; v) appearing in the following cortrolled partial di erential
equation of the Fokker-Plandk type

(75) @ +Vvry (x r 1+r 1)1y, +r,(ryp=alx;x) DZ:

Details and rigorous justi cations of the above mertioned approad will be pursuedelse-
where.
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