


72 EDUARDO CATTANI ET AL.

Proof. To define 
, we used a basis m1; : : : ;mn of M . Then e0 and mj for
j > 0 form a basis of Z�M , and from the proof of Proposition 9.5 of [BC] (which
is easily seen to hold in the non-simplicial case), we see that the Euler form ofX�

is

x1 : : : xn+r

�
dt0
t0
^ � � � ^

dtn
tn

�
; (5.6)

where t0 = �ix
he0;~�ii
i = �ix

ai
i and tj = �ix

hmj ;~�ii
i = �ix

hmj ;�ii
i for j > 0.

Since dt0=t0 = �iaidxi=xi and 
 = x1 : : : xn+r(dt1=t1 ^ � � � ^ dtn=tn) (also by
Proposition 9.5 of [BC]), we see that 
� is the Euler form of X�.

For the second part of the lemma, first note that � 
 = 0 by Lemma 6.2 of
[C2]. Thus

� 
� = �

  X
i

ai
dxi
xi

!
^


!

=

 
�
X
i

ai
dxi
xi

!
� 
:

However, if � = �ibi xi @=@xi, then � �iaidxi=xi = �iaibi = �(�), which gives
the desired formula. (For more background on Euler vector fields, see 3.8–3.10 of
[BC].)

Turning to the final part of the lemma, note that each Fi lies in S� and hence
gives a function on X� = Spec(S��). Further, the functions t0; : : : ; tn introduced
above are coordinates on the torus TX� � X�. Thus, if we restrict Fi to the torus,
we can write Fi = eFi(t0; : : : ; tn). Then

dF0 ^ � � � ^ dFn = det(@ eFi=@tj) dt0 ^ � � � ^ dtn:

Comparing this to the formula (5.6) for 
�, we see that

dF0 ^ � � � ^ dFn = eJ 
�

for some rational function eJ .
It remains to show that eJ is the toric Jacobian J from [C2]. Pick an Euler

formula � such that �(�) 6= 0. We can find such a � since � is ample and hence
has infinite order in An�1(X) (see also Lemma 10.5 of [BC]). Then, by (ii) and
the above equation for eJ ,

�(�) � eJ 
 = � ( eJ 
�)

= � (dF0 ^ � � � ^ dFn)
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=
nX
i=0

(�1)i(� dFi) dF0 ^ � � � ^
ddFi ^ � � � ^ dFn

= �(�) �
nX
i=0

(�1)iFi dF0 ^ � � � ^
ddFi ^ � � � ^ dFn

where the last equality follows because � dF = �(�)F for all F 2 S�. However,
on the bottom row, the expression on the right equals �(�) � J 
 by [C2]. TheneJ = J follows since �(�) 6= 0, and (iii) is proved. 2

Given F0; : : : ; Fn 2 S�, we next consider the integral on X�Z
fjFij=";06i6ng

H 
�

F0 : : : Fn
; (5.7)

where " > 0, the cycle fjFij = "; 0 6 i 6 ng is oriented using d(argF0)
^ � � � ^ d(argFn), andH 2 S� for � = (n+ 1)�� �. To make sense of (5.7), first
note that H 
�=(F0 : : : Fn) is a meromorphic form on the V -manifold X� � f0g.
Furthermore, each Fi is a polynomial function onX� and fjFij = "; 0 6 i 6 ng �
X��f0g. It follows that (5.7) exists whenever (F0; : : : ; Fn): X� ! Cn+1 is finite.
We can now state the main result of this Section.

THEOREM 5.8. Assume that X is complete and simplicial, � is ample, and
F0; : : : ; Fn 2 S� don’t vanish simultaneously on X . Then

(i) The map (F0; : : : ; Fn): X� ! Cn+1 is finite.
(ii) If � = (n+1)��� is the critical degree ofF0; : : : ; Fn, then for everyH 2 S�,

ResF (H) =
1

(2�i)n+1

Z
fjFij=";06i6ng

H 
�

F0 : : : Fn
:

Proof. By [C2, Proposition 3.2], we know that S��=hF0; : : : ; Fni has finite
dimension over C, so that by definition, F0; : : : ; Fn is a homogeneous system of
parameters for S��. It follows from [BH, Theorem 1.5.17] that S�� is finitely
generated as a module over the subring C[F0; : : : ; Fn]. Thus eF = (F0; : : : ; Fn):
X� ! Cn+1 is finite, which proves (i).

To prove (ii), we first observe that each side of the identity in (ii) vanishes
when H 2 hF0; : : : ; Fni. This is obviously true for the toric residue, and for the
integral (5.7), one uses the usual argument (see [GH, pp. 650–651]). Since we
know S�=hF0; : : : ; Fni� is one dimensional and the toric Jacobian J has nonzero
toric residue (see Sect. 4), it suffices to check that (ii) holds for H = J .
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By Remark 4.16, we know that ResF (J) = deg(F ), where F = (F0; : : : ; Fn),
regarded as a map F : X ! Pn. On the other hand, by Lemma 5.5, we have

J 
�

F0 : : : Fn
=

dF0 ^ � � � ^ dFn
F0 : : : Fn

= eF �

�
dz0 ^ � � � ^ dzn

z0 : : : zn

�
;

where z0; : : : ; zn are coordinates on Cn+1 and eF = (F0; : : : ; Fn), now regarded as
a map eF : X� ! Cn+1. It follows that

1
(2�i)n+1

Z
fjFij=";06i6ng

J 
�

F0 : : : Fn

=
deg( eF )
(2�i)n+1

Z
fjzij=";06i6ng

dz0 ^ � � � ^ dzn
z0 : : : zn

= deg( eF );
since eF is finite by (i).

Thus, to prove (ii) for J , we must show that deg(F ) = deg( eF ). However,
as noted in the proof of Proposition 5.1, the C�

' G=H action on X� satisfies
g � Fi = g(�)Fi for g 2 G. It follows that eF : X� � f0g ! Cn+1

� f0g is
equivariant with respect to C�, and since the quotient is F : X ! Pn, one easily
sees thatF and eF have the same degree. This completes the proof of the theorem.2

Remarks 5.9 (i) Notice that in general, the integral (5.7) is slightly different
from the Grothendieck residue defined in (4.8). This is because X� need not be
simplicial at the point 0 2 X�.

(ii) When X = Pn and F0; : : : ; Fn are homogeneous of degree d, note that
the residue of Theorem 5.8 is computed not on Cn+1, but rather on Xd =
Spec(�k>0C[x0; : : : ; xn]k d), which is the quotient of Cn+1 by the diagonal action
of the dth roots of unity �d. Furthermore, one can show that the Euler form of Xd

is 
d = d dx0 ^ � � � ^ dxn.
Since Xd is simplicial at the origin, the local residue Res02Xd

(!F (H)) is
defined, and combining Theorem 5.8 and equation (4.8), we see that

ResF (H) = Res02Xd

�
H 
d

F0 : : : Fn

�

= Res
02Cn+1

�
H dx0 ^ � � � ^ dxn

F0 : : : Fn

�
:

Thus the toric residue equals both of the local residues that can be defined in
this situation, and Theorem 5.8 gives the toric generalization of the first of these
equalities.
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