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Proof. To define 2, we used a basis my, ..., m,, of M. Then eg and m; for
j > Oformabasisof Z @ M, and from the proof of Proposition 9.5 of [BC] (which
is easily seen to hold in the non-simplicial case), we seethat the Euler form of X,
is

dto/\.../\dﬁ>’

W . (5.6)

.’I)l....’I)n+r<

where to = Lz = z% and t; = z!™™ = ;2" for j > 0.
Since dto/to = Ziaidxi/xi and Q) = zq... xn+r(dt1/t1 VANEERIVAN dtn/tn) (also by
Proposition 9.5 of [BC]), we seethat €, isthe Euler form of X,,.

For the second part of the lemma, first note that 6 1 Q@ = 0 by Lemma 6.2 of

[C2]. Thus
dz;
o ((352) )

= (m Zaidxi> Q.

Ly

01Q,

However,if 0 = X;b; z; 8/81‘1, thend | Ziaidxi/xi = Y;a;b; = 9(04), which gIVES
the desired formula. (For more background on Euler vector fields, see 3.8-3.10 of
[BC].)

Turning to the final part of the lemma, note that each F; liesin S, and hence
givesafunction on X, = Spec(S..). Further, the functions ¢y, . . . , t,, introduced
above are coordinateson the torus 7'x,, C X,,. Thus, if werestrict F; to the torus,
we can write F; = Fy(to, ..., t,). Then

dFp A --- AdF, = det(OF;/dt;) dtg A - - - A dt,.
Comparing this to the formula (5.6) for Q,,, we see that
dFo A--- ANdF, = JQ,

for some rational function J.

It remains to show that J is the toric Jacobian J from [C2]. Pick an Euler
formula 6 such that #(«) # 0. We can find such a @ since « is ample and hence
has infinite order in A,,_1(X) (see dso Lemma 10.5 of [BC]). Then, by (ii) and
the above equation for .J,

0(a) - JQ=01(JQ)
=01 (dFy A --- AdF,)
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=3 (-0 dF;) dFo A --- AdF; A -~ AdEF,
i=0

=0(a)- Y (-1)'FdFoA--- ADE; A -+ AdE,
i=0

wherethelast equality followsbecausef | dF' = 6(«) F foral F' € S,. However,
on the bottom row, the expression on the right equals 6(«) - J 2 by [C2]. Then
J = J followssince f(«) # 0, and (iii) is proved. O

Given Fy, ..., F, € S,, we next consider the integral on X,

/{ A (5.7)

|F;|=¢,0<i<n} Fo...F,

where ¢ > 0, the cycle {|F;| = ¢,0 < 7 < n} is oriented using d(arg Fp)
A---Nd(argF,),and H € S, for p = (n + 1)a — 5. To make sense of (5.7), first
notethat H Q,/(Fo. .. Fy,) isameromorphic form on the V-manifold X, — {0}.
Furthermore, each F; isapolynomial functionon X, and {|F;| = ¢,0<i < n} C
X, —{0}. It followsthat (5.7) existswhenever (Fy, ..., F,): X, — C"*lisfinite.
We can now state the main result of this Section.

THEOREM 5.8. Assume that X is complete and simplicial, « is ample, and
Fy, ..., F, € S, don't vanish smultaneously on X . Then

(i) Themap (Fo, ..., F,): Xo — C*lisfinite.
(i) If p = (n+1)a—Bisthecritical degreeof Fy,. .., F,,, thenforeveryH € S,

1 HQ
Resp(H) = ——— -
- (H) (2mg)nt1 /{|Fi:5,0<i<n} Fo... Iy

Proof. By [C2, Proposition 3.2], we know that S../(Fo,...,Fy,) has finite
dimension over C, so that by definition, Fy, ..., F}, is a homogeneous system of
parameters for S.,. It follows from [BH, Theorem 1.5.17] that S., is finitely
generated as a module over the subring C[Fo, ..., F,]. Thus F = (Fy,. .., F,):
X, — C"*lisfinite, which proves (i).

To prove (ii), we first observe that each side of the identity in (ii) vanishes
when H € (Fy, ..., F,). Thisis obviously true for the toric residue, and for the
integral (5.7), one uses the usual argument (see [GH, pp. 650-651]). Since we
know S,/(Fu, ..., Fy,), isonedimensional and the toric Jacobian J has nonzero
toric residue (see Sect. 4), it sufficesto check that (ii) holdsfor H = J.
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By Remark 4.16, we know that Resy(J) = deg(F'), where F' = (Fo, ..., Fy),
regarded asamap F. X — P™. On the other hand, by Lemma5.5, we have
JQy  dEgA---ANdF, _ﬁ*<dz0/\"'/\dzn>
Fy...F,  Fy...F, ’
where 20, - ., 2n € coordinateson C* 1 and F = (Fo, ..., F,), now regarded as
amap F: X, — C"*1. It follows that

Z20---2n

1 / JQq
(2mi)™ 4 J{|Fy|=< 0<icn} Fo. ..
deg(F) dzg A - -+ Adz, ~
T
(2m) {l2i|=e,0<i<n}  20---Zn
since F isfinite by (i). N
Thus, to prove (ii) for J, we must show that deg(F') = deg(F'). However,

as noted in the proof of Proposition 5.1, the C* ~ G /H action on X, satisfies
g-F; = g(a)F; for g € G. It follows that F: X, — {0} — C"*1 — {0} is
equivariant with respect to C*, and since the quotient is F': X — P", one easily
seesthat F' and F' havethe samedegree. Thiscompletesthe proof of thetheorem. O

Remarks 5.9 (i) Notice that in general, the integral (5.7) is slightly different
from the Grothendieck residue defined in (4.8). This is because X, need not be
simplicial at the point 0 € X,,.

(i) When X = P" and Fy, ..., F, are homogeneous of degree d, note that
the residue of Theorem 5.8 is computed not on C"*!, but rather on X; =
Spec(®,>0Clzo, - - -, Tn]k ¢), Which isthe quotient of C"*1 by the diagonal action
of the dth roots of unity . Furthermore, one can show that the Euler form of X,
isQg =ddxg A --- Adx,.

Since X, is simplicial at the origin, the local residue Resoc x, (wr(H)) is
defined, and combining Theorem 5.8 and equation (4.8), we see that

HQ
Resp(H) = Respex, <FO—C;7>

_ R HdzgA--- Ndz,,

- EBOeC"“< Fo...F, )

Thus the toric residue equals both of the local residues that can be defined in
this situation, and Theorem 5.8 gives the toric generalization of the first of these
equalities.
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